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Abstract The calculation of topographic (and iso-
static) reductions is one of the most time-consuming
operations in gravity field modelling. For this calcu-
lation, the topographic surface of the Earth is often
divided with respect to geographical or map-grid lines,
and the topographic heights are averaged over the
respective grid elements. The bodies bounded by sur-
faces of constant (ellipsoidal) heights and geographical
grid lines are denoted as tesseroids. Usually these ellip-
soidal (or spherical) tesseroids are replaced by “equiva-
lent” vertical rectangular prisms of the same mass. This
approximation is motivated by the fact that the volume
integrals for the calculation of the potential and its deriv-
atives can be exactly solved for rectangular prisms, but
not for the tesseroids. In this paper, an approximate solu-
tion of the spherical tesseroid integrals is provided based
on series expansions including third-order terms. By
choosing the geometrical centre of the tesseroid as the
Taylor expansion point, the number of non-vanishing
series terms can be greatly reduced. The zero-order term
is equivalent to the point-mass formula. Test computa-
tions show the high numerical efficiency of the tesseroid
method versus the prism approach, both regarding com-
putation time and accuracy. Since the approximation
errors due to the truncation of the Taylor series decrease
very quickly with increasing distance of the tesseroid
from the computation point, only the elements in the
direct vicinity of the computation point have to be sepa-
rately evaluated, e.g. by the prism formulas. The results
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are also compared with the point-mass formula. Further
potential refinements of the tesseroid approach, such as
considering ellipsoidal tesseroids, are indicated.

Keywords Topographic reduction - Newton’s
integral - Tesseroid - Prism method - Point-mass
modelling

1 Introduction

Modelling the effect of mass distributions on gravity-
field-related quantities is one of the central issues in
physical geodesy. In the classical Stokes’s theory of geoid
determination (e.g. Heiskanen and Moritz 1967), the
effect of the topographic masses above the geoid, as
well as the isostatic balance masses on gravity observed
on the Earth’s surface, has to be calculated. Besides this
topographic—isostatic reduction of gravity, the indirect
effect on the gravitational potential has to be consid-
ered for a proper determination of the geoid, which is
a surface situated inside the Earth’s masses below the
continents.

Even in the theory of Molodensky et al. (1962), al-
though originally free of any mass reductions (e.g. Moritz
1980), the terrain reduction enters as a correction term
G1 in the first-order solution of Molodensky’s series.
In many modern local and regional gravity field mod-
elling concepts, the residual terrain modelling (RTM)
approach is often applied in the framework of the
remove-compute-restore (RCR) technique for smooth-
ing the gravity field (Forsberg and Tscherning 1997);
here, the masses between the Earth’s surface and a
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smoothed boundary surface have to be taken into ac-
count for both in the remove and in the restore step.
Although the basic analytical formulas for the calcu-
lation of mass effects on gravity and on the gravitational
potential look very simple, a precise evaluation is very
time-consuming due to the irregular structure of the sur-
faces bounding the masses (e.g. Earth’s topographic sur-
face). Computation time is still an issue nowadays when
high-resolution digital terrain models (DTMs) with a
resolution of up to 30” (e.g. Rodriguez et al. 2005)
— potentially in connection with digital density models —
are used, since volume integrals have to be solved that,
in principle, extend over the whole globe in horizontal
extension.
In geodesy and geophysics, many procedures for an
efficient calculation of the topographical mass effects
have been proposed and adapted to the computational
tools available at those times. The traditional procedure
of splitting the topographic masses into a Bouguer plate
and the residual terrain (Heiskanen and Vening Meinesz
1958) exactly serves this purpose: the major part of the
topographic reduction, attributed to an infinite planar
Bouguer plate or spherical shell of constant density, can
be calculated very easily. On the other hand, the terrain
reduction is generally smaller, except in mountainous
areas, and the integration can be restricted to the neigh-
bourhood of the computation point due to the strong
decrease of the topographical effect with increasing dis-
tance; often the terrain reduction has been completely
neglected in geophysical prospecting applications.
Since an infinite planar Bouguer plate approximates
the shape of the topography very poorly, many authors
advocate the use of a more realistic spherical Bouguer
shell (e.g. Smith et al. 2001; Vanicek et al. 2001, 2004;
LaFehr 1991a); the relationship between the planar and
the spherical Bouguer corrections was discussed, e.g. by
LaFehr (1991b) and Hackney and Featherstone (2003).
In order to get simple computation formulas for the
terrain reduction, the terrain can also be subdivided into
concentric circles and their radii related to the com-
putation point (Hammer 1939; Heiskanen and Moritz
1967, p 130; Nowell 1999). The calculation of the terrain
reduction using concentric circle templates, also known
as Hammer charts, is very time-consuming due to the
fact that for each computation point, the process of
estimating mean elevations over the surface elements
bounded by circles and horizontal radii has to be started
anew. This procedure was widely used in the pre-com-
puter era (Jung 1961) and has been replaced by another
approach based on DTMs provided in files of different
grid size. The respective topographic cells in a DTM are
bounded either by geographic or planar (e.g. UTM) grid
lines.
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Assuming a constant topographic height and mass-
density in each cell, the resulting bodies are often
approximated by rectangular prisms having the same
volume as the original columns over the cells. It is an
advantage of the rectangular prisms that the respec-
tive volume integrals for calculating the effects on grav-
ity and potential can be solved analytically — although
the evaluation of these formulas requires the numerical
calculation of several logarithmic and arctan functions
(Mader 1951; Nagy 1966; Forsberg 1984; Tsoulis 1999;
Nagy et al. 2000, 2002). Furthermore, the prisms are
inclined with respect to the local vertical and shifted
with respect to the horizontal plane at the computation
point, due to the (approximate) sphericity of the Earth.
These effects have to be taken into account for distant
prismatic elements (Griininger 1990; Kuhn 2000; Smith
2000, 2002).

In the vicinity of the computation point, the flat-
topped prism is only a rough approximation of the topo-
graphic surface, resulting in discontinuities in the DTM
surface. A better approximation is provided by a prism
topped by an inclined plane (Koch 1965; Griininger
1990) or by a bilinear surface (Smith 2000; Smith et al.
2001; Tsoulis et al. 2003). The approach based on these
inclined-top prisms can be easily extended to general
polyhedral bodies (Talwani and Ewing 1960; Paul 1974;
Petrovi¢ 1996; Tsoulis 1999; Tsoulis et al. 2003), apply-
ing Gauf}’s divergence theorem; this procedure requires
the numerical calculation of a 1D line integral, which
can efficiently be solved by numerical methods.

Considering the gravity-field-related quantities of
geodetic interest, the integration over the vertical coor-
dinate in the respective volume integrals can be
performed analytically, if a constant or laterally-varying
topographic density is postulated. In this way, 2D inte-
grals over the infinite plane or a spherical reference sur-
face have to be evaluated numerically (Martinec 1998;
Novak et al. 2001; Heck 2003a; Vanicek et al. 2004) since
the integral kernels are rather complicated.

The effect of distant masses in terms of surface or
volume integrals is often approximated by series expan-
sions of the respective integral kernels, neglecting, e.g.
second and higher order terms. This principle is the ba-
sis of the widely used terrain correction C of gravity
expressed as a planar or spherical integral of the type
(e.g. Moritz 1968; Forsberg 1984; Forsberg and Sideris
1989, and many subsequent papers)

, 2
C= %G,o// %ds (1)
N

where H' and H), are the topographic heights of the inte-
gration and computation points, respectively, separated
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by the horizontal distance ¢,; G is Newton’s constant
of gravitation, p the (constant) mass density, and dS the
surface element of the (planar or spherical) reference
surface S.

The linear approximation given by Eq. (1) is the first
term of a series expansion converging for | (H f— Hp) /2o |
< 1, 1i.e. for terrain slopes less than 45° (e.g. Martinec et
al. 1996; Jekeli and Serpas 2003). The integral in Eq. (1)
in the planar case can be expressed as convolutions of
H’ and (H' )2, allowing the application of 2D FFT tech-
niques (Forsberg 1984, 1985; Sideris 1985; Harrison and
Dickinson 1989; Schwarz et al. 1990; Klose and I1k 1993;
Li and Sideris 1994).

As an alternative, Eq. (1) — understood as a spheri-
cal integral — can be calculated by a 1D convolution in
longitude (Smith 2002). In order to overcome the diffi-
culties with the aforementioned convergence criterion
in rough terrain, Tsoulis (1999) and Tsoulis and Tziavos
(2002) have proposed a combination of space- and fre-
quency-domain techniques.

In this contribution, an alternative space-domain ap-
proach to the calculation of topographic—isostatic reduc-
tions is presented, which is based on series expansions of
the kernel functions related to the gravitational effects
of so-called tesseroids; these elementary bodies result
from a subdivision of the ellipsoidal or spherical ref-
erence surface into elements bounded by geographical
grid lines and have a constant (ellipsoidal or spheri-
cal) height. The proposed procedure (cf. Seitz and Heck
2001) can be understood as an extension of MacMillan’s
idea (MacMillan 1930; Anderson 1976) to spherical or
ellipsoidal tesseroids, while MacMillan’s original formu-
las — related to rectangular prisms — refer to the planar
approximation of topographic or terrain reduction.

In Sect.2, the prism method for mass reductions in
gravity field modelling is reviewed, and the series expan-
sion by MacMillan is derived in our terminology. In
Sect. 3, an analogous procedure is applied to the gravita-
tional field of a spherical tesseroid. Both sets of formulas
are compared with respect to precision and computing
time in Sect. 4, while Sect.5 concludes with some pro-
posals for further extensions.

2 Review of the prism potential

The gravitational potential u of a right rectangular par-
allelopiped (prism) of homogeneous mass-density p is
described by Newton’s integral

2 Y2 X2

dx'dy’dz’
u(X»y,z)=Gp///# (2)
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Fig. 1 Geometry of the rectangular prism
where
t=Ja—xP -y - ©

denotes the Euclidean distance between the computa-
tion point P(x,y,z) and the running integration point
QO(',y', 7). The coordinate axes in Eq. (2) have been
assumed to be parallel to the edges of the prism, which
extends between the coordinate surfaces related to the
bounds x1, x2, y1, 2,21, 22 (Fig. 1).

It is well known that the integral in Eq. (2) can be
solved analytically (Mader 1951; Griininger 1990; Nagy
et al. 2000, 2002), resulting in the formula for the poten-
tial u(x, y, z)

u(x,y,z)

2 2 2
_ sz Z Z (—1yititk

i=1 j=1 k=1

x | =y -y in |

\/(X—xi)2+(y_)’j)

+(y —y)(z—zx)In x_);ierijk
\/(Y_J’j) +(z—z)?

Y~ Yji+ Wik

+(z—z2K)(x —x;) In

\/(Z - Zk)2 + (x — )Cl‘)2
(y —yj) (@ — zi)

1 2
) (x — x;)” arctan

(x — x)wijk
2 (z — zK) (x — x;)
+(y—vy;) arctan ——
(y yJ) (y - )’j)Wijk
+(z — zk)2 arctan —(x i) (y _ yj) , 4)
(z = Zi)wijk

with wi = \/(x —x)?+ =y -
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The logarithmic terms in Eq. (4) have been trans-
formed with respect to Mader’s (1951) formula in order
to provide a better numerical stability (cf. Griininger
1990). The direct application of Eq. (4) will fail when
the computation point P is situated on an edge or on
a corner of the prism; the respective limit values have
been derived by Nagy et al. (2000, 2002).

The gradient of the potential

gradu = uye, + uyeéy + uze; 5)

is related to the partial derivatives of u with respect to
the Cartesian coordinates x, y, z (éx,¢éy,€; are the unit
vectors in the direction of the coordinate axes), where

2 2 2
e (x,y,2) = Gp Yy > D" (=1)H7tk
i=1 j=1 k=1
Z—Zk+ Wijk

\/(x —x)> + (y - )’j)z

x| (y—yj)In

Y=Yy + wijk
Vi —x)? + (2 — z)?
@—wﬂz—ai

(x — x)Wijk

+(z—2zk)In

—(x — x;) arctan

(6)

Again, the logarithmic terms have been modified in or-
der to improve their numerical stability.

Equation (6) can be derived either by differentiating
the potential (Eq. (4)) with respect to x or by solving
directly the differentiated equation (2)

22 Y2 X2

ux(x’yaz):_Gp///

21 )1 X1

(x —x)dx'dy’dz’

= ™

The other two partial derivatives uy, and u; can be ob-
tained from Eq. (6) by cyclic permutation. Limit values
of uy,uy, and u; for the case that the computation point
is situated on an edge or a corner of the prism, are pro-
vided in Nagy et al. (2000, 2002).

Due to the decrease of gravitational effects with
increasing distance (Newton’s law), the rather complex
and time-consuming Egs. (4) and (6) may be substituted
by much simpler expressions based on a Taylor expan-
sion of the integrand in Eq. (2) and subsequent integra-
tion. Maximum efficiency can be achieved if the Taylor
point is fixed at the geometrical centre of the prism, i.e.

xO = (xl +x2)/23
Yo = (y1+y2)/2, (3
2o = (21 + 22)/2.
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Formally, the Taylor expansion of the integral kernel 1/¢
can be expressed by

I=e = [ -0+ () + (@ - z)z]_l/2
= > Bl = %) (¢ = yo) (&' = 20)" ©)
ij.k
where

1 gititkp—1

(10)

L = — ..

ijk (i+j+k)! 8x”8y’182’k )ycz;o
=20

Inserting Eq. (9) into Eq. (2), it becomes obvious that

the integration with respect to each coordinate can be

reduced to integrals of the type

X2 +Ax/2

/ (x/ _xo)ldx/ — / (x//)ldx//
X1 —Ax/2
i+1
S e
@i+ 1)2i+1
|0 if i odd
I(Ax)”l/[a—%l)Zq if i even,
where Ax = xp — x1 (and similarly Ay = yo — y1, Az =
22 —z1). As a consequence, only those terms for which i,
jand k are even will remain in the resulting series, while
all other terms cancel out due to our specific choice of
the Taylor point P, (x,, Yo, Zo). This procedure is com-
parable to the classical Gaufl mid-latitude formulas for
the equations of the geodesic (e.g. Heck 2003b, p. 210),
and produces a very fast numerical convergence.

The gravitational potential of the homogeneous rect-
angular prism, neglecting terms of order four and higher
in Ax, Ay, Az, is then given by MacMillan’s (1930) for-
mula (also see, Anderson 1976; Forsberg 1984)

x)i-‘rl

(11)

u(x,y,z) = GpAxAyAz
2
w| L3 =0 =6 % AX?
Ly 2405
2405

22
3o~ =6 24125 % Az2+O(A4):| (12)
o

+

where ¢, denotes the Euclidean distance between the
computation point P and the geometrical centre P, of
the prism (see Fig.2):

to =/ (o =12+ (0 — 1 + (20 — 2.

The Landau symbol O(A™) in Eq. (12) indicates that
terms of the order m and higher are neglected.
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Fig. 2 Geometry of the MacMillan approximation

From Eq. (12) itis obvious that the zero-order approx-
imation is formally identical with the potential of a
point-mass at P, when the total mass of the prism m =
pAxAyAz is concentrated at its geometrical centre P,:

GpAxAyAz

; [1+ 0(A)]. (13)

u(x,y,z) =

The residual terms in Eq. (12) take into account the
deviations from a point-mass and vanish for a cube, i.e.
when Ax = Ay = Az.

The first and higher order derivatives of the potential
can be simply found by differentiation with respect to
x,y and z. Numerical investigations concerning the con-
vergence of Eq. (12), as well as a generalization of the
MacMillan formulas for the non-homogeneous prism
based on a linear density model, have been presented
by Anderson (1976). The MacMillan (1930) formula
(Eq. 12) and its derivatives have also been implemented
in the TC software by Forsberg (1984) for prismatic
topographic elements situated in an intermediate zone,
while the point-mass approximation Eq. (13) is used for
large distances, and the exact prism formulas Egs. (4)
and (6) are used for the near zone.

Due to the curvature of the Earth, the topocentric
Cartesian coordinate systems, attached to the direction
of the vertical at the computation point P — on the one
hand — and to the edges of the prismatic topographic ele-
ment — on the other hand — will not be parallel. Taking
into account the convergence of the plumbline direc-
tions, the situation is visualized in Fig. 3 where (X, Y, Z)
denote the Cartesian coordinates related to a global ter-
restrial (equatorial) reference frame and (x,y,z) and
(x*,y*, z*) the local Cartesian coordinates related to the
edge system of the prism and to the local vertical refer-
ence frame at the computation point P, respectively.

The transformation of the components uy,uy,u; of
the effect on the gravity vector, described in the edge
system of the prism, into the local system at P is provided

by the respective basis transformations with respect to
the global equatorial system. Approximating the direc-
tion of the plumbline at the computation point P by
the ellipsoidal normal (geodetic latitude ¢ and longi-
tude 1) and the direction of the z-axis of the edge sys-
tem by the parameters ¢/, A/, the relations between the
orthonormal base vectors in the respective triads can be
expressed by the following formulas (Griininger 1990;
Kuhn 2000)

. b4 oo o \T
(Ex,6y,8) =Py - RZ(E - QD/) ‘R3(\)) - (éx, éy.éz)

(14a)

Sk Sk Sx T 5 5 o
(exve)nez)T = P1 : RZ(E - §0) : R3()") . (eX’ ey, eZ)T'
(14b)

where R, and R3 denote rotation matrices for rota-
tions about the 2- and 3-axes, respectively, while the
reflective matrix Py has to be introduced for the transi-
tion between the right-handed global terrestrial frame
(éx, ey, éz) and the left-handed local terrestrial systems
(éx,éy,€;) and (€%, E;‘, e¥), oriented to geodetic north,
east and up.

From Eq. (14b), the formulas for the transformation
between the edge system of the prism and the local ver-
tical system at the computation point P result in

(u;,u;,u’z‘)T =T(p, 19, 1) - (ux,uy,uz)T (15)
T(p, 259", 1))
=P ‘Rz(% - <ﬂ) ‘R3(x — 1) ~R2(§0’ - %) - Py,
(16)

where (uy, uy, u;) and (uy, ujy, u7) denote the coordinates
of the gravity vector gradu in the edge system and in
the local vertical system at P, respectively. The explicit
form of the transformation matrix T can be taken from
Kuhn (2000, p. 76) and Heck (2003b, p. 41). This trans-
formation has to be performed for any single prism. In
practical applications, the geodetic latitudes ¢, ¢’ may
be replaced by the geocentric latitudes.

In general, the dimensions of the prism have to be
derived from the dimensions of a tesseroid. In Sect. 4,
the relations are evaluated under the postulate of equal-
ity of the prism and tesseroid masses.

3 Gravitational potential and attraction by tesseroids

As mentioned in Sect. 1, a tesseroid (this notion was
introduced by Anderson 1976) is an elementary body
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Fig. 3 Transformation
between the edge system of
the prism and the local
vertical reference frame at the
computation point P

bounded by geographical grid lines on the ellipsoidal
(or spherical) reference surface and surfaces of constant
ellipsoidal (or spherical) height. This type of mass ele-
ments is created quite naturally when DTMs are used
that are based on geodetic coordinates ¢, A.The bound-
ing surfaces of a tesseroid are (i) a pair of surfaces of
constant ellipsoidal height 4 = const, A, = const, “par-
allel” to the reference ellipsoid; (ii) a pair of meridional
planes A1 = const, A» = const; and (iii) a pair of coaxial
circular cones ¢ = const, ¢ = const.

In most cases, a spherical approximation of the ellip-
soidal tesseroid will yield sufficient results (Novak and
Grafarend 2005). Neglecting the ellipticity of the refer-
ence surface the surface pair (i) then consists of concen-
tric spheres with radii r; = R + hy,r, = R + hy, where
R denotes the chosen radius of the equivalent sphere.
The geometrical relations for a spherical tesseroid are
visualized in Fig. 4, since the following derivations are
restricted to spherical tesseroids.

The gravitational potential v of a spherical tesseroid
of homogeneous mass-density p is described by New-
ton’s integral

W)

2 'drde’d)
v(r,so,x)sz///r —r (17)
A1 1
where
= \/r2 + 72 —2rr cos ¥ (18)

denotes the Euclidean distance between the computa-
tion point P(r,¢,2) and the running integration point
O(r,¢', 1) and ¢ is the angle between the position vec-
tors of P and Q,

cos Y = sin g sin¢’ + cos g cos ¢’ cos(A’ — A). (19)

@ Springer

In contrast to the gravitational potential of the prism
Eq. (2) the potential of the tesseroid cannot be solved
by elementary integration since elliptic integrals occur.
However, an approximate solution can be produced
by numerical integration of either the volume integral
Eq. (17) or the surface integral resulting from integra-
tion over the radial coordinate r’

A2 2

1
visir =360 famo

A ¥1
x[€(r' +3rcosyr) + P(3cos>y — 1)

xIn(€ 4+ 1" — reos )] r/z:?dtp/d)/, (20)

7

Fig. 4 Geometry of the tesseroid
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where the integration over ' is analytically evaluated
(cf. Martinec 1998).

Equivalently to MacMillan’s (1930) expansion for a
prism, a series expansion of Eq. (17) can be used for
tesseroids at some distance from the computation point
P. Again, maximum efficiency is achieved by fixing the
point of the Taylor expansion at the geometrical centre
of the tesseroid, i.e. at

ro = (r1+1)/2,
Yo = (01 + ¢2)/2,
o = (A +22)/2. (21)

The Taylor expansion of the integral kernel 72 cos ¢’ /¢
in Eq. (17) can be expressed by

2 cos ¢’
K /, /’)L/ _
(r ¢, 1) — |
i j k
= ZKijk(’/ - ”0) ((P/ - (00)] ()L/ - )Lo) (22)
ij.k
where
K.. o— 1 8i+j+kK(r/7 (p/7 )"/) (23)
ijk - (i +]. + k)! 8r’i8(p/j3)\’k ,;;Z;‘; .
V=ko

Inserting Eq. (22) into Eq. (17) yields integrals of the
type in Eq. (11), such that only terms with even powers
of i, j, and k will remain in the power series (Seitz and
Heck 2001; Kuhn and Seitz 2005)

1
v(r,p,A) =G,0AVA§0A?~[K000 + 7 (KzooAr2+K020 Ag?

+ Kooz A)»z) +0 (A4)] (24)

where Ar =rp—ri =hy—hi,Ap = @2—@1, AL = Ap—XAq
denote the dimensions of the tesseroid. In Eq. (24),
the Landau symbol O(A*) indicates that terms of or-
der four in Ar, Ag, A\ are omitted. The coefficients
Kjr in Eq. (24) depend on the relative positions of the
computation point P(r, ¢, 1) and the geometrical centre
Py (ro, 90, Ao) Of the tesseroid (Taylor point):

’% COS Yo

o by = \/rz +r2 —2rrocosy,  (25)

Kooo ==

co8 Y, = sin ¢ sin @, + €OS @ Cos @, COS(Ay — A). (26)

The second-order coefficients Kyqg, Koo and Ko are
given in Appendix Al.

Considering the total mass of the tesseroid

A @2
m=p /r’2 cos ¢'dr/de’d)
A Y1 I
= g(rg — r%) (sin g — sin 1) AA (27)

and the respective series expansion at P, (7o, 9o, 1o)

m = pr(z) COS Yo ATAPAML

1(Ar\* 1 5

it becomes evident that the zero-order approximation
of Eq. (24)

Gm
o
= GpArapAKon|1+0(a%)] (29)

Vg, 1) = 14 0(a%)]

is formally identical with the potential of a point mass m
placed at P,, concentrating the total mass of the tesse-
roid at P,. The residual terms in Eq. (24) essentially
take into account the deviations of the tesseroid from a
point-mass.

The effect of the tesseroid mass on the gravity vector
at the computation point P(r, ¢, 1) can be calculated by
differentiating the integral kernel 1/¢, in Egs. (17) or
(20) with respect to r,¢ and A. The reduction for the
gravitational effect results from

v(r,p, 1)
b=
A2 @2 1)
¥2(r — ¥ cos V) cos ¢'dr'de’dn’
o[ [ [ e
M1 N

Again, integration of Eq. (30) results in elliptic inte-
grals that cannot be solved analytically. Performing the
integration with respect to r' the volume integral in
Eq. (30) is reduced to the surface integral (cf. Martinec
1998)

YSx%)
G /3
) S C—
191
r=r)
x In(€ + ¥ —rcos W)] de’da’. (31)
r'=rq

Equations (30) and (31) can be evaluated numeri-
cally. As an alternative, the gravitational effect of distant
tesseroids can be calculated from a Taylor expansion of
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the integral kernel of Eq. (30) at Py (ry, 90, Ao)

r2(r — v cos ) cos ¢’

L(7,¢",2)) =

03
i i k
= ZLljk("/ - ro) ((ﬂ/ - (00)] (X’ - )Lo) (32)
ij.k
where
1 HEL( ¢ W)

Lijk = — . - ok Y (33)

@+j+hk!  ortoeiaa (p,—_c;

A,/:)L::

Due to our specific choice of the Taylor point P,, only
the terms with even powers of , j and k remain in the
series expansion, which results from inserting Eq. (32)
into Eq. (30)

1
8g(r, 0, 0)=Gp ArAwAk[Looo + ﬁ(Lzoo AP+ Lo Ag?

—i—LoozA)»z) +O(A4)] . (34)

The coefficients L;jx in Eq. (34) depend on the posi-
tions of the computation point P(r, ¢, 1) and the Taylor
point P, (75, 90, Ao). The zero-order coefficient is

2
— oK
Logy = e T cos VYo)cosgo _ Koo (35)
14 ar
The second-order coefficients Lygy = —3§§°0,L020 =
_313% and Loy = —@ are presented in Appendix
A2.
Again, the zero-order approximation of Eq. (34)
Gm
sg(r,p, ) = 3 (r — 1o cOs Yp) [1 + O(AZ)]
o
= GpArdpALLon[1+0(a?)] (36)

is essentially identical with the effect of a point-mass
m located at P, on gravitation at P, while the residual
terms in Eq. (34) represent the deviations of the tesse-
roid from a point-mass.

Analogously, the derivatives of the gravitational po-
tential v(r, ¢, A) with respect to ¢ and A will provide the
formulas for the (topographic—isostatic) reduction of the
vertical deflections at P. It should also be noted that the
complete set of formulas derived in this section is valid
for computation points situated outside the tesseroid
only.

Comparing the sets of formulas for the gravitational
effects of a rectangular prism (Sect.2) and a tesseroid
(this section), it becomes clear that — in the case of the
tesseroid formulas — no further transformation between
differentlocal coordinate systems will be necessary, since
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the result is already given in the local topocentric sys-
tem at P;in this respect, the resulting equations are more
compact. As such, integration over the complete surface
of the Earth or large parts of it can be performed quite
efficiently.

The numerical efficiency can even be improved fur-
ther by calculating the effects of the tesseroids along lat-
itude bands, related to a constant value of ¢, (cf. Smith
2002), where the number of trigonometric function eval-
uationsis reduced greatly. This band-wise approach even
allows us to take the Earth’s ellipticity into account, just
by considering a latitude-dependent Earth radius in r,:
Instead of the mean radius R the prime vertical radius
No
Npi=m — 2 (37)

V1 —e2sin? g,
(a: semi-major axis, e: first numerical eccentricity of the
Earth ellipsoid) in the latitude band ¢, = const can be
used. In the ellipsoidal case, ¢ and ¢, are geodetic lati-
tudes.

4 Numerical investigations

To get an impression of the advantage using tesseroids
instead of prisms or point-masses, several numerical
tests have been performed. The comparisons refer to
the required computation time, the achievable precision
and the approximation error, considering gravitational
potential and attraction.

According to Eq. (28), the dimensions of the “equiv-
alent” rectangular prism are computed from the dimen-
sions of the tesseroid. This implies mass equivalence of
the first-order under the further assumption that the
tesseroid and the prism have the same constant mass-
density p:

Mitesseroid = Mprism
1

2 cos g ArAp AL 1 + ary? 1(A )’ +
Plo COS B ATAY 2\ ) "2a"?

= pAxAyAz. (38)
Neglecting terms of order O(Az)and identifying the

spherical height of the tesseroid with the height of the
prism

Az = Ar (39a)

the horizontal dimensions of the prism are fixed as

Ax =r,A@ (39b)

Ay = 1o cOS 9o AA. (39¢c)
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Fig. 5 Comparison of the computation time using tesseroid, prism
or point mass to compute potential and gravitational attraction

The approximation error induced by neglecting terms
of order O(A?) in Eq. (38) depends on the size of the
tesseroid; the maximum relative error in the volume,
gravitational potential and gravitational acceleration of
a tesseroid can be estimated as 107> for |[Ag| = 1° and
10~7 for |Ag| = 5 and |A 1| < 9,000 m.

To compare the respective computation time the
JGPISE global DTM (Lemoine et al. 1998, Chap. 2) was
used as a realistic test field. Itis related toa 5’ x 5’ global
grid in geodetic coordinates (here assumed spherical)
and consists of 2,160 x 4,320 = 9,331,200 tesseroids.
At each centre point on the upper surface of a grid ele-
ment, the effect of all tesseroids on potential and gravity
has been computed. It is obvious from Fig. 4 that the
topography (r; = R, = R+ H) or the residual topog-
raphy (r1 = R+ Hy,r» = R+ H3) can be modelled with
the aid of tesseroids, for example, in the framework of
terrain reduction. The following test computations have
been carried out for terrain reductions; here, the differ-
ence between ellipsoidal and orthometric heights (i.e.
the geoid height) has been neglected.

For each computation point P, the tesseroids are
bounded in the vertical direction by concentric spheres
of radiiry = R+ Hp and r, = R+ Hj;, where Hj; denotes
the topographic height of the DTM grid element (i, j).
As a consequence, there is no contribution from the cen-
tral element (Hp = Hj;; Ar = 0) to the terrain reduc-
tion. The comparison among the required computation
times for the evaluation of the gravitational potential
and gravitational acceleration from a tesseroid, prism
and point-mass from the JGP9SE DTM is visualized in
Fig. 5

Concerning the computation time required to evalu-
ate the potential values, one can notice from Fig. 5 that
the algorithm applied for the computation of the po-
tential of the tesseroids runs 10 times faster than that

implemented for the prisms. This remarkable differ-
ence is caused by time-consuming 24 log and 24 arctan
function calls per prism. With respect to the point-mass
approximation, the tesseroids are slower only by a factor
of two. In extensive numerical evaluations, the point-
mass approximation may be used to compute the far
zone contributions, but in general the tesseroids should
be preferred.

The gain of efficiency is reduced when the necessary
computation time regarding the gravitational attraction
is compared (Fig. 5). The computation of the attraction
by a prism takes only half of the time in comparison with
the gravitational potential of a prism. This is caused by
the fact that the number of function calls decreases; to
compute the attraction of a prism in the local coordinate
system of the computation point 12 log and 24 arctan
function calls per prism are required. In comparison to
the tesseroids, there is still a factor of four.

The absolute accuracy of the respective discretisation
approach (prism, tesseroid, point-mass) and the asso-
ciated approximation error for gravitational potential
and attraction can only be analysed in comparison with
a mass distribution where an analytical solution exists.
This is the case for a spherical cap of constant thick-
ness d = rp — rq, constant mass-density p and constant
radius ¥, centred at the computation point. The spher-
ical angle ¢ counts from the geocentric direction of the
computation point P(r,y» = 0°), which actually coin-
cides with the origin of the spherical coordinate system.

The formulas for the gravitational potential of a cap
at the computation point p(r, = 0°) are

V(r;rlar271/jc)
1 3 1 1 /
=27Gp 556 + EECCOS%(V — rcos Yre)
r'=r

1
+ Erz cos Y sin® Y In (€, + 7/ — reos ) ]

r=ry

r=n +lr>n
—-1r<r,

(40)

1 1
+27Gp (+§r/3 — Er/z)

/

r=n

where ¢ = V2 42 = 2rr cos Y., and for the gravita-
tional attraction of a cap, they are

8g(riry,ra, Yre)

v, ve)

=

=27Gp [—ie“ + 16/ (r—7 cos ) — 16/ cos®

32°¢ " c g ¢

r—r cos iy,

&
+rcos . sin® Y In (€. + 7 —rcos )

+% cos Y (r/ — rcos ll’c)
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P(r,0,0)

Fig. 6 Geometry of a spherical zonal band and a tesseroid

r'=r

1 — (€4 717) co
+§rzcosd/csin21//c r (C r)coslpc]

1 (E/C +r —rcos Wc)

r'=r;

F=r { +1,r>n (41)

1 /3
+27Gp (7ﬁr ) lr<n

see the derivation in Appendices A3 and A4.

From the analytical solutions of the gravitational po-
tential (Eq. 40) and gravitational attraction (Eq. 41) of
a spherical cap, where the computation point is located
at the origin of the spherical polar coordinate system,
the potential and attraction of a spherical zonal band
between the spherical distances v; and ;1 (Fig. 6) can
be derived from

r'=ry

v(rr, 2, i Yig) = v e, 12, i) — v kL, 12, i)
(42a)

dg(rir1, 12, Vi, Yig1) =8g(r r, 12, Wig1) —08g(rs r1, 12, ¥i).
(42b)

In the following, the analytical solutions for the po-
tential and attraction of spherical ring zones of constant
height and band-width At are used as absolute values
for comparison.

The numerical solutions resulting from the point-
mass, prism and tesseroid approximations for these zonal
bands are compared in Figs. 7a, b with the analytical
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values from Eq. (42a), respectively. The tesseroid dimen-
sions in each spherical zonal band of band-width Ay =
Yig1r — ¥ = 5 with 0 < ¥ < ¥4 < 7 have been
chosen as Aa = 5’ (azimuthal difference) and d = H =
ry —rp = 1,000m (height). Due to the rapid decrease
of the approximation errors with spherical distance v,
the results are plotted in logarithmic scale. Besides the
absolute values of the approximation errors, the analyt-
ical values of the contribution of each concentric spher-
ical zonal band is plotted (dashed line in Fig. 7) to show
the relative accuracy.

Remark The prism formulas (Egs. 4 and 6) are exact
analytical solutions for a homogeneous prism. However,
under the assumption of mass equality, the dimensions
of the prisms have to be calculated from the extension
of the tesseroids, since in practice a DTM is mostly
given in geodetic coordinates (here assumed spherical).
Therefore, the prism method also produces an approx-
imation error in the present test example of spherical
ring zones, caused by the different geometry of a prism
and a tesseroid on the one hand and - to a minor ex-
tent — the approximated mass balance (Eq. (39b)) on
the other hand. In particular, for small distances ;,
the shapes of a tesseroid and a prism of equal volume
are very different; in the direct vicinity of the compu-
tation point, the tesseroid degenerates and has a trian-
gular base shape. For details, see Griininger (1990) and
Kuhn (2000).

The analytical solution of the gravitational potential
and attraction of a concentric spherical zonal band com-
posed of the difference between two successive spherical
caps shows a nearly constant behaviour in the plotted
region 0 < ¥; < 10°, the near-zone of the computation
point. This can be explained by the fact that the mass
within a spherical zonal band (here, Ay = 5’ = const)
is increasing in a nearly linear manner with increas-
ing distance v; to the computation point. However, the
reciprocal decrease of the potential with increasing dis-
tance counteracts this behaviour; the result is an approx-
imately constant contribution of each concentric zonal
band up to a spherical distance of about ; = 10° (see
Fig. 7, upper curve).

The reasoning for the behaviour of the gravitational
attraction is analogous: the decrease with the square
of the distance is counteracted by the linearly increas-
ing volume in the calculation of the vertical component
of the gravitational attraction at the computation point
(Fig. 7b, upper curve). It can be recognized from Fig. 7a,
b that the decay of the approximation error with increas-
ing distance of the spherical ring zone is much faster for
the tesseroid in comparison with the prism and point-
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mass approximations. When the spherical distance is
greater than about 1.5°, the error is mainly induced
by rounding errors of the computer (single precision
IEEE arithmetic). In contrast, the prism and point-
mass approximations still produce significant errors for
¥ = 10° (potential) and 5° (attraction). The behaviour
of the point-mass approximation at v; ~ 7° can be ex-
plained by a change of sign of the error from positive to
negative values.

In a further test, the computation point is located at
the equator P(r, ¢ 0°,1 = 0°), the integration area
is defined as —1° @Omin < ¢j < Pmax = +1° and
—1° = Amin < Ajj < Amax = +1°. The height of the mass
element is equal to the height of the computation point,
hp = h;j = 100m. In this test example, an exact ana-
lytical solution for the calculation of the gravitational
potential and gravitation of the 2° x 2° mass configura-
tion is not available. As such, only the numerical results
for the tesseroid, prism and point-mass approximations
can be compared.

Spherical distance [°]

In order to check the approximation error due to the
truncation of the Taylor series expansion (Egs. 24 and
34), the integration area was gridded with tesseroids of
various grid sizes. The results obtained, depending on
the regular grid spacing Agp = AA, are shown in Fig. 8
From Fig. 8a, it can be stated that a spacing less than
Ag = AX = 60” causes errors in the potential less than
0.1 m?/s? for the total 2° x 2° block. A coarse spacing of
0.5° or 1° causes unacceptable errors for the point-mass
and tesseroid modelling.

The behaviour of the gravitational attraction is shown
in Fig. 8b. The computed attraction for the prisms con-
verge very fast to a fixed value for a spacing less than
60”. The results for point masses and tesseroids converge
very slowly when the grid size decreases.

As can be concluded from Fig. 9, where the four ele-
ments located in the immediate vicinity of the computa-
tion point are eliminated, the approximation error due
to the truncation of the Taylor expansion decreases very
quickly depending on the distance to the computation
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Fig. 8 a Computation of the gravitational potential at Pgquator
induced by the area —1° = gpin < ¢jj < Pmax = +1° and —-1° =
Amin < Aj < Amax = +1°(Hd = 100m) depending on the grid
size Agp = AXx. b Computation of the gravitational attraction at
PEquator induced by the area —1° = ¢min < ¢jj < Pmax = +1° and
—1° = Amin < Aj € Amax = +1°(H = 100m) depending on the
grid size Ap = AL

point. It is evident that the slow convergence demon-
strated in Fig. 8 is caused by the error induced by the
elements located in the direct vicinity of the computa-
tion point.

The reason for this behaviour can be found in the
redistribution of the mass when the tesseroid is replaced
by an “equivalent” point mass or prism. This effect is
larger when the distance of the mass element to the
computation point decreases, and is much more pro-
nounced for point masses. Furthermore, the approxima-
tion errors for the prismatic bodies are partly induced
by replacing the curved upper and lower surfaces of
the tesseroid by planes. A part of the difference for
small grid size, visualized in Fig. 9, is due to the trun-
cation error in the tesseroid formulas (Egs. 24 and 34),
resulting from the Taylor expansion. In this test example,
the results for the tesseroid and prism approximations
are quite similar, which can be explained by the fact
that the geometrical shape of these bodies is nearly the
same.
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Fig. 9 a Computation of the gravitational potential at Pgquator
induced by the area —1° = gnin < ¢ < Pmax = +1° and —1° =
Amin < Ajj < Amax = +1°(H = 100 m) omitting the four elements
nearest to the computation point. b Computation of the gravita-
tional attraction at Pgquator induced by the area —1° = @uin <
$ij < Pmax = +1° and —1° = Apin < Ajj < Amax = +1°(H =
100m) omitting the four elements nearest to the computation
point

5 Conclusions

By partitioning the topographic (or isostatic) masses
into tesseroids, i.e. geometrical bodies bounded by geo-
graphic grid lines and surfaces of constant height, an
efficient procedure has been proposed for mass reduc-
tions in gravity field modelling. Since the volume inte-
grals for the calculation of the gravitational potential
and attraction effects cannot be evaluated analytically,
a Taylor series expansion of the integral kernels is used.
By choosing the geometrical centre of the tesseroid as
the Taylor point, the number of non-vanishing series
terms is greatly reduced.

A comparison of the tesseroid formulas with the tra-
ditional prism method shows that the calculation speed
is improved by a factor of 10 for the gravitational poten-
tial and a factor of 4 for gravitational acceleration. For
global numerical evaluations, the efficiency can be in-
creased further by working in latitude bands and
considering recurrence formulas for the calculation of
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trigonometric functions. The sphericity of the Earth is
automatically taken into account in the tesseroid ap-
proach, while the curvature effect and the inclination of
the mass elements have to be considered separately in
the prism approach in an approximate manner.

Reducing the series expansion to the zero-order term
results in the point-mass formula; the additional sec-
ond-order terms represent the relative dimensions of
the tesseroid. In some respects, the proposed procedure
resembles MacMillan’s (1930) approach, which is based
on similar series expansions for prismatic bodies, where
the zero-order term is also equivalent to the point mass
formula.

The precision of the tesseroid procedure has been
checked with the aid of a test scenario based on the
gravitational potential and attraction of a spherical cap
of constant mass-density and thickness. If the computa-
tion point is situated on the symmetry axis of the spheri-
cal cap, the volume integrals for the potential and gravity
can be analytically (i.e. exactly) solved. The dependence
of the precision on the distance of the mass elements has
been evaluated by considering the effect of concentric
zonal bands, arising from the difference between the
caps of subsequent radii.

From this, while the approximation error for the sec-
ond-order tesseroid formula decreases very quickly with
increasing distance to the computation point, the decay
is much slower for the prism method and for the point-
mass formula. Close to the computation point, the re-
sults are sensitive to the shape of the model body used. In
the direct vicinity of the computation point, the “rectan-
gular” tesseroid degenerates and possesses a triangular
base shape; the approximation of those bodies by rect-
angular prisms or point-masses produces large errors.
For increasing distance from the computation point, the
point-mass and prism approximations become better
and better. It should be noted that the prism routine
breaks down for large distances, due to the loss of sig-
nificant digits when the required functions are evaluated
for nearly the same arguments, and differences are taken
as required.

In a second experiment, the computation point was
placed at the equator, at the centre of a 2° x 2° mas-
sive block. Here, the tesseroids in the neighbourhood
of the computation point have a nearly quadratic base,
and the approximation by prisms produces rather good
results, in particular for DTM side lengths less than 60”.
From this numerical experiment, it becomes clearly vis-
ible that the use of the second-order tesseroid formula
produces unacceptable errors, in particular for the calcu-
lation of the effect on gravitational attraction; the errors
induced by the point-mass formula are even larger. As a
conclusion, the effect of the mass elements in the vicin-

ity of the computation point should be calculated using
the prism formulas.

The results presented here for spherical tesseroids can
easily be transferred to the ellipsoidal case: the Earth’s
ellipticity can be taken into account by considering a
latitude-dependent Earth radius, e.g. the prime vertical
radius of the ellipsoid. This procedure can be combined
with the calculation on latitude bands, as mentioned ear-
lier.
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Appendix A

Al Second-order coefficients Kygg, Koo and Koo
according to Eq. (24)

2
recos g .
Koo = 3—50 {ZE% - 31% sin? 1//0} (43)
o
r% 2 2 2 2 . .
Ko = E_S {— COS @Yo (r +r0) [r +r, — 17y SIn @ SIn (po]
o
+r2r?) COS @, [sin2 10 (3 — sin? gpo) — cos? [0
X (2— sin’ (po) cos? SX] + rrocos @ (3 —sin? <p0)
X [rz + rg - 2rrosin(psincp,,] cos SA} (44)
Kooy = — rrz cos ¢ cosZ ¢,

&
X {2(2, oS 81 — 377, COS @ COS @, sin’ Sk} (45)

with A = A, — A.

A2 Second-order coefficients Lo, Lopo and Loz
according to Eq. (34)

K
Ly = — K200
ar
3
_ rCZi% 2 %[Sro — (2r + 315 c0s o) cos |
o o
15r3
+€—4r" sin® Yo (ro — rcos Y,) (46)
o
K
Loz = —%
.
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3
= (2—0) cosgo(l — 2sin? (po) COS OA

o

2
,
—I——’; [—r(r2 + r%) €OS @
1

+rp sing [ — 1T (Sin @ COS @y — COS @ Sin @y cOS S1)
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—|—r3 COS ¢ cOS SA (1 — 2sin? <po)
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X 1COSSA — 7z [Zro COS ¢ COS @, SIN” SA
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+ (r — ry cos Y,) cos SA]
15¢2r, .2
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(48)

A3 The gravitational potential v(r;ry,r2, V) of a
spherical cap

The gravitational potential v of a spherical cap of homo-
geneous mass-density p is described by Newton’s inte-
gral

2 Y 1

72 siny'dr'dy’do’
v(r;r,r,ve) = Gp/ / Ld 7 L4
0 0 n

(49)

where the Euclidean distance ¢ between the compu-
tation point P(r,v = 0°) and the running integration
point Q(¥, ¢, &) is defined in Eq. (18). Integration with
respect to the azimuth o’ for the rotationally symmetri-
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cal cap results in

Ye 1
P2 siny'dr'dy’
v(r7rlsr29 ‘(pC) :ZJTGp// \/rz +r/2 _er/ oS ’lﬁ/ (50)
0n

and integration with respect to the spherical distance v’
yields

rn

21 G
v(rsr,r,¥e) = nr p/[\/r2+r’2—2rr’costpc

r

—|r—r/| ]r/dr’. (51)

Finally, after the radial integration, the formula for
the gravitational potential of a spherical cap is given by
(ct. Papp and Wang 1996; Martinec 1998)

V(r;rl’r21 Iljc)

1 1
=21Gp [3—/? + =, cos Y (r' — reos i)

2 c
1 - 2 1 / r=n
+§rzcoswc sin” ¢ In (€, 4+ 7 — rcos ¥c)
r/=}’1
Ly 1\ [+1 r2n
+2nGp (+§r — 57 o -1 r<n
(52)

where €. = /2 + 1”2 — 2rr' cos Y.

If the extension of the cap tends in the limit to ¥, = 7,
the gravitational potential of a spherical shell of constant
mass-density p follows from Eq. (52) (cf. Vanicek et al.
2001, 2004):

4ﬂGp( 3 3),

. _ 3 =T r=>rn
V(r;r1,12) [ 2 Gp (2 - rl%) , (53)

r<ry.

A4 The gravitational attraction §g(r;ry, 2, ¥.)of a
spherical cap

The gravitational attraction at the computation point
P(r, = 0°) caused by the spherical cap can be derived
from Eq. (52) by differentiation with respect to the radial
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direction r:

ag(r;r]7r27lpC)

_ v, ve)

B ar

1 3 1 / / 1 l 2

=2nGp —32t +;Ec(r—r cos V) — 5 becos™ Y

r—r cosy,
£

+7cos Y sin® Y In (£, 4 1 — rcos ye)

+% cos Y (r' — recos )

1, 5 r—=(t.+7r)cos P r=n
+—=r“ cos Y. sin” Y, — ;
2 (e 471 —reos ) Ve
1 I
2 G o /3 H =
e p(3ﬂr)k”L4J<m.
(54)

The gravitational attraction of a spherical shell results
from Eq. (54) with ¥, = 7 (cf. Vanicek et al. 2001, 2004):

(55)

4n G 3_ 3 >
sg(ryrir) = —— ’O[rZ . r=n

372 0, r<rg.

If terms of the order d/r and H/r withd = r, — 1y
and H = r — rq are neglected, the gravitational attrac-
tion of a spherical shell with constant mass-density p is
approximated by

3g(riri,rm)=—4nGpd, r>r>r. (56)

This is twice the effect of an infinite planar Bouguer
plate (Vanicek et al. 2001).
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