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Abstract

This work concerns with Markov decision processes on a denumerable state space. Itis
assumed that the performance of a control policy is measured by the average criterion
associated with a risk-seeking controller with constant risk-sensitivity coefficient. The
structural assumptions on the model ensure that the optimal average cost is constant,
but it is possible that the optimalty equation does not admit a solution. In this context, a
risk-sensitive version of the classical discounted approach is used to obtain convergent
approximations to the optimal average cost, and to determine nearly optimal stationary
policies.

Keywords Risk-lover decision maker - Exponential utility - Contractive operator -
Fixed point - Holder’s inequality

Mathematics Subject Classification 93E20 - 93C55 - 60J05

1 Introduction

This note concerns with Markov decision chains evolving on a denumerable state
space. The one-step cost function is bounded and the performance of a control policy
is measured by the average criterion associated with a risk-seeking decision maker.
The structural conditions on the transition law ensure that the optimal average cost is
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constant, but do not guarantee that the optimality equation admits a solution. In this
framework, the following problem is addressed:

e To obtain convergent approximations to the optimal average cost, and to determine
approximately optimal stationary policies using the fixed points of a family of
contractive operators.

The main conclusions on this problem, which are stated in Theorem 3.1 of Sect. 3,
represent an extension of the classical ‘discounted approach’ in the risk-neutral case
(Herndndez-Lerma 1989; Arapostathis et al. 1993), and extend to the present frame-
work results established in Saucedo-Zul et al. (2020), where a risk-averse version of
this problem was analyzed.

The study of Markov decision chains endowed with a risk-sensitive average cri-
terion can be traced back, at least, to the seminal paper by Howard and Matheson
(1972), where Markov decision chains with finite state space were analyzed, and the
optimal average cost was characterized via an optimality equation. The interest on this
topic has been motivated by applications, for instance, in finance (Béuerle and Rieder
2011, 2014; Stettner 1999; Pitera and Stettner 2016), revenue management (Barz and
Waldmann 2007), and the theory of large deviations (Borkar and Meyn 2002). Models
with finite or denumerable state space are considered, for instance, in Sladky (2008,
2018), Cavazos-Cadena (2009, 2018) whereas Markov decision chains on a Borel
states space are analyzed in Di Masi and Stettner (1999, 2000, 2007), Jaskiewicz
(2007), Jaskiewicz and Nowak (2014) and Shen et al. (2013).

Stochastic games with risk-sensitive criteria are studied in Basu and Ghosh (2014).

The remainder of the paper is organized as follows. In Sect. 2 the decision model is
formally described, the average criterion is defined, and the main structural assump-
tions on the model are stated. In Sect. 3 a family of contractive operators is introduced,
and the main result of the paper is stated as Theorem 3.1. The technical instruments
that will be used to establish that result are established in Sect. 4, and the proof of the
main result is presented in Sect. 5 before the concluding remarks.

Notation Throughout the remainder N denotes the set of non-negative integers and,
given a topological space S, the Banach space of all bounded functions H : S —
R is denoted by B(S); the supremum norm of H € B(S) is denoted by ||H| :=
sup, g | H (x)]. On the other hand, every (in)equality involving random variables holds
almost surely with respect to the underlying probability measure.

2 Decision model

Let M = (5, A, {A(X)}xes, C, [px,y(a)]) be a Markov decision chain, a model
for a dynamical system whose components are as follows: The state space S is a
denumerable set endowed with the discrete topology, the metric space A is the action
set whereas, foreach state x € S, A(x) C A is the class of admissible actions (controls)
at state x. On the other hand C : K — R is the cost function, where K = {(x, a) | x €
S,a € A(x)} is the family of admissible pairs and, finally, [px y(a)lx yeS acA(x) 1S
the controlled transition law. The interpretation of M is is as follows: At each time
t € N the decision maker observes the state of the system X; = x € S, and then picks

@ Springer



Contractive approximations in average Markov decision... 77

and applies an action A; = a € A(x). As a consequence of such an intervention, (i)
a cost C(x, a) is incurred, and (ii) the system moves to a new state X;1 € S where,
regardless of the previous states and actions, the event [ X, = y] is observed with
probability py y(a), where Y _¢ py y(a) = 1; this is the Markov property of the
decision process.

Assumption 2.1 (i) Forevery x € S, A(x) is a compact subset of A.
(ii) For each x,y € S, the mappings a — p, y(a) and a — C(x, a) are continuous
ina € A(x).
(iii) The cost function is bounded, i.e., C € B(K).

Policies A control policy is a rule for choosing actions, which at each decision time
n € N may depend on the current state as well as the previous states and actions.
More formally, for each n € N define the space H, of possible histories up to time
nby Hy := Sand H,, := K" x S forn = 1,2, 3,...; a generic elements of H, is
denoted by h,, = (x0, ao, X1, a1, ..., Xn—1, An—1, Xn), Where (xg, ar) € Kfork < n
and x,, € S. With this notation, a control policy m = {m,} is a sequence of stochastic
kernels m;,, on A given H,, satisfying that , (A(x,)|h,) = 1, for each h, € H,, and
n € N. The family of all policies is denoted by P. Next, set ' := [[,.¢ A(x), which
is compact metric space, by Assumption 2.1, and consists of all functions f : S — A
satisfying f(x) € A(x) for every x € S. A policy m € P is stationary if there exists
f € FF such that the equality 7, ({ f (x,)}|h,) = 1 always holds: the class of stationary
policies is naturally identified with I, a convention allowing to write ' C P. Given
the initial state X = x and the policy m € P used to drive the system, the distribution
of the state-action process {(X;, A;)};en is uniquely determined and is denoted by
PT (Herndndez-Lerma 1989; Arapostathis et al. 1993; Puterman 1994), whereas ET
stands for the corresponding expectation operator.

Throughout the sequel, the following notation will be used: For each n € N set
H, = (X0, Ao, ..., Xn—1, An—1, X)) and F, =0 (H,), 2.1
whereas for each F' C S the first return time to set F' is defined by
Tr :=min{n > 1| X, € F}; 2.2)
when F' = {x} is a singleton the simpler notation
T, =Ty (2.3)
is used. Notice that T is an stopping time respect to the filtration {F,}, i.e., [Tr =
n] € F, forevery n € N.
Average criterionThroughout the remainder it is supposed that the decision maker

has a constant risk-sensitive coefficient A which satisfies

A <0.
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This means that the controller assesses a random cost Y via the expectation of U, (Y),
where the (dis-)utility function U, : R — (—o00, 0) is defined as follows

Up(x) = =™, xeR; (2.4)

notice that U, () is strictly increasing and satisfies the relation
Us(a +b) = *U,(b), a,beR. (2.5)
When the decision maker chooses between two random costs Cy and Cy, the con-
troller prefers Cy if E[U,(Co)] < E[U,(Cy1)], and is indifferent between both costs
if E[U,(Co)] = E[U,(C1)]. The certainty equivalent of a cost Y is denoted by &, [Y]
and is determined by the equality U, (&, [Y]) = E[U,(Y)], so that the controller is
indifferent between paying the fixed amount &, (Y) or facing the random cost Y. Notice

that U, (-) is a concave function, so that Jensen’s inequality yields that £, (Y) < E[Y].
Now, observe that

Y] = Uy (EUL(D)]) = %log (£[]). 2.6)

an expression that immediately yields that
PIIY| =bl=1 = [6.(Y)| =b. 2.7
Next, assume that the controller chooses actions using policy w € P starting at

x € S. The application of the first n actions Ag, Ay, ... A,—1 generates the cost
ZZ;(I) C(Xk, Ax) and, by (2.6), the associated certainty equivalent is given by

1 .
Jn(at,x) 1= log (E7 [ Xm0 Cxem]) =123, 2.8)

which represents an average of J, (i, x)/n per step. The (inferior limit A-sensitive)
average performance index of policy & € P at state x € S is given by

1
J(m, x) ;= liminf —J,, (7, x), 2.9)
n—oo n
and
Ji(x) := inf J(m,x), x€S. (2.10)
neP

is the corresponding optimal value function. A policy 7, € P is (A-)average optimal
if J(r, x) = J (74, x) forevery x € S.

Recurrence-communication conditions In the risk-neutral case, it is known that
the simultaneous Doeblin condition, which is stated in Assumption 2.2(i) below, is
sufficient to ensure that the optimal average cost is constant and is characterized via
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an optimality equation (Herndndez-Lerma 1989; Arapostathis et al. 1993; Puterman
1994). In the present risk-sensitive context, the A-sensitive average optimality equation
is given by

Ux(g+h(x))=a€igfx) pr,y(a)Ux(C(x,a)+h(y)) . xS, (21D

yesS

where g is a real number and & : S — R is a function. When this equation admits
a solution (g, h(-)) and A(-) is a bounded mapping, it is known that the optimal A-
average cost function J,(-) is constant and equal to g, and if f € I is such that for each
state x action f(x) minimizes the term within brackets in (2.11), then f is A-average
optimal; see, for instance, Howard and Matheson (1972), Herndndez-Hernandez and
Marcus (1996), or Cavazos-Cadena (2009). Notice that via (2.4) the above optimality
equation can be equivalently written as

M) = qup | D pr,y(a)e’\h(” , xesd. (2.12)

acA(x) yes

In contrast with the risk-neutral context, in the present framework where the con-
troller is risk-seeking, the simultaneous Doeblin conditions is not sufficient to
ensure even that the optimal average cost function is constant (Cavazos-Cadena and
Fernandez-Gaucherand 1999; Cavazos-Cadena 2009). For this reason, in this work
the simultaneous Doeblin condition will be complemented with a communication
requirement.

Assumption 2.2 There exists z € S such that properties (i) and (ii) below hold:

(1) [Simultaneous Doeblin Condition.] The first return time 7 satisfies

sup EL[T.] < . (2.13)
xeS, felF

(i1) [Accessibility from z.] Under the action of any stationary policy, every state y € S
is accessible from z, that is,

P/[T, <o0]>0, yeS, fePF. (2.14)

Remark 2.1 Assumptions 2.1 and 2.2 imply the following properties (i) and (ii) below;
for a proof see Theorem 4.1 in Cavazos-Cadena (2018).

(i) Foreachy € §, there exists a finite constant M\, such that
EY[T\1<M,, xeS, meP. (2.15)

(ii) If x, y € S with x # y, then P][T, < T,] > O forevery w € P.
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Remark 2.2 Assumption 2.2 is, admittedly, very strong. However, in the denumerable
case such a condition is presently the most general one under which a characterization
of the optimal risk-sensitive average cost is available. The result in this direction can
be seen in Cavazos-Cadena (2018) and involves an extension of the Collatz-Wielandt
relations in the theory of positive matrices.

The Problem Under Assumptions 2.1 and 2.2 the optimal average cost function J,(-)
is constant but the optimality equation (2.11) does not necessarily admits a solution;
an (uncontrolled) example illustrating this phenomenon was presented in Section 9 of
Cavazos-Cadena (2018). This fact provides that motivation to analyze the following
problem:

e To obtain convergent approximations to the optimal average cost as well as ‘nearly
optimal’ stationary policies via the fixed points of contractive operators.

An answer to this problem allows to determine approximations to the optimal
average cost as well as a stationary policy whose average cost is ‘close’ to the optimal
one by solving the single equation characterizing the fixed point of a contractive
operator. The main result on the above problem is stated in the following section, and
represents an extension of the classical ‘discounted approach’ in the risk neutral case
(Herndndez-Lerma 1989; Puterman 1994) to the present risk-seeking framework.

Throughout the remainder, even without explicit reference, Assumptions 2.1 and
2.2 are enforced.

3 Contractive approximations
In this section the main result of the paper will be stated in Theorem 3.1 below. To begin

with, for each @ € (0, 1) define T, : B(S) — B(S) as follows: For each W € B(S),
T,[W] is implicitly determined by

Up(Tu[W](x)) = inf pr,y(a)Ux(C(x, a)+aW) |, xes, (3.1)
acA(x)
yeSs
an expression that via (2.4) leads to

1
T, [W](x): = Xlog sup | €@ pr,y(a)emw(y) , xeS. 32

acA(x) yes

Using (2.7) it follows that || 7o, [W]|| < [|C|| +«||W||, so that T;, maps B(S) into itself.
Also, it is not difficult to verify that T;, is a monotone and «-homogeneous operator,
i.e., foreach W,V € B(S)

W>V = Tu[W]>Ty[V]land Ty [V +c] = Ty[V]+ac, ceR. (3.3)
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Observing that V. < W + ||V — W||, these properties lead to To[V] < T [W + ||V —
Wl = T4 [W]+ «||V — W||, and interchanging the roles of V and W it follows that

ITa[W] = Ta[VIIl < a|W = VI, W,V eB(S), 34

so that 7, is a contractive operator on 5(S). Since B(S) endowed with the supremum
norm is a Banach space, there exists a unique V,, € B(S) satisfying

Va - TO[[VC(]a (35)
an equation that, via (3.2), is equivalent to

Ve = qup | D pryy(a)emv‘”(y) , xeSs. (3.6)

acA(x) yes

Additionally, from Assumption 2.1 it is not difficult to see that there exists f, € F
such that, for every x € §, action f,(x) maximizes the term within brackets in the
above display, so that

M Ve(¥) — ACK, foa (X)) pr,y(fa(x))e*"‘v“(y), xes. (3.7)

yeS
The normalized («-)cost and the («-)relative value functions are defined by
8a(x¥): = —a)Ve(x), he(x): =a[Vu(x) = Vo(w)], xS,  (3.8)

respectively, where, from this point onwards, w € S is an arbitrary but fixed state.
Direct calculations combining these definitions with the two previous displays yield
hat

*8a () Fhha (x) _ sup eCx.a) pr,y(a)e)‘h”(y) . xes, (3.9)
acA(x) ves
and
M8a () FAha (x) _ LAC (X, fu (X)) pr,y(fa(x))ekh“(y), xes. (3.10)
yes
Notice that |Vy — To[0]ll = [Te[Ve]l — TolO0ll < af|Ve — 0] = Ve, and

then, observing that || 7, [0]]| < ||C||, by (3.2), it follows that ||V, || — |C|| < ||Vl —
I 7o (O]l < Ve — To[O1l] < || Vill, so that

lgall = (1 =) [IVall < [IC]. (3.11)

The next theorem is the main result of this work.
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Theorem 3.1 Let & < 0 be arbitrary but fixed. Under Assumptions 2.1 and 2.2 the
following assertions (i) and (ii) hold.

(i) The optimal average cost is constant, say g*, and limy 71 go(x) = g% = Ju(x)
for every x € S.
(iii) Given ¢ > O, for each x € S there exists oy . € (0, 1) such that policy fy in (3.7)
is e-optimal at x for a € (ax ¢, 1), that is,

ae(ax,87]) :> g*+8z~](f0tvx)' (312)

The proof of Theorem 3.1 will be presented in Sect. 5 after the preliminary results
established in the following section.

4 Auxiliary tools

In this section the basic technical instruments that will be used to verify Theorem
3.1 are analyzed. Such preliminaries are established in Lemmas 4.1-4.3 below. The
first one concerns with boundedness properties of the family of relative cost functions
introduced in (3.8).

Lemma4.1 (i) Foreacha € (0, 1),
ho () < 2(|C|| My, 4.1
where the finite constant My, is as in (2.15).
(ii) Foreachx € S, liminfy 1 he(x) > —o00.

Proof (i) Given @ € (0, 1), define the sequence {Y,} of random variables by Yy =
eMa(X0) and vy, = S50 (Xt A)=ga (X)) +4ha(Xn) for > 1. Now, let x € S be
a fixed state, and observe that (3.10) implies that for every n € N

e)-/’la(Xn) — e)v(c(Xn’fa(Xn))_goz(Xn)) Z an,y(foz (Xn))e)‘hot()’)
yesS

— gl [ex(axn,An)fga(xn»ﬂha(xnﬂ)‘fn]’ Pleas., (4.2

where, using that the relation Pxf “[A; = fo(X;)] = 1 is always valid, the second
equality is due to the Markov property. Observing that ¢* YIS0 (C(Xr,AD—ga(X) is
Fn-measurable, by (2.1), the previous display yields

Y, = " Lizo (CXt, A —ga (X)) +iha (Xn)

= o} T (CXp A —ga (X)) [euaxn,An>—ga<xn)>+xha(xn+1>

7

_ gl [ex27=0<C(X,,An—ga(xnmha(xnﬂ) fn] = El* [Yun| 7],
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so that {(Y,, F,)} is a martingale with respect to Pxf"‘; since Pxf"‘ [Xo=x]=1,
the optional sampling theorem yields that, for every initial state x and n € N,

)Lh (x) Efot[YO]
nATy—1
— El* Yoy, = EL* [ L <C(X,,A,>—ga<xt>>+ha<xmw)]_

Now, using (2.2) and (2.3), observe that hy(X7,) = ho(w) = 0 on the event
[T, < oo]; since Pxf"‘[Tw < oo] = 1, by (2.15), it follows hat

lim et Zrte” ™ (C(Xp, A =ga (X)) +ha (Xaaty,)
n—oQ

— L (€ A~ ga (X)) +ha (XT3,

— P T (CXLAD—gaX)  plu_y

Via Fatou’s lemma and Jensen’s inequality, these two last displays together imply
that

*ha () — Jim inf EJ* [ AZ””""‘<C<X,,A,)fga(X,)>+ha(xmw>]
n—oo
Tw—1

> gl [exszo-l(ax, ,)—ga(X’”] S [l oA —g i)

fct TUJ_I
e R IX(Ee W RETNE AN] > PHCIERT,]

where (3.11) and the negativity of A were used in the last step. It follows that
Ao (x) = 2A||CI ES“ [Ty, so that g (x) < 2||C|| ES [T,]; since x was arbitrary
in this argument, (4.1) follows via (2.15).

(ii) Let f € F be fixed, and define the sequence { Sy} of subsets of the state space S by

So = {w},
Sr:={yes: px,y(f(x)) > 0Oforsomex € Sy_1}, k=1,2,3,...

and notice that U/C:io Sy = S, by Remark 2.1(ii). Thus, to establish part (ii) it is
sufficient to show that, for every k € N,

liminf i, (x) > —00, x € S, 4.3)
a1
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a claim will be verified by induction. To begin with, let f € F be a fixed policy
and notice that (3.9) implies that

ha() > ACE ) =ga () 3 ey (F))ete®
yeS

> PN " pe y (F(x))et« 44
yes

where the second inequality is due to (3.11) and the negativity of 1. Now, using
that So = {w} and hy(w) = 0 for every o € (0, 1), observe that assertion (4.3)
clearly holds for k = 0. Next, assume that (4.3) is valid for some k € N and let
y € Sk41 be arbitrary. Pick x € Si such that

prs(f(E) >0

and notice that (4.4) implies that e*«® > 2*ICl p o ( £(7))e*aP) 50 that

1 .
ha (%) = 2 Cll + - log(pz.5(f (X)) + ha (3).

Since X € S, the induction hypothesis yields that lim infy 71 24 (X) > —o0, and
then the two last displays together imply that lim inf,, | 24 (y) > —oo. Recalling
that y € Sy is arbitrary, it follows that (4.3) holds with k + 1 instead of k,
completing the induction argument. O

In the subsequent development {«,,} C (0, 1) is a fixed sequence such that
op ST 1lasn — o0 4.5)

and, after taking a subsequence—if necessary—without loss of generality itis assumed
that the following limits exist:

gx): = lim g4, (x), A*(x): = lim hy,(x), x €S (4.6)
n—oo n— 00
where, foreach x € S,
g(x) e [=IICI. ICIN, Rh*(x) € (=00, 2[|C[|My]: @7

see (3.11) and Lemma 4.1.
The next lemma establishes fundamental properties of the mappings g(-) and 2*(-).

Lemma 4.2 With the notation in (4.5)—(4.7) assertions (i)—(iv) below hold.

(1) The mapping g(-) in (4.6) is constant, say g(x) = g* € R for each x € S.
(ii) Foreachx € S, -8 " () > SUP e A (x) [e)‘c(x’“) Z),GS px,y(a)e)‘h*(-V)].
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(iii)

(iv)

1
Proof (i) Notice that (3.8) yields that g, (x) — gq, (W) =

(ii)

(iii)

(iv)

For each positive integer n,
ng* 4+ h*(x) = 2|C|My < Ju(m,x), x€S, weP.

g* < J:().

— oy

hg, (x) for every

o
x € §. Taking the limit as n goes to 0o, (4.6) and (4.7) toget}fer yield that g(x) =
g(w) for every x € S.

Let (x, a) € K be arbitrary and notice that (3.9) implies that, for eachn € N,

e D Fhay () 5 FCCDF () oHhen ),

yeS

Taking the inferior limit as n goes to oo in both sides of this inequality, (4.6) and
part (i) together imply that

e)»g*-‘r}»h*(x) > lim inf ekC(x,a) Z px’y(a)ekhan (y)
n—oQ

yesS

AC(x,a) s Ahg, ()
> e pr,y(a) hnrggéfe
yeSs

where Fatou’s lemma was used to set the second inequality. Thus, (4.6) and the
above display lead to

M) 5 pAC(x.a) Z Pry(@e V] (x,a) €K, (4.8)
yesS

establishing part (ii).

An induction argument starting at (4.8) and using the Markov property yields that
foreveryx € S, m € Pandn € N\ {0},

SNE I 5 [ex Yo C(x,,A,>+xh*(xn+1>]
> E} .

From this relation, recalling that A < 0 and using (4.7) it follows that

—-1
MG 5 pr [EAZ;; C(X,,A,)+2A|\C\|Mw] = T H2AICI My

where (2.8) was used to set the equality. Therefore, Ang™ +Ah*(x) > AJ, (7, x) +
21| C||My,, and the conclusion follows, since A is negative.

Dividing by n both sides of 4.2 and taking the inferior limit as n oo in the
resulting inequality, (2.9) yields that g* < J(m, x) foreach x € Sand 7 € P.
From this point, (2.10) leads to g* < J. (). O
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The following result is the final step before proceeding to the proof of the main
theorem.

Lemma4.3 Given o € (0, 1), let the policy f, € F be such that (3.7) holds.

(i) Foreachx € S,

00
ga(x) = (1= )* Y i (fur ).
k=1
(i1) Givene > 0and x € S, there exists ay . € (0, 1) such that
8a +8/2=J(fu,X), € (Axe, D).
(i) g% = J«().
Proof (i) Let x € S be arbitrary but fixed. Following ideas in Cavazos-Cadena and

Salem-Silva (2010), it will be proved by induction that for every positive integer
n

n n
MVe®) < pla [exzi’;& C(x,,A,)Hva(xn)]“ Hek(l—a)a"*‘lufasx), (4.9)
k=1

To begin with, recall that the equality Pxf “[A; = fo(X,)] = 1 is always valid, so
that the Markov property and (3.7) together yield that, forevery x € Sandn € N,

HVeXn) = pla [exC(xn,AnHmvu(an)

fn] , Pxf“—a.s.

Setting n = 0 in this relation and using that Pxf “[Xo = x], it follows that

Vel = gl 'eAC<Xo,Ao>+Aava(X1>]

— gl (EAC(XO,A0)+AVa(X1)))a <6AC(X0,A0))1ai|

< B 'exC<Xo,Ao>+AVQ<X1))]“ £l [eAC(Xo,Ao)]“‘“)

— Efe 'eAC<Xo,Ao>+AVa(X1))]°‘ M (fa)(1=)

where Holder’s inequality was used in the third step, and the last equality is due
to (2.8). This shows that (4.9) holds for n = 1. Next, assume that (4.9) is valid for
certain positive integer n. Observing that the equality A; = f (X;) is always valid
with probability one under f, and using that Z:‘;Ol C(X;, A;) is F,-measurable,
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by (2.1), via the Markov property it follows that

El" [ o 2120 CXi A +A Ve (Xn)

7
— M X050 C(XtAp) A Ve (Xn)

= ¢ XiZo CXiA) gl [eAC(Xn,AmxaVa(an)

)

_ E{a [ex Yt C(Xe, A +2a Ve (Xnt1)

}',,] .
Therefore, via Holder’s inequality and (2.8) it follows that

Efe [ex Yo C(x,,A,)HVa(Xn)]

_ gl P c<X,,A,)+AaVa(Xn+1)]

= Bl [ (2B Con Attt ) (b Z:;Oax,,A,))“‘“)}

< Ef 'eAZ,":oC(X,,A,)+Ava(xn+1>]“ Efe [exzt”:oaX,,A,)]“‘“)

= E){O‘ _e)“Z;;O C(X[‘A[)‘I’AVH(X'H_I):I(X (e)\j,,_'_](fa)x))(l—a) |

and then
Efe [ex oy c<xt,At>+Ava<Xn)]“
n+1 — n
< £ [exz;;()c<x,,A,>+Ava(Xn+1)]°‘ (eAJnH(J;x,x))“ e

n+1
_ g [exzj;o C(Xt,At>+wa<Xn+1)]“ A= T (farx)

Combining this relation with the induction hypothesis, it follows that (4.9) holds
with n + 1 instead of n. Now, to establish part (i) notice that forn = 1,2,3, ...

n—1

> C(X1. Ar) + Va(X)
t=0

<nlCl+ Vel < ICIn+ (1 —a)7h,

so that E{u [ek Yoo C(Xt,A,)Hva(Xn)] < MICIa+1-0™) 4nd via (4.9) it fol-

lows that

n
HMVe®) < @ IICI+(1=) ™) I1 A= (fox)

k=1
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(ii)

(iii)

an inequality that, recalling that A < 0, is equivalent to
n
Va(x) = =" [ICll(n + (1 =)™ + Y (1 =)o i (fa, ).
k=1
Multiplying by (1 — «) both sides of this relation, using (3.8) it follows that
n
ga(x) = —a"(1 =) [Cll(n+ (1 =)™ ) + Y (1 = )" T (fr, %)
k=1

and the desired conclusion follows taking the limit a n goes to oo.
Let x € S and ¢ > 0 be arbitrary and, using (2.9), pick No(x, ¢) € N such that

%Jk(fa,x) > J(farx) — /4 k = No(x.e).

Thus, observing that |J (fy, x)|, k=Y Jk(fu, x)| < |C]l, via part (i) it follows that

ga(¥) = (1 - a)zlgkak_l—Jk(J;j’x)

=J(fo, x)+ (1 — a)2];kak—1 <%Jk(fa,X) - J(fa,x))

No(x,e)—1

> J (fur X) + (1 — )’ ]; kot <%Jk(faax) - J(fa,X)) —¢e/4

N(x0,8)—1

> J(fur ) =200 =a)*|C| > ka* "' —g/4

where the previous display was used to set the first inequality. Finally, select ¢, .
such that (1 — )2 ZN(XO O k=1 < e@IC| + D)7 ! when « € (0xe, 1) to
conclude that

8a(x) = J(fo,x) —€/2, o€ (&X,S’ 1),

completing the proof of part (ii).

Let x € S be arbitrary. Given ¢ > 0, let &, . € (0, 1) be as in part (ii) and observe
that (4.5) yields that there exists N (x,e) € Nsuchthat oy, > oty ¢ ifn > N (x,¢€),
and in this case (4.3) implies that g, (x) > J(fy,, x) — &/2, so that

8a,(X) > Ji(x) —€/2, n> N(x,s).

Taking the limit as n goes to oo, this relation leads to g* > J.(x) — /2, and the
conclusion follows, since ¢ > 0 is arbitrary. O
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5 Proof of the main result

After the preliminaries in the previous section, the main conclusions of the paper can
be established as follows.

Proof of Theorem 3.1 Let {&,},en be an arbitrary sequence satisfying (4.5) and, as
before, taking a subsequence, if necessary, without loss of generality assume that
(4.6) holds, so that limg_, 0 8o, (-) = g* € R, by Lemma 4.2(i).

(i) Combining Lemma 4.2(iv) and Lemma 4.3(iii) it follows that J,(-) = g* =
lim,, o0 8a, (x) for every x € S. Thus, since the sequence {c,,} satisfying (4.5) is
arbitrary, it follows that limy 1 go(-) = Ji(-) = g*.

(ii) Let x € S be arbitrary but fixed. Given ¢ > 0, using part (i) select &y, € (0, 1)
such that

8a(x) < 8" +¢€/2, a€(Ae, D).

Setting oy » = max{&y ¢, Gy}, this last display and Lemma 4.3 (ii) together yield
that (3.12) holds.

6 Conclusion

In this work, Markov decision chains on a denumerable state space were studied. It
was assumed that the performance of a decision policy is measured by the average
criterion as perceived by a risk-seeking controller with constant risk-sensitivity. Under
conditions ensuring that the optimal average cost is constant, but not that the optimality
equation admits a solution, the problems of approximating the optimal average cost,
and determining a nearly optimal policy via the family of fixed points of contractive
operators were studied. The results in this direction, which are stated in Theorem 3.1,
provide an extension to the present framework of the classical discounted approach in
the theory of Markov decision chains endowed with the risk-neutral average index. On
the other hand, extending the conclusions in Theorem 3.1 to more general contexts,
including unbounded costs or more general state space, seems to be an interesting
problem.
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