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Abstract

The associated Legendre functions constituting the kernel function of spherical harmonics have a wide range of applications
in geodesic and geophysical fields, such as calculating the Green’s functions for a spherical Earth model. The analytical
expressions for the infinite series involving the associated Legendre functions are useful. In this paper, starting with the
generating function, we present a set of analytical equations for an infinite series involving associated low-order (m = 0, 1, 2)
Legendre functions. After careful verification, the accuracy and effectiveness of the nearly sixty listed equations are con-
firmed. The open-source code written using the Wolfram language, GNU octave/MATLAB, and Fortran-90 are available
through GitHub (https://github.com/UCAStanghe2014/analytical_sums_associated_Legendre).
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1 Introduction

Some geophysical issues, such as the deformations of the
Earth induced by the loading force imposed by the ocean
and atmosphere and by the seismic forces of earthquakes,
can be simplified by obtaining the corresponding Green’s
functions for a spherical Earth model first and then applying
the convolution of the actual two-dimensional sources in
combination with these Green’s functions (Longman 1962;
Goad 1980; Sun and Okubo 1993; Sun and Okubo 1998;
Wang 1999; Martinec 2003; Watanabe and Watanabe 2014;
Pan 2019). The accurate calculation of the Green’s functions
has mostly been investigated in theoretical studies (Dong
and Schmitt 1994; Wang and Wang 2007; Xu et al. 2007,
Johnson 2010; Zhou et al. 2019).

Several scientists have presented effective methods of
calculating Green’s functions using both analytical and
numerical approaches (e.g., Farrell 1972; Okubo 1988; Sun
and Okubo 1993; Tang and Sun 2018b). For spherical Earth
models, the associated Legendre functions are the most
widely used mathematical functions for calculating Green’s
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functions due to their suitable properties and appropriate
performance on a sphere (Freeden and Schreiner 2008). For
instance, when investigating seismic deformation using the
dislocation theory (e.g., Sun and Okubo 1993; Piersanti
et al. 1995, 1997; Pollitz 1996; Vermeersen et al. 1996;
Tanaka et al. 2006, 2007; Melini et al. 2008; Cambiotti and
Sabadini 2015; Tang and Sun 2019; Zhou et al. 2019) and
loading deformations using the loading theory (e.g., Far-
rell 1972; Vermeersen and Sabadini 1997; Piersanti et al.
1997; Guo et al. 2004; Spada and Boschi 2006), the Green’s
functions for the displacement, gravity, tilt, and strain are
expressed as a weighted infinite series of the associated Leg-
endre functions and their derivatives. The weights of the
series are the Love numbers (Farrell 1972; Sun et al. 1996;
Guo et al. 2004), which depend on the source type and the
Earth’s structure.

As was highlighted by Okubo (1988), the brute force
summation approach of obtaining such a series inevitably
fails. Instead, Kummer’s transform (Singh et al. 1990) and
the analytical expressions of the Legendre functions (e.g.,
Singh and Ben-Menahem 1968) can be used to obtain
numerically stable Green’s functions (e.g., Farrell 1972;
Sun and Okubo 1993; Guo et al. 2004) or approximately
analytical Green’s functions (e.g., Sun 2003, 2004a; Tang
and Sun 2017, 2018a, b).

Specific analytical summation equations of the associ-
ated Legendre functions have been introduced in previous
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studies; however, these equations were published in separate
papers (e.g., Singh and Ben-Menahem 1968; Farrell 1972;
Sun 2003). A few researchers have focused on deriving new
analytical equations for the associated Legendre functions
and their derivatives. Using the well-known generating func-
tion of the Legendre functions (McBride 2012; Wan and
Zudilin 2013) and several integral table books, Singh and
Ben-Menahem (1968) were the first to determine the recur-
rence relationships for the sums of infinite series of the form
ZPf(x)t”” /(n + k). For ready reference, Singh and Ben-
Menahem (1968) also provided the explicit expressions for
k=0,1, 2,3andm =0, 1, 2. In Appendix B of Martinec
(2003), the analytical equation of the form Y, P, (x)¢"/(n + k)
with k = —1, 0, 1, 2 and their first and second derivatives
with respect to x are given. Later, Guo et al. (2004) pro-
vided eight analytical equations for the forms in Appen-
dix B: ¥ P,()r"nt with k=~1, 0, 1, ¥ <P, (cosh),
¥ &P, (cosd) with k=1, 2, and ¥ £ 4P, (cos6) with
k =1, 2. However, the factor "cos@ — [" in the third term
of Eq. (B9) in Guo et al. (2004) includes a typo, and it
should be “cosf — 1.” Other authors such as Sun (2003),
Sun (2004a), Sun (2004c), and Tang and Sun (2017) have
also listed several analytical equations with similar forms in
their supporting appendices.

These analytical equations are beneficial, but it is not easy
to find them in the vast number of papers. Furthermore, the
equations for the series of associated Legendre functions and
their first and second derivations are not yet available, but
they are required for studying the Green’s functions of other
variables such as the strain, stress, and gravity gradients. A
paper focusing on providing these equations and an open-
source code for calculating them would be quite valuable for
other related studies. More broadly, as long as the spherical
harmonic function is involved, these analytical equations
may be useful for solving the Green’s functions.

This issue motivated us to list the useful equations and
their open-source calculation codes for the analytical sums
of the associated low-order (m = 0, 1, 2) Legendre func-
tions. In this paper, the principles of the derivation of these
equations are given in Sect. 2. Then, nearly sixty equations
are listed following a careful verification. Two application
cases to geodesy and geophysics are also presented. The final
Mathematica, GNU Octave/MATLAB, and Fortran calcula-
tion codes can be accessed on GitHub (https://github.com/
UCAStanghe2014/analytical_sums_associated_Legendre).
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2 All of the equations involving
the Legendre functions

2.1 Two examples with detailed derivations

First, we briefly introduce the relationship between the
Legendre functions P, (x) and the associated Legendre func-
tions P (x) (Miiller 1966a, b). The Legendre functions can
be given in a compact form by Rodrigues’ equation (Askey
2005)

Pi0 = gt g 1) M

The low-order (m < 2) associated Legendre functions can
be written explicitly as follows (Freeden et al. 2010; Bosch
2000):

Pl (cost) = dP,(cos8) )

! (cosf) = TR 2
) dP,(cos0)

P (cost) = —2cot) ———— — n(n + 1)P,(cos0). 3

do

Therefore, the closed-form equations of the associated
Legendre functions can be obtained through a combination
of the Legendre functions. In principle, all of the analytical
sums of the Legendre functions can be directly or indirectly
obtained from the generating function of the Legendre func-
tions (Singh and Ben-Menahem 1968; McBride 2012; Weis-
stein 2002):

G(e.0) = ) €"P,(cos0)
n=0

= 1 0<e<l1,0<0<Lm.

V1 —2ecosf + 627

Here, we avoid the singularity of Eq. (4) by preventing the
definition at @ = 0. The singularity of the analytical equa-
tions at this point will be discussed later.

If all of the equations are explained in detail, the inter-
ested readers can easily retrace the derivation steps using
pen and paper. Thus, all of the steps in the process are given
below. First, as can be seen, differentiating the generating
function with respect to € generates a factor n, and integrat-
ing with respect to € results in a factor of 1 /n on the left-hand
side of Eq. (4). Repeated the integration or differentiation
operations produces different infinite series. This is the pro-
cess for constructing a new equation based on the generating
function.

We take Y7 &"nP,(cosd) and Y, %Pn(cose) as two
examples. According to Eq. (4), we obtain
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(s

2 £"P,(cosf) = G(e,0) — 1, )

n=1

and its derivative with respect to € is

o0

_ 0G(e, 0)
n—1
P, (cos) = —— -
;s nP,(cosf) e 6)

Thus,
- 9G (¢, 0) e(cosh — ¢)

"nP, (cosd) = = .

Z:f)e nb,(cosd) = e— (1 +e2 = 2ecospyn. D

This is the equation labeled as ID =2 in Table 2, except
for one constant factor.
Similarly, from Eq. (4), we have

(s

2 x"_an(cosf)) =

n=2

— cosf,

-1
Gr6) -1 O0<x<1. (8
X

The integration of Eq. (8) from 0 to € (0 < € < 1) with
respect to x will result in another fundamental equation. To
obtain the result for the right-hand side of Eq. (8), we have
to find the original function for the following expression:

f) =

G(x,0) -1 1
—— —cosf =
X xVx2 — 2xcosf + 1 ©)

—l—cose, 0<x<1,0<0<m.
X

Its original function, F(x), can be obtained by referring to
a typical integral table book (Gradshteyn and Ryzhik 2000):

F(x) = —sinh™ _T2xeosh+2 ) _ In(x) — xcosf + C,
xv/4 — (—2cos0)?
1 — xcosf

— —sinh™! ( ) — In(x) — xcosé + C,

xsin@
(10)

with C, is a constant of integration.
Using the relationship sinh™' (x) = In ( Vai+1+ x), one

arrives at

Flo) = —ln(l — xcosf +

xsinf

= —ln(l — xcosf + Va2 — 2xcosf + 1) — xcosf + C,,

Vx% —2xcosh + 1

xsinf

> — In(x) — xcosf + C,

an

with C, is another constant of integration. One can gets

xlirg F(x) = —In(2) + C,. (12)

Then, we have

[ f)dx = Fe) ~ lim Fo)
0 x—0+

= —ln(l — ecosf + Ve2 — 2ecosh + 1) — ecosf + In(2).

13)

The integration of Eq. (8) from 0 to € (0 < € < 1) with
respect to x for the left-hand side results in

lz x"_an(COSH)] dx

n=2

=oo [ ¥ dx )P, (cosO =m§P 0).
,,25 [({x x) ,(cos )] Z " ,(cosB)

n=2

S~

(14)

By showing that the right-hand side of Eq. (8) is indeed
integrable, we show simultaneously that the Weierstrass
M-Test is fulfilled such that the exchange the operation of
integration and summation can be done. In addition, for the
above definite integral, it is not an improper integral because
nor the upper nor the lower limits of the integrand goes to
infinite.

Finally, we obtain the analytical expression by combining
Egs. (8, 13, 14):

Z E—Pn(cosé’) =1In(2) — ln(l — ecosf + V1 — 2ecos + 52).
n
n=1

(15)

2.2 All of the analytical equations

Using the scheme above (Singh and Ben-Menahem 1968)
and the basic expressions (Egs. 4 and 15), one can find all
of the similar closed-form infinite series. It would be easier
to follow if the process were formulated. Thus, the detailed
process is given in Table 1 using the Wolfram Language
(Wolfram 1999; Schmied 2020).

To ensure the correctness of this process, we partly used
Mathematica (Wolfram 1999; Abell and Braselton 2017) to
complete several of the integrals and differential operations.
First, we obtained the original function for the definite inte-
gral, and then, we calculated the limit values’ difference at
the end of the integral interval. The details of the Mathemat-
ica code used to derive each equation are given in column
3 of Table 1.

Taking the derivative of these analytical expressions will
result in the analytical sums of the derivatives of the Leg-
endre functions. This can be done using pen and paper or
using a symbolic calculator. We partly used Mathematica
in the verification, simplification, and derivation processes.
It is advantageous, can ensure the accuracy of the results,
and facilitate the checking of the compatibility of the vari-
ous equations. However, it should be noted that Mathe-
matica sometimes presents very long expressions that are
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Table 1 The Mathematica code used to derive the analytical equations of the infinite series involving P, The abbreviated variables w, s, c,
gle, 0], and Pn2 are defined in the first line. Note: opt is a parameter of the built-in function Lim[x]

w=Sqrt[l+e2-2«exCos[6]];

Var |s=Sin[6]; c=Cos[08];

Pn2=-2Cot[68]dpn-n(n+1)pn;

opt={Direction-"FromAbove" ,Assumptions—{0<6=r}};

ne*"P[n, 2, c]

=
H

plaf = Collect|[ne™ ! Pn2, {pn, dpn}|; pl4 = - (p4 + p3) - 2Cot[0] G p2

=
wn

-l+n pr 1
L E Pln, 2, c]

p15f = Collect[e" ! Pn2, {pn, dpn}|; pl15 = - (p3 + p2) - 2 Cot[0] Fopl

e 1"Pin,2,c]

=
)]

pl6f = Collect[ < P2,

{pn, dpn}|; p16 = - (p2 + p1) - 2 Cot[B] Gy p5

gle_,0_]1=-1+1;
w
ID |Expression Wolfram code
1 |35 7PN, 0, c] pl= 807
2 [2aane P "PIn, 0, c] p2 =0, (e pl)
3 |X%,n?e PN, 0, c] p3 = 3. (e p2)
4 |>>,n*e PN, 0, c] p4 = 6. (e p3)
o e "pPin,0, _ . _ p5x-lim._pp5x
5 |2aa = <l p5x = [plde; p5 = .
6 |y, ¢ HET,’,@’C] p6x = :pl‘;fl de; p6 = p6x - lim, o P6X
- P [ R TX-Tm-_sp7
7T e P7x = [eplde; p7 = PP
8 [S= n?el"P[n, 1, c] p8 = -85 p3
9 (2 ,nel"P[n, 1, c) P9 = -0, p2
10 |35, e Pn, 1, c] plo = -F5pl
o £¥"P[n,1,c] - -
11 |5, =Pl pll = -0,p5
= £ Y"P[n,1,c] _
12 |32, L0, pl2 = -8,p7
= & Y"P[n,1, _ . _ pl3x-lim_gp13x
13 |32, s <l pl3x = [pllde; pl3 = .
2n
2n
2a-2 n
17 |5z, S Plm2c) p17x = [P dej p17 = p17x - lm. o p17x
o & ¥"P[n,2, _ T N _ pl8x-lm..spl8x
18 |z, 10,2, ¢) pl8x = [pl5cde; pl8 =
- e [ 19x-Im, ,p19
19 |32, ¢ PH»S’Z’C' p19x = [pl6de; pl9 = PHEXIMeePlox

not expected. We had to simplify many of the equations
by hand and finally obtained the final equation with a rela-
tively tight form (Tables 2, 3, 4). In the tables, several short-
hand notations are used: w = (1 — 2ec + €2)!/2, ¢ = cosb,
s =sin@, Pln,m] = PZ’(cosf)), dP[n,m] = dP?(cosH)/dO,
and ddP[n,m] = d*P™(cos6)/d6>.

2.3 Verification and visualization

In order to thoroughly verify the above equations, we calcu-
lated the sum of the series using numerical methods and the
above analytical equations. We wrote several Fortran 90 rou-
tines using double precision to calculate the first N terms of
the series, and then, we summed them to obtain an approxi-
mate sum. For simplicity, but without losing generality, £
was set as 1/2. It can be inferred that without considering
the rounding error, the more terms involved in the summa-
tion, the closer the numerical results will be to the analytical
values. As an example, we calculated the 600 terms of the
series and sum them to approximately express the sum of the
series (Figs. 1, 2, 3, 4, 5, 6). The result was written to the
files with 16 significant figures. Then, we compared these
approximate sums with the analytical sums in Figs. 1, 3, and
5. Under various angular distances discretely sampled within
[0.5°, 179.0°], the results of the numerical summation and
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that of the analytical equation are highly consistent, and their
curves almost overlap.

To further analyze the differences between them, we
calculated the relative errors of the approximate sums in
Figs. 2, 4, and 6. Because the relative error was very small,
we took the logarithm of it. Note, hereafter when the abso-
lute error with a reservation of 16 significant digits is zero,
we set the logarithm relative error to 14.0 in his paper. As
can be seen, the results of the numerical calculation and the
analytical equation are very consistent, and the relative error
between them is less than about 10~1°.

We carefully checked the Legendre function and the
summation program of the numerical calculations. We also
compared the results under other values of € and found the
consistency to be excellent. The comparison of the numeri-
cal methods and analytical formulas when € = 1/8 is shown
in Appendix. Thus, the correctness of the analytical equa-
tions given in Tables 1, 2, 3, 4 was confirmed.

2.4 Explanation of the possible singularity

From the generating function of the Legendre functions,
i.e., Eq. (4) and other analytical equations in Tables 2, 3,
4, we found that a singularity may exist fore =0, e =1,
0 = 0, and @ = z. There are four cases involving the possible
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Table 2 Analytical sums of the series of Legendre functions

ID |Expression Analytical sum
1 |5aa.e"Pln, 0] =
2 |>2,ne PN, 0] o5
- (-2+c?) e+e? (-c+e
3 |¥an?e " Pln, 0] " S—
4 |32, nd el p n, 0] c+(-4+5c?) e+c {\—9+c2i‘wNaz+2 (5-c?) e3-&* (c+e)
5 |y@, £-"PIn,0) Log[ ree]
= n -
e " P[n,0] 1-w _ _ _
6 Yoo o “+c(-1+Log[2]) -clog[l+w-ceg]
1" Pin,0] Lo ceeryf1-2ceve?
7|5, L _1, e[
e (-c+e) [ e-2 g2) (- 2 £2)
Z::l nZ Efl+n P[n, l] ﬁSSu( C+M)W7l\l+cu 2¢ ) _ S[ 2+‘\:‘15+5, )
- (1+c e-2 €2)
9 |Zyane ™ Pn, 1] Atulels!
10 |32, et P[n, 1] 5
e " P[n,1] S (1+w)
11 1 w (l+w-c )
12 =1 = rlF:hﬂ,lJ w (ljf—c €)
13 L e " P(n,1] Log| 25 | +c Log[ 3 (l+w-ce)
= n? se
2 2 e £2
14 :zng“l*n Pln, 2] 6‘15\;'L 4 155 ENC7 €)
2 .
15 |52, e " P[n, 2] 3sie
g~ 2cC (1+w) -l+wlice
16 |3z, e 0PIn2) ety * e
e 1" p(n,2] s? (1+w) & ((L+w) (L+2w?)-c (L-w+w?) g)
e T W (Twee)T
e " P[n,2] C (-1+w) w+(s?+w) €
18 =2 1+n w? (l+w-c g)
1 _ 1 + Log[2] _ 2Llog[2] " 2clog(l+c] _
e 1 Pn,2] e we € s?e s?e
19 Dh-r n? 2clogctw-£] _ Log[l+w-ce] 2 Log[l+w-c €]
s? e £ s? e

singularities: (a) for e =0 and 8 = 0; (b) for e =0 and
0 =m;(c)fore =1and  =0; (d) fore = 1and § = z. For
cases (a) and (b), there is no physical meaning in the scope
of this paper. In addition, in the actual derivation and cal-
culation process, we also defined that € can be an arbitrarily
small positive number, but cannot be 0. In view of the above
reasons, we only discuss the possible singularities for the
last two cases.

2.4.1 Singularity wheng = 1and@ =0

When e=1, the infinite series such as
Y ni%Pn(cosG) and Y ﬁdd—an(cosH),but noty nian(COSH)
are not convergent at § = 0 because P, (1) = 1 and the har-
monic series is the divergent infinite series. Although they
are divergent series, to show their characteristics more
clearly, we give their series expansion form using s = sinf
around the point & = 0 in Table 5. Here, only the leading
terms were retained.

Because of the singularity at this point, the above formu-
las in Tables 2, 3, 4 do not apply to this case when is 8 very
small. The singularity at this point is not only mathemati-
cal. In actual physical research, this point usually means the
observation point coincides with the source; it is usually
irregular in physics. When dealing with practical problems,
we usually need to know the physical properties near the
singular point. When calculating the deformation Green’s
function of an earthquake or loading near the source point,
we will encounter this situation. For instance, Sun and Dong
(2013) discussed this type of singularity when calculating
the co-seismic Green’s functions for a surface seismic rup-
ture. When € = 1 and 8 — 0, some Green’s functions tend
to diverge in physics. But in the actual calculation, we need
to calculate the Green’s function at a relatively very small
value of 0. At this case, the approximate series formula in
Table 5 can be used to as some very good approximate for-
mulas when 6 is small.

To make it clear, we compared the analytical formulas in
Table 2 with the approximate series formulas in Table 5. We
set € to 1 and calculated the ratios of two kinds of formulas
for different 6 values near 0. In Fig. 7, the y-axis denotes
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Table 3 Analytical sums of the series of the first derivatives of the Legendre functions

ID |Expression Analytical sum
— S
1 (55, dP[n, 0] -5
. 57
2 [y, net"dP[n, 0] _s(irce-2e7)
W
2 _-1l+n s (w? (-1-2ce+e?)-5¢ (c+(-2+c?) e-c e2+&3))
3 |)hinte dP[n, 0] = L !
- (-1-15c e-18 (-2+c?) e’-c (-39+c?) £+3 (-20+c?) e*+9 c&>+8 £°)
4 o ndeNdP(n, 0 il ' ‘ v‘ ) '
Zril [ ) ] w®
e *'"dP[n,0] _ S (1+w)
5 Zr?:l n ’ w (l+w-c g)
e 1"dP[n,0] _ 1-w’+2cwe _ _
6 |To, L s ( —wi2cwe 4 og[2] - Log[l+w cel)
e '"dP[n,0] l-w-ce
7 | 2aa Ton swe?
c (1+2 ce-€?) G (-12+17c*-6cs® £+3 5% &7) .
5 7
- w w
8 n2et*ndPin, 1 Lo ‘ o o L
Zo-1 (n, 1] 562 (10c3-6c* e+e (8+7s%-6&?)+c? & (-1+3 £?)+c (-11+2 £%+£%))
w9
~1+n c (w?-(5s2+2w?) e?)+e (w?+s? (-5-2w?+10 £2))
9 |5, nel"dP[n, 1] (w- Lef)ve s | })
“1+n cw?-3s?¢
10 |35 1 € dP[n, 1] =
e*"dP[n,1 ce . &
11 |y, =—oimdl W' W (Lrwce)
12 e 10 dP(n,1] (-w?-s? (1+2 w:j e-c? g2+C [‘w2+w3+52;‘w
Z"‘:Zl 1+n w? (l+w-cg)?
13 |y= , £ dpin, 1) _ c (-1+c) (-1+w) _ _c (Lww)  _ clog[c [+Log[} (1rw-ce)]
n=1 n? W (C+W) (C+w-g) s? (c+w) € W (-l-w+cCg) sle
~1+n 12cse 155 (-24+5s%) e 15se® (Tcs’+2cw’-Ts”¢)
14 Zr?:Z ne dP[n: 2] v(;ss - w’ - wo
~1+n 3se (2cw?-5s%¢)
15 |37, € dP[n, 2] == )
1 2\ -2 -\
e 17 dP(n,2] s (4-5ce+e’) 25 (1+w) (we?+ (1+w) (l+w-ce))
16 | 252 n w® w? (l+w-ce)?
2s5._2s 2s® (1+w)® s (1+w)* (2c? w243 % (-1+w (2+w)) )
17 e 1" dP(n,2] w? c?w? (l+w-ce)? c?w? (l+w-ce)?
Z'::Z -1l+n s (1+w)? (2 c?w? (-1+2w)+s? (3-6w+6w’)) N s® (3-w? (4+w®)+3 cg)
c?w® (-l-w+cg) c?w®
18 |5= e " dP[n,2] _3s (-lice) _ 25(1*\!&\:[}
n=2 1+n w® w3 (l+w-c )
19 Zm e 1" dP[n,2) s 2¢ (l-ce) N (l+c2;‘w (1+w) _ 2((l+c2)Log[cf\v“£]+c(l+2 Log[; (l+w—cg)])j
n=2 n? w3 S we sw (liw-ce) s*e

the result calculated by the approximate series formula
divided by the analytical formula, and the black, red and
blue line denotes formula involving P,(cosf), dyP,(cosf)
and dyy P, (cosh), respectively. We can see clearly that when
0 — 0, they tend to be consistent.

In addition to approximate the analytical expressions, the
series formulas in Table 5 can also be used to conveniently
analyze the orders of these analytical expressions approach-
ing infinity when @ — 0, which is also useful in the discus-
sion of physical problems (Okubo 1988; Pan 2019) near the
source.

2.4.2 Nosingularity,thene =1 and@ =7
Unlike the situation described in Sect. 2.4.1, all of the equa-
tions at this point are regular because P,(—1) = —1 and the

alternating harmonic series is a convergent series. Once we
have obtained the analytical expression of the Legendre
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functions series, by setting € = 1 and calculating the limit
value when 6 approaches r, the nature around point 8 = =
can be fully demonstrated. The accurate limit value at = =
is given in Table 6.

However, one cannot guarantee a correct result using a
double-precision calculation code, such as the Fortran pro-
gram, when @ approaches z due to the numerical calcula-
tion error. This is easy to explain because sin(#) appears in
the denominator of some of the calculation equations. Our
double-precision Fortran program can give the correct result
within [0.01°, 179.99°] using our test. For calculations out-
side of this interval, higher precision calculations are needed
to obtain the correct results. This can be achieved using the
quad-precision Fortran program or using Mathematica’s or
MATLAB’s symbolic calculation functions.
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Table 4 Analytical sums of the series of the second derivatives of the Legendre functions

ID |Expression Analytical sum
2 2
1 Z:ZI E—l+n ddP[n, 0] -cw'+3s” e
_ 2 2 2 2_ 2 2 [ _g_ 2 2
2 Z:?:ln g-ln ddP[n, 0] cwlic (552+2w?) € iﬂ(w +s? (-5-2w?+10 7))
-5+15s2-2w?+4 s? w?) c (35s2+5w?+25 s? w?+w?) &?
 [mamer - - (PSS  SEey :
ddP[n, 0] 5 (-7+7 c*+21s?-w?+3 s? w?) &3 _5c(7 s?+w?) g L 358768
w?® w® w?®
9s’?e (1+15ce+18 (-2+c?) e?+c (-39+c?) £°-3 (-20+c?) e*-9 c -8 £°)
Zz) N n3 g-1+n w
4 |7 L(-4c*e®+9c®e? (-6+€?) -3¢ (-5+13e2+3¢%) +
ddP[n, 0] "
3c?e (-10+27€2+6¢&%) +c (-1+72€*-66¢c*+8¢F))
8 c+4 (-T+4s?) e+c (35+c?-35?) £2+4 (-5+3s?) e’+4ce’ .
5 Z: & 17 ddP[n,0] 4w (l+w-ce)?
=1 n € (5-252+2)-2¢ (1+2€?)
w? (l+w-cg)?
2s’e -c+e+2s’ €
w? (l+w-c e)? w (l+w-c g)?
cw-6c? e+ (4+(-3+552) w) € N € (s?+ce (-1+c? (1-w® (-3+Log[2])))) .
6 &30 4dP[n, 0] (l+w-c €)? w? (l+w-c g)?
2n-2 ~1+n c (-£2 Log[2]- (1+w) Log[4]+C & (-2+w Log[4] +Log[16]))
(l+w-c )2
c (2 (1+w) -2 c (2+w) e-(-2+s?) £2) Log[l+w-C €]
(l+w-ce)?
£ 1" ddP[n,0] —C+C W+E —g+C g
7 Z:::l 1+n s?we? * w3 £?
s (-2+w?)  cs (-50+9w?) ¢ L 5s (28+w*-c? (49+6 wW?)) €2 1
Z:: n2 g-1+n w® w’ w? TowT
=1
8 5s¢e (-98c*e+16c® (7T+2¢€?)+6c?e (11+32) +
o 1 ( 7e2c) ecte (11035
€ (79+63s*-45e?+2¢%) +c (-139-34+7¢%))
9 Z:::lnahlm ddP[n, 1] s (3582 €2 (1+(c-2¢) g)+w* (-1+2¢ (f§c+s))+5wzs (25+c(—3—5ca+652)))
w
1+n 3,2 s (w+9ce
10 |Yh. € ddP[n, 1] R ( = )
1in _ se? ((1+w)?-ce)
£ 1" ddP[n,1] s _3s(c-g)e (
11 55 n w? w® w? (l+w-cg)?
1in 1, (Lew)®
€ ddP[n,1] 1 _3(l-cg) whisvee
12 Zﬁ:l 1+n = w3 w® + w? (l+w-c €)
e 1" ddP[n,1] s 1 (1+c?) Log[ &S [+2 c Log[3 (1+w-ce) ]
13 100, —— - " sut e
12 (1-28%) & , 15c(2-19 s?) €2 N
-1+n w® w’
ne ddP[n, 2
14 |20 (n, 2] 15 (-355%+635%+2 (1-2c?) w?) e*  105s? e (9cs?+5cw?-9s? ¢)
W + Wit
"2 <2 wi_ 2 .2 4 .2
15 |52, e 2" ddP[n, 2] 3e ((2-48%)w sz,gcsw £+35s% £?)
2 (-2+2w?) 3c (-1l+w’+ce) N 2c (1+2wlice) N
16 e " ddP[n,2] s?w’e w® s?w?
=2 n 3s? e (-3+€ (c+2€)) 4 BC (e+c (-2+2wice))
w’ stwe
9c+aci-c5 , 5ce’ (-11+c?+10ce-30¢&?)
s? + w’
£ 1" ddP[n,2] (c-g) (1+2 € (c+6€)) _ 2 (C-g) (-1+e? (-25+6 ce-4 €?))
17 % — w - 2w
12 (c-g) (-1-€? (6+&?)+4c (e+e®))  5e (3+c*+20c? €2 (2+£?)-4ce (5+10 e2+&”))
st w® - sTw’
7c (31+5c*-265?) L, 2¢ (5+c2) (-1+w") L 14 (545 s?)
B stw’ stw’ g? stwle
e *'"ddP(n,2] 181+200 c*+39c®-183s2) ¢ ¢ (3 (99+40 c*+c®)-241s?) &2
18 |y, & 9ePin.2) ( s Je _c(3] s"w7) et
(103+155 c*-6 c®-86s%) € 4 (-3+25s?) (7c-¢) &*
stw’ + stw’
_3s?e | -2-c’+2wic’w-3ce _ wi-wlse? _ 12 c? Log[2]
19 £ 10 ddP[n,2] w® sPwe wi e ste
Zn-2 n? Log[16] , 2 c (5+c?) Log[--%:c ] . 4 (1+2 c?) Log[l+w-c €]
2 ¢ P ste
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Fig. 1 Verification of the Legendre summation equation corresponding to Table 2. In each subfigure, P; denotes the i-th equation in Table 2

Wahr 1995; Agnew 1997, 2012; Boy et al. 1998; Tromp
and Mitrovica 1999; Spada et al. 2011; Wijaya et al. 2013;
Lu et al. 2018; Zhou et al. 2019; Tang et al. 2020). We take
the radial displacement as an example. A 1 kg surface point
mass at the North Pole will cause the elastic solid Earth to
deform globally, and the radial displacement (Farrell 1972)
is written as

3 Two application in the fields of geodesy
and geophysics

3.1 Calculating the load Green’s function
A typical application of the above analytical summation

equation is calculating the loading deformation on the
Earth (Longman 1963; Farrell 1972; Goad 1980; Han and

@ Springer



Analytical equations for an infinite series involving low-order associated Legendre functions...

Page90f26 86

-12.0
W -125
T
o -13.0
9
-13.5 g
~140 BHL
__-125
L
T _130
>
o
— -135
-14.0
PQ
o -10 ]
T
8 -12 ]
|
-14
P P P
1(? 14‘1 ~10 1§
-8
H:? -10 | -11
< -10 1 _12
o -12
—1 12 1 -13 1
-14 -14 -14
I:>17 I:>18 P19
‘ ‘
11 -1 _5
m |
o 12 fi -12 |
[s3
NRTY 13 | -10 I
0 50 100 150 0 50 100 150 0 50 100 150
8(°) 8(°) 0(°)
Fig. 2 Relative error (RE) of the corresponding numerical calculation in Fig. 1. Note that the relative error is a common logarithmic function

n=oco

Uo) = Z H! P, (cos0). (16)
n=0

Here, 0 denotes the angular distance from the loading
point; and P,(cos@) are the Legendre functions. /! are the
load Love numbers, which are responsible for the elastic
response of the Earth. The Love numbers // are usually cal-
culated for each degree n by numerically solving ordinary
differential equations (Longman 1963, 1962). However, it is

challenging to obtain numerically stable values of very high
degree Love numbers. Moreover, the above series Eq. (16)
usually converges slowly, especially when € is small (Farrell
1972; Fowler et al. 2019).

As was pointed out by Okubo (1988), due to the fact that
y_l;l’(l)Pn(COS 6) =1, — O(1) where n — oo, the brute force
summation approach fails. Farrell (1972) and Guo (2000)
derived the asymptotic expression for the Load Love number
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Fig. 3 Verification of the first derivatives of the Legendre summation equation corresponding to Table 3. In each subfigure, d,P; denotes the i-th
equation in Table 3

whenn — oo, i as lim i/ = I/ = _iom;,(j'f-zll). Here, 4 and Thpn, the convergence difficulty can be circumvented by
, | meo e (p . using a new series (Okubo 1988):

u are the Lamé constants of the outermost layer’s elastic

parameters; g, and m, are the surface gravitation and mass n=0o n=co

of the Earth, respectively; and a is the Earth’s mean radius. ~ U(0) = Z . P,(cos0) + Z (h! = h_)P,(cos). (17
n=0 n=0
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Fig.4 Relative error (RE) of the corresponding numerical calculation in Fig. 3. The relative error is a common logarithmic function

Here, the first term on the right-hand side of the above
expression can be analytically obtained using Eq. (1) in
Table 1 by setting € = 1. The second term in Eq. (17) can be
numerically handled quickly since 4 — h/_is of the order
O(1/n), and the new series converges much faster. Using
this strategy, we rewrite the above equation as

h/ n=00
U®@) = 5567 + HZO (K — K. )P, (cost). (18)

This type of transformation is called Kummer’s transform
(Singh et al. 1990). Because with the increase of degree n,
(K — h!,)P,(cosf) approaches to 0 gradually, so the sum-
mation of the above series can be approximately replaced
by the first N terms of it. We set different truncation degree
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Fig.5 Verification of the second derivatives of the Legendre summation equation corresponding to Table 4. In each subfigure, dy,P; denotes the

i-th equation in Table 4

N to observe the convergence performance. We calculated
and plotted the radial displacement using Egs. (16) and (18)
with a truncation of the series at N in Fig. 8. For simplicity,
we only calculated the first 10,000 terms of the series and
their partial sums.

Here, all of the parameters were obtained from the Pre-
liminary Reference Earth Model (PREM) model (Dziewon-
ski and Anderson 1981). In this figure, the blue lines denote

@ Springer

the brute force numerical summation using Eq. (16), the
horizontal green lines represent the analytical partition in
Eq. (18), and the orange line represents the analytical parti-
tion plus the numerical residue in Eq. (18). Take Fig. 8b as
an example to illustrate the influence of the second part of
Eq. (18). The difference between the orange line and the
green line reflects the effect of the second part, the sum of
the residue series, of Eq. (18). It can be seen that in Fig. 8b,
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Fig. 6

the sum of the residue series is about 500, the estimated true
value is approximately -6500, and its relative error is 7.7%.
Other graphs have similar meanings. It can be seen that with
the increase in angular distance, the importance of residue
series of Eq. (18) increases gradually.

We found that the direct summation method still can-
not achieve convergence after using 10,000 Love numbers,

100 150
8(°)

0 50

Relative error (RE) of the corresponding numerical calculation in Fig. 5. The relative error is a common logarithmic function

especially when 0 is less than 0.5°. The convergence speed
of the residue series is greatly improved. The analytical par-
tition plays a leading role when the angular distance 8 is very
small. For the sake of simplicity, sometimes the analytical
part can be directly used to replace the true Green’s function
in near field deformation, such as at & < 0.01°.
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Table 5 Series expansion of the Legendre summation equations with b X .

s = sinf around point # = 0 when € = 1. The leading term is retained hzsy_ =gl <y;§0 + ;ygl + n—zyﬁz + 0(”_3))

here , e=r,/a.

ID about P,(cos@) Aboutd,yP,(cos ) About 9y, P, (cos 6)
1 1/s —1/s"2 2/s"3

2 —1/25s) 1/(2 s™2) —1/s"3
3 —1/s"3 3/sM4 —12/s75
4 3/(2 s3) —9/(2 sM4) 18/s75

5 In(2/s) —1/s 1/s72

6 In(2/s) —1/s 1/s72

7 —1+1n(2/s) —1/s 1/s72

8 —3/sM4 12/s75 —60/5"6
9 —1/(2s"2) 1/s73 —3/sM4
10 1/s"2 —2/s"3 6/s™4

11 1/s —1/s"2 2/s"3

12 1/s —1/s"2 2/s"3

13 1 —3/4+1In(4)/4—In(s)/2  —1/25)
14 =-3/(2s"3) 9/(2 s"4) —18/s75
15 3/s"3 —9/sM 36/s"5
16 2/s"2 —4/s"3 12/s74
17 2/s"2 —4/s"3 12/s74
18 2/s"2 —4/s"3 12/s74
19 1/s —1/s"2 2/s"3

3.2 Calculating the co-seismic Green’s deformation

Here, we take the co-seismic areal strain Green’s functions
on the Earth’s surface as another example.

We suppose a point dislocation (Sun 2004b) with an area
of dS undergoing a strike-slip U on a vertical fault trending
in the direction of the Greenwich meridian with the location
of the radius r = r, below the North Pole § = 0°. The areal
strain Z__ on the surface (r = a) of the Earth at co-latitude

area

0 and longitude @ can be expressed as

n=oo

_ . 4
B rea(@: 0, @) = 25in2¢) - Y l—zh,‘fP,%(c) + lf(s—zPi(c) - §

n=2

asy=12 _ &' (12 112 112 -3
L= T<y33o + Vit i + 0(n ))

(20)

y,2. represents the variables determined by the Earth’s
elastic parameters and by the seismic source, and their
explicit expressions can be found in previous papers (Sun
2003, 2004a, b; Tang and Sun 2017). Because the asymp-
totic solution expresses the property of the Love number
of degree n by expanding it as a series of 1/a’ when 7 is
infinitely large. Comparing with the real value, the error
caused by this approximation can be ignored in the near field
(Okubo 1988). Therefore, we can make a further approxima-
tion, that is, changing 1/n’ into other form but keeping its
order and this operation will not affect its coefficient (see the
main text below Eq. (9) in Tang et al. (2020)). It should be
noted that the third item in parentheses, I, ~12_ was modified
by replacing 1/n® with 1/(n® — n) in order to simplify the
following analytical summation process.

To show that it is difficult to calculate the convergence
of the strain Green’s function in the near field, we conduct
a simple analysis here. A truncated Taylor series expan-
sion of the Legendre functions near the North Pole up to
the second order will help us understand its property when
0 — 0. This can be obtained by using Mathematica code
“Series[LegendreP[n, 2, Cos[\[Theta]]], {\[Theta], 0, 3}]” as
PX(cos®) = n(n* —1)(n+2)0>/8 + 0(8*), 6 —0. (21)

It means Pi(cos@) can be approximately replaced by a
simple polynomial of 6 and has an order of O(n*) when
0 — 0.

Thus, the general term in Eq. (19) is of the order of
gl 0(n4). This results in the slow convergence of the series
in Eq. (19) when € — 1 because ¢ is slightly smaller than 1
under normal circumstances. As was shown in the above

dPX(c)  d*PX(c) >]

uvds (19)
03

do do?

Here, h!? and {!? are the dislocation Love numbers for
a vertical strike-slip source (Sun et al. 1996) of degree n.
They depend on the source location and the Earth model
structure (Sun et al. 1996). The shorthand notations ¢ = cosf
and s = sinf are used in Eq. (19).

The asymptotic expansion of the dislocation Love number
(Okubo 1988; Sun 2003) when the degree n is extremely
large cannot be easily obtained. To save space, we give
them directly here. Interested readers can refer to previous
papers for details (Okubo 1988; Sun 2003). When n — oo,
the asymptotic form of the dislocation Love numbers can
be written as
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subsection, the brute force approach fails when the dislo-
cation’s location approaches the observation point, that is,
whene — land 6 — 0.

For the deformation Green’s functions in the near field,
the contributions of the high degree Love numbers abso-
lutely dominate compared to the case with low degrees.
After replacing the dislocation Love numbers /'? and [!?
with their asymptotic expansions 2°Y~'* and [*”~'* (Eq. 20),
and using the above analytical equations involving the asso-
ciated Legendre functions and their derivatives (Tables 2, 3,
4), the Green’s functions of the areal strain can be written in
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Fig. 7 Comparison of the analytical formula in Table 2 with the approximate series formulas in Table 5 when € = 1. x-axis for sin () and y-axis
for the ratio of the series formulas and the analytical formula. Each subfigure is labeled by a number (i) denoting the i-th expression in Table 5

a closed-form as a good approximation of Eq. (19) whenfis  The parameters of a slightly modified PREM model (Dzie-
small. Submitting Eq. (20) into Eq. (19), one gets wonski and Anderson 1981; Sun and Okubo 2004) are

2UdSsin(2p) (4 c 12 12 12
3 { 330(§P16 - EP/IG _P/I,6> - 2(y230P15 + Y251 P16 +y232P19)

o |4 (Pir+Pgs P e P+ Py P Pl + Pl P
TV 2 > IRRLY . 3 ~ e ) T 3 T

Here, P;, Pl’., and P;’ denote the i-th equations of the  used here: the mean radius of the Earth a = 6371 km,
Legendre functions and their derivatives with respect to #  Lame constants of A = 34.2 GPa and u = 26.6 GPa, and
(Tables 2, 3, 4). It should be noted that y;? canbe foundin  a density of p = 5.5 x 10° kg/m?. By assuming a factor of
a previous paper (e.g., Tang and Sun 2017). 109UdS /a® = 1, the areal strain was calculated and is shown

As a case study, we considered a dislocation with a  in Fig. 9.
depth of d =a—r; =32km in a homogeneous sphere.

B (a,0, ) =

“area

(22)

4 c
12 / /!
+y331(s_2pl9 - ;Pw _P19)}
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Table 6 Limit values of all of the analytical equations at point § = &
whene =1

ID About P, (cos 0) About dyP,,(cos 0) About 9y, P, (cos 8)
1 -12 0 1/8

2 -1/4 0 -1/16

3 0 0 -1/16

4 1/8 0 1/8

5 —In(2) 0 3/8

6 In(2) 0 —7/8—=1n(2)
7 —1+In(2) 0 1/8

8 0 1/16 0

9 0 1/16 0

10 0 -1/8 0

11 0 -3/8 0

12 0 -1/8 0

13 0 —1/4—1n(2)/2 0

14 0 0 —-3/32

15 0 0 3/16

16 0 0 11/32

17 0 0 45/32

18 0 0 5/32

19 0 0 In(2)/2

To validate our analytical expressions, we compared our
analytical results with those calculated using the numerical
method (Liu et al. 2018). The main point of this numeri-
cal method is to obtain the dislocation Love number by
numerically solving the differential equations for the seis-
mic deformation and then to obtain the Green’s function by
numerically summing the Love number using Eq. (19). The
numerical result is shown in Fig. 9a, the analytical result is
shown in Fig. 9b, and the difference is shown in Fig. 9c. The
pattern and magnitude of the two results are in good agree-
ment and their absolute errors are small.

This consistency indicates that our analytical expres-
sion for the areal strain is a good approximation when the
angular distance € is small. If one wants to obtain more
accurate results, one should add the difference between the

@ Springer

asymptotic Love number and the exact Love number was
done in the previous subsection, i.e., the second term of
Kummer’s transform should be added (Eq. 18).

4 Discussion and conclusions

In this paper, starting with the Legendre functions’ generat-
ing function, nearly sixty analytical equations of an infinite
series were presented through rigorous verification involving
the associated Legendre functions P'(cosf) with m < 2 and
their first and second derivatives. To make it accessible to
all readers, we published our Mathematica, GNU Octave/
MATLAB, and Fortran codes on GitHub. We recommend
using Mathematica to calculate them if possible because it
can provide a correct value for any 6 in the open interval
(0, 7). Other numerical programs written using Fortran and
MATLAB with double-precision are recommended when
0.01 ° < 0 < 179.99°. If quad-precision is used, then the
situation will be improved.

Here, we present the equations for the series of second
derivatives of the associated Legendre functions, and their
higher derivatives can be quickly obtained through differen-
tiation. Using a process similar to that described in Sect. 2,
similar infinite series, such as ). £"~! /n* P (cos@) with k > 3
and its derivatives, can be easily written as a definite inte-
gral. If these definite integrals are obtained, one will get
a new summation expression for the Legendre functions.
The expansion and promotion of these equations are left for
follow-up research.

Alternatively, several complex series such as
> el /nkPn’"(cosé)) can be replaced with a simpler form to
avoid this problem in practical applications. For instance,
one can replace the factor 1/n® with 1/(n* — n), and then,
the new series’ analytical summation can be easily obtained
through the linear combination of the equations listed in
Sect. 2.
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Fig.8 Comparison of the convergence speeds of the different meth- mation truncation at N. The horizontal green lines represent the ana-
ods used to calculate the loading Green’s function for the radial lytical partition in Eq. (18). The orange lines indicate the analytical
displacement. The blue lines denote the brute force numerical sum- part plus the numerical residue in Eq. (18)
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Fig.9 Areal strain resulting from a vertical strike-slip motion with a » (a) r o
depth of 32 km: a calculated using the numerical method (Liu et al., L
2018), b calculated using the analytical expressions using Eq. (22) 04
and ¢=a-b. Both were normalized by assuming 10°UdS/a’> = 1 I 10
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Appendix: Further verification 12 and 14. Here, the y-axis is for the analytical and numeri-

of the formulas listed in Tables 2, 3, 4 cal summation of the series. The numerical results here are
the direct summation of the 600 terms of the series as that in

To verify the correctness of our formulas in Tables 2, 3, 4, the main text. It can be seen that the analytical results (blue

we also calculate the results of the analytical expressions and ~ lines) are in good agreement with the numerical results (gray

the numerical summation of the series when € have different ~ dots). The relative errors of the numerical summations are

values (Figs. 10, 11, 12, 13, 14, 15). Different frome = 1/2  analyzed in Figs. 11, 13 and 15.

in the main text, here we give the comparison between the

analytical and numerical results when € = 1/8 in Figs. 10,

P> Ps

P,
05 F ‘ 7
0.10 | 15
0.05 1.0
0.0 | 1
0.00 | 0.5
-0.05
Py P2
1.0 F 1.0 ‘ 05 ‘ ]
08 1 04 1
0.6 {1 03¢t 4
051 04t {1 02t -
02} { 01} |
0.8
06 | 031 015
04 | 02 0.10
02 01 0.05
0.0 | | 008 1
0.06 1
0.05 | 0.04 I
| Numerical
0.02 — Analytical
0 50 100 150 0 50 100 150 100 150
8(°) 0(°) 8(°)

Fig. 10 Verification of the Legendre summation equation corresponding to Table 2 when € = 1/8. In each subfigure, P; denotes the i-th equation
in Table 2
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Fig. 11 Relative error (RE) of the corresponding numerical calculation in Figure 10. In each subfigure. Note that the y-axis is scaled by a com-
mon logarithmic function
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Fig. 12 Verification of the first derivatives of the Legendre summation equation corresponding to Table 3 when € = 1/8. In each subfigure, 9, P;
denotes the i-th equation in Table 3
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Fig. 13 Relative error (RE) of the corresponding numerical calculation in Figure 12. Note that the y-axis is scaled by a common logarithmic
function
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Fig. 14 Verification of the second derivatives of the Legendre summation equation corresponding to Table 4 when € = 1/8. In each subfigure,
0y P; denotes the i-th equation in Table 4
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Fig. 15 Relative error (RE) of the corresponding numerical calculation in Figure 14. Note that the y-axis is scaled by a common logarithmic

function

Acknowledgements We acknowledge the financial support provided by
the National Natural Science Foundation of China (NSFC: 41774088,
41974093, 41331066, and 41474059) and the Key Research Program
of Frontier Sciences CAS (Chinese Academy of Sciences; QYZDY-
SSW-SYS003). H. Tang is supported by the China Postdoctoral Sci-
ence Foundation (2020M680649) and the Special Research Assistant
Program of the Chinese Academy of Sciences. We are very grateful
for discussions with Dr. Lei Liang and Dr. Huan Xu regarding the

@ Springer

numerical calculations of the Legendre functions. All of the data can
be accessed through references and can be reproduced using the equa-
tions presented in this paper. We thank LetPub (www.letpub.com) for
its linguistic assistance during the preparation of this manuscript.

Authors’ contributions W. Sun and H. Tang contributed approximately
equally to this paper, including implementing the idea and deriving
all of the equations. W. Sun previously derived several equations by


http://www.letpub.com

Analytical equations for an infinite series involving low-order associated Legendre functions...

Page 250f26 86

hand. Later, H. Tang derived some new equations in the early days
while studying for a PhD. H. Tang built the program, completed the
validation and visualization, and wrote the article under the guidance
of W. Sun.

Data Availability The data are available in a public research reposi-
tory on Github (https://github.com/UCAStanghe2014/analytical_sums_
associated_Legendre).

References

Abell ML, Braselton JP (2017) Mathematica by example. Academic
Press

Agnew DC (1997) NLOADF: A program for computing ocean-tide
loading. J Geophys Res-Solid Earth 102:5109-5110

Agnew, D. C. (2012). SPOTL: Some programs for ocean-tide loading.

Askey R (2005) The 1839 paper on permutations: its relation to the
Rodrigues formula and further developments. Math Soc Utopias
France 28:105-118

Bosch W (2000) On the computation of derivatives of Legendre func-
tions. Phys Chem Earth Part A Solid Earth Geodesy 25:655-659

Boy JP, Hinderer J, Gegout P (1998) Global atmospheric loading and
gravity. Phys Earth Planet Inter 109:161-177

Cambiotti G, Sabadini R (2015) On the response of the earth to a fault
system: its evaluation beyond the epicentral reference frame. Geo-
phys J Int 203:943-959

Dong W, Schmitt DP (1994) Simplified dynamic and static Green’s
functions in transversely isotropic media. Geophys J Int
119:231-242

Dziewonski AM, Anderson DL (1981) Preliminary reference earth
model. Phys Earth Planet Inter 25:297-356

Farrell WE (1972) Deformation of the earth by surface loads. Rev
Geophys Space Phys 10:761-797

Fowler J, Ogle C, Bevis M (2019) An Analytic method for computing
the infinite sums occurring in the geoelastic disk load problem. J
Geophys Res Solid Earth 124:2184-2201

Freeden W, Nashed MZ, Sonar T (eds) (2010) Handbook of geomath-
ematics. Springer Science & Business Media, Berlin

Freeden W, Schreiner M (2008) Spherical functions of mathematical
geosciences: a scalar, vectorial, and tensorial setup. Springer Sci-
ence & Business Media, Berlin

Goad CC (1980) Gravimetric tidal loading computed from integrated
Green’s functions. J Geophys Res, 85

Gradshteyn I, Ryzhik I (2000) Table of integrals, series, and products.
In: Jeffrey DA, Zwillinger D (eds) 6th edn. Academic, New York

Guo JY (2000) Direct proof of the asymptotic expression of the loading
Love numbers. Chin J Geophys Chin Edn 43:515-521

Guo JY, Li YB, Huang Y, Deng HT, Xu SQ, Ning JS (2004) Green’s
function of the deformation of the Earth as a result of atmospheric
loading. Geophys J Int 159:53-68

Han DZ, Wahr J (1995) The viscoelastic relaxation of a realistically
stratified earth, and a further analysis of postglacial rebound. Geo-
phys J Int 120:287-311

Johnson LR (2010) Green’s function for lamb’s problem. Geophys J
Roy Astron Soc 37:99-131

Liu T, Fu G, She Y, Zhao C (2018) Green’s functions for post-seis-
mic strain changes in a realistic earth model and their applica-
tion to the Tohoku-Oki Mw 9.0 earthquake. Pure Appl Geophys
176:3929-3949

Longman IM (1962) A Green’s function for determining the deforma-
tion of the Earth under surface mass loads: 1. Theory. J] Geophys
Res 67:845-850

Longman IM (1963) A Green’s function for determining the deforma-
tion of the Earth under surface mass loads: 2. Computations and
numerical results. J] Geophys Res 68:485-496

LuZ, YiH, Wen L (2018) Loading-induced earth’s stress change over
time. J Geophys Res Solid Earth 123:4285-4306

Martinec Z (2003) Green'’s function solution to spherical gradiometric
boundary-value problems. J Geodesy 77:41-49

McBride EB (2012) Obtaining generating functions (Vol 21). Springer
Science & Business Media, Berlin

Melini D, Cannelli V, Piersanti A, Spada G (2008) Post-seismic
rebound of a spherical Earth: new insights from the application
of the Post-Widder inversion formula. Geophys J Int 174:672-695

Miiller C (1966a) Chapter 10 Associated legendre functions. Spherical
harmonics. Springer, Berlin, pp 22-29

Miiller C (1966b) Chapter 3 legendre functions. Spherical harmonics.
Springer, Berlin, pp 7-9

Okubo S (1988) Asymptotic solutions to the static deformation of the
Earth - I. Spheroidal mode. Geophys J Int 92:39-51

Pan E (2019) Green’s functions for geophysics: a review. Rep Prog
Phys 82:106801

Piersanti A, Spada G, Sabadini R (1997) Global postseismic rebound of
a viscoelastic Earth: theory for finite faults and application to the
1964 Alaska earthquake. J Geophys Res Solid Earth 102:477-492

Piersanti A, Spada G, Sabadini R, Bonafede M (1995) Global post-
seismic deformation. Geophys J Int 120:544-566

Pollitz FF (1996) Coseismic deformation from earthquake faulting on
a layered spherical earth. Geophys J Int 125:1-14

Schmied, R., 2020. Wolfram language overview. In: Using mathemat-
ica for quantum mechanics, Springer, Berlin, pp 1-31

Singh S, Richards WF, Zinecker JR, Wilton DR (1990) Accelerating
the convergence of series representing the free space periodic
Green’s function. IEEE Trans Antennas Propag 38:1958-1962

Singh SJ, Ben-Menahem A (1968) On the summation of certain leg-
endre series. J Eng Math 2:275-282

Spada G, Barletta VR, Klemann V, Riva REM, Martinec Z, Gasperini
P, Lund B, Wolf D, Vermeersen LLA, King MA (2011) A bench-
mark study for glacial isostatic adjustment codes. Geophys J Int
185:106-132

Spada G, Boschi L (2006) Using the Post-Widder formula to compute
the Earth’s viscoelastic Love numbers. Geophys J Int 166:309-321

Sun W (2003) Asymptotic theory for calculating deformations caused
by dislocations buried in a spherical earth: geoid change. ] Geod-
esy 77:381-387

Sun W (2004a) Short Note: Asymptotic theory for calculating deforma-
tions caused by dislocations buried in a spherical earth - gravity
change. J Geodesy 78:76-81

Sun W, Okubo S (1993) Surface potential and gravity changes due
to internal dislocations in a spherical earth-1. Theory for a point
dislocation. Geophys J Int 114:569-592

Sun W, Okubo S (1998) Surface potential and gravity changes due
to internal dislocations in a spherical earth - II. Application to a
finite fault. Geophys J Int 132:79-88

Sun WK (2004b) Asymptotic solution of static displacements caused
by dislocations in a spherically symmetric Earth. J] Geophys Res
Solid Earth 109:402-419

Sun WK, Dong J (2013) Relation of dislocation Love numbers and
conventional Love numbers and corresponding Green’s functions
for a surface rupture in a spherical earth model. Geophys J Int
193:717-733

Sun WK, Okubo S (2004) Coseismic deformations detectable by sat-
ellite gravity missions: a case study of Alaska (1964, 2002) and
Hokkaido (2003) earthquakes in the spectral domain. J Geophys
Res Solid Earth 109:B04405

Sun WK, Okubo S, Vanicek P (1996) Global displacements caused by
point dislocations in a realistic Earth model. J] Geophys Res Solid
Earth 101:8561-8577

@ Springer


https://github.com/UCAStanghe2014/analytical_sums_associated_Legendre
https://github.com/UCAStanghe2014/analytical_sums_associated_Legendre

86 Page 26 of 26

H.Tang, W. Sun

Tanaka Y, Okuno J, Okubo S (2006) A new method for the computa-
tion of global viscoelastic post-seismic deformation in a realistic
earth model (I) - vertical displacement and gravity variation. Geo-
phys J Int 164:273-289

Tanaka Y, Okuno J, Okubo S (2007) A new method for the computation
of global viscoelastic post-seismic deformation in a realistic earth
model (II)-horizontal displacement. Geophys J Int 170:1031-1052

Tang H, Dong J, Zhang L, Sun WK (2020) Deformation of a spheri-
cal, viscoelastic, and incompressible Earth for a point load with
periodic time change. Geophys J Int 222:1909-1922

Tang H, Sun WK (2017) Asymptotic expressions for changes in the
surface co-seismic strain on a homogeneous sphere. Geophys J
Int 209:202-225

Tang H, Sun WK (2018a) Asymptotic co- and post-seismic dis-
placements in a homogeneous Maxwell sphere. Geophys J Int
214:731-750

Tang H, Sun WK (2018b) Closed-form expressions of seismic defor-
mation in a homogeneous maxwell earth model. J] Geophys Res
Solid Earth 123:6033-6051

Tang H, Sun WK (2019) New method for computing postseismic
deformations in a realistic gravitational viscoelastic earth model.
J Geophys Res Solid Earth 124:5060-5080

Tromp J, Mitrovica JX (1999) Surface loading of a viscoelastic earth
- I. General theory. Geophys J Int 137:847-855

Vermeersen LLA, Sabadini R (1997) A new class of stratified viscoe-
lastic models by analytical techniques. Geophys J Int 129:531-570

Vermeersen LLA, Sabadini R, Spada G (1996) Analytical visco-elastic
relaxation models. Geophys Res Lett 23:697-700

@ Springer

Wan J, Zudilin W (2013) Generating functions of Legendre polynomi-
als: a tribute to Fred Brafman. J Approx Theory 170:198-213

Wang R (1999) A simple orthonormalization method for stable and
efficient computation of green’s functions. Bull Seismol Soc Am
89:733-741

Wang R, Wang HS (2007) A fast converging and anti-aliasing algo-
rithm for Green’s functions in terms of spherical or cylindrical
harmonics. Geophys J Int 170:239-248

Watanabe K, Watanabe K (2014) Integral transform techniques for
green’s function. Springer International Publishing, Berlin

Weisstein EW (2002) Legendre polynomial. From MathWorld--A
Wolfram Web Resource. https://mathworld.wolfram.com/Legen
drePolynomial.html

Wijaya DD, Bohm J, Karbon M, Krasna H, Schuh H (2013) Chap-
ter 4 atmospheric pressure loading. In: Béhm J, Schuh H (eds)
Atmospheric effects in space geodesy, Springer Berlin Heidelberg,
Berlin, Heidelberg, pp. 137-157

Wolfram S (1999) The MATHEMATICA® book, version 4. Cam-
bridge University Press

Xu JD, Davies TG, Pan E (2007) Efficient and accurate multi-layered
elastostatic Green’s functions via the bi-material Green’s function.
Eng Anal Boundary Elem 31:683-691

Zhou J, Pan E, Bevis M (2019) A point dislocation in a layered, trans-
versely isotropic and self-gravitating Earth - Part II: accurate
Green’s functions. Geophys J Int 219:1717-1728


https://mathworld.wolfram.com/LegendrePolynomial.html
https://mathworld.wolfram.com/LegendrePolynomial.html

	Analytical equations for an infinite series involving low-order associated Legendre functions in geoscience
	Abstract
	1 Introduction
	2 All of the equations involving the Legendre functions
	2.1 Two examples with detailed derivations
	2.2 All of the analytical equations
	2.3 Verification and visualization
	2.4 Explanation of the possible singularity
	2.4.1 Singularity when  and 
	2.4.2 No singularity, then    and 


	3 Two application in the fields of geodesy and geophysics
	3.1 Calculating the load Green’s function
	3.2 Calculating the co-seismic Green’s deformation

	4 Discussion and conclusions
	Acknowledgements 
	References




