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Abstract. This paper is concerned with the analysis and comparison of
semidefinite programming (SDP) relaxations for the satisfiability (SAT)
problem. Our presentation is focussed on the special case of 3-SAT, but the
ideas presented can in principle be extended to any instance of SAT specified
by a set of boolean variables and a propositional formula in conjunctive
normal form. We propose a new SDP relaxation for 3-SAT and prove some
of its theoretical properties. We also show that, together with two SDP
relaxations previously proposed in the literature, the new relaxation com-
pletes a trio of linearly sized relaxations with increasing rank-based guaran-
tees for proving satisfiability. A comparison of the relative practical
performances of the SDP relaxations shows that, among these three relax-
ations, the new relaxation provides the best tradeoff between theoretical
strength and practical performance within an enumerative algorithm.
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1. Introduction

The satisfiability (SAT) problem is a central problem in mathematical logic,
computing theory, and artificial intelligence. We consider instances of SAT
specified by a set of boolean variables and a propositional formula in con-
junctive normal form. Given such an instance, the SAT problem asks whether
there is a truth assignment to the variables such that the formula is satisfied. It
is well known that SAT is in general NP-complete, although several impor-
tant special cases can be solved in polynomial time. There has been great
interest in the design of algorithms to solve the SAT problem; see [17] for an
extensive survey.
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Semidefinite programming (SDP) refers to the class of optimization
problems where a linear function of a matrix variable X is maximized (or
minimized) subject to linear constraints on the elements of X and the addi-
tional constraint that X must be positive semidefinite. This includes linear
programming problems as a special case, namely when all the matrices in-
volved are diagonal. A variety of polynomial-time interior-point algorithms
for solving SDPs have been proposed in the literature, and several excellent
solvers for SDP are now available. We refer the reader to the SDP webpage
[19] as well as the handbook [37] for a thorough coverage of the theory and
algorithms in this area, as well as several application arecas where semidefinite
programming researchers have made significant contributions.

We note that SDP has been successfully applied in the development of
approximation algorithms for hard combinatorial optimization problems.
The survey paper [28] provides an excellent overview of the results in this
area. In particular, SDP is the basis for recent approximation algorithms for a
related class of problems, the MAX-k-SAT problems. (The notation £-SAT
refers to the instances of SAT for which all the clauses have length at most k.)
Given a set of propositional clauses all of length at most & in conjunctive
normal form, the MAX-k-SAT problem consists of determining the largest
number of clauses that can be satisfied simultaneously by any given truth
assignment. The seminal paper of Goemans and Williamson [15] proposed
and analyzed an approximation algorithm using SDP for the MAX-2-SAT
problem. The approximation algorithm of Karloff and Zwick for
MAX-3-SAT [22] was shown to be optimal (unless P = NP), and further
extensions have been proposed by Zwick [38] and Halperin and Zwick [18].
These results provide the best known approximation guarantees for MAX-.-
SAT problems.

We are interested in the application of SDP to the basic SAT problem, and
in particular in how SDP can be used to prove unsatisfiability. In [12, 11], de
Klerk, van Maaren, and Warners introduced an SDP relaxation for SAT, the
so-called Gap relaxation. They show that the Gap relaxation characterizes
unsatisfiability for some interesting classes of SAT problems, such as muti-
lated chessboard and pigeonhole instances, as well as for 2-SAT. (Note that
unlike MAX-2-SAT, 2-SAT is solvable in polynomial-time [5].) However, it
cannot detect unsatisfiability when all the clauses have length three or higher.

More recently, we introduced in [2] an improved SDP relaxation which
can be used to prove that a given SAT formula is unsatisfiable, independently
of the lengths of the clauses in the instance. This relaxation is easily defined
for every instance of SAT, and it inherits all the favourable properties of the
Gap relaxation. It is constructed using ideas from a ‘‘higher liftings” para-
digm for constructing SDP relaxations of discrete optimization problems. The
use of liftings has been proposed in the literature within the framework of
general purpose lift-and-project methods for 0-1 optimization [6,33,30] and
the study of SDP relaxations for specific 0-1 problems dates back at least to
Lovasz’s introduction of the so-called theta function as a bound for the
stability number of a graph [29]. Alternatively, if a 0-1 problem is viewed as a
feasibility problem over an algebraic set, then SDP relaxations can be ob-
tained using Hilbert’s positivstellensatz [32]. For further recent research on
liftings for discrete optimization problems, see [8,16].

The lifting paradigm we consider can be summarized as follows. Suppose
that we have a discrete optimization problem on » binary variables. The SDP
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relaxation in the space of (n + 1) x (n + 1) symmetric matrices is called a first
lifting. Note that, except for the first row, the rows and columns of the matrix
variable in this relaxation are indexed by the binary variables themselves. To
generalize this operation, we allow the rows and columns of the SDP relax-
ations to be indexed by subsets of the discrete variables in the formulation.
These larger matrices can be interpreted as higher liftings, in the spirit of the
second lifting proposed by Anjos and Wolkowicz [4], and its generalization
independently proposed by Lasserre [25, 26].

Considering these higher liftings, an interesting question is to find con-
ditions on the rank of an optimal matrix for the SDP relaxation which ensure
that the optimal value of the SDP is actually the optimal value of the
underlying discrete problem. For liftings of the Maximum-Cut (max-cut)
problem, the rank-1 case is obvious since the optimal solution of the SDP is
then a vertex of the cut polytope (see e.g. [13]). For second liftings, a rank-2
guarantee of optimality was proved by Anjos and Wolkowicz [3], and this
result was extended to the whole of the Lasserre hierarchy by Laurent[27].
From a theoretical point of view, these rank-based conditions for optimality
can be interpreted as a measure of the relative strength of the relaxations.
From a practical point of view, they are helpful because of the occurrence of
SDP solutions with high rank when there are multiple optimal solutions to
the original discrete problem. This happens because interior-point algorithms
typically converge to a matrix in the interior of the optimal face of the cone of
positive semidefinite matrices, and in the presence of multiple solutions this
face contains matrices of ranks higher than one. Therefore, the ability to
detect optimality for as high a rank value as possible will often allow an
enumerative algorithm to avoid further branching steps and potentially yield
a significant reduction in computational time.

This paper is concerned with the practical application of the higher liftings
to discrete optimization problems, with a particular focus on SAT. Practical
computation with these liftings has proved difficult. The computational re-
sults reported in [1], where second liftings for max-cut problems with only up
to 27 binary variables were successfully solved, motivated us to consider
“partial” liftings which are more amenable to practical computation than the
complete higher liftings, while preserving as far as possible the desirable
properties of the complete liftings. One positive step in this direction was
taken in [2], where the dimensions of the proposed SDP relaxation for SAT
depend linearly on the number of clauses in the SAT instance, yet the
relaxation has a rank-3 guarantee for proving satisfiability. This means that if
the rank of the optimal solution of the SDP is 1, 2, or 3, then we can extract a
satisfying truth assignment from that optimal solution, and hence obtain a
certificate of satisfiability. The higher rank value guaranteeing a proof of
satisfiability thus reflects a greater ability to prove satisfiability, although it
also implies that a greater computational effort is required to solve the SDP.
The computational results reported in [2] show that the SDP relaxation used
in conjunction with an enumerative search procedure is still impractical for
solving SAT problems with more than, say, 100 clauses, unless the solution is
obtained without resorting to branching. Branching is not always necessary,
and in particular this relaxation successfully proved the unsatisfiability of
some hard instances that remained unsolved in the SAT 2003 competition,
showing that the SDP approach has the potential to complement existing
SAT algorithms.
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The results in this paper improve the applicability of SDP to SAT. We
shall focus on 3-SAT, although the ideas we present can in principle be
extended to any instance of satisfiability. The main contribution of this paper
is a new SDP relaxation for 3-SAT which is more compact than that proposed
in [2], but which is nonetheless able to detect both satisfiability and unsatis-
fiability of 3-SAT instances. Indeed, it is straightforward to prove that if the
SDP relaxation is infeasible, then the given 3-SAT instance is unsatisfiable.
Furthermore, if a feasible matrix Y is found, and its rank equals 1 or 2, then it
yields a truth assignment that satisfies the SAT instance, thus proving satis-
fiability of the instance. In this sense, we say that this new relaxation is
endowed with a rank-2 guarantee for proving satisfiability. Therefore, to-
gether with the aforementioned relaxations, it completes a trio of linearly
sized relaxations of increasing dimension and with correspondingly increasing
rank-based guarantees for proving satisfiability. We present computational
results showing that a basic enumerative algorithm using this relaxation is
able to routinely prove either satisfiability or unsatisfiability of Uniform
Random-3-SAT instances with more than 300 clauses from the DIMACS set
of benchmark problems. The computational results also suggest that the new
relaxation is more effective than previous relaxations in the literature when
using an SDP-based enumerative approach for solving instances of SAT in
conjunctive normal form. Therefore, this new relaxation is another step to-
wards a practical SDP-based algorithm for satisfiability.

This paper is structured as follows. In the next section we introduce some
notation, give a formal definition of the SAT and 3-SAT problems, and
present some previous work in the literature. In Section 3 we present the
construction of the new SDP relaxation, and in Section 4 we state and prove
some theoretical properties of this relaxation. In Section 5, we show how this
new relaxation completes a trio of linearly sized SDP relaxations for SAT.
Section 6 contains a brief explanation of the algorithm we implemented to
compare the practical performance of the three relaxations. Finally, Section 7
summarizes some directions for future research.

2. Formulation and previous SDP relaxations for SAT

We consider the SAT problem for instances in conjunctive normal form
(CNF). Such instances are specified by a set of variables xi,...,x, and a

propositional formula ® = A C;, with each clause C; having the form
=1 _

Ci= k\/I x¢ VX where [;,; C{1,...,n}, ;N]; =0, and X; denotes the
€l; kel; . . -
negation of xfl(We assume without loss of generality that |[; UZ;| > 2 for
every clause C;.) The SAT problem is: Given a satisfiability instance, is ®
satisfiable, that is, is there a truth assignment to the variables xi,...,x, such
that ®@ evaluates to TRUE?

We shall henceforth let TRUE be denoted by 1 and FALSE be denoted by
—1. For clause j and k € I; U1}, define

(1, if kel
Sf?k'—{—l, if kel (1)

The SAT problem is now equivalent to the integer programming feasibility
problem
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find x € {£1}"
s.t. > s,,kxkEZ—Z(Ci), j=1,....m

keLul;

where /(C;) = |I; UT;| denotes the number of literals in clause C;. Clearly this
problem is equivalent to the original SAT problem, and hence is in general
NP-complete. Some special cases of SAT can be solved in polynomial time
using linear programming, see [10]. Special instances of SAT with certain
constraints on the length of the clauses are often of particular interest, both
theoretically and in practice; we refer the reader to the survey [17]. In this
paper, we focus on 3-SAT, which refers to those instances of SAT for which
each clause C; satisfies |I; U ;| < 3. Nonetheless, the ideas in this paper extend
in a straightforward manner to any instance of satisfiability.

The initial study of the application of SDP to SAT was done by de Klerk,
van Maaren, and Warners who introduced the Gap relaxation for SAT [12,
11]. The Gap relaxation for 3-SAT may be expressed as follows:

find X € §"*!
s.t.

Sjiy Sj,iz)(il,iz - SjilXO,il - ‘S;/,izXOJZ +1=0,

where {ij,ir} =1; U1}, if [(C;) =2
(R) 87i8jXiv i + 85087 Xi s+ 8j.08j X iy — 87 X0,
=8, X0,i, — 8j.i X0, <0,
where {il,iz,i3} = Ij U[j, if I(C/) =3
diag(X) =e
X0

where S" denotes the space of n x n square symmetric matrices, diag(X)
represents a vector containing the diagonal elements of the matrix X, e de-
notes the vector of all ones, and X > 0 denotes that X is positive semidefinite.
This SDP relaxation is based on the elliptic approximations of clauses
introduced in [35] and it characterizes unsatisfiability for 2-SAT problems. (It
is well known that 2-SAT is solvable in polynomial time [5].) For later ref-
erence, we state this result as a theorem:

Theorem 1. [12, Theorem 5.1]For every instance of 2-SAT, the corresponding
Gap relaxation is feasible if and only if the instance is satisfiable. O

More interestingly, the Gap relaxation also characterizes satisfiability for
certain classes of SAT problems, such as mutilated chessboard and pigeon-
hole instances. Rounding schemes and approximation guarantees for the Gap
relaxation, as well as its behaviour on so-called (2 + p)-SAT problems, are
studied in [11]. Finally, we note that the Gap relaxation is always feasible
when the instance has no clauses of length less than three, and hence is unable
to detect unsatisfiability for such instances.

More recently, the author proposed an improved SDP relaxation which is
able to detect unsatisfiability independently of the length of the clauses, and
inherits all the properties of the Gap relaxation. The general construction and
analysis of this relaxation are presented in [2]. We outline here the derivation
of that relaxation for the specific case of 3-SAT, which is the focus of this
paper. In doing so, we set the stage for the introduction of the new SDP
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relaxation in Section 3. With the parameters s; as defined above, Proposition
1 in [2] implies that:
—1If [(C;) =2 and {i1,ir} = [; U, then C; is satisfied by x;,x;, € {£1} if and
only if
8j1%iy + 82X, = 8j18j2%; X, = 1.

—If I(Cl) =3 and {i],iz, 13} = [j Ul_j, then Ci 1s satisfied by Xiy s Xin, Xiy € {:l:l}
if and only if
Sj1Xiy + 8j2Xi, + 83Xy — Sj1870X; Xiy — 87,18,3%i, Xiy — 8728;,3%i,Xiy

+87,18,287,3%, X Xiy = 1.

Therefore, we can formulate the 3-SAT problem as follows:

find x;...,x,
s.t.
Sj1X4, —|—Sj’2x,'2 —8;,18j2Xi Xiy = 1, where {l] ,iz} :]j U[j7 lfl(CJ) =2
Sj1Xiy 872Xy +873Xi5 = 8;,187,2X0 Xiy — 8j,187,3Xi X3 — 87,2830, Xis
+57.18;28; 3%, XX, = 1, where {i1,i,i3} =L;UL;, if [(C;) =3
xl?: 1, i=1,...,n
The next step consists of formulating the problem in symmetric matrix
space. Let P denote the set of all nonempty sets 7 C {1,...,n} such that the

term []x; appears in the above formulation. Also introduce new variables:
icl

X7 = Hxi

iel
for each I € P, define the vector
v:=(l,xp,... 7)qw,‘)T7
and define the square symmetric positive semidefinite rank-one matrix
Y = vl

whose rows and columns are indexed by () U P. By construction of the matrix
variable Y, we have that ¥;; = x; for all I € P. Using these new variables, we
can formulate 3-SAT as:

find ¥ € SIPI*!
s.t.
S Yo gy +852Y0 1y — 8508720 %0, Yp 1y = 1
where {i|, b} =L UI;, if [(C;) =2
S Yo iy +8j2 Y0, g0y + 853 ¥0, 45y — 851852 Y0 i) — 8718730 401 ,3)
=528)3 X0 firizy + 57,18528/3 Y0 (ir o) = 1
where {i1,i>,i3} =1;Ul;, if [(C;) =3

diag(Y) =e
rank(Y) =1
Y>~0

This formulation has the form of an SDP, except for the requirement that
rank(Y) = 1. In order to improve the SDP relaxation obtained by removing
the rank constraint, we now observe that rank(Y) = 1 implies that for every
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triple I, I, I3 of subsets of indices in P such that the symmetric difference of
any two equals the third, the following three equations hold:

YV),I; = Y]z.,]}? Y@,Iz = Y11,13a and Y@.I3 = YI|.12~ (2)

Therefore we can add some or all of these constraints to the formulation
above without invalidating it. We add to it the equations of the form (2) for
all the triples {/;,1»,13} C P such that (I UL UL3) C (I; UI;) for some clause
j and satisfying the symmetric difference condition. Although these con-
straints are redundant when the rank constraint is enforced, they will make a
difference in the SDP obtained when the rank restriction is removed. Indeed,
in general we can require that

Yy, 1, = Yi,1, Whenever [|AL = AL (3)

where [;Al; denotes the symmetric difference of /; and I;. The tradeofl in-
volved in the choice of additional constraints is that as the number of con-
straints increases, the semidefinite relaxations become computationally more
expensive to solve. The motivation for the particular choice of redundant
constraints in (2) is that they suffice to prove Theorem 2 below, a corollary of
the main result in [2]. Thus we obtain the SDP relaxation for 3-SAT:

find ¥ € SPI*!
s.t.
$j1 Y0 gy 872 Y0 (i) — 8087050 %0, Y 1,y = 1
Where {il,iz} :[] U[/, lfl(C]) =2
$ia Yo iy +572Y0 {0y 553 Y0 i3y — 5518520 4ir oy — 851873 Y0 4 i}
(R —87.2873Y0 {1y} 55,187,283 Y (i iniyy = 1
where {i1,i2,i3} =1;U1;, if [(C;) =3

Yoo =Yor, Yor=Yypn and Yy, =Y, V{L,b,5}CP

such that ;Al, =z and (I UL UL3) C ({;Ul;) for some j

diag(Y)=e
Y >0

We refer to this relaxation as Rz, and it has the following properties:

Theorem 2. [2, Theorem 2] Given a 3-SAT propositional formula in CNF, the
following statements hold for the semidefinite relaxation R3:

— If Ry is infeasible, then the formula is unsatisfiable.

— If R3 is feasible, and Y is a feasible matrix such that rank Y < 3, then a
truth assignment satisfying the formula can be obtained from Y. Hence the
Sformula is satisfiable.

The computational properties of this relaxation were also studied in [2], where
it was successfully used to prove satisfiability and unsatisfiability of 3-SAT
instances with 50 variables and up to 100 clauses.

The results in this paper improve the practical applicability of SDP to
solve general 3-SAT instances. In Section 3, we propose a compact semi-
definite relaxation R, that is linearly sized with respect to the number of
clauses, improves on R; (the Gap relaxation), and is computationally superior
to R3 thanks to significant reductions in the dimension of the matrix variable
and in the number of linear constraints. The matrix variable of the compact



356 M. F. Anjos

SDP relaxation can be viewed as a principal submatrix of the matrix variable
in R3. We show that, compared with R3, the proposed semidefinite relaxation
R, retains the ability to prove unsatisfiability, and that although it does not
retain the rank-3 guarantee, it has a rank-2 guarantee. Hence, it is a com-
promise relaxation between the Gap and R3, and it completes a trio of linearly
sized semidefinite relaxations with correspondingly stronger rank guarantees.
Although we focus on 3-SAT, we note that the idea behind the construction
in Section 3 extends in a straightforward manner to general instances of SAT.

3. Construction of the compact SDP relaxation

We begin with the formulation for 3-SAT:

findx;...., x,
S.t.
Sj1Xi, +8j2Xi, — 8;,18;2Xi Xi, = 1, where {il,iz} :Ij U]j, 1fl(Cj) =2
Sj1Xi, 872X, 873X — 818,20 Xiy — 87,18,3Xi,Xiy — 828,30, X3
—l—sjvlsj,zs,}\;x,-lxizx,»} = 17 where {il,i27i3} :[j U]j, if I(C]) =3
xi=1, i=1,...,n

We then construct a different formulation in matrix space by choosing a
different collection of column indices. In [2], the set P of column indices
contained all the nonempty sets / C (I; U ;) corresponding to products of x;
variables appearing in the above formulation. To obtain a more compact
SDP relaxation, we choose a smaller set of column indices, namely

O:={I|1C (I;Ul) for some j,|I| mod 2 = 1}.

The set O is a strict subset of the set P, consisting of the sets of odd cardi-
nality in P. It is clear that the sets in P of even cardinality corresponding to
terms appearing in the above formulation are all generated as symmetric
differences of the sets in O.

Having chosen our set of column indices, we introduce new variables

X7 = Hxl-,
icl
for each I € O, define the vector
v:=(l,xp,... ,x]‘o‘)T,
and the rank-one matrix
Y = UUT,

whose rows and columns are indexed by () U O. By construction of ¥, we have
Y(A,[ =x; for all I € O and Y{min(l)},[A{min(l)} =x; forall I € P\O (NOtC that
TA{min(7)} is an element of P\O when |T| is even.)

This means that the new variables corresponding to subsets of logical
variables of odd cardinality appear exactly once in the first row of Y, and the
new variables corresponding to subsets of even cardinality have the “repre-
sentative” matrix entries Y{min(r)},7A{min(r)}- Therefore, we can formulate the
SAT problem as:
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find Y € SI9H!

s.t.
sian Y({in}) +s50 Y ({i2}) — 5850 Y ({i1,02}) = 1,
where {i|,ir} =L;UL;, if1(C;)=2
spa Y({ir}) + 850 Y ({i2}) + 5,0 Y ({i3}) — 8,87 Y ({i1,12})
=708 Y ({i1,83}) = 8870 Y ({02, 83}) + 87087087, Y ({1, 12,13 }) = 1,
where {iy,i>,i3} =L;UIL, if [(C;) =3
diag(Y)=e
rank(Y) =1
Y>0
where
Y@ T |T| Odda
Y(T) = ’
() { Yimin(r)},ra{min(r)}> || €ven.

Now we want to improve the semidefinite relaxations that we will obtain
by adding some constraints of the type in (3). We choose to add, for each
clause C; such that /(C;) = 3 with {i,i»,i3} = I; UI;, the constraints

Yot gy = Yiipdinsih Yty = Yobtinah Yoy = Yargnna- (4)

The motivation for the particular choice of constraints in (4) is that they
suffice to prove Theorem 3 below.
Finally, omitting the rank constraint gives us the R, relaxation:

find ¥ € SIO1+!
s.t.
sian Y({in}) +s50 Y ({i2}) =056 Y ({i,i2}) =1,
where{iy,ir} =1,U1;, ifI(C;)=2
sia Y({ir}) 450 Y ({i2}) +5;0 Y ({i3}) = 500870, Y ({i,12})
(R,) —=8jir8j.i Y ({i1,83}) =708 Y ({i2,03})
+587087,87, Y ({i1,32,83}) = 1, where {i1, 02,13} = [; U1}, if [(C;) =3
Yy qio}y = Vi) fininoin} Y{ili}v{i}} = Y{iZ}*{i“iz’i3.}7
and Y(i,} (1) = Vi) fir oy Where {i1, 2,53} = UL, if 1(Cj) =3
diag(Y)=e
Y>0

Note that for 2-SAT this relaxation is precisely the Ry relaxation.
We illustrate this construction with an example.

Example 1. Suppose we are given the CNF formula

(x1 Vx2)) A(xa VX3 Vxg) A(xz Vs VEs) A (X VX2V Xe)
Then

O = {{1},{2}, {3}, {4}, {5}, {6}, {234}, {345}, {126} },

and the matrix variable Y, if it is rank-one, has the form
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1 X1 X2 X3 X4 X5 X6 X2X3X4 X3X4X5 X1X2X6

X1 1 X1X2 X1X3 X1X4 X1X5 X1X6 X1X2X3X4 X1X3X4X5 X2X6

X2 X1X2 1 X2X3 XoX4 X2Xs X2X¢ X3X4 X2X3X4X5 X1X6

X3 X1X3 X2X3 1 X3X4 X3Xs X3X6 X2X4 X4X5 X1X2X3X6

X4 X1X4 XoX4 X3X4 1 X4X5 X4X6 X2X3 X3X5 X1X2X4X6

Xs X1X5 X2X5 X3Xs5 X4X5 1 X5X6 X2X3X4X5 X3X4 X1X2X5X6

X6 X1X6 X2X6 X3X6 X4X6 X5X6 1 X2X3X4X6 X3X4X5X6 XX
X2X3X4  X]X2X3X4 X3X4 X2X4 X2X3 X2X3X4X5  X2X3X4Xe 1 X2X5 X1X3X4X6
X3X4X5  X1X3X4X5  X2X3X4X5 X4Xs5 X3X5 X3X4 X3X4X5X6 X2Xs5 1 X1X2X3X4X5X6
X1 X2X6 X2X6 X1X6 X1 X2X3Xe X1X2X4Xe X]X2X5X¢6 X1X2 X1X3X4X6 X1 X2X3X4X5X6

Using the construction presented, we have the matrix variable Y partially
patterned on the structure of the rank-one matrix as follows:

I By Yo Yoy Yy Yy Yo Ypess Ypasy Ygoe
* *

L Yoy o# * * o Yiyge Yoy 46
1 Yor0 Yorw o Youe Yo * Y1y 46)
L Yo Yops o x Yorw Yaygs *
v — L Yaes * Yo Yoeus *
1 * * Y{3}7{4} *
1 * * Yoy
1 * *
1 *

1

where the lower triangle of Y'is fixed by symmetry. The elements of Y denoted
by asterisks are not involved in any of the linear equality constraints, al-
though they are of course constrained by the positive semidefiniteness con-
straint.

We then express the conditions for satisfiability using the entries in Y. For
each clause in the formula, we need one equality constraint:

(ivx) = Yoy + Yoo — Y = 1
(k2 VX3 Vxa) =Yoo — Yoy + Yogay + Y3 — Yop + Yoya — Yossy = 1
(3 VX4 VXs) = Yo 31 — Yoqa — Yoy + Yrqa + Yores) — Yapgsy + Yosasy = 1
(FiVX2VXs) = — Yoy — Yo — Yoger — Y — Yaney — Yorgey — Yon26 =
and thus the R, relaxation is

find ¥ € 8"
S.t.
Yo + Yoo — Yoy = 1
Yy g2y = Yoq3y + Yoqay + Yoy, — Yooy + Yiapqay — Yooy = 1
Y30 = Yoqay — Yous) + Yiapqay + Yiaygsy — Yaysy + Yo = 1
=Yy = Yoq23 = Yooy — Youygey — Yungey — Yizpey — Yo.0126) = 1
Y2306 = Y1), 4126
Y34 = Ypp.234)
Yyg6y = Y2p.41.206)
Yoy 4y = Y3y, 0234
Yiay g5y = Y3y, 345
Yoy.030 = Yiay 234
Y3y 150 = Y4y, 0345
Yi33,04) = Y5345
Yiy.021 = Yiey.01.26)
diag(¥Y) =e
Y =0
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4. Theoretical properties of the R, relaxation

If the given instance of 3-SAT is satisfiable, then it is straightforward to
construct a rank-one matrix Y feasible for the R, relaxation using any sa-
tisfying truth assignment. The contrapositive of this statement gives a suffi-
cient condition for proving unsatisfiability using the R, relaxation.

Lemma 1. Given any instance of 3-SAT, consider the corresponding semi-
definite relaxation R;. If the relaxation R, is infeasible, then the 3-SAT instance
is unsatisfiable.

The rest of this section is concerned with conditions for using R, to prove
satisfiability. More precisely, we prove that for the SDP relaxation R;, if the
SDP solver returns a feasible matrix of rank at most two, then the 3-SAT
instance is satisfiable. Furthermore, the proof shows how to obtain a sa-
tisfying truth assignment from such a feasible matrix. We will make use of the
following Lemmas.

Lemma 2. /3, Lemma 3.9] Suppose

— 0 o
Y
o

1
a
b

o~ Q

Then

1. If a® =1 then b = ac;
2. If b* =1 then a = bc;
3.If > =1 then a = cb.

Lemma 3. /3, Lemma 3.11] Suppose that the matrix

Il a b ¢
a 1l ¢ b
b ¢ 1 a
c b a 1

is positive semidefinite and has rank at most two. Then at least one of a,b,c
equals 1.

For every clause C; with [/(C;) =3, let Yc, denote the 5 x 5 principal
submatrix of the matrix variable ¥ corresponding to the rows and columns of
Y indexed by {0, {i1}, {i2}, {is}, {i1, 02,53} }, where {i1,i,i3} = [; U1}

Lemma 4. If' Y is feasible for the SDP relaxation and rank Y < 2, then for
each clause C; with [(C;) = 3, the corresponding principal submatrix Yc, has at
least one of the entries corresponding to a pair of variables equal to £1.
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Proof. Let iy, i>, and i3 denote the three variables in C;, and suppose without
loss of generality that ij < i, <i3. The principal submatrix Y, has the form

1 Yoy Yoy Yogny Yogiin)
Y10y 1 Yingny Yuondny  Yiohdin)
YNy Yoy 1 Yoy gy Yiaydiy
Yoty Yoty Yoyt 1 Yii) (ix)
Yoiiiy Yioygy Yoy Yoo 1
and since rank Y < 2 = rankY, < 2, it follows by Lemma 3 that at least one
of Y{il},{iz}a Y{[l},{h}, and Y{,‘z}_’%} equals +1. O

By Lemma 4, suppose (without loss of generality) that Yy; ) ;,1 = 0, where
8% = 1. Then for every row index I’ in O the principal submatrix indexed by
{I',{i3},{i1,12,i3}} has the form

! Y]/v{i3} Yv[’-{il,iz,i3}
Y g3y 1 0
Ylﬁ{il 2,03} o 1

and by Lemma 2, it follows that Yy (;,y = 6Yp ;, ;,.4,}- Hence, the entire column
{i1, 12,13} equals 6 times the column {i3}. Similarly, the column {i;} equals J
times the column {7 }.

Now let us turn our attention to the constraints enforcing satisfiability.
Firstly, observe that Y({i»}) = 0Y({i1}) implies that for all the constraints
involving terms Y (/) such that i, €7, we can replace Y(I) by
oY ((I\{i2}) U {i1}) (since column {i»} equals ¢ times column {i; }). Secondly,
consider the clauses C; of length 3. For each such clause C;, we have the
constraint

=50 Y({ir}) =50 Y({i2}) — 5; Y ({i3}) + 870870 Y ({71, 82})

i85, Y (i, i3}) + 87087, Y ({i2,13}) = 887085 Y ({i1, 12, i3}) = 0
(which we have rewritten for convenience). By the previous observations, we
have that Y ({i;,i»}) = J implies

Y({ila i27i3}) = 5Y({13})
Y({i2,i3}) = 0Y({i1,i3})
Y({ix}) = oY({i1})

Substituting for Y ({i1,42,13}), Y({i2,i3}), and Y({i»}) in equation (5) yields
(L4 08j0,850] = [sji + 0s;0]Y ({ir}) =[5/, + 0887854 ]Y ({i3})
+lsji 80 + 080,870 1Y ({i1,83}) = 0

(5)

which is equivalent to
(14 6s0,875 | [1 =550 Y({ir}) = s Y({is}) + 57087 Y ({i1,3}) ] = 0. (6)
Since Js;;,5;;, = *1, we have two cases:
Case 1.: Js;;5;;, = —1. Then 1+ Js;;5;;, =0 and therefore the constraint
will hold regardless of the values assigned to Y({i;}), Y({iz}), and
Y({i1,i3}). This case occurs when any truth assignment to x;, and x;,

such that x;x;, = J ensures that the clause evaluates to TRUE,
regardless of the value of x;,.
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Case 2.: Js;;,5;;, = 1. In this case, we must ensure that the values assigned to
Y({i1}), Y({is}), and Y({i1,i3}) satisfy the constraint
=50 Y({ir}) = s Y({i3}) + 5757, Y ({in, i3}) = 0.

Finally, we define a reduced SDP as follows: take every constraint arising
from Case 2 above, and let the matrix Y be indexed by the set of singletons
{ix} such that Y({ix}) appears in at least one of these constraints. The SDP
defined by the matrix ¥ and the constraints arising from Case 2 above, plus
the constraint Y > 0, is precisely of the form of the Gap relaxation for an
instance of 2-SAT. This means that the presence of a +1 in each principal
submatrix corresponding to a clause of length 3 allows us to reduce the
problem to an instance of 2-SAT.

Now recall that we have a matrix Y feasible for the original R, relaxation,
and observe that its principal submatrix indexed by the set of singletons used
to define Y is feasible for this reduced SDP. By Theorem 1, this implies that
the instance of 2-SAT is satisfiable. Consider a truth assignment that satisfies
the 2-SAT instance. For any of the variables in the original instance of 3-SAT
that are not present in this truth assignment, either they are to be set equal to
+ one of the variables in this assignment, or they are “free”, and can be
assigned the value +1, say. Finally, construct the rank-one matrix Y corre-
sponding to this truth assignment. Then Y is feasible for the original SDP
relaxation, and hence we conclude that the instance of 3-SAT is satisfiable.

Thus, we have proved:

Theorem 3. Given any instance of 3-SAT in CNF, consider the corresponding
semidefinite relaxation Ry:

— If Ry is infeasible, then the instance is unsatisfiable.
— If'Y is feasible for Ry and rank Y < 2, then the 3-SAT instance is satisfiable.

5. A trio of linearly sized semidefinite relaxations

For any instance of 3-SAT with » variables and m clauses, the SDP relaxation
R, can be viewed as an intermediate relaxation between R; and R3, and thus it
completes a trio of linearly sized SDP relaxations with correspondingly
stronger rank guarantees. The characteristics of the relaxations are summa-
rized in Table 1.

The names of the relaxations reflect their increasing strength in the fol-
lowing sense: For k = 1, 2,3, any feasible solution to the relaxation R; with
rank at most k£ proves satisfiability of the corresponding 3-SAT instance.
Furthermore, the increasing values of & also reflect an improving ability to
detect unsatisfiability, and an increasing computational time for solving the
relaxation. Nonetheless, the dimensions of the relaxations grow only linearly
with n and m.
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Table 1. A Trio of Linearly Sized SDP Relaxations for 3-SAT

Relaxation Dimension of the Number of linear Sufficient condition on
matrix variable ¥ constraints rank(Y) to deduce SAT

Ry n+1 n+m+1 rank(Y) =1

Ry <n+m+1 <n+5m+1 rank(Y) <2

R3 <n+4m+1 <n+26m+1 rank(Y) <3

6. Computational comparison of the SDP relaxations

We tested the effectiveness of the three relaxations by applying each of them
within an enumerative search procedure to prove satisfiability or unsatisfi-
ability of 3-SAT instances. The SDP relaxations were solved using the solver
SDPT3 (version 3.0) [34]. Although the SDPs in this paper have all been
stated as feasibility problems, in practice we must choose an objective func-
tion to be optimized. We used the function >"" | x; as objective function for
all our tests. We did not exploit any bounding information within the enu-
merative search since we stopped as soon as we found either a feasible
solution of sufficiently low rank (and hence a valid truth assignment), or a
certificate of infeasibility.

6.1. Criteria for Detecting Satisfiability

In implementing our algorithm, it is important to use the rank conditions to
detect that a feasible matrix actually yields a satisfying truth assignment. The
rank-one matrices can be detected by applying the following result from [1,
Theorem 2.1.1]:

Theorem 4. For any symmetric n X n positive semidefinite matrix Y,

Y,j=%1foralli,j=1,...,n if and only if rank(Y)=1.

Hence, if the optimal matrix Y* returned by the solver has all of its entries
equal to +1, then Y* directly yields a truth assignment showing that the
formula is satisfiable. In our algorithm, the tolerance for determining that an
entry of ¥ would be considered equal to 1 was chosen to be 0.999. Thus, if
|Yi;] > 0.999 then we set Y;; = sign(Y;;).

Failing that, we can check for R, and R; whether the rank of Y* is suffi-
ciently small by calculating the eigenvalues of Y* and checking them against a
given tolerance to determine whether they are deemed to be nonzero. (This
tolerance was set to 1073 in our algorithm.) If the appropriate rank condition
holds, then we use the construction in Section 4 to reduce the problem to an
instance of 2-SAT. A satisfying truth assignment for this instance of 2-SAT
can be obtained from the appropriate principal submatrix of Y* as described
in Section 5 of [12]. Once we have this truth assignment, it is straightforward
to extend it to a satisfying truth assignment for the original 3-SAT instance.
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6.2. Reducing the Dimension of the SDPs

Once one or more variables have been fixed, the SDP relaxation for the
resulting instance can be reduced in size by dropping all the clauses which
become satisfied by that assignment to the variables. This has a positive
impact both on the dimension of the matrix variable and the number of
constraints in the SDP. As a consequence, the SDP relaxation quickly be-
comes more effective as we fix one or more variables during the enumeration
process. Obviously, if the current set of fixed variables renders all clauses
satisfied or makes any clause unsatisfiable, then no SDP needs to be solved.

6.3. Search Strategy

Our search strategy was depth-first search, and we used the following strategy
for choosing the branching variable:

1. For the current instance, count the number of occurrences of each variable
(or its negation);

2. Consider the variables that attain the highest count, and choose the vari-
able which has smallest absolute value in the solution to the current SDP
relaxation;

3. Branch on this variable, and search first the assignment to this variable
which immediately satisfies the larger number of clauses.

Any ties in steps 2 and 3 are broken arbitrarily.

The motivation for step 1 is to choose a variable for which the fixing will
impact a large number of clauses. Then, in step 2, we choose from among
these variables the one with smallest absolute value. The idea behind this
heuristic is that for the rank-one matrices corresponding to truth assignments,
all the entries equal £1; hence entries with small magnitude are less desirable.
Finally, step 3 is a greedy choice that uses the fixing of the variable to satisfy
as many clauses as possible immediately.

6.4. Summary of Computational Results

The algorithm was implemented in Matlab on a 2.4 GHz Pentium IV with
1.5Gb. We solved both satisfiable and unsatisfiable instances of 3-SAT from
the Uniform Random-3-SAT benchmarks available at [21]. We considered
two sets of problems having n = 50 and n = 75 variables and m = 218 and
m = 325 clauses respectively. We ran a total of 40 instances of 3-SAT from
each set, half of them satisfiable and the other half unsatisfiable. For all the
relaxations, the algorithm was stopped after 2 hours on the instances with 50
variables, and after 3 hours on the instances with 75 variables. The compu-
tational results averaged over the 20 instances of each type are reported in
Tables 2 and 3. These results are for small problems, but they clearly illustrate
the tradeoffs involved in the choice of SDP relaxation as well as the advantage
of the R, relaxation over the other two relaxations when applied within an
enumerative algorithm. We make the following observations:

— The Gap relaxation is solved most quickly of all three, but we see that the
enumerative algorithm using it has to reach a large depth in the search tree
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Table 2. Computational results for satisfiable 3-SAT instances

Instances with n = 50 variables and m = 218 clauses

SDP Statistics of initial SDP # of Performance statistics averaged
used averaged over 20 instances instances over the solved instances
# linear Dimension CPU E;)_lﬁzir # calls Deepest Depth CPU
constraints of ¥ seconds timeout) O SDP node of valid seconds
to solve solver  reached truth for proof
assignment of SAT
found
Gap 269 51 2 20 664 42 41 603
Ry 486 268 28 20 28 12 12 199
R; 5104 775 1205 11 11 8 8 5165

Instances with n = 75 variables and m = 325 clauses

SDP Statistics of initial SDP # of Performance statistics averaged
used averaged over 20 instances instances over the solved instances
solved
# linear Dimension CPU (3-hour # calls Deepest Depth CPU
constraints of ¥ seconds  timeout) to SDP node of valid seconds
to solve solver  reached truth for proof
assignment of SAT
found
Gap 401 76 3 11 2498 62 59 4083
R, 725 400 29 20 91 18 17 1259
R; 7883 1220 4604 0 — - - —

before it stops. As a result, its total time is higher than that of the algo-
rithm using R».

— The opposite happens with the algorithm using R3: each SDP takes much
longer to solve, but the depth reached in the search tree is lower than for
the other two relaxations.

We conclude that, in comparison with the other two relaxations, the R,
relaxation is the most effective, and it can be routinely used to prove both
satisfiability and unsatisfiability for instances with a few hundred clauses.
However, we must mention that the computational time for the algorithm
using R; still increases quite rapidly. To illustrate this, we applied this algo-
rithm to 40 instances of 3-SAT with n = 100 and m = 430 from the same set
of benchmarks, evenly divided between satisfiable and unsatisfiable instances.
The algorithm was allowed to run to completion on all instances. The com-
putational results averaged over each set of 20 instances are reported in Table
4. Notice that proofs of satisfiability require over one hour on average, and
proofs of unsatisfiability over six hours. Indeed, the computational time for
any SDP-based algorithm is dominated by the effort required to solve the
SDPs. It is important to note that we used a general-purpose solver which
does not take advantage of the structure of the SDPs. Although important
advances have been made in the development of algorithms for solving SDPs
by taking advantage of structure [7,14,31,20,23,24,9,36], none of the tech-
niques proposed so far is of help in solving the SAT relaxations. Current
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Table 3. Computational results for unsatisfiable 3-SAT instances

Instances with n = 50 variables and m = 218 clauses

SDP Statistics of initial SDP # of Performance statistics averaged
used averaged over 20 instances instances  over the solved instances
solved
# linear Dimension CPU (2-hour # calls Deepest CPU seconds
constraints  of ¥ seconds timeout) to SDP  node for proof
to solve solver reached  of UnSAT

Gap 269 51 2 20 363 23 526
R, 485 267 12 20 41 6 337
R; 5090 773 1189 2 8 3 6139

Instances with n = 75 variables and m = 325 clauses

SDP  Statistics of initial SDP # of Performance statistics averaged
used averaged over 20 instances instances over the solved instances
solved
# linear Dimension CPU (3-hour # calls Deepest CPU seconds
constraints  of ¥ seconds timeout) to SDP  node for proof
to solve solver reached  of UnSAT

Gap 401 76 3 6 2626 41 7564
R, 725 400 30 20 194 11 2955
R;3 7886 1220 4628 0 - - -

research is considering how the structure of the R, and R; relaxations could be
specifically exploited within an SDP solver.

7. Future research directions

In this paper, we have proposed a new SDP relaxation for SAT and presented
computational results showing that it is more effective than previous relax-
ations in the literature when considering an SDP-based enumerative ap-
proach for solving instances of SAT in conjunctive normal form. Based on the
computational results in [2], it is likely that an SDP-based approach has the
potential to complement existing SAT algorithms, and this new relaxation is
another step in our ongoing research towards a practical SDP-based algo-
rithm for SAT.

From this perspective, we have two particularly important directions for
future research. Firstly, the enumerative algorithm could be significantly
improved by the application of more sophisticated techniques known in the
SAT area, such as splitting and resolution (see e.g. [17, Section 6] and the
references therein). Secondly, the computational time for the SDP-based
algorithms is dominated by the effort required to solve the SDPs. We have
solved all the SDPs using a general-purpose solver which does not take
advantage of the structure of the SDP relaxations for SAT. Future research
will consider how the structure of the R, and R; relaxations could be spe-
cifically exploited.
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Table 4. Computational results for the R,-based algorithm on larger instances

Satisfiable instances with n = 100 variables and m = 430 clauses

SDP  Statistics of initial SDP Performance statistics averaged
used averaged over 20 instances over the solved instances
# linear Dimension CPU # calls Deepest  Depth CPU seconds
constraints  of ¥ seconds to SDP  node of valid  for proof
to solve  solver reached  truth of SAT
assignment
found
Ry 961 531 61 348 35 33 5053

Unsatisfiable instances with n = 100 variables and m = 430 clauses

SDP Statistics of initial SDP Performance statistics averaged
used averaged over 20 instances over the solved instances
# linear Dimension CPU # calls Deepest CPU
constraints of Y seconds to SDP node seconds
to solve solver reached for proof
of SAT
R, 961 531 60 906 15 24924
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