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Abstract

The geoid, according to the classical Gauss—Listing definition, is, among infinite equipotential surfaces of the Earth’s gravity
field, the equipotential surface that in a least squares sense best fits the undisturbed mean sea level. This equipotential surface,
except for its zero-degree harmonic, can be characterized using the Earth’s global gravity models (GGM). Although, nowadays,
satellite altimetry technique provides the absolute geoid height over oceans that can be used to calibrate the unknown zero-
degree harmonic of the gravimetric geoid models, this technique cannot be utilized to estimate the geometric parameters of
the mean Earth ellipsoid (MEE). The main objective of this study is to perform a joint estimation of W, which defines the
zero datum of vertical coordinates, and the MEE parameters relying on a new approach and on the newest gravity field, mean
sea surface and mean dynamic topography models. As our approach utilizes both satellite altimetry observations and a GGM
model, we consider different aspects of the input data to evaluate the sensitivity of our estimations to the input data. Unlike
previous studies, our results show that it is not sufficient to use only the satellite-component of a quasi-stationary GGM to
estimate W. In addition, our results confirm a high sensitivity of the applied approach to the altimetry-based geoid heights,
i.e., mean sea surface and mean dynamic topography models. Moreover, as W should be considered a quasi-stationary
parameter, we quantify the effect of time-dependent Earth’s gravity field changes as well as the time-dependent sea level
changes on the estimation of W(. Our computations resulted in the geoid potential W = 62636848.102 4 0.004 m? s~2 and
the semi-major and minor axes of the MEE, a = 6378137.678 2=0.0003 m and b = 6356752.964 £ 0.0005 m, which are 0.678
and 0.650 m larger than those axes of GRS80 reference ellipsoid, respectively. Moreover, a new estimation for the geocentric
gravitational constant was obtained as GM = (398600460.55 +0.03) x 10 m3 s—2.

Keywords Geodetic reference system - Geoid potential W - Global vertical datum - Mean Earth ellipsoid - Reference
ellipsoid

1 Introduction Listing 1873). This definition describes the level surface of

the Earth’s gravity field that can be assigned as the reference

From the geopotential point of view, the precise definition
and realization of a unified global vertical reference system
require the adoption of a global potential value assigned to
the zero height level (Sanchez 2007, 2009). According to the
classical Gauss—Listing definition, the geoid is the equipoten-
tial surface of the Earth’s gravity field that in a least squares
sense best fits the undisturbed mean sea level (Gauss 1828;
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for unifying regional height systems into a global system.
Therefore, choosing the geoid as the global vertical datum
implies that the datum is defined by the potential (W) of this
particular level surface of the Earth’s gravity field (Sjoberg
2013).

Since the Earth’s gravity field undergoes temporal vari-
ations, the geoid cannot be considered as a static surface.
Furthermore, as Wahr et al. (1998) described in detail, for
periods less than several hundred years, temporal changes in
the Earth’s gravity field are mainly attributed to the move-
ment of water masses within the Earth’s relatively thin
fluid envelope that can be revealed using space geodetic
techniques. Therefore, sea level change and mass redistri-
bution affect the equipotential surfaces in the Earth’s gravity
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field. Consequently, as the data have significantly improved
and global mean sea level change has increased to about
3.7 mm year~! today (Chen et al. 2018), the geopotential
at the geoid (W) needs to be updated so that it fulfills the
Gauss-Listing definition. This implies that, considering the
Gauss—Listing definition, the geoid potential W will gener-
ally not be equal to the normal potential U; at the selected
reference ellipsoid, e.g., Geodetic Reference System 1980
(Sjoberg 2013).

On the other hand, as Sanchez et al. (2016) reported, a
maximum difference of order — 2.6 m? s~2 has been noticed
inthe W estimations provided since 2005 that corresponds to
a height difference of about 27 cm. This level of discrepancy
over the short period is mainly due to the differences in the
treatment of the input data. Therefore, since the gravity field
and mean sea surface (MSS) models have been considerably
improved, applying standardized data and new procedures
lead to a new estimate of Wy.

Wo, as the potential of the geoid, defines the vertical
datum of a unified height reference system with respect to
the Earth’s body. Moreover, as a parameter of the Earth’s
gravity field, a global estimation of W is required for the
determination of the reference mean Earth ellipsoid (MEE)
that is defined as the globally best-fitting ellipsoid to the
geoid surface (Heiskanen and Moritz 1967, p. 214). Using
observations from space geodetic techniques (namely satel-
lite altimetry, satellite gravimetry and satellite laser ranging),
many studies aimed to estimate a global value for W(. With
the advent of radar altimetry technique in the 1970s, and espe-
cially since 1992, different satellite altimetry missions have
provided a valuable source of high precision, nearly global
records of sea level changes at 10-day intervals. Altimetry-
based observations enabled the realization of a global vertical
datum of a height system as being the equipotential surface
of the Earth’s gravity field that in a least squares sense min-
imizes the difference between mean sea level (MSL) and
the Gauss—Listing geoid (called either mean dynamic topog-
raphy; MDT, or sea surface topography; SST) all over the
oceans (Mather 1978). Accordingly, direct method for deter-
mining Wy, discussed in Sect. 2.1, implies a direct integration
of the satellite altimetry-derived MDT in combination with
the potential achieved from a GGM over all the ocean areas
(cf. Sacerdote and Sans6 2004).

Considering different techniques and a variety of datasets,
many studies have aimed to estimate a global value for geoid
potential, Wy. Along with defining GRS80 reference ellip-
soid, Moritz (2000) equated W with the normal potential
(U1) atthe surface of that new level ellipsoid and reported W
= 62636860.850 m? s~2. Rapp et al. (1991) and Rapp (1995)
followed the same approach (Wo = U1) and concentrated on
the best-fitting ellipsoid for the TOPEX/POSEIDON MSS
and quantified Wy = 62636858.546 m? s~2 and Wy =
62636856.884 1.0 m?> s—2, respectively. In a more recent
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study, assuming that Wy = U1, Dayoub et al. (2012) con-
sidered the best-fitting ellipsoid for the DNSCO08 MSS and
estimated W based on two different scenarios, namely with
and without taking into account a MDT model in their com-
putations (as geoid = MSS — MDT, disregarding the MDT
assumes that there is no discrepancy between the geoid
and MSS). Reporting W values as 62636854.18 0.01 and
62636854.19+0.01 m? s~2 for two scenarios, respectively,
they concluded that on using the largest latitudinal extents of
MSS model, it is not necessary to utilize a MDT model.
After the possibility of estimating dynamic ocean topog-
raphy using satellite altimetry observations and a pre-defined
geoid model, many studies aimed to estimate Wy in a differ-
ent way than equating with U;. Bursa et al. (1992, 1997,
1998a, b, 1999, 2001, 2002, 2007a, b), Nesvorny and Sfma
(1994), Sanchez (2007) and Dayoub et al. (2012) aimed at
estimating the global value for W corresponding to the level
surface that minimizes the square sum of the dynamic ocean
topography estimated over all the ocean areas. Accordingly,
based on different MSS models, various GGMs to define a
priori geoid, considering or not considering a MDT model
to define mean sea surface, different MDT models as well
as different time periods, a range of Wy values varying
between 62636853.3140.02 m? s~2 (Dayoub et al. 2012)
and 62636857.5+1.0 m? s~2 (Nesvorny and Sima 1994)
have been reported. In these studies, BurSa et al. (1992,
1998b, 2002, 2007a, b), Nesvorny and Sima (1994) and
Sanchez (2007) did not take into account a MDT model
(assuming that the geoid is equivalent to MSS), whereas
Bursa et al. (1997, 1998a) considered mean sea surface as
a difference between a MSS model and a MDT model.
However, Dayoub et al. (2012) examined both strategies to
quantify the effect of a MDT model on the estimation of Wy.
They found that while employing MSS values over a latitu-
dinal band coverage from 70°N to 70°S, MDT has near-zero
effect on the Wy estimation, and an unbiased value for W
can be achieved without using a MDT model.
Concentrating on the dynamic ocean topography achieved
from satellite altimetry observations and a gravity model,
Bursa et al. (1997, 1998a, 1999, 2001, 2007a, b) considered
the sensitivity of estimated Wy to the tidal reference system
of the Earth’s gravity field. By a closer look at the Earth’s
gravity field in terms of the various wavelengths, they found
that their estimate Wy = 62636856.0£0.5 m? s~ is rel-
atively independent of the spherical harmonics of degrees
larger than 120. As the harmonic coefficients of a static grav-
ity field have signatures of periodic, quasi-secular and secular
nature (Moore et al. 2006), Bursa et al. (1999, 2007a) also
investigated the secular variations in W¢. Sénchez (2007)
investigated the global determination of the geoid potential
and its sensitivity to global gravity field models. Consider-
ing four different GGMs, Sanchez (2007) reported that the
estimated Wy = 62636853.4 m? s~2 is insensitive to the
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choice of GGM. In contrast, she found that the latitudinal
coverage of the MSS plays a significant role. In a compara-
tive study, Dayoub et al. (2012) aimed to estimate W and its
temporal rate by utilizing altimetry-derived MSS models and
an independent MDT model, and considering two different
approaches: (1) by means of a GGM and (2) within normal
gravity field space as the geopotential value of the best-fitting
reference ellipsoid. They revealed that the uncertainty in Wy
is relatively insensitive to the choice of methodology, GGM
and MSS data coverage, and it is mainly attributed to the
selected MDT. Their estimated W = 62636854.2+0.2 m?
s 2 differs by 0.8 m? s~ from the one estimated by Sénchez
(2007). Reporting dWo/dt = (— 2.7040.03) x 1072 m? s 2
year~ !, which corresponds to a global mean sea level rise of
2.9 mm year_l, they argued that, at a sub-decadal interval,
the variations of W over time arise mainly from sea level
change.

Cunderlik and Mikula (2009) estimated W as a numerical
result of applying the boundary element method to the linear
altimetry—gravimetry boundary value problem. They utilized
the collocation technique with linear basis functions for dis-
cretization of boundary element method over both land and
ocean areas. Within land areas, they used geocentric posi-
tions, derived from a global topography model along with a
GGM, to model the fixed Earth’s surface. In addition, over
oceans, altimetry-based MSS models the geometry of fixed
Earth’s surface. They also included surface gravity distur-
bances at collocation points using a GGM. Consequently, a
perturbation of the Dirichlet boundary condition is applied
as a difference between the normal gravity potential at the
surface of the reference ellipsoid and the gravity potential
of geoid, W = Wy — Uj. Accordingly, they found Wy =
62636857.95 m? s—2, and a difference of W = — 2.896 m?
s~2 was estimated from the normal potential on the reference
ellipsoid.

Relying on the most recent released GGMs as well as
MSS models and utilizing standardized data and procedures,
Sanchez et al. (2016) determined anew W estimate based on
the scalar-free geodetic boundary value problem. In agree-
ment with previous studies (e.g., Sdnchez 2007; BurSa et al.
2007a; Dayoub et al. 2012), they concluded that the esti-
mated Wy is independent of the harmonics of degrees n >200
of a static GGM, and it can be computed using satellite-
only component of harmonics with a GGM. Dayoub et al.
(2012) explained that the insensitivity of the estimated Wy
to the higher degree harmonics is due to the relative smooth-
ness of the geopotential (Dayoub et al. 2012, Eq. 1) as a
function of latitude and longitude. Moreover, in that con-
text, Sdnchez et al. (2016) examined eight different GGMs
and concluded that, except for the EGM96, all the models
result practically in the same estimate of Wy (a maximum
difference of 0.006 m?> s~2 has been reported). Considering

the GRACE!-based GGM series to study influence of the
time-dependent gravity field changes in Wy, the linear trend
of Wy variations has been estimated to be — 6.617 x 10™*
m? s~2 year~! (that corresponds to a displacement of about
+ 1.3 mm in 20 years in the level surface). They discussed
that this trend is much smaller than the error in the estima-
tion of Wq and can, therefore, be neglected. Sdnchez et al.
(2016) also discussed if the empirical estimation of Wy is
influenced by the selection of MSS and MDT models, time-
dependent sea surface changes and the tide system. Reporting
the dependency of the estimated Wy on the selected MSS,
they concluded that the empirical estimation of W should
be based on the total area covered by the MSS model. Fur-
thermore, they reported that it is not essential to utilize a
MDT model when all the ocean areas covered by the satel-
lite altimetry are included in the estimation of Wy. In terms
of the sensitivity to time-dependent sea surface changes, they
utilized yearly MSS models and concluded that an estimate
of dWy / dr is necessary as the Gauss—Listing definition must
be satisfied at any time. They also considered differences
between Wy values estimated based on different tide sys-
tems and reported that the input data for the computation of
Wo (GGM and MSS models) should be given in the same
tide system.

As a different method from the global approach, Ardalan
et al. (2002) estimated Wy to 62636855.75+0.21 m? s—2
based on an ellipsoidal harmonic expansion of the external
gravity field at the stationary GPS stations around the Baltic
Sea. They also used regional tide gauge and GPS observations
to study the secular variation in Wy.

The aim of this study is to examine a new method that
simultaneously estimates the geoid potential and the geo-
metrical parameters of the MEE. In this way, we will arrive
at the best fits of geoid potential and geometric parameters of
the MEE that match each other according to the definitions
of the geoid and the MEE. (See Eq. 16). Accordingly, the
paper is outlined as follows: Sect. 2 presents the methodol-
ogy for determining the geoid potential. Section 2.1 presents
direct method that has been published and tested in the geode-
tic literature, included as a background for understanding
Sect. 2.2, which is the method, first published by Sjoberg
(2013), to be numerically applied in this analysis for the first
time. Section 3 discusses in detail all the input data employed
throughout this study. Further, we summarize the results and
discuss the achievements in Sect. 4. Finally, Sect. 5 presents
the conclusions.

I GRACE: Gravity Recovery and Climate Experiment, http://www.csr.
utexas.edu/grace/.
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2 Methodology for the estimation of W

The original Stokes’ formula (Stokes 1849) yields the geoid
height (N) as follows:

Ve (£

where y is the normal gravity on the reference ellipsoid along
its normal through the computation point, R is the radius of
the mean Earth sphere, P,(cos ) is the Legendre’s poly-
nomial of degree n, Y is the geocentric angle between the
computation point and the running point of integration, Ag is
the gravity anomaly and o is the unit sphere. This equation
lacks the zero-degree term Ny (Martinec 1998), implying
that the geoid cannot be determined in an absolute sense.
The classical way to estimate this term (corresponding to
Wo) was by determining at least one distance at (or reduced
to) sea level and comparing it with the distance along the
reference ellipsoid. In this way, Ny and thereby W can be
determined, by dividing No by normal gravity (Heiskanen
and Moritz 1967, p. 103-104).

The following sections discuss two approaches for deter-
mining Wy. The direct method in Sect. 2.1 has been already
published and numerically applied in the literature. Sec-
tion 2.2 presents our approach, originally presented by
Sjoberg (2013), which we will later use for our numerical
study. See also Sjoberg and Bagherbandi (2017, Sect. 7.4).

2n+1

P,, (cos 1//)) Agdo, (1)

2.1 Direct determination of W, from satellite
altimetry and a GGM

Using spherical harmonic coefficients of a GGM and by
neglecting the atmosphere, one can use the following equa-
tion to estimate the Earth’s gravity potential, W, outside the
topographic masses (Torge 1989, p. 70 and 72):

. GM Nmax R n+l n
W(r,60,%) = Tl {1 +>° <7> > A Yam(8.2)

n=2 m=—n

+¢(r,0, 1),
2

where (7, 6, L) are the geocentric radius, spherical co-latitude
and longitude of the computational point, GM is an adopted
value for the geocentric gravitational constant and ¢ is the
Earth’s rotational potential. Each spectral potential compo-
nent A, is determined from a global set of gravity-related
data by harmonic analysis up to the chosen degree and order
nmax at the reference radius R, and Y, (6, )) is the surface
spherical harmonic of degree n and order m. In this equation,
the zero-degree harmonic is equal to the gravity potential on
the surface of the defined reference ellipsoid, which is only
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preliminary. It can be seen that we solve this problem in our
approach. The absence of first-degree coefficients in Eq. (2)
implies that the origin of the coordinate system is selected
at the Earth’s gravity center. Similarly, the constant normal
potential U; on the surface of a reference ellipsoid with mass
M can also be represented as a harmonic series of the grav-
itational potential plus the centrifugal potential (Sjoberg and
Bagherbandi 2017, p. 222):

GM1 Nmax R n n
Ul(rvev)"):T |:1+Z<7> Z Bum Yam(0, A)
n=2 m=—n
+¢(r, 0, 1),

3

where Bphp, is the potential coefficient of degree n and order
m from a global gravity field model. Then, the disturbing
potential, TCOOM can be achieved as TOM = W(r 0,1 —
Ui(r, 0, 1).

Using Eq. (2), one can directly estimate the geoid poten-
tial, Wy, as the potential at the radius vector r, of the geoid
(cf. Dayoub et al. 2012; Sjoberg and Bagherbandi 2017):

~

Wy = Wo = W(rg, 0, 1), 4)

where by defining r(6) as the geocentric radius vector of the
defined reference ellipsoid and N (6, ) as the related geoid
height:

Tg :rg(e’)h):rl(g)‘l'N(g,)n). (5)

Within ocean areas, N can be geometrically estimated as the
difference between satellite altimetry-derived MSS and MDT
in which the latter can be derived either by oceanographic
techniques or from satellite altimetry and a preliminary geoid
model.

As an alternative method, Bruns’ formula can be used
to estimate the normal potential at the geoid surface; U,
(Heiskanen and Moritz 1967, p. 84):

Tg:WO_Ug:WO_(Ul_VlN)s (6)

where yj is the normal gravity on the surface of the reference
ellipsoid. Consequently (see also Sacerdote and Sansé 2004):

Wo=U; —y1N +1T,. (7)

Considering the negligibility of using r1 (¢) instead of r,,
one can represent T, by TOOM — TGGM(rl(Q), 6, L). There-
fore, by denoting AWy = Wy — Uy, Eq. (7) leads to:

T GGM AW,

N = -
4! Y1

®)
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Utilizing spherical harmonic coefficients of a GGM, one

can write Bruns’ formula (Bruns 1878) to determine NYM
as:
TGGM
NOGM _ 9)
Y1

which reveals that comparing with Eq. (8), GGM-derived
geoid height lacks the unknown correction —A Wy / V1.

It should be noted that, as T, is the disturbing potential
inside the topographic mass, therefore, its estimation over
the continents and consequently the determination of NOM,
Eq. (9), requires the analytical downward continuation error
or topographic bias of T gGGM (Sjoberg 1977, 2007; Martinec
1998, Sects. 7.3-7.4; Agren 2004; Sjoberg and Bagherbandi
2017).

Taking the advantage of satellite altimetry in determining
MSS, as well as using a GGM to estimate disturbing poten-
tial on the surface of the undisturbed sea level (corrected for
MDT), one can compute Wy as the first-order Taylor expan-
sion as follows (Sacerdote and Sans6 2004):

Wo =Ug + Ty = Uy — yhg + ToM, (10)

where hy = MSL — MDT = N alt j5 the satellite altimetry-
derived geoid height. Therefore, taking the mean value of the
point-wise estimates for W over the marine areas (o) yields
(Sacerdote and Sansé 2004):

GGM _
jf |:TQ 7z rho i|d0
Qo

W() =U;+ 2
If [%]do
o1 VQ

where Q denotes a surface point and y is the mean normal
gravity along the normal height at Q. This method integrates
only over oceans and relies on a priori fixed reference ellip-
soid that differs in both potential and geometric shape.
Over the continents, one can rewrite Eq. (10) as follows:

; (11)

Wo =U; — yNGNSS/leveling + TgGGM, (12)

where needs the topographic correction. As Stokes’
formula does not allow external masses to the sphere of inte-
gration, the effect of these topographic masses is usually
removed from the gravity anomaly prior to Stokes’ integra-
tion. The topographic correction for potential is presented as
(Sjoberg and Bagherbandi 2017, p. 159):

2H3 ;3
) 4

GGM
Tg

bias = 27 Gp (H2 +

where G is the gravitational constant of the Earth, p is the
standard topographic density (here is assumed to be constant)
and H is the topographic height.

2.2 Our approach: joint determination of W
and the mean Earth ellipsoid parameters using
least squares adjustment

Considering the mean angular velocity of the Earth’s daily
rotation (w) as a known parameter, this approach uses the
satellite altimetry and GGM-derived geoid heights in a joint
adjustment procedure to estimate both the dimensions of
MEE and Wy.

For the MEE with semi-major axis a and eccentricity e,
where f is the reduced latitude, radius vector of a point on
the surface of this MEE is given by:

re(B) = ay/ 1 — €2 sin? B. (14)

Similarly, for a preliminary reference ellipsoid with geo-
metric parameters a; and ej, the radius vector of a point
on the surface of this reference ellipsoid can be written as
r1(B) = ai,/1 — e? sin” B.

According to the definition of MEE (Heiskanen and
Moritz 1967), as this ellipsoid is the globally best-fitting ellip-
soid to the geoid surface, the axes are such that the global
mean square of the difference between the radius vector of
the geoid surface (estimated by r1(8) + N) and the radius
vector rg(a, e, B) is a minimum (Sjoberg 2013; Sjoberg and
Bagherbandi 2017, Sect. 7.4.3):

J= - // [r1(B) + N — rg(a, e, f)*do = min.(a, ¢),
4
(15)

where o is the unit sphere. Note that r{(8) is the radius vec-
tor of the reference ellipsoid related to geoid estimate N and
re(a, e, B) is the radius vector of a MEE that should be opti-
mized.

Introducing Uy as the normal potential of the MEE, one
can find this potential as the best choice of Wy (e.g., Heiska-
nen and Moritz 1967):

w?a’®

GM .
Wy = Up = — arcsin(e) + , (16)
ae 3

where GM is the geocentric gravitational constant. By min-
imizing the target function J in Eq. (15), the ellipsoidal
parameters a and e of the MEE will be fixed, which can
be used in Eq. (16) to compute the geopotential value at the
geoid, i.e., Wy.

As Sjoberg (2013) and Sjoberg and Bagherbandi (2017)
discussed, a problem in using this approach in the estimation
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of Wy is that the uncertainty in GM contributes to about
20% of the uncertainty in Wy. Groten (2004) reported that
the standard error in GM amounting to about 0.8 m? s=2
corresponds to the uncertainties in W and geoid height of
about 0.1 m? s2 and 1 cm, respectively, where the present-
day uncertainty in Wy is about 0.5 m? s~2 (e.g., Sénchez
2012).

Moreover, optimizing the target function J implies that
we need the absolute geoid height over a global scale, but
the geoid height is only relatively well known, such as those
estimated by GGMs. Considering this assumption that the
MDT is accurately available (with a global mean error of
about 2 cm based on the DTU15MDT model; ftp://ftp.space.
dtu.dk/pub/DTU1S), one can use satellite altimetry obser-
vations to estimate the absolute geoid height over oceans.
However, as the target function in Eq. (15) needs to be opti-
mized globally, using only satellite altimetry-derived geoid
height leads to the estimation of ellipsoidal parameters and
W within ocean areas only. Considering the level of agree-
ment between satellite altimetry-based geoid surface and that
one achieved by the EGM2008 in coastal areas, Dayoub et al.
(2012) directly utilized a GGM-based geoid surface over con-
tinents to estimate Wy using the above approach. But, as
stated above, a GGM-based geoid height lacks the unknown
correction —A W, / y1. Therefore, one need to estimate a, e
and —AW) / y] in a combined adjustment to be able to use
a GGM-derived geoid surface over the continents.

2.2.1 The combined adjustment approach

As in reality, the estimated geoid surface is not continu-
ous and known all over the Earth; we suggest using satellite
altimetry technique over oceans and a GGM within the con-
tinents to estimate geoid heights. Therefore, this implies
that the target function J must be augmented by the extra
unknown x = —AWy = U; — Wy. If we assume that both
Nt and NGSM are relative to the same reference ellipsoid
with parameters aj, e; and r1(8), then the target function
presented by Eq. (15) can be augmented to (see “Appendix
1”” for more details):

I =pl(a,e)+(1—=p)(x,a, e)+13(x, a, e) =min(x, a, e),
(17)

where

,l 2
nae = [[ [N n) - re.ep)] @o

x

Y1

(4]
2
Ig(x,a,e)://[ +NGGM+r1(,8)—rE(a,e,ﬂ)] do
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2
13(x,a,e)://[§+NGGM+r1(,B)—rE(a,e,ﬁ)] do.
1
o2
(18)

o1 and o, represent ocean-covered and land-covered parts
of the unit sphere, respectively, and the weight coefficient
0 < p < 1 determines how the NCOM and N3t gyer
oceans contribute to the optimization of the target function
I. Accordingly, the choice of p could be based on the a
priori variances /<12 and /<22 of the satellite altimetry and GGM-
derived geoid heights, respectively, yielding
2
p= 2 (19)

2 2
Kl +K2

Considering the case with p = 0 implies that, over oceans,
only GGM-derived geoid heights contribute to the estimation
of the unknowns and satellite altimetry does not play any role
in optimizing the target function, i.e., the target function /
would be Ir(x, a, e)+ I3(x, a, e). Sjoberg (2013) pointed out
that in this case, the solution is singular and the equation
system given by Eqgs. (17) and (18) has no solution.

The target function / is minimized by the following con-
ditions
al al al

0, — =0 an

— = 20
ax da de (20)

and from these three equations, the solutions for x, a and
e can be obtained. The practical solution of this system of
equations by iteration is provided in “Appendix 2.”

From the above solutions, the geoid potential is obtained
as follows:

~

Wo = U; — x, 21
where X is the estimated value for the unknown x and U is
the a priori ellipsoidal normal potential. In addition, assuming
Wo = Up and inserting the estimated a and e into Eq. (16),
a new estimate for GM can be obtained by:

3 arcsin(e)

N LA &2
~ (W — al1-—=).
3 6

— A a2w? ae
GM = ( W, —

(22)

3 Input data

Since in this study, the sensitivity of our approach to the dif-
ferent dataset is considered, several models for each group of
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input data have been utilized. The input data for an empirical
estimation of W based on the system of Egs. (20) are:

3.1 Global gravity model (GGM)

Based on the data processing methodology employed to esti-
mate the spherical harmonic coefficients (SHC) as well as
the input data utilized for the computations, a wide range of
static GGMs have been released, which can be classified into
two general categories: GGMs prior to the satellite gravity
missions and GGMs based on the satellite gravimetry obser-
vations. Terrestrial gravity data, satellite laser ranging (SLR)
observations, data from satellite gravity missions (CHAMP,2
GOCE? and GRACE) and different combinations thereof are
used nowadays for the computation of the SHCs of the Earth’s
gravity field. One can find some examples of the GGMs clas-
sified based on the input data in Sdnchez et al. (2016).

For the purpose of this study to estimate W( and eval-
uate its sensitivity to the GGMs, we consider those GGMs
that provide the maximum possible spectral resolution of
the Earth’s gravity field (corresponding to the maximum
degree and order of the SHCs). Moreover, in terms of accu-
racy and the number of observations, GGMs based on the
most recently released satellite gravity observations pro-
vide higher reliability. Therefore, in this study, six GGMs
were used, namely EGM2008 (Pavlis et al. 2007, 2012,
2013), SGG-UGM-1 (Liangetal. 2018), EIGEN-6C4 (Forste
etal. 2014), GOCOO0S5c (Fecher et al. 2015), EIGEN-6C3stat
(Forste et al. 2012) and XGM2016 (Pail et al. 2017). The
International Earth Rotation and Reference Systems’ Ser-
vice (IERS) recommend the model EGM2008, a model based
on a combination of satellite data with terrestrial gravimetry
observations, as the conventional GGM (Sanchez et al. 2016).
For more information about the input data, tide system and
the maximum degree n/order m of each used GGM, one can
refer to the corresponding reference. All the static GGMs
are available through the http://icgem.gfz-potsdam.de/home/
(International Centre for Global Earth Models (ICGEM) at
GFZ).

In this study, in addition to using the quasi-stationary
GGMs for the estimation of W, we utilized GRACE monthly
observations to study influence of the time-dependent Earth’s
gravity field changes in Wy. GRACE monthly solutions
provide the Earth’s gravity field in terms of monthly normal-
ized SHCs. For this purpose, the monthly GFZ Release-05a
GRACE Level-2 data products (Dahle et al. 2012; Dahle
2017) have been used (the dataset can be accessed with FTP:
ftp://podaac-ftp.jpl.nasa.gov/allData/grace/L2/GFZ/RLOS).

2 CHAMP: Challenging Minisatellite Payload, http://op.gfz-potsdam.
de/champ/.

3 GOCE: Gravity field and steady-state Ocean Circulation Explorer,
http://www.esa.int/SPECIALS/GOCE/index.html.

Table 1 Major specifications of the mean sea surface models employed
in this study

MSS_CNES_CLS2015 DTU18MSS

Global (84°N-80°S)

1/60° x 1/60° (1 min)
regular grid

Global (90°N-90°S)
1/60° x 1/60° (1 min)

Spatial coverage

Spatial resolution

(~ 1.8 km/eq)

Reference period 1993.1-2013.0 1993.1-2013.0
(20 years) (20 years)

Reference ellipsoid ~ Topex/Poseidon Topex/Poseidon

Dataset Mean profile: Mean profile:
TOPEX/POSEIDON, TOPEX/POSEIDON,
ERS-2, GFO, ERS-1, ERS-2,
Jason-1, Jason-2, Jason-1, Jason-2,
ENVISAT NI, SA

Geodetic mission:
SA, Jason-1 and
CryoSat-2

Geodetic mission:
ERS-1, Jason-1 and
CryoSat-2

3.2 Mean sea surface (MSS) models

Mean sea surface models provide information about the
ellipsoidal height of the sea surface as an average of the
heights, derived from a standardized multi-mission cross-
calibration of several altimeters, over a certain epoch. There-
fore, depending on the datasets employed in the averaging as
well as the averaging strategies, mean sea surface heights
vary from one MSS model to another. To quantify the
dependence of W on the MSS model, we utilized two differ-
ent MSS models, namely MSS_CNES_CLS2015 (Schaeffer
etal. 2016) and DTU18MSS (Andersen et al. 2018a). Table 1
summarizes the major specifications of these two models.
MSS_CNES_CLS2015 has been determined using a local
least squares collocation technique that provides an esti-
mation of calibrated error. The model has been computed
based on satellite altimetry data (mean profiles, geodetic mis-
sion and sea level anomaly) using a 20-year (1993-2012)
of TOPEX/POSEIDON, ERS-2, GFO, JASON-1, JASON-
2, ENVISAT mean profile and data of the ERS-1, Jason-1
and CryoSat-2 geodetic phase. The surface has been esti-
mated globally on a 1’ (1°/60) spatial grid between 80°S and
84°N. Comparing with the MSS_CNES_CLS2011, various
important components have been improved over the 2011
model processing. For instance, more than 100 million data
points have been integrated in the MSS_CNES_CLS2015
version that is three times more than what was used for the
2011 version. Moreover, particular attention was paid to the
homogeneity of the ocean content of this MSS, and specific
processing was also carried out on data from geodetic mis-
sions. For instance, CryoSat-2, Jason-1 GM and ERS-1 GM
data were corrected from oceanic variability using results of
optimal analysis of sea level anomalies (SLA). In addition,
from the accuracy point of view, MSS_CNES_CLS2015 with
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an average error of 1.4 cm (Std = 1.3 cm) provides a consid-
erable improvement comparing with MSS_CNES_CLS2011
in which the average error is 1.9 cm with a standard
uncertainty of 2.1 cm (Schaeffer et al. 2016). A drastic
improvement of the shortest wavelengths, a better correc-
tion of the oceanic variability, a reduced degradation of
SLA near the coast, globally, a strong reduction of errors
when computing SLA and more homogeneity of accu-
racy compared to the former versions are the key points
of the new MSS model MSS_CNES_CLS2015 (Schaef-
fer et al. 2016). One can find a detailed discussion on the
MSS_CNES_CLS2015 model and its comparison with the
other MSS models in Pujol et al. (2018). The data can be
downloaded through Archiving, Validation and Interpreta-
tion of Satellite Oceanographic (AVISO; https://www.aviso.
altimetry.fr/en/data/products/auxiliary-products/mss.html).

DTU18MSS has also been estimated using 20 years
of satellite altimetry data over 1993-2012. The model is
available on a 1-min and a 2-min spatial resolution over
90°S-90°N latitudinal coverage through the Web site of
the national space institute in the Technical University of
Denmark, DTU space (ftp:/ftp.space.dtu.dk/pub/DTU18).
In comparison with the former versions, a new processing
methodology along with a new version of ocean tide model
(FES2014) has been performed underpinning DTU18MSS.
A four-step improvement scheme has been implemented to
update DTU15MSS to DTU18MSS: (1) the use of new Arc-
tic and Antarctic dataset, (2) long wavelength correction T/P,
Jason-1 and Jason-2 mean profiles, (3) coastal zone update
using Sentinel-3A and T/P, Jason-1 and Jason-2 profiles and
(4) removing geodetic mission ocean variability in interpo-
lation (Andersen et al. 2018b).

As any MSS model is estimated using sea surface heights
averaged over a certain time epoch, time-dependent factors
that affect the sea surface heights underpinning the model
must be removed. Therefore, it is assumed that the model-
derived sea surface heights are static over the averaging
period. Accordingly, we also concentrate on the use of a series
of monthly and yearly mean sea surface estimates in order to
evaluate influence of time-dependent sea surface changes in
Wo. The monthly SLA series were provided by AVISO.

3.3 Mean dynamic topography (MDT) models

The other variable contributing to the system of Egs. (20) is
the MDT, which is used together with an altimetry-derived
MSS model (by removing the MDT from the MSS) to define
points on the geoid over oceans. Generally, based on the
processing methodology and the input data, MDT models
can be classified into two categories: geodetic and oceano-
graphic MDT. The geodetic MDT is defined as the difference
between sea surface heights (derived from satellite altime-
try) and geoid heights (derived from a pre-defined geoid
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model). Therefore, if one uses a geodetic MDT model in
the estimation of Wy, it means that a pre-given geoid is
already contributing. In such cases, if that geoid is already
assigned with a geopotential value, it leads to a futile estima-
tion of W. Therefore, it is not reasonable to utilize a geodetic
MDT model for the estimation of Wg. On the contrary, the
oceanographic MDT models are not computed directly as
the difference between a satellite altimetry-based sea sur-
face model and a geoid model but achieved by solving the
equations describing motion of the water masses; i.e., they
are based on solution of the evolving ocean state within a
global circulation model over a specific time period. The
main assumption in solving the equations of motion is that
there is a hydrostatic balance of sea water with respect to a
reference level of no-motion that coincides with an equipo-
tential surface. Since the no-motion reference surface does
not exactly coincide with the geoid as the reference level
for the geodetic MDT models (e.g., Sdnchez 2012; Sanchez
et al. 2016), therefore, the oceanographic MDT models are
constrained to the geodetic MDT models.

In this study, we use the most recently released oceano-
graphic MDT model ECCO*-v4r3, which covers the period
from 1992 to 2015 (Forget et al. 2015; Fukumori et al.
2017). Among its characteristics, the ECCO-v4 MDT model
is the first multidecadal ECCO estimate that is truly global,
including the Arctic Ocean. Using a nonlinear free surface
formulation and real freshwater flux boundary condition, this
model enjoys a more accurate simulation of sea level change.
Table 2 summarizes the observations employed in Release 3
of this MDT model.

In order to quantify the effect of the selected MDT model
on the estimation of Wy, we also used the former version
of ECCO products called ECCO-2 (Menemenlis et al. 2008)
that provides the static MDT over the period 1992 to present.

4 Numerical result and discussion

All the results are produced based on the solution of Eq. (20)
by iteration as explained in “Appendix 2”. Besides, as the
harmonic series for the geoid height in Eq. (9) needs a cor-
rection for the topographic bias of 79M at the geoid (e.g.,
Sjoberg 1977, 2007), in this study, we use the Earth2014,
models of Earth’s topography, bedrock and ice sheets of 1’
resolution (Hirt and Rexer 2015), to compute the topographic
bias correction. According to the input data for the empiri-
cal estimation of Wy, various aspects of those input data are
considered to assess the sensitivity of the estimation of Wy
to the employed data.

4 Estimating the Circulation and Climate of the Ocean.
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Table 2 Observations utilized underpinning the ECCO-v4r3 (cf. Fuku-
mori et al. 2017)

Variable Observations/models

Sea level T/P over 1993-2005, J1 over
2002-2008, J2 over 2008-2015,
Geosat Follow-On over 2001-2007,
CryoSat-2 over 2011-2015, ERS1/2
over 19922001, ENVISAT over
2002-2012, SARAL/AltiKa over

2013-2015

Argo floats over 1995-2015, XBTs
over 1992-2008, CTDs over
1992-2011, SEaOS over 2004-2010,
ITP over 2004-2011

Argo floats over 1997-2015, CTDs
over 1992-2011, SEaOS over
2004-2010

AVHRR over 1992-2013, AMSR-E
over 2002-2010

Aquarius over 2011-2013

SSM/I DMSP-F11 over 1992-2000,
SSM/I DMSP-F13 over 1995-2009,
SSMIS DMSP-F17 over 2006-2015

GRACE over 2002-2014
World Ocean Atlas 2009
DTU13MDT

Temperature profiles

Salinity profiles

Sea surface temperature

Sea surface salinity

Sea-ice concentration

Ocean bottom pressure
TS climatology

Mean dynamic
topography

4.1 Effect of the Earth’s gravity field model
on the estimation of W,

Considering the role of model of the Earth’s gravity field in
the estimation of Wy, three different aspects of the gravity
field are considered: (1) contribution of the omission error
of the GGM, (2) influence of the selected GGM and (3)
dependence of Wy to the time-dependent Earth’s gravity field
changes. To be consistent with the resolutions of the Interna-
tional Association of Geodesy, IAG (Tscherning 1984), all
the estimations in this study are based on the zero-tide system
for the GGMs. Therefore, all free-tide GGMs are converted
to the zero-tide GGMs (the XGM2016 and GOCO05¢ mod-
els are provided in zero-tide system). Since sun and moon
are moving relatively close to the Earth’s equatorial plane,
therefore, there is a latitude-dependent relation between per-
manent tides and the SHCs of the Earth’s gravity field (Ekman
1989). This implies that only zonal coefficients of the Earth’s
gravity field are affected by the permanent tides. As explained
by Gruber et al. (2014), only the second-degree zonal coeffi-
cient, Cyg, is taken into account for the conversion between
the zero-tide and tide-free systems:

C3y — Cg = kao[ACn). (23)

where (ACy) = —1.391412 x 1078 is the average value of
the second-degree zonal tidal correction for sun and moon
and kyo = 0.30190 is the loading Love number for second-
degree zonal coefficient.

4.1.1 Influence of the omission error of the GGM
in the estimation of Wy

To quantify the influence of omission error of the GGMs in
Wo, EIGEN-6C4 GGM that provides SHCs of the Earth’s
gravity field to degree/order 2190/2190 has been examined.
To do so, Wy is estimated firstly using the maximum possible
spectral resolution of the Earth’s gravity field (n = 2190). In
the next step, Wy is computed based on the maximum degree
of the SHC:s altering between 10 and 2190. Figure 1 shows

how § Wy = Wén:m%} - WO{":n‘“a"} changes while the max-
imum degree of the spherical harmonics expansion varies
between 10 and 730 in computing N9M | Eq. (18). The com-
putations are carried out based on ECCO2 and DTU18MSS
as MDT and MSS models, respectively. Assuming that the
errors in the input data act in the same way in the estima-
tion of W while changing the maximum degree 7nmy,x, one
can attribute the differences in the estimated Wgs only to the
omission error (Fig. 1).

A closer look at the estimated § Wy s reveals that unlike
the previous studies that examined other approaches to esti-
mate Wq (Sanchez 2007; Bursa et al. 2007a; Dayoub et al.
2012; Sanchez et al. 2014, 2016), only satellite-based coeffi-
cients of the GGM do not suffice to estimate Wy. It is mainly
due to taking into account land areas in our computations
based on our approach. For npax = 200, which roughly
corresponds to the satellite-only components of GGM, the
omission error is 0.062 m? s~ that accords with an inwards
shift of about — 6 mm in the corresponding equipotential
surface. The omission error decreases from 0.028 m? s~2 at
Amax = 360t00.01 m? s™2 atny,, = 720, corresponding toa
difference in displacement of about — 1.9 mm. Considering
Nmax > 720 shows that truncating the GGM series expan-
sion at nyax = 1780 results in an omission error of about
0.001 m?s~2 (— 0.1 mm displacement of the equipotential
surface).

4.1.2 Sensitivity of the Wy estimation to the selected GGM

In order to quantify the effect of the selected GGM on
the estimated Wy, the EGM2008, SGG-UGM-1, EIGEN-
6C4, EIGEN-6C3stat, GOCOO05¢ and XGM2016 GGMs, all
providing the maximum possible spectral resolution of the
Earth’s gravity field, have been used. Since the omission error
declines significantly from np.x = 720 (Fig. 1), we truncate
the spherical harmonics expansion at npax = 720 to esti-
mate Wy based on the aforementioned GGMs, except for
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Fig.2 W values estimated based on different global gravity models (§ Wy = Wy — 62636846). The computations are conducted based on ECCO2

MDT and DTU18MSS mean sea surface models

the XGM2016 in which the maximum degree/order is 719.
Figure 2 depicts the differences in the estimated values of
Wy based on various GGMs (note that the constant value
62636846 m? s~2 has been removed from all the estima-
tions). The maximum difference between the values based
on the EIGEN-6C4 and XGM2016 models amounting to
0.013 m? s=2 (1 mm displacement of the equipotential sur-
face) shows that the choice of GGM does not play practically
a considerable role in the estimation of W(. Considering the
assumption that the input data are free of errors, the differ-
ences in the estimations of W arise from various processing
methodologies as well as the data (both the type and the
period of data) applied to define various GGMs. As different
combinations of satellite gravity data (GOCE, GRACE and
CHAMP), information from kinematic orbits of low Earth
orbiting satellites (LEOs), SLR data (like LAGEOS), alti-
metric gravity anomalies, terrestrial gravity anomalies, and
shipborne and airborne measurements contribute to different
GGMs, it can lead to various estimations of W. For instance,
comparing EGM2008 with SGG-UGM-1, one can see that
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in EGM2008 only GRACE satellite gravity data have been
employed, while the latter has been achieved by combining
EGM2008 gravity anomaly and GOCE observation data.

4.1.3 Dependence of the estimation of W
on the time-dependent Earth’s gravity field changes

Because of the dynamic processes and mass redistribution
within the Earth and on or above its surface, the Earth’s
body undergoes changes at different temporal and spatial
scales. Therefore, in addition to the static part, the Earth’s
gravity field comprises also a time variable part that is quite
smaller (e.g., Wahr et al. 1998). Since its launch in 2002,
GRACE has provided a valuable source of information about
the time variable Earth’s gravity field, and more specifically
water exchange as the main contributor to the Earth’s gravity
field changes within decadal scales. As Wahr et al. (1998)
described in detail, for periods less than several hundred
years, temporal changes in the Earth’s gravity field are mainly
attributed to the movement of water mass within the Earth’s
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relatively thin fluid envelope. Measuring changes in range
between two satellites, GRACE mission provides the Earth’s
gravity field in terms of monthly normalized SHCs (e.g., Tap-
ley et al. 2004).

In order to quantify influence of the time-dependent
Earth’s gravity field changes in W, we employed GRACE-
based monthly solutions over the period January 2003 to
December 2016. The computations for assessing this influ-
ence are initially carried out using only one MDT model and
one MSS model (ECCO2 and DTU18MSS, respectively).
The time series of the estimated W values, shown in Fig. 3,
based on the monthly GRACE models show a linear trend
of — 9.3x10™* m? s~2 year™!, corresponding to the rate
of displacement of the equipotential surface amounting to
0.095 mm year~! (1.34 mm displacement of the equipoten-
tial surface over the period January 2003 to December 2016).

The influence of secular and seasonal variations of the
Earth’s gravity field in the estimation of ellipsoidal param-
eters a and b of the MEE is shown in Fig. 4. Mainly, the
redistribution of water masses, in particular from high lati-
tudes to equatorial areas, causes an upward trend of about
0.035 mm year~! in the semi-major axis of the MEE and a
downward trend of about 0.136 mm year™! in the semi-minor
axis (2.61 x 10711 year™! the rate of flattening), confirming
an increase in the Earth’s dynamic oblateness (e.g., Cheng
et al. 2011, 2013; Cheng and Ries 2018).

4.2 Effect of the mean sea surface on the estimation
of Wo

4.2.1 Dependence of the estimation of W
on the time-dependent sea surface changes

Sea level changes over time because of water mass exchange
among the oceans and continents, ice sheets and atmosphere.
As mentioned earlier, water exchange is known as the main
contributor to the Earth’s gravity field changes within decadal
scales. Therefore, the signature of this contributor can also be
seen in the monthly sea level anomalies. Moreover, in order
to meet the assumption that the model-derived sea surface
heights are static over the averaging period, time-dependent
factors that affect the sea surface heights underpinning the
models are removed (MSS models are computed based
on sea surface heights averaged over certain time epochs).
This implies that the MSS modeling depends on the period
considered for the averaging. Accordingly, we also aimed
at evaluating the influence of time-dependent sea surface
changes in W. To do so, we examined the monthly sea level
anomalies over the period January 1993 to December 2017
provided by AVISO along with MSS_CNES_CLS2015 as
the reference model that must be restored to the monthly
anomalies. According to the estimated time series of Wy
(Fig. 5) achieved after applying monthly sea level anomalies,

the rate of W change is — 0.027 m? s~ year~!. Consider-
ing the assumption that all the input data are free of errors,
this downward rate reflects the rate of global mean sea level
rise amounting to + 3.1 mm year~! (WCRP Group 2018).
As the sea surface is roughly an equipotential, coinciding on
average to the geoid (whose shape is ruled by the gravity
field), we can compare the geopotential change with the sea
level change over a specific period. The geopotential values
of the equipotential surfaces fitting to the mean sea levels
in January 1993 and December 2017 are 62636847.077 and
62636846.316 m? s~2, respectively, with a difference of —
0.761 m? s~ that corresponds to an outwards displacement
of the corresponding equipotential surface of approximately
78 mm. These results are in agreement with the global mean
sea level rise of about 77.5 mm in 25 years over the same
period.

Applying the yearly MSS models over the same period
results also in a downward rate of — 0.027 m? s~ year™!.
In spite of using different methodology in the estimation of
W, this rate of changes is in agreement with those reported
by Séanchez et al. (2016) over the period 1993-2013, Dayoub
etal. (2012) for period 1992.9-2009 and Sédnchez (2007) over
the period 1993-2001. Considering the effect of sea level rise,
Sanchez et al. (2016) reported a difference of — 0.4117 m?2
s~2 between the geopotential values corresponding to the
equipotential surfaces coinciding with the mean sea surfaces
in 1993 and 2010. By applying yearly MSS models, mirroring
the global mean sea level rise, our results show a difference
of — 0.3858 m? s~ for the same period. The discrepancy
of 0.0259 m? s~2 between the results of studies is due to
applying different methods as well as utilizing different input
data.

4.2.2 Sensitivity of the W estimation to the selected mean
sea surface model

In order to evaluate the effect of selected MSS model on
the estimation of Wy, two different MSS models have been
examined, MSS_CNES_CLS2015 and DTU18MSS. Focus-
ing on the use of geodetic missions of ERS-1, CryoSat-2
and Jason-1 in CNES_CLS2015 MSS, in comparison with
the previous model CNES_CLS 2011, a significant improve-
ment has been achieved in terms of the model coverage over
the Arctic zone. DTU18MSS mean sea surface is the latest
release of the global high-resolution mean sea surface from
DTU Space. The major improvement of the DTU18MSS is
the use of 3 years of Sentinel-3A and an improved 7-year
CryoSat-2 LRM record.

Since the MSS_CNES_CLS2015 model provides data
over 80°S—84°N latitudinal coverage, to be able to com-
pare the W values, computations based on the DTU18MSS
model have also been performed over the same latitudi-
nal coverage of MSS_CNES_CLS2015 model. The model
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Fig.3 Time series of the estimated W values after applying monthly GRACE models based on GFZ R05 solutions. The computations are performed
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Fig. 4 Time series of the estimated ellipsoidal parameters a and b of
the MEE after applying monthly GRACE models based on GFZ R05
solutions. The computations are performed based on ECCO2 MDT and

MSS_CNES_CLS2015 resulted in 62636846.926 m? s~2,
while the estimated value of W based on the model
DTU18MSS, amounting to 62636846.628 m? s72, is
0.297 m? s~2 smaller, corresponding to a level difference
of approximately 30.5 mm that reflects the mean difference
between the MSS models (note that the computations are
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DTU18MSS mean sea surface models. The linear trends of semi-major
and semi-minor axes are + 0.035 mm year~! and — 0.136 mm year~!,
respectively (dashed lines)

performed based on ECCO2 MDT and EIGEN-6C4 GGM).
Sanchez et al. (2016) considered the former versions of
the aforementioned models (called MSS_CNES_CLS11 and
DTUI10MSS) and by truncating the latitudinal coverage of
the models at various latitudes concluded that the total area
covered by the MSS model should be employed to estimate
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Fig.5 Time series of the estimated W values after applying monthly
sea level anomalies over the period January 2003 to December 2017.
The computations are performed based on ECCO2 MDT and EGM2008

Wo. Moreover, in this study our target function / (Eq. 17)
has to be a minimum when integrating all over the unit
sphere. Therefore, our final results are presented based on
the DTU18MSS model that provides a global coverage of
the mean sea level values.

4.3 Sensitivity of the Wy estimation to the mean
dynamic topography model

All the computations carried out so far were based on the
ECCO2 MDT model. In order to evaluate the influence of the
selected MDT model in estimation of W, the newest version
of the ECCO products has been examined as well. Figure 6
depicts the regional distribution of the discrepancies between
mean dynamic topography values based on the models.
Computations implemented based on the EIGEN-6C4
GGM, DTU18MSS MSS and ECCO-v4 MDT resulted in
Wo = 62636848.102 m? s~2 that is 1.182 m? s~2 larger
than that estimated based on ECCO2 MDT. Unlike the direct
approach, in which Sanchez et al. (2016) and Dayoub et al.
(2012) concluded that a MDT model is not essential to esti-
mate W, our approach shows a high sensitivity to the choice
of MDT model when all the ocean areas are taken into
account in the estimation of Wy. This level of discrepancy in
the estimation of W based on different MDT models mirrors
different types of observations, different models that have

2005
Time (Year)

2007 2009 2011 2013 2015 2017

GGM. Note that a constant value 62636800 m? s~2 must be added to
the estimated AWy. The rate of W change is — 0.027 m? s~2 year™!
(dashed line)

been employed underpinning the MDT models and different
approaches for the data processing. Since ECCO-v4 provides
a more accurate simulation of sea level change (Fukumori
et al. 2017), it is chosen in our approach in estimating Wy
and the ellipsoidal parameters of the MEE.

4.4 Sensitivity of the Wy and MEE geometrical
parameters estimation to the input data
accuracy

According to the error propagation law, in this study, we
evaluated the effect of input data accuracy on the estima-
tion of W and the MEE geometrical parameters. Based on
the different variables contributing to the computations, the
influence of formal errors of the DTU18MSS MSS, ECCO-
v4 MDT, EIGEN-6C4 GGM and the uncertainty of the
geocentric gravitational constant have been considered. The
uncertainty of GGM-based geoid height is a result of omis-
sion and commission errors and also the uncertainty of GM.
It should be noted that we ignored the covariance between
spherical harmonic coefficients of various degree and order
and only the variances of SHCs have been taken into account.
Over oceans, the standard uncertainty of altimetry-based
geoid heights was simply estimated using the formal errors
of MSS and MDT models as follows:
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Fig. 6 Regional distribution of the differences between mean dynamic topography values based on the ECCO-v4r03 and ECCO2 MDT models

(unit: meter)

2 2 2
Oya = OMss + OMDT> 24)

where oyss represents the formal error of mean sea surface
values and oppr is the formal error of the used MDT model.
It is worth mentioning that in spite of the fact that satel-
lite altimetry observations have been used underpinning the
ECCO-v4 MDT (Table 2), correlations between MDT values
and MSS values have been neglected. Consequently, based on
Eqgs. (35) and (36) presented in “Appendix 27, the variance—
covariance matrix of unknowns is computed. One should note
that the computed formal standard deviations do not include
systematic errors from the data (e.g., a possible systematic
altimeter calibration error). BurSa et al. (2007a) proposed an
uncertainty of & 0.5 m? s =2 for the estimated W correspond-
ing to the impact of the systematic altimeter calibration error
of 20-30 mm. Considering the TOPEX/POSEIDON absolute
bias of + 15 mm, Dayoub et al. (2012) suggested a standard
deviation of 0.2 m? s~ as an appropriate value for the
estimated Wy.
The results are as follows (Table 3):

Here, the estimated semi-major and semi-minor param-
eters of the MEE are 0.678 and 0.650 m larger than those
of GRS80 reference ellipsoid, respectively. It should also
be noted that the unknowns have been estimated after three
iterations based on the solution provided in “Appendix 2”.
Moreover, inserting the estimated values into Eq. (22), a new
estimate for GM was obtained as:

‘GM = (398600460.55 4 0.03) x 106 m3 572, (25)

The formal standard error of GM has been estimated usin g
the computed variance—covariance matrix of unknowns.

Table 4 summarizes the findings of some studies that
aimed to estimate W and compares the estimated values
in terms of the differences in the equipotential surfaces.

As can be seen, while using the same input data as in
Sanchez et al. (2016), our estimated W value is 6.7 m?
s~2 smaller, and this discrepancy can most likely be
referred to the use of different methods. However, consid-
ering our approach along with employing the most recently

Table 3 The geoid potential and MEE geometrical parameters achieved based on our approach

The results are based on the EIGEN-6C4 GGM, DTU18MSS MSS, and ECCO-v4 MDT

Wo = 62636848.102 + 0.004 m? s—2
a = 6378137.678 + 0.0003 m
b = 6356752.966 & 0.0005 m
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Table 4 The estimated Wys from various studies and the differences in the equipotential surfaces based on the computed Wy values

W, (m’s?) Level MSS model MDT model  EGM model
difference
62 636 846.7 DTU10MSS ECCO2 EGM2008
This study
(Our Approach) 62 636 846.9 DTU18MSS ECCO2 EIGEN-6C4
62 636 848.1 - DTU18MSS ECCOv4 EIGEN-6C4
----------------------------------------------- o 54cm ——mmrrmmm i e e e e
Sanchez et al. (2016) 62 636 853.4 - DTU10MSS ECCO2 EGM2008
Dayoub et al. (2012) 62 636 854.2 DNSCO08 ECCO2 EGM2008
Cunderlik and Mikul [ 0em EIGEN
underlik and Mikula -
2 . LSO01 A
(2009) 62 636 857.95 CLS0 N GCO3
Sanchez (2007) 62 636 854.4 1 KMS04 N.A. EGM96
L 2cm
Bursa et al. (2007b) 62 636 854.6 1 T/P (2003-2003)  Not significant EGM96
F 10cm
Bursa et al. (1998b) 62 636 855.61 3 T/P (1993-1996)  Not significant EGM96
- 13cm Best fitting f
] est fitting for
Rapp (1995) 62 636 856.88 = T/P sea surface N.A. N.A.
IERS Convention
1996 (McCarthy 1996) 62 636 856.85 N.A. N.A. N.A.
- 43 cm
IERS Standards 1992
(McCarthy 1992) 62 636 860.0 N.A. N.A. N.A.
Moritz (2000): GRS80 62 636 860.85 N.A. N.A. N.A.

released versions of MSS and MDT models resulted in a +
1.4 m? s~ difference comparing with utilizing ECCO2 and
DTU10MSS models, which reveals the influence of input
data in the estimation of W.

5 Conclusions

The determination of W should be in concordance with the
determination of the mean Earth ellipsoidal parameters. In
this study, we employed a new strategy to estimate the geopo-
tential value of the equipotential surface fitting to the mean
sea level, as well as the geometrical parameters of the ref-
erence mean Earth ellipsoid. Based on the various types of
input data into the computations, different GGMs, different
MSS models and different MDT models have been examined
to quantify the dependency of estimations on the differences
in the treatment of the input data. Moreover, since W should
be considered as a time-independent reference parameter, the

influences of the time-dependent gravity field and sea surface
changes have been considered in the estimates. According
to the achieved results, our approach is highly sensitive to
the MDT and MSS models, and consequently to the satellite
altimetry-derived geoid height. On the contrary, the selection
of the global gravity field model does not play a significant
role in the estimation of Wy.

Sanchez et al. (2016) investigated the use of the newest
gravity field and MSS models and used standardized data
and procedures to provide a new estimate of the poten-
tial, Wy = 62636853.4 & 0.02 m? s~2, that differs by
— 26 m? from the most accepted value
62636856.040.5 m? s~2, i.e., the Wy in the IERS conven-
tions (McCarthy and Petit 2004, Table 1.1). However, our
new estimate Wy = 62636848.102 m? s~ provides a dis-
crepancy of 5.3 m? s~2 with respect to that of Sénchez et al.
(2016). In our approach, the mean Earth ellipsoid parameters
have jointly been determined with W using a least squares
adjustment scheme. Accordingly, a = 6378137.678 m

s—2
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and b = 6356752.966 m are 0.678 and 0.652 m larger
than the semi-major and semi-minor axes, respectively,
of GRS80 reference ellipsoid. The differences to previous
reported values, both in Wy and in MEE parameters, are
due both to more recent sea level data and to a significant
improvement in data, which led to a more precise evaluation.
In addition, the new estimated W value is also due to
the changed GM value in which a new estimation for the
geocentric gravitational constant was obtained as GM =
(398600460.55 +0.03) x 10° m* s72. One can see that the
standard error of this new value is less than that mentioned
in Sjoberg (2013) included in Groten (2004), which was the
best-known GM value at that time. In choosing a geodetic
reference system, each parameter should be constant, refer-
ring to a specific epoch/datum, attached with a parameter
describing its temporal change for possible extrapolation to
an arbitrary epoch.
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Appendix 1

As explained in Sect. 2.2.1, target function J (Eq. 15) can be
represented as a sum over ocean-covered and land-covered
parts of the Earth:

J= 4i // [1(B)+ N — rg(a, e, p)Pdo
TT

+ 4L // [r1(B) + N — re(a, e, B)I*do = min.(a, e),
TT
02
(26)

where o1 and o7 represent ocean-covered and land-covered
parts of the unit sphere, respectively. Therefore, as both satel-
lite altimetry and a GGM model can contribute over oceans
to estimate the geoid height, using Eqgs. (8) and (9) as well
as defining weighting coefficient p (see Eq. 19) lead to:

1

J=— “[r B)+ N — ria, e ﬂ)]zda
747_[[7 [ 1 E4, €,
o

e 2
+La- p)// |:r1(,8) enoom G Wo e ,3)} do
4 . Y1
o]
2
+ L // [rl(ﬂ)+ yoam Y= Wo e /3)] do = min.(a, e).
4 Y1
(]
(27)
Consequently, target function / can be achieved by aug-
menting target function J by the extra unknown x =

—AWo =U; — Wy

I= p// |:r1(,8)+Nah —rE(a,e,ﬂ)]zdo
o1
X 2
+(1— p)// [rl(ﬂ)+ NOOM L = yr(ae, ﬁ):| do
i
o1

o 2
+ // [n () + NOM 4 Vi —rg(a.e. ﬁ)] do = min.(x, a, e). (28)
1
02

Finally, introducing I, I and I3 as Eq. (18) summarizes
I in the form of Eq. (17).
Appendix 2
In this section, we present a modified explicit solution by
iteration according to Sjoberg (2013), including some cor-

rections.

Solution by iteration

The three conditions formed by Eq. (20) are nonlinear in the
unknowns x, a and e. Starting from initial values for a and


http://icgem.gfz-potsdam.de/home/
https://www.aviso.altimetry.fr/en/data/products/auxiliary-products/mss.html
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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e, denoted A and E, from a geodetic reference system (e.g.,
GRS80) and setting x initially to zero, one may linearize
the equations as follows. The radius vector of MEE can be
expanded to the first order as:

rE =10+ 71adA+71.dE, (29)
where

ro = Am

rq = [%L:E =,/1—E2sin’B

AE sin?
re = |:a£i| = ——SIH ﬂ (30)
a=A

0 T— E2<in2 B
€ la=4 1 — E*sin” B
Then, by writing the residual geoid height as:

dR™M = | + N — g

dROM =y + NOM 4, 31
the target function I of Eq. (17) can be written as:

[ = pli(dA,dE)+(1 — p)h(x,dA, dE)
+ Iy(x,dA, dE) = min(x, dA, dE), (32)

where

1 2
I ://[dR“—radA—rng] do
o1

2
I = // [dRGGM +x/y1 —rqdA — redE] do
o]
2
= // [dRGGM +x/y1 —rqdA — redE] do. (33)
02

The least squares solution for / is obtained by equating
its derivatives with respect to x, dA and d E to zero, leading
to the following matrix system of equations:

Fxx Fxa Fxe X Sx
Fra Faa Fae dA = fa s (34)
Fre Foe Fee dE fe

where

Fxx =

(1 )// do +// do
—p = =
vi i
o] o)
rqodo rqodo
Fm=—<1—p>//“ —//“
Y1 Y1
o1 o2

er

d .d
_(l_p)//reo_//no
Y1 Y1
o1 o0
F.. = //rgda

o

F.. = //rjdo

o

F,. = //ruredo (35)

o

dROM o dR6Mdo
ri=-a-n -
14 14
o1

o2

fa= //r(,[de”” +(1 = p)dR°M1de +//r,,dRGGMda
o] 02

fo= //re[de“” +(1 — p)dR9“M]do +//redRGGMda. (36)
o] 02

After solving for dA and dE, A and E are updated to new
values after each iteration:

A=A+dAand E = E+dE (37)

and, finally, after the iteration has stopped, W is estimated
as Wo = U; — X.
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