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Abstract. This paper deals with continuous-time zero-sum two-person Mar-
kov games with denumerable state space, general (Borel) action spaces and
possibly unbounded transition and reward/cost rates. We analyze the bias
optimality and the weakly overtaking optimality criteria. An example shows
that, in contrast to control (or one-player) problems, these criteria are not
equivalent for games.
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1. Introduction

We are concerned with continuous-time two-person zero-sum stochastic
games with denumerable state space. Most of the papers dealing with Markov
games consider discrete-time models (e.g. [9, 10, 11]) but there are just a few
references that analyze continuous-time games; see e.g. [6, 7, 17]. In [17], a
general state space is considered but restrictive boundedness assumptions are
made. On the contrary, in the papers by Guo and Hernandez-Lerma [6, 7], for
a denumerable state space, both the reward/cost rates and the transition rates
are allowed to be unbounded. In this paper, we follow this approach.
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t The research of this author was partially supported by CONACyT Grant 37355-E.
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One of the most widely used optimality criteria is average optimality but,
as it is well known, this criterion is very underselective and, thus, more
restrictive optimality criteria have been proposed in the stochastic control
literature as, for instance, bias optimality [8, 12, 14], overtaking optimality [1,
4,8, 12, 15, 18] and sensitive discount optimality [13, 14], among others. The
bias and overtaking optimality criteria are concerned with the asymptotic
optimization of the total expected reward (or cost) on finite-horizon prob-
lems, as the time horizon goes to infinity. The bias optimality criterion, for
stochastic games, is implicitly introduced in [10, 11]. Overtaking optimality
for stochastic games is analyzed in [3, 4, 16] and also by Nowak in [10, 11].
Sensitive discount optimality for stochastic games is studied in [10].

In the previous papers dealing with stochastic games, the obtained results
were more or less direct generalizations of the corresponding results in sto-
chastic control. For instance, the existence of optimal strategies or the exis-
tence of the value of the game were obtained under quite similar assumptions;
see e.g. [7, 9]. In this paper and for the first time (as far as we know), we
exhibit an important discrepancy between control and game models. More
precisely, in stochastic control, bias and weak overtaking optimality are
essentially equivalent (see [8, Section 10.3] and [12]) whereas, under similar
hypotheses on a stochastic game model, we prove that there exist bias optimal
strategies though there might not exist weakly overtaking optimal strategies.

The rest of the paper is organized as follows. In Section 2 we define the
game model and introduce our assumptions. In Section 3 we recall some
results on the average optimality equations introduced in [7] and we make a
more detailed analysis of the solutions to those equations. We define the bias
optimality criterion in Section 4 and, by introducing the so-called bias opti-
mality equations, we prove the existence of bias optimal strategies. Section 5
is devoted to the weak overtaking optimality criterion: the relations existing
between this criterion and bias optimality are explored, and we provide a
counterexample showing that weakly overtaking equilibria might not exist.
Finally, in Section 6, we conclude with some remarks in which we point out
that the sensitive discount optimality criteria, which have been extensively
studied in control models, might be of limited interest in stochastic games.

2. Preliminaries

In this section we define the game model we will deal with and introduce our
assumptions.

The game model. The continuous-time two-person zero-sum game we are
concerned with is given by

e The state space S, assumed to be a denumerable set. We suppose without
loss of generality that S = {0, 1,...}.

e The action sets 4 and B for players 1 and 2, respectively, which are sup-
posed to be Borel spaces. For each i € S, the (nonempty) Borel set 4(i) C 4
(resp. B(i) C B) stands for the set of admissible control actions for player 1
(resp. player 2) in state i. Define

K= {(i,a,b):i € S,acA@),be B
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e The system’s transition rates g;;(a,b), where j € S and (i,a,b) € K. They
verify that g;;(a,b) > 0 whenever j # i, and they are assumed to be con-
servative, 1.e.

Zqii(“’b) =0 forevery (i,a,b) € K,
es

and stable, which means that

q(i):=  sup  {—qu(a,b)}
(a,b)€A(i)xB(i)

is finite for every i € S. Finally, given i and j in S, we suppose that
(a,b)—q;j(a, b) is measurable on A(i) x B(i).

e The reward/cost rate function »: K — R, assumed to be measurable on
A(i) x B(i) for each i € S fixed. For player 1, r represents the reward rate
whereas 7 is the cost rate for player 2.

The so-defined game model is written
M = {Sa (A(i)vB(i)7i € S)? (Qij(a>b))v (r(i,a,b))}.

The game is played as follows. At each time ¢ > 0 both players observe the
state of the system, say i € S, and they independently choose control actions
a; € A(i) and b, € B(i). Then their reward/cost rate at time ¢ is »(i, a;, b;) and,
also, the system moves to a state j # i with a probability rate g;;(a;, b;).

The goal of player 1 (resp. player 2) is to maximize (resp. minimize) his/her
reward (resp. cost) over the time horizon [0, co) with respect to some suitably
defined optimality criterion. We shall deal with three different optimality
criteria: average optimality, bias optimality and weak overtaking optimality.

Strategies. In this paper we will restrict ourselves to stationary strategies. The
reasons for this are, first of all, that our assumptions will ensure the existence
of optimal stationary strategies for the average optimality criterion (see [7]).
Second, the bias optimality criterion is usually defined (in stochastic control
problems) only on the class of stationary strategies (see e.g. [12]) and, finally,
one cannot expect to find an overtaking optimal policy in the class of non-
stationary policies; see [2] and the comment after Theorem 5 in [11].

For each state i € S, let 2(A4(i)) be the space of probability measures on
A(i) endowed with the topology of weak convergence. The space 2(B(i)) is
defined similarly. We will also use the notation A(i) := 2(A4(i)) and
B(i) :== 2(B(i)) for i € S.

A randomized stationary strategy n' for player 1 is a family of probability
measures 7! (-|i) in 2(A4(i)) for each i € S. The set of stationary strategies for
player 1 is denoted IT'. When using policy n' € IT', player 1 randomly
chooses a control action which depends on the state of the system but not on
the time ¢. We define similarly the stationary strategies for player 2, writ-
ten 7% € I1%.

For a general definition of admissible nonstationary strategies the inter-
ested reader is referred to [7].

When the players use strategies (n', n%) € IT' x IT? the (stationary) tran-
sition rates of the system are
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q,-j(nl,nz) = / / q,-j(a,b)nl(da|i)7r2(db|i) fori,jes,
B(i) A(i)

and the reward/cost rate is

r(i,n', n?) = / / r(i,a,b)n' (da|i)n*(dbli) for i€ S.
B(i) A()

We also introduce the notation

4s(D.0) = / / gir(a, ) (da)p (db) 2.1)
B(i) A()
and
iy o) = / / (i, a, b)p(da) (db) (22)
B(i) A(i)

for i,j €S, ¢ € A(i) and ¥ € B(i). Our assumptions below ensure that the
above integrals are well defined.

Assumptions. Now we state the assumptions we make on the game model ..
They are supposed to hold throughout the following.

Assumption A. There exist a sequence {S,},-; of subsets of S, a nonde-
creasing function w: § — [1,00) and constants ¢ > 0, d > 0 and M > 0 such
that

(1) Sw TS and sup;cs, q(i) < o0
(i) lim, o infzg, {w(j)} = 4o00;
(iii) for every (i,a,b) € K, 3 s qij(a,b)w(j) < —ew(i) + d1yiy,
where 1 denotes the indicator function;
@iv) |r(i,a,b)| < Mw(i) for every (i,a,b) € K.

Assumption A(i) and A(ii) are not necessary when the transition rates are
bounded, that is, when sup;g ¢(7) is finite. Assumption A guarantees, for each
(n', %) € ' x H2 the existence of a regular Q-process with conservative

transition rate matrix

O(n', 7%) := {gy(n',7*)}, jes-
We denote by {x(¢,n!, %)}, the homogeneous Markov process defined by
O(n', %) and, for each initial state i€S, let E/"™ be the corresponding
expectation operator. For a detailed construction of the Markov process
{x(t,n',7?)},~, we refer to [7].

Next we state the usual compactness-continuity conditions.

Assumption B.

(i) For each i € S, the action sets 4(i) and B(i) are compact.
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(i1) Given i,j € S, the functions

(a,b)—qij(a,b), (a,b)— Y qy(a,b)w(j) and (a,b)—r(i,a,b)
Jjes
are continuous on 4(i) x B(i).
(iii) There exist w' : S — [0,00) and constants ¢’ > 0, d > 0 and M’ > 0 for
which

g(w(@) < M'W (i) and Zq,jab j) < dwW(i)+d
Jjes

for all (i,a,b) € K

Finally, we must impose a condition ensuring that the Markov processes
{x(t,7",7%)} 0, for (m',m?) € ' x [1%, are irreducible and that they verify
the uniform exponential ergodic property. To this end, we propose the fol-
lowing sufficient monotonicity condition that was introduced in [5].

Assumption C.
(i) For each (a;,b;) € A(i) x B(i) and (a;11,bi41) € A(i+ 1) x B(i + 1),

D aylanbi) <3 gy (@, bie)

=k =k

for every i,k € S, provided that k£ £ i+ 1.

(ii) Given two states i # j, either g;j(a,b) > 0 for every (a,b) € A(i) x B(i),
or there exist [ states iy,is,...,i, with iZ£i; and i, # i,, for
m=1,...,1—1, such that

qii, (a7b)qi1[2(ail7bi]) qllj(aln ) >0

for every (a,b) € A(i) x B(i) and (a;,,b;,) € A(in) X B(in), for
m=1,.

(i) For j Si> 0 either g;;(a, b) > 0 for all (a,b) € A(i) x B(i) or there exist
n states ji,...,Jj, such that, defining j, :=i, we have j, | # j, and
Jjm#£0 for m=1,....n, and j,>j. Moreover, for any
(a,b) € A(i) x B(i) and (aj,,bj,) € A(jm) X B(jm), form=1,...,n—1,
qij, (a, b)qfl./'z (ajl ) bjl) ©jurjn (ajn—l ) bjn—l) > 0.

This assumption ensures that, given (n!,n?) € IT' x IT>, the Markov

process {x(, 7', 7%)},- is irreducible and thus its unique invariant probability
measure, denoted w1 2, verifies

1 2{i} >0 foreveryiesS. (2.3)

Assumption C also implies the uniform exponential ergodic property (4.1)
below; see [5].

To conclude this section we introduce some more notation. Let w be as in
Assumption A and denote by B,,(S) the Banach space of real-valued func-
tions u on S with finite w-norm defined as

[ell, = sup{Ju(@)] /w(i)}
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Our assumptions guarantee that, for every pair of strategies

(', 7?) € T X I1%, 3 o w(j)itn 2{j} < oo and thus, for u € B,(S),

.un',nz(u) = /u dtunl,nz
N
is finite.

3. Average optimality criterion

Given T > 0 and a pair of stationary strategies (n',7%) € IT' x IT* define the
total expected payoff of (r!,7?) over the time interval [0, 7] when the initial
state is i € § as

T
Jr(i,nt, n?) = Ef]’”z [/ r(x(t, 7', n?), 7t n?)dt]. (3.1)
0

By Lemma 7.1(a) in [7], the expectation and the integral in (3.1) are inter-
changeable. The average payoff of the pair (n',n?) is then defined as

) Jr(i 1 2
J(i,nl,nz) = lim supiT(l’n )

forieS. 3.2
m su T (3.2)

By standard arguments it follows that J(i,n',n%) = py . (r(-, 7', 7%)), that
does not depend on the initial state i. Therefore, we will simply write (3.2) as
J(n', n?).

Observe that, when dealing with the average payoff criterion, the situation
is greatly simplified by just considering the family of stationary policies and,
as shown in [7], we can indeed restrict our attention to stationary strategies
without loss of generality.

We define the value of the game (for the average reward/cost criterion) as

V*:= sup inf J(n',7%) = inf sup J(n',7?),

el n2ell? n2ell? ler!
which is well defined; see [7, Theorem 5.1(c)].

Definition 3.1. Consider the stochastic game M. We say that a pair of sta-
tionary strategies (n*!, n*?) € IT' x I1? is average optimal if

J(n' 1?) <J(n,n?) <J(n*',7?) forevery (n',n?) € TI' x IT°. (3.3)

The set of average optimal strategies is denoted TT*! x TT*2.

It is worth noting that if (n*',7n*2) is average optimal then
J(m*!', n*2) = V*, though the converse is not necessarily true. Observe also
that the notation IT*! x IT*? suggests that the set of average optimal strategies
is a rectangle in IT' x I1%. In fact, this property turns out to be true as a
consequence of Theorem 3.3(ii) below. (See Lemma 4.6 and the paragraph
after it.)

Now we introduce the so-called average optimality equations. For ease of
notation we shall write, for i,j€S, (¢,¢)€d(i)xB(i) and
(n',7?) e ' x IT?,
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qij($, ) = qii(, 7 (-|i)) and gy(n',¥) == gqy(n' (i), ),

and also

r(i, ¢,n2) = r(i7(;’>,n2(-|i)) and r(i,nl,l//) = r(i, nl(-|i),l//).

Definition 3.2. We say that a constant g € R, a function h° € B,,(S) and a pair
of strategies (n',n?) € TI' x I1? verify the average optimality equations if

g=r(i,n", 7% + Zqij(nl,nz)ho(j) (3.4)
jes
= sup {r(i, ¢, ) + > _ qii(d, 7)H°(j)} (3.5)
$EA(i) Jjes
= inf {r(z ') —&-un R ()Y, (3.6)
WEB(i) jes

for every i € S.

Our next theorem summarizes some useful results about the average
optimality equations.

Theorem 3.3. Suppose that the game model M verifies Assumptions A, B
and C. Then:

(1) There exist solutions to the average optimality equations (3.4)—(3.6).
Moreover, the constant g = V* (the value of the game) and the function h°
is unique up to additive constants.

(1) A pair of strategies is average optimal if and only if it satisfies the average
optimality equations.

Proof. (i). The first statement in (i) as well as the fact that g = V* is proved in

[7, Theorem 5.1]. Let us show that 4° is unique up to an additive constant.

Suppose that (V*, h*) and (n*!,7*?), and also (V*,h) and (7', %), satisfy

(3.4)(3.6). Then we have

V* = sup J(n',n*?) and V* = inf J(@, 7°),

nlell! e’
and thus
v =J(@, n?). (3.7)
On the other hand, we know that
V* = sup {r(i, )+ Zq,j o, T ) (j)} foriesS
ped(i) Jjes

and, in particular,
ez n?) 4> gy, w )k (j)  fori€S.
Jjes
If the strict inequality holds in any of the above inequalities then, multiplying
by gz 2{i}, which is positive (recall (2.3)), and summing over i € S yields
v* > J(m',n*?), contradicting (3.7). Therefore,
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vi=r(m, n) + > qy(@, 7wk (j) for cach i€ S.
jes

Mutatis mutandis we obtain

Ve =r(i, @, n?) + Zq,j(ﬁl,n*z)ﬁ(j) for each i € S.
jes

Hence, the functions 4#* and A verify

Zqzj(fl,n*z)(h*(j) —h(j)) =0 foreveryics,

JES

that is, A* — A is harmonic and, as in the proof of [12, Theorem 3.3], this
implies that #* and % differ by a constant.

(i1). The if part is established in [7, Theorem 5.1(d)]. To prove the only if
statement proceed by contradiction. Suppose that (z*',7*?) is a pair of
average optimal strategies that does not verify the average optimality equa-
tions. Then, either (3.5) or (3.6) do not hold. Suppose for instance that (3.5) is
not satisfied. We have, by Theorem 5.1(c) and Lemma 7.2 in [7], that there
exists ! € II' such that

Ve <r@i,n',n +Zq,j (n', m2)h°(j) foreveryic S
jes
with strict inequality for some i € S. Multiplying by the invariant probability
measure [y . and summing over i € S yields V* < J(n 7*2), and then, by
Definition 3.1, we obtain V* < J(n',7*?) < J(n* )— V*, which is not
possible. This completes the proof. O

In stochastic control theory, strategies that satisfy (3.4)—(3.6) are called
canonical. Hence Theorem 3.3 proves the equivalence between average opti-
mal strategies and canonical strategies. It is a well known fact that, in general,
there might exist optimal strategies that are not canonical. In our case, the
irreducibility of the state Markov processes (recall Assumption C) implies
that both classes coincide.

4. Bias optimality

In this section we are going to define the bias of a pair of stationary policies.
We will give an interpretation of the bias in terms of the total expected
reward/cost over finite time intervals as the time horizon goes to oo and we
will introduce the bias optimality criterion.

The extended game model. For technical reasons it is useful to consider the
stochastic game model .# in which the admissible control actions correspond
to the randomized actions in model .#. More precisely, let

M =S, (A(i), B(i),i € S), (q;1(d. ), (r(i, ,1)) }-

Proposition 4.1. If the game model M verifies Assumptions A, B and C, then so
does M.
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Proof. First of all observe that the transition rates of the system, i.e. the
qij(¢, ), are measurable on A(i) x B(i) and that they are conservative and
stable. The reward/cost rate function is also measurable.

Assumption A for ./, with the same constants as for .#, is easily derived
from (2.1) and (2.2).

Since A(i) and B(i), for i € S, are compact Borel spaces then A (i) and B(i)
(endowed with the weak convergence topology) are also compact Borel spaces
for each i € S. Hence, Assumption B(i) is satisfied. Assumption B(ii) is a
consequence of [7, Lemma 7.2]. Assumption B(iii) is easily verified for
model ..

Finally, it is trivial to check that Assumption C also holds for .#. This
completes the proof. O

Proposition 4.1 implies that the randomized stationary policies (and not
just the deterministic stationary policies) verify the w-uniform exponential
ergodic property, that is, there exists a constant R > 0 such that

TEI 7'[2 —Ci .
sup B T ulx(t, ', 1)) — po 2 ()] < Re”[[ul |, w(0) (4.1)
(nl,m2)en! x 1
for each i€ S, t>0 and u € B, (S), where the constant ¢ >0 is as in
Assumption A.
The bias and the Poisson equations. We define the bias of (7!, n%) € IT' x IT* as
the function {#°(i,n', n*)},.5 € B,.(S) given by

Wi, nt, / x(t,n,7?), 7t 7n?) —J(nl,7?)|dt foricS. (4.2)
0

Observe that (4.1) ensures that 4°(-, z', 7?) is indeed in B,,(S).

The bias of a stationary policy can be computed via the Poisson equations
defined next.

Given a pair of stationary strategies (n!,7?) we say that g € R and
h° k' € B,,(S) are a solution of the Poisson equations for (', n*) if

g=r(i,n",7°) + > qy(n',7)h°(j) foreveryics (4.3)
jes
and
= Zqij(n],ﬂiz)hl(j) for every i € S. (4.4)
Jjes

The average payoff J(n!, n?) and the bias of (n', n%) are characterized by the
Poisson equations in the following sense.

Proposition 4.2. Let (n',7%) € TI' x T1? be given.

(i) The solution (g,h°) € R x B,,(S) of the Poisson equation (4.3) exists. Also,

g =J(n',n*) and, moreover, h°(-) coincides with the bias h°(-, ', n*) ex-

cept for an additive constant, that is, there exists z € R such that
R(i) +z=h(i,n',n*) for everyicS§.
If in addition p ;2 (h°) =0, then h°(-) = h°(-, o', n?).
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(ii) The solution (g,h°,h') € R x B,,(S) x B,,(S) of the Poisson equations
(4.3)—(4.4) exists and it verifies

g=J(", %) and K(:)=h(-, 7', 7).

Proof. The proof goes along the same lines as that of [12, Proposition 3.4].

See also the proof of [13, Theorem 4.1]. O
Bias optimal policies. From (4.1) and the definition (4.2) of the bias we obtain
that

Jr(i, ', 7w?) =J (7', 7T + K0 (i, 7', 7?) + O(e™T) (4.5)

as T — oo for every i € S and (n',7%) € TI' x IT°.

Therefore, to asymptotically maximize the total expected reward over fi-
nite time intervals, player 1 should attempt to maximize the average reward
J(n', %), for fixed n° € IT%, and then maximize the bias #°(-, 7', 7%) within the
class of average optimal policies. Player 2 defines similarly his/her bias cri-
terion. Now we give the precise definition of bias optimality.

Definition 4.3. Consider the stochastic game M. We say that a pair of average
optimal stationary strategies (n*', w*?) € II*! x II*? is bias optimal if

K@i, 7', n?) < K1, 7 n*?) S (i, w*! n%) (4.6)
for1 every, i €S and every pair of average optimal strategies (n',m*) €
T x I,

Before proceeding to prove the existence of bias optimal policies we need
two more preliminary results. The following result is perhaps well known but
we could not find a reference. Hence we will provide a proof.

Lemma 4.4. Let f: X X Y — R be a continuous function, where X and Y are
compact Borel spaces. Then g:Y — R given by ¢g(y) := max,cx f(x,y) is
continuous.

Proof. To prove the continuity of g we will proceed by contradiction. Sup-
pose that there exists y € Y and a sequence {y,} in ¥ verifying y, — y when
n—oo and ¢g() /4 g(»). Also, let x€X and x,€X be such that
g(v) = f(x,y) and g(m) —f(xn,yn) There exist ¢ > 0 and subsequences of
{x,} and {y,} (not explicit in the notation) for which

lgOn) —g(y)| > ¢ and x, —x*, for some x* € X.

Hence, one of the following two conditions is satisfied: (i) g(y,) > g(y) + ¢ for
infinitely many n; or (i) g(y) > ¢g(y,) + ¢ for infinitely many n.

Suppose that (i) holds. Then ¢(y,) = f(x,,y,) converges to f(x*,y), and
thus f(x*,») > g(y) + &, which is a contradiction. Else if (ii) holds, and since
f(x,y) — g(»), observe that

F6yn) 2 gOnm) +€/2 = f(xn,3n) +¢/2

infinitely often, which contradicts the definition of x,. This establishes the
stated result. O

Definition 4.5. Consider the game model 4 and let (V*,h°) € R x B,,(S) be a
solution of the average optimality equations (3.4)—(3.6). Fix i € S and let Ay(i)
be the set of ¢ € A(i) such that
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V*: inf {r (],')l// +quj¢lph0( )}

WeB(i) jes

Define also By(i) as the set of € B(i) for which
Ve = sup {r(i, ) + > _ qij(d, ¥)A°(j)}.

PeA(i) J€S

Lemma 4.6. The sets Ay(i) and By(i) in Definition 4.5 are convex compact
Borel spaces for every i € S and, further, they do not depend on h°.

Proof. First of all, let us prove that 4y(i) and By(i) are compact Borel spaces.
By Assumption B(i), the sets A(i) and B(i) are compact Borel spaces.
Therefore, 4(i) and B(i) are also compact Borel spaces. Thus, to prove our
statement, it suffices to show that 4 (i) and By (i) are closed sets, which is true
as a consequence of Lemma 4.4 and Lemma 7.2 in [7].

Let us now show that Ay(i) is a convex set. To this end observe that, for
each € B(i), the function ¢—r(i, ¢, ) is linear in the following sense:

r(i, At + (1= )% ) = ar(i, @' 9) + (1 = A)r(i, %)
for ¢', ¢* € 4(i) and 1 € [0, 1], and where ip' + (1 — 2)$” is a convex linear
combination of probability measures on A(i), which is itself a probability
measure in A(7). Similarly we have that for a given € B(i),
b > jes 4ij(¢, W) (j) is linear. Therefore,

qu mf {r L)+ ai(d )R ()},

jes
which is the infimum of linear functions, is concave. On the other hand,

V* = sup inf {r(i,¢,y) +ZCIU (6. )" ()},

e (i) VeB() =

and thus A(i) is the set of maxima of a concave function and so Ay(i) is
convex.
Using the same arguments one can show that

Y sup {r(i,d,¥) +Z%j¢‘//ho( )}

(756/4 i) jes

is convex and thus By (i) is convex.

To conclude the proof, observe that the solution #° of the average opti-
mality equations (3.4)—(3.6) is unique up to additive constants (by Theo-
rem 3.3(i)) and since the transition rates of .# are conservative (recall the
proof of Proposition 4.1) then Ay(i) and By(i) do not depend on 4. O

By Theorem 3.3(ii), (n',7?) is in IT*' x TT*? if and only if ='(-|i) € 4y (i)
and 7*(-|i) € By(i) for each i € S, and this justifies the use of the rectangle
notation IT*! x IT*2.

Suppose that (V*,ho) € R x B,(S) is a solution of the average optimality
equations. To analyze the bias optimality criterion consider now the sto-
chastic game .#, with state space S, admissible actions 4,(i) and By(i), for
i € S, and the same transition rates as .#. To determine the reward/cost rate
in ./, observe that by Proposition 4.2(i)
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K-, ', n*) = K°(-) 4z for some z € R 4.7)
and, therefore,

2= o 2 (1), (4.8)
where (n', %) is in IT*! x IT*2 Consequently, to find bias optimal policies it

suffices to con51der the stochastic game .# with reward/cost rate —h° under
the expected average reward/cost criterion. Summarizing, .# is defined as

Mo =S, (Ao(i), Bo(i), i € S), (i (. ¥)), (=h° (D))},
and observe that .Z, ) satisfies Assumptions A, B and C. In particular, the
average value V% of ./, exists and then, by (4.7) and (4.8),

H*(i):= inf sup h°(i,n',7*)= sup inf RACR AN =)+ V™ (4.9)

n2ell*? alelr*! nlell* “m2ell?

for every i € S. Note that V%" = V% (h°) depends on the particular solution 4°
of the average optimality equations, though 4° 4+ 7% (k%) does not depend
on A

The bias optimality equations. We give a characterization of bias optimal
policies via the bias optimality equations defined below.

Definition 4.7. We say that g € R, h° k' € B,(S) and (n',7*) € ! x II
verify the bias optimality equations if

g=r(i,n", 7% + Zq,j(n] , 2R () (4.10)
jes
= sup {1, 7) + 3 (TR ()) (@.11)
$EA(i) jes
= inf {r(z ') —|—Zq,j RIS (4.12)
WEB(i) =

for every i € S and, moreover,

0 :—l’lo(l.)—ﬁ—zqij(ﬂ:l,ﬂ:z)hl(j) (413)
JES
= sup {=h"(i)+ > qi(¢,7)h' ()} (4.14)
d)EA()() Jjes
:l//lnf { ho +ZQU 7 (J)}) (415)
EBO jes

for every i€ S.

Theorem 4.8. Suppose that the game model M verifies Assumptions A, B
and C. Then the following holds.
(1) The solutions of the bias optimality equations exist and, further,

g="V" and K'(i)=H(i) foreveryics.

(ii) The stationary strategies (n', n%) € II' x I1? are bias optimal if and only if
they verify the bias optimality equations.
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Proof. (i). The equations (4.10)—(4.12) are the average optimality equations.
By Theorem 3.3, they have a solution and we know that g = V™.

Concerning equations (4.13)—(4.15), observe that the stochastic game .#
verifies the hypotheses of [7, Theorem 5.1], though average optimal strategies
for .4 are randomized actions, that is, they are probability measures on Ay (i)
and By(i) or, in other words, they belong to 2(2(4(i))) and 2(2(B(i))),
respectively. Nevertheless, the convexity property proved in Lemma 4.6 al-
lows us to “‘stay” in 2#(A(i)) and 2(B(i)).

Indeed, for a given i€ S, define the followmg projection operator
p:2(Ao(i )) — Ay (i) where, for ¢ € 2(4y(i)), po is a probability measure on

A(i) defined by

= / ¢(F)p(d¢) for each measurable set F C A(i).
Ao(i)
Note that p¢ € 4y(i) because Ay (i) is a convex set of probability measures; see
Lemma 4.6. Similarly, we may define p : 2(By(i)) — Boy(i) where, for sim-

plicity, we will use the same notation. o _ B
Observe also that the transition rates of (¢, ) € 2(4o(i)) x 2(Bo(i)), i.e

45, 9) = / /quw B(do) P(dy)
Bo Ao

verify
4ij($,¥) = 4;;(p$,py) for j €.
A similar result is true for the reward/cost rate r(i, 5 V). Identifying ¢ € 4(i)
with the Dirac measure concentrated at ¢, we have 4 Ao(i) C P(A4o(i)), and also
By(i) € 2(Bo(i)). _ _
Therefore, there exists a correspondence from 2(4y(i)) (resp. Z(By(i)))
onto Ay(i) (resp. Bo(i)) with invariant transition and reward/cost rates, and

thus invariant expected rewards/costs. As a consequence, the average opti-
mality equations of .#y may be written as

o — ho(i) + Zqij(nlﬂ'Cz)hl(j)

Jjes
= sup {—h"()) + > _ qij(d, 7)h' (j)}
pedo(i) Jjes
= inf {-A"(i) ; ()},
nf (- +;q’ AR ()}

for i € S and some (n', 7%) € IT*! x I1*2. Hence, from (4.9) we deduce that H*
verifies equations (4.13)—(4.15). To prove the uniqueness property observe
that 4° in (4.10)—(4.12) is unique up to additive constants (recall Theorem
3.3(i)) and, therefore, the solution 4° of (4.13)—(4.15) is necessarily unique and
coincides with H*.

(ii). This part follows from the equivalence between optimal and canonical
policies of .# that was established in Theorem 3.3(ii). O

Expression (4.5) shows that bias optimality is related to the asymptotic
maximization/minimization of the total expected reward/cost Jr(i,n!, 7).
This relation is further explored in the next section.
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5. Weak overtaking optimality

We introduce the weak overtaking optimality criterion for continuous-time
stochastic games, which is the extension to continuous-time games of the
discrete-time definition given in [10, Definition 3].

Roughly speaking, we say that a pair of strategies is weakly overtaking
optimal if, in the limit as 7' — oo, it is a saddle point of the finite-horizon total
expected payoff Jr(i,n!, n%). This is formalized below.

Definition 5.1. A4 pair of strategies (n*',n*?) e T! x T? C ' x 1% is weakly
overtaking optimal in the class T' x T2 if for each (n',7n*) € T' x I andi € S
we have

li}n inflJr(i, 7', 7*%) — Jr(i, 7', n*3)] > 0 (5.1)
and
lim sup[Jr(i, n*', n*?) — Jr(i, "', n*)] < 0.
T—o0

Our next two results explore the relations existing between bias optimality
and weak overtaking optimality. We then present an example showing that
these relations are not as “‘strong’ as for control (or single-player) problems.
In fact, for continuous-time controlled Markov chains and under assumptions
similar to ours, bias optimality and weak overtaking optimality are equiva-
lent; see [12, Theorem 3.8].

Theorem 5.2. Suppose that the stochastic game M verifies Assumptions A, B
and C. If a pair of strategies (n*',7n*?) € II' x 11> is bias optimal then it is
weakly overtaking optimal in the class of average optimal strategies TI*! x TT*2,

Proof. Let (n',n?) € II*! x IT*? be a pair of average optimal strategies.
Recalling (4.5) we have

Jr(i,n', 7)) = VT + K3, 7', 7*) + O(e™T) forallic S,
and thus Definition 4.3 yields

Tlim Ur(i,mt, ) — Jr(i, 7', 1)) = K03, 't ) — K033, n!, %) > 0
and also

Tlim Ur(i, mt, w2 — Jr(i, 7t 7?)]) = KO3, nt, 7?) — K033, n* 7?) <0

—00

for every i € S. This g)roves that bias optimal strategies are weakly overtaking
optimal in IT*! x IT*. O

Theorem 5.3 Suppose that the stochastic game M verifies Assumptions A, B
and C. If a pair of strategies (1*',w*%) € II' x I1? is weakly overtaking optimal
in TI' x 1% then it is bias optimal.

Proof. Using (4.5) and recalling Definition 5.1 it follows that
Tlim [(J(n*, %) — J(x', W) T + 103, "' %) — (i, 7', )] > 0 (5.2)
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and

im [((, ) — I )T+ 10, 7 — B ) <0 (53)
for every (n',n%) € IT' x I1*> and i € S.

Dividing by T and letting 7 — oo in (5.2) and (5.3) yields precisely con-
dition (3.3) in Definition 3.1, that is, (z*!, 7*?) is average optimal. Suppose
now that (n!, 7%) € IT*! x IT*?. Then (5.2) and (5.3) become (4.6) in Definition
4.3, completing the proof. O

An example. The result of Theorem 5.2 cannot be extended to weak over-
taking optimality in the class of all stationary policies or, in other words, the
converse of Theorem 5.3 needs not to be true. Indeed, as shown by the
example below, there might not exist weakly overtaking optimal policies in
the class of stationary policies.

Consider the following zero-sum stochastic game. The state space is
S={0,1}

and the admissible control actions are

A(0) = {0}, 4(1)={0,1}, B(0)={0}, B(1)={0,1}.
The reward/cost rates and the transition rates are given by

r(0,0,0) =4, r(1,0,0) =1, (1,0,1) = -2, #(1,1,0) =0, r(1,1,1) =2
and

q00(0,0) = =2, q11(0,0) = =1, ¢11(0,1) = qui(1,0) = g1 (1, 1) = -2,

respectively.

Randomized stationary policies for player 1, denoted r!, are parametrized
by x € [0, 1], where ! (:|1) takes values 0 and 1 with probabilities x and 1 — x,
respectively. We will denote by 72, with 0 < y < 1, a randomized stationary
strategy for player 2, where n§(|1v) takes values 0 and 1 with probabilities y
and 1 — y, respectively.

It is easily verified that the so-defined game model satisfies Assumptions
A, B and C in Section 2.

Let us compute the average reward/cost of the stationary policies (n}c, nﬁ),
for x and y in [0, 1]. Direct calculations show that the expected reward/cost
rates for stationary policies are

r(0,7,72) =4 and r(l,7!,7%) =Sxy —dx —2y+2

s oty s M0 ity

whereas the transition rates matrices are

-2 2
12y _
Q(TCX,TCy) = (2 —xy xy— 2)'
Hence the invariant probability measures are given by
2 —xy
{0} =
:un)‘,.ny{ } 4 —xy

and thus the expected reward/cost of the stationary strategy (n!, 72

X7 VY

2
and :unl,ng{l} = m for 0 <x,y< 1a

) is
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—8x—dy+ 12
J(x,y) :=J(n! 71:2):6xy 8x — 4y + .

x7 Yy

4 —xy

Now we determine the set of average optimal policies. For a fixed x € [0, 1]
we have

J(x, 1) =2, for 0 <x<1/2,
inf J(x,y) =< J(x,y) =2, for x=1/2and 0 <y <1,
0=t J(x,0)=3—-2x, forl/2<x<]l,

and given y € [0, 1]

_ [J(O,y)=3-y, for 0<y<l,
Oiligl'](x’y)_{J(x,y):L for y=land 0 <x< 1.

As a consequence, the value of the game is V* = 2. It also follows that the
family of optimal stationary strategies, which is given by the (x*,»*) such that

J(x*,p") inf J(x*,y) = sup J(x,y") =V" =2,
0<x<1

B 0<y<1
is (nl,7?) for 0 < x* < 1/2.

Consider now the stationary policy (n!,7?) for some 0 < x < 1. Observe
that the average reward/cost and the bias of this policy are

2
Jx,1)=2 and h(,x,1):=h(,n 7})= (j;), (5.4)
4—x

respectively. The unique bias optimal stationary policy is (n% /2,n%). Its gain
and bias are

J(U/2,1)=2 and h(-1/2,1) = (_;‘%) (5.5)
It is worth noting that since player 2 has a unique average optimal strategy
then the problem of finding bias optimal policies is reduced to a control (with
one player) problem.

Suppose now that there exists a weakly overtaking optimal policy in the
class of all stationary strategies for the above game model. By Theorem 5.3,
such a policy is necessarily bias optimal and, therefore, (n% 2 n3) would be
weakly overtaking optimal. However, recalling (5.4), it follows that the gain
and bias of (n}, n}) are

J(1,1)=2 and h(-,l,l):(_%ﬁ), (5.6)

and thus, by (5.5) and (5.6),
li}ninf [JT(i,n}/z,nf) —Jr(i,n},7})] = —2/21 <0 fori€s,

which contradicts (5.1).

As a conclusion, there does not exist any weakly overtaking optimal
policy. The reason is that finding bias optimal policies for a game model
cannot be reduced to finding bias optimal policies for a control problem.
Indeed, when we look for bias optimal policies in the game model we restrict
ourselves to the set of game average optimal policies, that is,
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(nl,7?) for0<x<1/2. (5.7)

However, even if the average optimal policy for player 2 is fixed, the game
bias optimization problem is not equivalent to the control bias optimization
problem when 72 is fixed, for in this case the control average optimal policies
are (recall (5.4))

(n!, %) for every x € [0, 1];

cf. (5.7). This is precisely the (erroneous) argument invoked in the proof of
Theorem 3 in [10] and Theorem 5 in [11] for discrete-time stochastic games.
Note that a similar argument is used in the proof [10, Theorem 2] when
dealing with strong 1-equilibria which, in the notation of Section 6 below,
would be referred to as 0-strong equilibria.

6. Concluding remarks

In stochastic control, it is usual to consider the so-called sensitive discount
optimality criteria as, for instance, n-discount optimality, forn = —1,0,1,.. .,
and Blackwell optimality (e.g. [13]). Roughly speaking, —1-discount opti-
mality and O-discount optimality are equivalent to average and bias opti-
mality, respectively. The standard methodology to deal with these sensitive
discount optimality criteria is the following.

(1) Solve the average optimality equations to determine — I-discount optimal
strategies.

(i1) Find 0-discount optimal strategies in the class of —1-discount optimal
policies and prove that they are 0-discount optimal in the class of al/
stationary strategies.

(iii) Find 1-discount optimal strategies in the class of 0O-discount optimal
policies and prove that they are 1-discount optimal in the class of all
stationary policies, etc.

We thus obtain a sequence of “‘nested” control problems which in the limit,
under suitable hypotheses, leads to the existence of Blackwell optimal poli-
cies.

The fact that the converse of Theorem 5.3 is not verified shows that the
above methodology is not applicable to stochastic games. Indeed, Theorem
5.2 gives the existence of 0-discount optimal policies in the class of —1-dis-
count optimal strategies, but not in the class of a// stationary strategies.

Iteratively, we can find n-discount optimal policies in the class of (n — 1)-
discount optimal policies, but it seems that not in a larger class. As a con-
clusion, the analysis of sensitive discount optimality criteria appears to be of
limited interest in stochastic games.
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