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Abstract The objective of this study is to evaluate two ap-
proaches, which use different representations of the Earth’s
gravity field for downward continuation (DC), for determin-
ing Helmert gravity anomalies on the geoid. The accuracy of
these anomalies is validated by 1) analyzing conformity of
the two approaches; and 2) converting them to geoid heights
and comparing the resulting values to GPS-leveling data.
The first approach (A) consists of evaluating Helmert anom-
alies at the topography and downward-continuing them to
the geoid. The second approach (B) downward-continues re-
fined Bouguer anomalies to the geoid and transforms them
to Helmert anomalies by adding the condensed topograph-
ical effect. Approach A is sensitive to the DC because of
the roughness of the Helmert gravity field. The DC effect
on the geoid can reach up to 2 m in Western Canada when
the Stokes kernel is used to convert gravity anomalies to
geoid heights. Furthermore, Poisson’s equation for DC pro-
vides better numerical results than Moritz’s equation when
the resulting geoid models are validated against the GPS-
leveling. On the contrary, approach B is significantly less
sensitive to the DC because of the smoothness of the refined
Bouguer gravity field. In this case, the DC (Poisson’s and
Moritz’s) contributes only at the decimeter level to the geoid
model in Western Canada. The maximum difference between
the geoid models from approaches A and B is about 5 cm in
the region of interest. The differences may result from er-
rors in the DC such as numerical instability. The standard
deviations of the h−H − N for both approaches are about
8 cm at the 664 GPS-leveling validation stations in Western
Canada.
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1 Introduction

For decades, studies of the downward continuation (DC) of
potential and gravity fields have continuously attracted geo-
desists’ attention because of its essential role in physical
geodesy and mathematical difficulty (e.g., Heiskanen and
Moritz 1967; Schwarz 1978; Moritz’s 1980; Jekeli 1981;
Bjerhammar 1987; Sideris 1987; Wang 1988; Engels et al.
1993; Sjöberg 1996; Vanı́ček et al. 1996; Martinec 1996; Sun
and Vanı́ček 1998; Sjöberg 1998; Milbert 1999; Nahavand-
chi 2000; Wong 2001; Novák and Heck 2001; Ilk et al. 2002;
Sjöberg 2003; Jekeli and Serpas 2003; Huang et al. 2003a).
Downward continuation constitutes a basic reduction step in
solving the geodetic boundary-value problem (GBVP), i.e.,
gravity values measured on or above the Earth’s surface must
be continued downward to the boundary (geoid). However,
the fact that DC is classified as an ill-posed problem in math-
ematics has limited its practical applications (e.g., Schwarz
1978; Rummel et al. 1979; Engels et al. 1993; Martinec 1996;
Ilk et al. 2002).

Instead, DC was either approximated or simply neglected
in gravity reduction, despite a great amount of literature on
the topic (e.g., Moritz’s 1980; Wang 1988; Véronneau 1997;
Omang and Forsberg 2000). Over the last ten years, impor-
tant progress has been made in the development of numerical
methods for DC. Its instability has been numerically analyzed
and characterized to support geoid determination at the centi-
meter level. In addition, numerical techniques and algorithms
have been developed to accurately and efficiently evaluate the
contribution of the DC (Vanı́ček et al. 1996; Martinec 1996;
Sun and Vanı́ček 1998; Wong 2001; Novák and Heck 2001;
Huang 2002).

In the last decade, Stokes’s method for gravimetric
geoid modeling based on Helmert’s second method of
condensation (Heiskanen and Moritz 1967; Martinec et al.
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1993; Heck 2003) has become accepted as one of the main-
stream methods for regional geoid modeling (e.g., Vanı́ček
and Martinec 1994; Sideris 1994; Véronneau 1997; Smith
and Milbert 1999; Featherstone et al. 2001). This method re-
quires Helmert gravity anomalies on its co-geoid as boundary
values (Vanı́ček et al. 1999). There are basically two proce-
dures to follow in evaluating the Helmert gravity anomalies
on the co-geoid:

(A) the Helmert gravity anomalies are evaluated on or
above the irregular Earth’s surface, then are continued down-
ward to the geoid, i.e., the masses above the geoid are re-
moved and condensed as a mass layer on the geoid prior to
the DC (Heiskanen and Moritz 1967; Vanı́ček et al. 1996;
Martinec 1996; Nahavandchi 2000);

(B) the refined (or complete) Bouguer anomalies on or
above the surface of the Earth are downward continued to
the geoid, then the Helmert gravity anomalies are evaluated
on the geoid, i.e., the mass condensation is carried out as a
post-DC step (Moritz 1968; Sideris 1994; Véronneau 2002).

Strictly speaking, the Helmert anomalies must then be
continued to the co-geoid from the geoid for both approaches.
However, this reduction is usually negligible (Vanı́ček et al.
1999). Until recently, the DC was considered negligible in
most applications when following approach B in terms of ei-
ther its small magnitude or tests against GPS-leveling data
(see, e.g., Sideris 1994; Véronneau 1997; Omang and Fors-
berg 2000).

The two approaches (A and B) are equivalent in theory,
but in practice they have their advantages and disadvantages.
Approach A is physically straightforward and the far-zone
contribution of the DC is negligible (Huang 2002), but it
demands a fair amount of effort to evaluate the condensed
topographical effect (CTE) on or above the Earth’s surface.
In addition, the DC may be unstable because of the roughness
of the Helmert gravity field and data errors (Martinec 1996).
On the other hand, approach B is efficient in regard to the
evaluation of the CTE and the stability of the DC. Its contri-
bution is relatively small in magnitude. However, the DC of
the refined Bouguer anomalies requires a global integration
because the far-zone still contributes significantly.

Jekeli and Serpas (2003) numerically compare the same
two approaches in three regions with different topographies.
In the two regions with relatively smooth topography, both
approaches gave similar geoid solutions because the DC is
small. In the rugged region, the two approaches gave sig-
nificantly different geoid solutions. The difference gave rise
to uncertainty about the stability of the DC in mountainous
regions.

There are two well-known harmonic methods for eval-
uating the DC: Poisson’s (Heiskanen and Moritz 1967) and
Moritz’s (1980). The former is based on Poisson’s integral,
while the latter is formulated as a Taylor-series-like expres-
sion. Huang et al. (2003a) numerically compare the two meth-
ods in the Canadian Rocky Mountains. They show that
Moritz’s method yields approximation errors that account for
about 10% of the DC, which is equivalent to a geoid effect
of 20 cm for approach A in the Canadian Rocky Mountains.

In this paper, the two procedures described above are used
for determining Helmert gravity anomalies on the geoid in
Western Canada, where the magnitude of the DC is the largest
in Canada. The DC is evaluated using Poisson’s and Moritz’s
methods. The geoid models resulting from each combination
of the two approaches (A and B) and the two DC methods
(Poisson and Moritz) are compared to GPS-leveling data in
Western Canada.

2 Two approaches for the determination of boundary
values in the Stokes-Helmert scheme

There are three options to determine Helmert gravity anom-
alies on the geoid. The first procedure consists of removing
the topography and restoring it as a condensed mass layer
below the geoid prior to downward-continuing the anomaly
to the geoid (e.g. Vanı́ček et al. 1999). The second procedure
consists of removing the topography, downward-continuing
the anomaly to the geoid and restoring the condensed mass
below the geoid (e.g. Sideris 1994). Finally, the third option
may consist of downward-continuing the anomaly through
the topography to the geoid, removing the topography and
restoring it as a condensed mass layer below the geoid. How-
ever, the third option is more complex because it does not
derive a harmonic field for the downward continuation. Con-
sequently, we will only consider the first two options.

2.1 Approach A

The anomalous potential T is defined as (Heiskanen and
Moritz 1967):

T (r,�) = W(r,�)− U(r,�) (1)

where r is the geocentric radius; � is the geocentric angle
denoting the pair (θ, λ), the spherical co-latitude and longi-
tude;W and U represent the earth’s gravity potential and the
normal gravity potential of the reference ellipsoid, respec-
tively.

According to Helmert’s second condensation, the anom-
alous potential TH is defined as

TH(r,�) = T (r,�)− δVt(r,�) (2)

The residual topographical potential δVt is defined as

δVt(r,�) = Vt(r,�)− Vct(r,�) (3)

where Vt represents the topographical potential, and Vct rep-
resents the condensed topographical potential.

The Helmert gravity anomaly �gH for centimeter geoid
determination on and above the earth’s surface is given by
(Vanı́ček et al. 1999):

�gH(r,�) = �g(�)+ 2

R
H(�)�gB(�)+ ∂Vt(r,�)

∂h

−∂Vct(r,�)

∂h
+ δγ + δAa (4)
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where�g is the free-air gravity anomaly; the second term is a
correction for the separation between the quasigeoid and the
geoid; the third term contains the Bouguer shell and spher-
ical terrain corrections; the fourth term contains the con-
densed Bouguer shell and spherical terrain corrections; δγ
is the secondary indirect topographical effect (SITE); δAa

is the direct atmospheric effect; H is the orthometric height
of the topography; and �gB is the simple planar Bouguer
gravity anomaly.

As for the actual Earth, the fundamental equation of phys-
ical geodesy can also be expressed for Helmert’s disturbing
potential TH on and above the Earth’s surface (Heiskanen and
Moritz 1967; Vanı́ček et al. 1999):(

−∂TH(r,�)

∂h
+ TH(r,�)

γ (r,�)

∂γ (r,�)

∂h

)
= �gH(r,�)+ ε,

(5)

where ε stands for the correction for deflection of the vertical,
and γ stands for the normal gravity. Because the boundary
values are required on the geoid, the Helmert gravity anom-
alies evaluated from the data must be reduced to the geoid.
The most common reduction technique is the spherical har-
monic DC for which Eq. (5) must be written in its spherical
approximation as follows:(

−∂TH(r,�)

∂r
− 2

r
TH(r,�)

)
.= �gH(r,�) . (6)

Equation (6) allows us to use the harmonic DC technique to
reduce the Helmert gravity anomalies to the geoid because
r�gH becomes harmonic. Therefore, we have

�gH(rg, �)
.= �gH(r,�)+ fDC(�gH(r,�)) , (7)

where rg stands for the geocentric radius of a point on the
geoid; fDC corresponds to the DC operator. Numerical
experiments show that the DC effect of the Helmert grav-
ity anomalies on the geoid does not exceed 3 m in the region
of interest. It is therefore predictable that the error from the
spherical harmonic DC is less than 1 cm.

2.2 Approach B

Equation (5) can be re-written into a form to satisfy a modeled
Earth where all the topography is removed, i.e., a spherical
refined Bouguer (SRB) gravity field(

−∂TSRB(r,�)

∂h
+ TH(r,�)

γ (r,�)

∂γ (r,�)

∂h

)

= �gSRB(r,�)+ ε , (8)

where

TSRB(r,�) = TH(r,�)− Vct(r,�) (9)

and

�gSRB(r,�) = �g(�)+ 2

R
H(�)�gB(�)

+∂Vt(r,�)

∂h
+ δγ + δAa . (10)

The SRB gravity anomaly defined in Eq. (10) differs from
the Helmert gravity anomaly in Eq. (4) by only the condensed
topographical effect (CTE). The CTE is defined in Appen-
dix A. Equation (8) can be written in the following form by
spherical approximation(

−∂TSRB(r,�)

∂r
− 2

r
TH(r,�)

)
.= �gSRB(r,�) . (11)

Equation (11) makes the spherical harmonic DC possible
because r�gSRB becomes harmonic. Thus, we have

�gSRB(rg, �)
.= �gSRB(r,�)+ fDC(�gSRB(r,�)) , (12)

and

�gH(rg, �)
.= �gSRB(r,�)+ fDC(�gSRB(r,�))

− ∂Vct(r,�)

∂h

∣∣∣∣
r=rg

. (13)

Numerical experiments show that the DC of the refined Bou-
guer gravity anomalies on the geoid does not exceed 0.5 m
in the region of interest. Thus, the error from the spherical
harmonic DC is at the sub-centimeter level. Different authors
have described this approach with different approximations
(Moritz 1968; Sideris 1994; Véronneau 2002).

From Eqs. (4), (7), (10) and (13), we can establish the
relation between the DC of the refined Bouguer anomaly and
the Helmert anomaly as:

fDC(�gSRB(r,�)) = fDC(�gH(r,�))+ ∂Vct(r,�)

∂h

∣∣∣∣
r=rg

−∂Vct(r,�)

∂h
(14)

Note that Vanı́ček et al. (2004) define another type of
gravity anomaly in the so-called “no-topography space.” This
new type of anomaly is theoretically meaningful, but requires
more effort to compute.

3 The degree-banded Stokes integral

In this study, the geoid height N is evaluated in terms of the
degree-banded Stokes technique as follows:

N(�) = NH(�)+ δNPITE(�) , (15)

where δNPITE, the primary indirect topographical effect (PITE)
on the geoid (Vanı́ček et al. 1999), is the distance between the
geoid and Helmert co-geoid along the normal to the reference
ellipsoid. The Helmert co-geoid height NH can be computed
by

NH(�) = NSG
H,2∼l(�)+NCG

H,l+1∼mCG
(�)

+ R

4πγ

∫
�′
SDB(ψ)

[
�gTG

H (�′)−�gSG
H,2∼l(�

′)

−�gCG
H,l+1∼mCG

(�′)
]
d�′ + Ce . (16)
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The subscript H indicates the Helmert field, while the
superscripts SG, CG and TG indicate the satellite-only har-
monic gravity model, combined harmonic gravity model and
terrestrial gravity data, respectively. l represents the selected
upper limit for spherical harmonic degree of the satellite-
only gravity model. mCG represents the maximum degree of
the combined harmonic gravity model, which should prefer-
ably be greater than or equal to 200 to properly account for
the far-zone contribution of the Stokes integration accord-
ing to the numerical experiments we have done. Finally, Ce
represents the residual ellipsoidal correction to the spherical
Stokes integration. This correction is omitted in this paper as
it accounts for about 2 cm at most in the region of interest
(Huang et al. 2003b).

The degree-banded Stokes kernel SDB can be written as:

SDB(ψ) =
mTG∑
n=l+1

2n+ 1

n− 1
Pn(cosψ) , (17)

wheremTG = π/� and� corresponds to the sampling inter-
val of the terrestrial gravity data. This modification to Wong
and Gore’s (1969) kernel truncates the spectral components
higher than the data sampling frequency. The truncated ker-
nel eliminates the aliasing errors and can be considered a
band-pass weight function to the geoid components. This idea
was suggested by Colombo (1977); Novák and Heck (2001)
and Kern et al. (2003) applied a similar concept to Poisson’s
downward continuation and data combination purposes.

A number of modified Stokes kernels (e.g., Meissl 1971;
Wenzel 1982; Sjöberg 1984, 1991; Vanı́ček and Kleusberg
1987; Featherstone et al. 1998; Evans and Featherstone 2000)
have been developed with the objective to minimize the far-
zone contribution of the Stokes integration and to optimally
combine satellite gravity models and terrestrial gravity data.
These kernels provide superior alternatives to the degree-
banded Stokes kernel (Eq. (17)). However, considering the
existence of systematic biases in the Canadian terrestrial
gravity anomalies (Véronneau and Huang 2003) and insuffi-
cient random error information about them, the degree-
banded technique appears to be more practically useful.When
the biases and error information become better known, the
other kernel modifications cited above may be preferable due
to their various theoretical merits.

4 Numerical results in Western Canada

The selected area for numerical investigation is located in
Western Canada (latitude 49◦N–60◦N; longitude 110◦W–
130◦W) and includes the Canadian Rocky Mountains. The
topography ranges from sea level to elevations reaching
3,200 m with a mean height of 900 m and a standard devia-
tion of 520 m (see Fig. 1). As stated, Jekeli and Serpas (2003)
have already shown that the two approaches produce approx-
imately the same geoid models in areas of plain and hilly
topography, but significantly different results in a mountain-
ous area. As such, we shall focus on a mountainous area.

4.1 Gravity data

For the determination of Helmert gravity anomalies on the
geoid, we pre-determine an initial gravity grid for both ap-
proaches. The initial grid contains refined Bouguer anomalies
as defined by Heiskanen and Moritz (1967, Eq. 3–21). The
procedure for creating the grid followed four steps:

• evaluate the refined Bouguer anomaly at each terres-
trial gravity measurement (land and oceans) using a 1 :
20,000 digital elevation model (DEM) (equivalent to a
1′′ ×1′′ DEM). Terrain corrections were evaluated only
within the near-zone with a radius of 50 km using planar
formula;

• interpolate the refined Bouguer anomalies into a 40′′ ×
40′′ grid by least squares collocation (correlation length:
35 km);

• area-average the refined Bouguer grid onto a 2′ × 2′
grid; and

• fill the data voids over the oceans by using satellite
altimetry-derived gravity data from the NCTU01 model
(Hwang et al. 2002).

The far-zone terrain corrections were then added to the
refined Bouguer anomalies to produce the spherical refined
Bouguer anomalies using the spherical terrain correction for-
mula (Martinec 1998). The Helmert gravity anomalies can be
simply summarized from Eqs. (4), (7), (10) and (13) as:

�gH(rg, �)
.= �gSRB(r,�)− ∂Vct(r,�)

∂h
+fDC(�gH(r,�)). (18)

�gH(rg, �)
.= �gSRB(r,�)+ fDC(�gSRB(r,�))

− ∂Vct(r,�)

∂h

∣∣∣∣
r=rg

(19)

for approaches A and B, respectively.

4.2 GPS-leveling at benchmarks

The solutions from approaches A and B will be converted
to geoid heights (N ) and compared with 664 GPS-leveling
stations. The GPS-leveling stations are depicted in Fig. 1
as black dots. The geopotential numbers (C) come from
a minimum constraint adjustment of the geodetic leveling
observations dating after 1981, and three following adjust-
ments by sequentially including leveling observations back
to 1971, 1939 and 1904. The rationale behind this strategy is
to prevent the older data from distorting the leveling network.
The orthometric heights (H ) were computed from estimates
of real gravity gradients. The national adjustment indicates
the observation that the sea level next to Vancouver (Pacific
Ocean) is higher than the sea level next to Halifax (Atlantic
Ocean) by 80 cm (Véronneau 2002). It is not concluded yet
whether the difference represents the sea surface topography,
a systematic error over some 6,000 km of leveling lines or a
mixture of both. The ellipsoidal heights (h) are obtained from
GPS observations between 1986 and 2001 in the ITRF97.
The GPS observations also constitute a national adjustment
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Fig. 1 Topography and the 664 GPS-leveling validation stations in Western Canada

constrained to the active control stations and stations of the
Canadian base network (Craymer and Lapelle 2004; pers.
comm.).

The relation between the ellipsoidal, geoid and orthomet-
ric heights is expressed as:

h−H −N
.= 0 . (20)

The residuals of h − H − N are not expected to be zero
because of gross, random and systematic errors in the three
height types. The accuracy of geoid heights is usually worse
than those of the ellipsoidal and orthometric heights, which
are typically precise to between 2 and 5 cm when neglecting
possible systematic errors in the leveling network. It should
be pointed out that the error might also come from vertical
motions (e.g., local subsidence or uplift) at the benchmarks
between the leveling and GPS observation epochs.

Geodesists are working towards determining gravimetric
geoid heights as accurate as h andH through improved meth-
odologies and data. In most of these developments, GPS-
leveling heights (h−H ) are commonly used to validate the
gravimetric geoid heightsN and to identify any improvement
from methodology and/or data.

4.3 Geoid modeling

As for the terrain correction, the CTE is sensitive to the
roughness and resolution of the DEM. The rougher the DEM,
the rougher the CTE and, consequently, the Helmert gravity

anomalies (see Table 1). However, the determination of the
CTE does not require the true DEM because the geoid solu-
tion is, in principle, independent of the condensation process,
while the terrain correction must be evaluated using a DEM
as realistic as possible because the local/regional topography
and its composition affect the physical shape of the geoid. The
primary role of the mass condensation is to make the PITE
small, i.e. to minimize the separation between the geoid and a
co-geoid associated with a condensation process. The worst
case is the zero-mass condensation that leaves the spherical
refined Bouguer anomaly unchanged, and may render the
PITE more than 100 m in mountainous regions. The nature
of the CTE gives us flexibility to choose a smooth or mean
DEM in implementing the Helmert condensation.

The criterion for deciding upon a condensation process is
that it yields a smooth gravity anomaly field with a PITE as
small as possible on the geoid. From Eq. (18), the CTE is the
dominant term in determining the roughness of the Helmert

Table 1 Near-zone contribution (about 110-km radius) of the con-
densed terrain effect, evaluated at the Earth’s surface using the CTED
DEM with different resolutions, for the Canadian Rocky Mountains
(latitude 49◦N–54◦N; longitude 114◦W–124◦W). Unit: mGal

DEM Resolution Min. Max. Mean Std. Dev. RMS

30′′ × 30′′ −163.072 76.129 −2.547 18.885 19.056
2′ × 2′ −86.673 50.305 −2.101 12.954 13.123
5′ × 5′ −33.407 20.340 −1.176 6.484 6.589
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field. For a stable DC, a smooth Helmert field is desired. On
the other hand, the PITE tends to increase in magnitude with
the condensation of a smoother DEM. A proper choice is that
the resolution of the mean DEM, which is used to evaluate the
CTE, and that of the gravity data are the same. Therefore, the
PITE can be split into two parts. The first part is the primary
indirect effect from the DEM for the evaluation of the CTE.
The second part takes account of the residual terrain effect
that is predictably small. The formulae for the PITE can be
found in Appendix B.

Discrete DC of the Helmert gravity anomalies is strongly
affected by the CTE. A basic rule is that the DC spatial reso-
lution should be equal to or greater than that of the CTE. Oth-
erwise, the discretization errors become unacceptably large,
and may even cause more than 100% of the DC errors (Huang
2002). The discrete DC is also extremely sensitive to the
DEM (see Table 2). By increasing the DEM resolution, the
DC may even become numerically unstable (Martinec 1996).
It turns out that the DC is numerically stable with a mean
2′ × 2′ DEM in the Canadian Rocky Mountains.

Following approach A, we evaluated geoid heights for
Western Canada. It constitutes a region of rough topogra-
phy and gives among the largest DC effects throughout Can-
ada. The Helmert anomalies were computed by using the
near-zone (about 330-km radius) CTE from the mean 2′ × 2′
CTED DEM and the far-zone CTE from the mean 2◦ × 2◦
GTOPO DEM in terms of Eq. (4). The region (latitude 42◦N–
67◦N; longitude 92◦W–150◦W) is larger than that of the
geoid model to reduce the edge effects of the Stokes integra-
tion. The DC of the Helmert anomalies was carried out by us-
ing Poisson’s and Moritz’s methods (see Table 3 and Fig. 2).

For Poisson’s DC, the integration is carried out over a one-
degree cap radius that introduces an accountable truncation
error of 1 cm at maximum (Huang 2002). A six-degree cap
is used to solve Moritz’s DC to order-five so as to meet the
convergence of the Moritz DC series. Details of Poisson’s
and Moritz’s methods are not repeated here, since Huang
et al. (2003a) review them, among others (e.g. Heiskanen
and Moritz 1967; Moritz’s 1980; Sideris 1987; Vanı́ček et al.
1996; Martinec 1996; Jekeli and Serpas 2003).

The regional geoid model was determined via the degree-
banded technique described in Sect. 3. The GGMO1C global
geopotential model (Tapley et al. 2004) was used to define the
long-wavelength part (l = 30) of the geoid. The low-degree

Table 2 Contribution of the downward continuation and the condensed
terrain effect within the near-zone (about 110-km radius) using DEMs
with different resolutions for the Canadian Rocky Mountains (latitude
49◦N–54◦N; longitude 114◦W–124◦W). The CTE is evaluated at the
Earth’s surface. The band-limited Stokes kernel was used to convert
gravity anomalies to geoid heights. Unit: m

Parameter DEM Min. Max. Mean SD RMS

DC 2′ × 2′ 0.392 1.847 1.240 0.297 1.271
CTE −1.682 −0.339 −1.120 0.272 1.153
DC + CTE −0.001 0.233 0.120 0.032 0.124
DC 5′ × 5′ 0.241 1.024 0.715 0.153 0.731
CTE 0.918 −0.194 −0.612 0.144 0.629
DC + CTE −0.012 0.213 0.103 0.031 0.108

part of this model (degrees 2 to 90) is determined from the
GRACE satellite mission, and the high-degree part (degrees
91 to 200) is determined by combining the GRACE solution
with surface gravity data (Ries 2003; personal communica-
tion). Our preliminary analysis shows that the GGM01C is
significantly better than previous models such as EGM96
within the low-degree band (degrees 2 to 90).

Table 4 and Fig. 3 show comparisons between the result-
ing geoid undulations and the GPS-leveling heights at the
validation benchmarks. Inclusion of the DC improves the
accuracy of the geoid considerably. As shown in Table 3 and
Fig. 2, the DC contribution can amount to about 88 mGal
in gravity, or 0.5 m in geoid height in the region of study
when using the degree-banded Stokes kernel. It is evident
that the DC plays a significant role in approach A. The stan-
dard deviation of the h−H−N improves from 16.1 to 8.2 cm
after adding the Poisson DC to the geoid model. Comparing
Figs. 3 b) and c), Poisson’s DC gives a greater improvement
than Moritz’s DC. The result is in agreement with a previous
study that suggests an approximation error in Moritz’s DC
(Huang et al. 2003a).

The DC of the refined Bouguer field is less sensitive to
data resolution than the DC of the Helmert gravity field, due
to less variability of the Bouguer field. The rows of DC+CTE
in Table 2 approximately represent DC of the refined Bou-
guer field according to Eq. (14). The 5′ ×5′ DC+CTE differs
from the 2′ × 2′ DC+CTE by only a few centimeters. This
suggests that the dominant part of the refined Bouguer DC
is characterized by spatial wavelengths longer than 5′ in this
region.

The magnitude of the refined Bouguer DC (about 21
mGal) is significantly smaller than that of the Helmert anom-
aly DC, as shown in Table 3 and Figs. 2 and 4. However, the
DC contribution for approach B is not negligible when the
centimeter geoid is sought. Note that the differences between
the Poisson and Moritz DC results reach a maximum of about
5 cm in the study region for approach B.

Table 4 shows comparisons between the resulting geoid
undulations and the GPS-leveling heights at the validation
benchmarks for approach B. The h − H − N results for all
three cases of approach B are similar to the one with Pois-
son’s DC for approach A. Improvement in the geoid model
is not evident for approach B after the DC is included. The
standard deviation of the h−H −N changes from 8.2 to 8.1
cm. It is noticeable that DC does not play an important role in
approach B as in approach A. Poisson’s DC appears slightly
better than Moritz’s DC according to results shown in Table
4. The small difference does not tell us if the DC improves
the geoid models in approach B because the h and H are
typically accurate to about 2–5 cm, and are also affected by
vertical motions. For validation purposes, the GPS-leveling
data used here are not accurate enough to demonstrate the
DC contribution for approach B.

Table 5 shows that the geoid results for the two approaches
differ by only a few centimeters, especially when using
Poisson’s DC. Poisson’s DC gives better consistency than
Moritz’s DC. Figure 5 shows that the small differences are
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Table 3 Contribution of the downward continuation effect for the 2′ × 2′ Helmert and Bouguer gravity fields in Western Canada (latitude
49◦N–60◦N; longitude 110◦W–130◦W). The degree-banded Stokes kernel function was used to convert gravity anomalies to geoid heights

Parameter Approach DC method Min. Max. Mean SD RMS

Gravity A Poisson −49.884 88.091 1.131 8.735 8.808
(mGal) Moritz −33.063 61.889 0.960 6.645 6.714

Poisson - Moritz −20.864 34.313 0.171 2.496 2.502
B Poisson −20.651 18.346 −0.071 0.973 0.976

Moritz (g1 only) −11.735 12.295 −0.079 0.866 0.869
Poisson - Moritz −8.916 6.814 0.007 0.299 0.299

Geoid A Poisson −0.248 0.545 −0.022 0.126 0.128
(m) Moritz −0.215 0.462 −0.019 0.107 0.109

Poisson - Moritz −0.034 0.098 −0.003 0.019 0.020
B Poisson −0.127 0.052 0.001 0.015 0.015

Moritz (g1 only) −0.166 0.066 0.001 0.023 0.023
Poisson - Moritz −0.023 0.054 0.000 0.010 0.010

Fig. 2 The downward continuation effect of 2′ × 2′ Helmert gravity anomalies on the geoid. The degree-banded Stokes kernel function was used
to convert gravity anomalies to geoid heights

correlated with the topography shown in Fig. 1, and appear
to be attributable to errors in the DC and CTE. Further study
is needed to refine the evaluation of the DC and CTE.

5 Summary

Two approaches based on Helmert’s second condensation
method are applied to determine gravimetric geoid models in
Western Canada. Approach A consists of directly continuing
the Helmert gravity anomalies downward to the geoid from

the Earth’s surface, while approach B follows a different pro-
cedure in which the refined Bouguer anomalies are continued
first, then the Helmert gravity anomalies are formed on the
geoid by adding condensation effects. In theory, both app-
roaches are equivalent, but in practice they produce different
results due to computational methods and numerical errors.

The DC of the Helmert gravity anomalies is sensitive to
the roughness of its field, which is determined principally by
the CTE. The roughness of the CTE is directly dependent on
the spatial resolution and roughness of the DEM. Fortunately,
the geoid model is independent of the condensation process.
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Fig. 3 GPS-leveling versus gravimetric geoid models before and after DC in approach A. h denotes the ellipsoidal height, H denotes the
orthometric height, and N denotes the gravimetric geoid height. σ represents standard deviation of the h−H −N

This property allows a flexible decision in choosing a smooth
or mean DEM for the computation of the CTE. A smooth
DEM renders a smooth Helmert gravity field that tends to
stablize the DC. However, the smoother the DEM, the larger
the PITE. Thus, for DC of the Helmert gravity anomalies, it is
important that the mean DEM, used for the determination of
the CTE, has the same spatial resolution as the gravity grid.
In our case, we use a mean 2′ ×2′ DEM for the determination
of the 2′ × 2′ Helmert gravity field.

The geoid results from the two approaches were com-
pared to GPS-leveling data in Western Canada. The stan-
dard deviations of the h − H − N for both approaches are
about 8 cm at 664 GPS-leveling validation stations inWestern
Canada. Approach A is more sensitive to DC because of the
roughness of the Helmert gravity field. The DC effects of the
Helmert gravity anomalies on the geoid reach up to about
0.5 m in Western Canada when the degree-banded Stokes

Table 4 Statistics of the h − H − N with and without the DC for
approaches A and B at the 664 GPS-leveling stations in Western Can-
ada. Unit: m

Approach DC method Min. Max. Mean SD

A Not Applied −0.447 0.482 −0.142 0.161
Poisson −0.343 0.267 −0.103 0.082
Moritz −0.350 0.266 −0.107 0.089

B Not Applied −0.362 0.276 −0.099 0.082
Poisson −0.358 0.267 −0.103 0.081
Moritz −0.345 0.268 −0.105 0.083

kernel is used. Poisson’s DC provides better numerical res-
ults than Moritz’s DC for approach A in terms of validation
against the GPS-leveling. Approach B is less sensitive to DC
because of the smoothness of the refined Bouguer gravity
field. The DC of the refined Bouguer anomalies contributes
to the geoid at the decimeter level in Western Canada, but
the accuracy of h and H imposes limitations on validating
this contribution. Both Poisson’s and Moritz’s DC give simi-
lar geoid results when validated against the GPS-leveling for
approach B. The numerical differences between approaches
A and B account for a few centimeters. They are mainly att-
ributed to the numerical accuracy of the DC and CTE. Note
that Jekeli and Serpas (2003) showed significant differences
of the geoid heights between the two approaches in their
mountainous region. The differences may be caused by the
insufficient resolution of the DC in contrast to that of the CTE
in their computations.

Table 5 Gravity and geoid differences between approaches A and B
for the same DC method in Western Canada (latitude 49◦N–60◦N; lon-
gitude 110◦W–130◦W). 198,000 points

Parameter DC methods Min. Max. Mean SD RMS

Gravity Poisson −4.128 5.871 −0.051 0.310 0.314
(mGal) Moritz −39.196 20.220 −0.215 2.442 2.442
Geoid Poisson −0.050 0.033 0.000 0.009 0.009
(m) Moritz −0.088 0.029 0.003 0.019 0.019
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Fig. 4 The downward continuation effect of the 2′ × 2′ refined Bouguer gravity anomalies on the geoid using Poisson’s equation. The degree-
banded Stokes kernel function was used to convert gravity anomalies to geoid heights. Note the grayscale for this figure is different to that of
Fig. 2 to show the features
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Appendix

A Condensed topographical effect (CTE)

CTE = −∂Vct(r,�)

∂h

.= 4πGσ(�))
R2

r2
−GR2

×
∫
�′

[σ(�′)− σ(�)]
∂L−1(r, ψ, r ′)

∂r
d�′ (21)

where

L(r, ψ, r ′) = (r2 − 2rr ′ cosψ + r ′2)
1
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σ(�)
.= ρ(�)H(�) (23)

B Primary indirect topographical effect (PITE)

δNPITE(�) = δV1(�)

γ
+ δV2(�)

γ
(24)

where

δV1(�) = Vcap(�)− Vccap(�)
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(
R,ψ, r ′)∣∣∣R+H(�′)

r ′=R

−R2τ(H(�′))L−1(R,ψ,R)
]
d�′ (25)

K̃(r, ψ, r ′) = 1

2
(r ′ + 3r cosψ)L(r, ψ, r ′)

+ r
2

2
(3 cos2 ψ − 1) ln |r ′ − r cosψ

+L(r, ψ, r ′)| + C (26)
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Fig. 5 Geoid height differences between approaches A and B with the Poisson DC. Note the grayscale for this figure is different to that of Figs. 2
and 4 to show the features

τ(H) = H

(
1 + H

R
+ H 2

3R2

)
(27)

Vcap(�) = 2πGρ(�)

×
[(

− (3 cos2 ψ − 2)R

6
− r ′ cosψ

6
+ r ′2

3R
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2
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Vccap(�) = 4πGRρ(�)τ(H(�)) sin
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�′
ρ(�′)K̃(R,ψ, r ′)
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(30)
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The geoid as an inverse problem to be regularized. In: Anger G, Go-
renflo R, Jochmann H, Moritz H, Webers W (eds) Inverse problems:
Principles and applications in geophysics, technology and medicine,
Akademie Verlag, Berlin, pp. 122–167

Evans JD, Featherstone WE (2000) Improved convergence rates for the
truncation error in geoid determination. J Geod 74:239–248

Featherstone WE, Evans JD, Olliver JG (1998) A Meissl-modified
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