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Abstract

In this paper, we consider risk-sensitive discounted control problem for continuous-
time jump Markov processes taking values in general state space. The transition rates
of underlying continuous-time jump Markov processes and the cost rates are allowed
to be unbounded. Under certain Lyapunov condition, we establish the existence and
uniqueness of the solution to the Hamilton—Jacobi—Bellman equation. Also, we prove
the existence of optimal risk-sensitive control in the class of Markov control and
completely characterized the optimal control.

Keywords Continuous-time Markov decision process - History-dependent control -
General state space - Risk-sensitive discounted criterion - HIB equation - Optimal
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1 Introduction

In this paper, we study the risk-sensitive discounted criterion for continuous-time
Markov decision processes (CTMDPs) with Borel state space. In the risk-neutral
criterion, the controller wants to optimize the expected value of the total payoff. But
in the risk-sensitive criterion, controller considers the expected value of the exponential
of the total payoff and so, the risk-sensitive criterion gives a better protection from
the risk. Therefore, the risk-sensitive or exponential of integral is a very popular cost
criterion due to its applications in many areas such as queueing systems and finance,
for more details see Bauerle and Rieder (2014) and Whittle (1990) and the references
therein. In the literature, risk-sensitive control problems for CTMDPs are an important
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class of stochastic optimal control problems and have been widely studied under
different sets of conditions. Finite horizon risk-sensitive CTMDPs for countable state
space were studied in Ghosh and Saha (2014), Guo et al. (2019) and Wei (2016) and
for infinite horizon risk-sensitive CTMDPs we refer to Ghosh and Saha (2014), Guo
and Zhang (2020), Kumar and Pal (2013, 2015), Pal and Pradhan (2019) and Zhang
(2017). For important contributions to the risk-sensitive control of discrete-time MDP
on a general state space, see Masi and Stettner (2000) and Masi and Stettner (2007).
Although risk-sensitive control of CTMDPs on a countable state space have been
studied extensively, but the corresponding literature in the context of risk-sensitive
control of CTMDPs on a general state space is rather limited. Some exceptions are
(Guo and Zhang 2019, 2020; Pal and Pradhan 2019).

In the paper (Pal and Pradhan 2019), the authors studied risk-sensitive control of
pure jump processes on a general state space. They considered bounded transition
and cost rates and all controls are Markovian. In Pal and Pradhan (2019), the authors
proved the HIB characterization of the optimal risk-sensitive control. The bounded-
ness assumption on the transition and cost rates plays a key role in the proof of the
existence of the optimal risk-sensitive control in Pal and Pradhan (2019). This bound-
edness requirement, however, imposes some restrictions in applications, for instance
in queueing control and population processes, where the transition and reward/cost
rates are usually unbounded. Also, there are many real-life situations where the state
space may be uncountable, for example, the chemical reaction model, Gaussian model,
etc. One can see Guo and Zhang (2019), Piunovskiy and Zhang (2020) and references
therein for the real-life examples. In Guo and Zhang (2019), the author considered the
finite-horizon risk-sensitive control problem for CTMDPs on a Borel state space with
unbounded transition and cost rates and proved the existence of optimal control via
the HJB equation.

In this paper, we study a much more general risk-sensitive control problem for
CTMDP with general state space. To the best of our knowledge, this is the first work
which deals with infinite horizon discounted risk-sensitive control for CTMDPs on a
general state space with unbounded cost and transition rates and the controls can be
history-dependent. The main objective of this work is to prove the existence of the
solution of the HJB equation and the characterization of the optimal risk-sensitive
control. In particular (1) We prove that the HIB equations has a unique solution
= L%o([O, 1] x S) satisfying the bounds as in Eq. (3.1) below, where L?f([O, 11x.S)
is described below. (2) We prove that any measurable minimizer of the HJB equation
is optimal, and conversely any optimal control in the class of Markov controls is a
minimizer of the HIB Eq. (3.1) below. We first consider for bounded transition and
cost rates and establish the existence of a solution to the corresponding HIB equation
by Banach’s fixed point theorem as in Pal and Pradhan (2019). Then we will relax the
bounded hypothesis and extend this result to unbounded transition and cost rates. We
characterize the value function via the HIB equation. Also, we prove the existence of
an optimal control in the class of Markov control and the HJB characterization of the
optimal risk-sensitive control and prove its complete characterization. In Corollary
5.1, we prove that if the cost and transition rates are bounded, then an optimal control
exists for our model.
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The rest of this article is structured as follows. Section 2 deals with the description of
the problem, required notations, some Assumptions, and preliminary results. In Sect. 3,
we give a continuity-compactness Assumption and prove the stochastic representation
of the solution of the HIB Eq.(3.1). In Sect.4, we truncate our transition and cost
rates and prove the existence of the unique solution to the HIB equation. A complete
characterization of optimal control is proven in Sect.5. In Sect. 6, we illustrate our
theory and assumptions by an illustrative example.

2 The control problems
The model of CTMDP is a five-tuple which consists of the following elements:
M:={S,A, (A(x) C A, x €95),c(x,a),q(-|x,a)},

e a Borel space S, called the state space, whose elements are referred to as states of
the system and the corresponding Borel o-algebra is 3(.S). (Throughout the whole
paper we consider that for any Borel space X, the corresponding Borel o -algebra
is B(X).)

e A is the action set, which is assumed to be Borel space with the Borel o -algebra
B(A).

e foreachx € §, A(x) € B(A) denotes the set of admissible actions for state x. Let
K :={(x,a)|x € S,a € A(x)}, which is a Borel subset of S x A.

e the measurable function ¢ : K — Ry denotes the cost rate function. We require
the cost function c¢(x, a) to measure (or evaluate) the utility of taking action a at
state x.

e given any (x,a) € K, the transition rate g(-|x, a) is a Borel measurable signed
kernelon S given K . Thatis, g (-|x, a) satisfies countable additivity; g (D|x, a) > 0
where (x,a) € K, x ¢ D and D € B(S). Moreover, we assume that ¢ (-|x, a)
satisfies the following conservative and stable conditions: for any x € §,

q(Sjx,a) =0 and

q*(x) := sup gx(a) < oo,
acA(x)

where ¢y (a) := —q({x}|x,a) > 0. We need the transition rates to specify the
random dynamic evolution of the system.

Next, we give an informal description of the evolution of the CTMDPs as follows.
The controller observes continuously the current state of the system. When the system
is in state x € § at time ¢ > 0, he/she chooses action a; € A(x) according to some
control. As a consequence of this, the following happens:

e the controller incurs an immediate cost at rate ¢(x, a;); and

e after a random sojourn time (i.e., the holding time at state x), the system jumps
q (B |'x 5 at)

toaset B € B(S) (x ¢ B) of states with the transition probability @
qx\a;
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determined by the transition rates g (dy|x, a;). The distribution function of the

sojourn time is (1 —e™ J ax(ands ). (see Proposition B.8 in [ Guo and Hernandez-
Lerma (2009), p. 205] for details).

When the state of the system transits to a new state y # x, the above procedure is
repeated. Thus, the controller tries to minimize his/her costs with respect to some
performance criterion 7, (-, -, -), which in our present case is defined by (2.2), below.
To formalize what is described above, below we describe the construction of contin-
uous time Markov decision processes (CTMDPs) under possibly history-dependent
controls. To construct the underlying CTMDPs (as in Guo and Piunovskiy 2011;
Kitaev 1995; Piunovskiy and Zhang 2011, 2020) we introduce some notations: let
Sa = S U {A} (with some “isolated” state A ¢ §), Qp = (S x (0, 00))°,
Qi = (S x (0,00)% x § x (oo} x {AND® fork > 1 and Q := Up o2k Let
F be the Borel o-algebra on Q2. Then we obtain the measurable space (€2, F). For
some k > 1, and sample w := (xq, 01, X1, - -+ , O, Xk, - - - ) € Q, define

Ty(@) =0, Ti(w) := Tr—1(®) + bk, Too(@) := lim Ti(w).
k— 00
Using {7k}, we define the state process {&};>0 as

£ (w) = Z Ine<t<Teo) Xk + Tust) A, forr > 0 (with To := 0).  (2.1)
k>0

Here, I denotes the indicator function of a set E, and we use the convention that
04z =: zand 0z =: Oforall z € Sa. Obviously, & (w) is right-continuous on [0, 00).
We denote &_ (w) := liminf;_,;_ & (w). From Eq.(2.1), we see that Ty (w) (k > 1)
denotes the k-th jump moment of {&,7 > 0}, xx_1 is the state of the process on
[Ti—1(®), Tk (), Or = Tx(w) — Tr—1(w) plays the role of sojourn time at state xx_1,
and the sample path {& (w), > 0} has at most denumerable states xx(k =0, 1, ---).
The process after T, is regarded to be absorbed in the state A. Thus, letg(-|A, ap) ==
0, Ap := AU {ap}, A(A) = {apa}, c(A,a) := 0 for all a € Aa, where ap is an
isolated point.

To precisely define the criterion, we need to introduce the concept of a control as in Guo
etal. (2012), Guo and Piunovskiy (2011) and Kitaev and Rykov (1995). Take the right-
continuous o -algebras {F;};>0 with F; := o ({Tx < 5,87, € S} : 0 <5 <t,k > 0).
Forallt > 0, F;_ =: \/qu F;. Now define a o-algebra P := o (A x {0}, B x
(s,00) : A € Fy, B € F,_), which denotes the o-algebra of predictable sets on
Q x [0, 0o) related to {F;};>0. To complete the specification of a stochastic optimal
control problem, we need, of course, to introduce an optimality criterion. This requires
to define the class of controls as below.

Definition 2.1 A history-dependent policy 7 := {m;(®)};>0 is a measurable map from
(22 x [0, 00), P) onto (Aa, B(Ap)) satisfying 7, (w) € A(§—(w)) for all w € Q2 and
t > 0. For notational simplicity, we denote a history-dependent control as {m;};>0.
The set of all history-dependent controls is denoted by IT. A control 7 € II, is called
a Markov if m;(w) = m:(&—(w)) for every w € Q and ¢t > 0, where &_(w) =
limgy; & (w). We denote by 1" the family of all Markov controls.
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For any compact metric space Y, let P(Y) denote the space of probability measures
on Y with Prohorov topology. Under Assumption 2.1 below, for any initial state x € S
and any control € IT, Theorem 4.27 in Kitaev and Rykov (1995) yields the existence
of a unique probability measure denoted by P on (€2, F). Let ET be the expectation
operator with respect to P . Fix any discounted factor > 0. For any = € IT and
x € S8, the risk-sensitive discounted criterion is defined as

Tu(®, x, ) = élog{E;g [exp(Q/“ ey m)dt)]}, 22)
0

provided that the integral is well defined, where {£;};>¢ is the Markov process corre-
sponding to w = {m;};>0 € [T and 6 € (0, 1] denotes a risk-sensitive parameter and
the limiting case of & — 0 is the risk-neutral case. For each x € §, let

Jr@,x) = inf Ju(0, x, 7).
mell

A control 7* € IT is said to be optimal if J, (6, x, 7*) = J(0, x) forall x € S. The
objective of this paper is to provide conditions for the existence of optimal control and
introduce a HJB characterization of such control.

Since the logarithm is an increasing function, instead of studying J, (6, x, 7), we will
consider fa @,x,m)on [0, 1] x § x IT defined by

Jo (0, x, 1) ;= ET [exp(@/oo e (g, m)dr)] (2.3)
0

Obviously, fa(Q,x, T) > 1~f0r @,x) e [0~, 1] x Sand € IT, and we have 7™ is
optimal if and only if inlf_[ Jo(O,x, 1) = Ju(0,x, %) =: J;(0,x) Vx € S. Since
Te

the rates g(dy|x, a) and costs c(x, a) are allowed to be unbounded, we next give
conditions for the non-explosion of {&;, t > 0} and finiteness of 7, (0, x, 7), which
had been widely used in CTMDPs; see, for instance, (Guo and Hernandez-Lerma
2009; Guo et al. 2012; Guo and Liao 2019; Guo and Piunovskiy 2011; Prieto-Rumeau
and Hernandez-Lerma 2012) and references therein.

Assumption 2.1 There exists a real-valued Borel measurable function } > 1 on S and
constants pg > 0, My > 0, Ly > 0and 0 < p; < min{a, ,00_1012} such that

(i) [{V(q(dylx,a) < poV(x) Y(x,a) € K;
(ii) SUP4eA(x) gx(a) < MgV (x) VYx € S;
(iii) supsea(y)c(x,a) < prlogV(x) + Lo Vx € S.

Remark 2.1 (a) Note that, when the transition rates are bounded i.e., sup, g g™ (x) <
0o, Assumptions 2.1 (i) and (ii) are satisfied by taking a suitable constant value of
V(x).

(b) Under Assumption 2.1 (iii) the criterion (2.3) is well defined and finite; see Propo-
sition 2.1(c) below.

@ Springer



224 S. Golui, C. Pal

Proposition 2.1 Grant Assumption 2.1. Then for any control & € Il and (0, x) €
[0, 1] x S, the following results are true:

(@) Pl (T =00)=1, Pl (§o =x)=1,and P} (& € S) =1forallt > 0;

(b) EZ[V(§)] < eP'V(x) forall t > 0;

(c) We have

~ a2 oL P19 (Xz L

Ja(®. %, 7) < ——— V)] e < eV (x).
as — pop10 a” — pop1

Also, we get
o? Lo p1
Jr@,x) < log(z—) 4+ —+ —logV(kx) V0 € (0,1, x e S. 24

a% — pop1 o o«

Proof For parts (a) and (b), see, Guo et al. (2012) and Guo and Piunovskiy (2011, The-

orem 3.1).
Proof of part (c): Observe that d(—e~%") is a probability measure on [0, 0o). For any
m eIland (0, x) € [0, 1] x S, by (2.3) and Jensen’s inequality we have

Ju(0, %, 7) = EY [exp( f "o, m)d(—e“”)>]
0 o

< EY [/m eXP(gC(-‘Eu m))cl(—e“”)].
0 o

By Assumption 2.1 and part (b) we obtain

Ju (0, x,7) < EY [/wexp(g(m log V(&) + Lo))d(—e_c”)]
0

= ol [ | e <V($z)p‘]*6)d(—e“’)]
0

< (flo/a [/OO(E;T [V(gt)])pied(_e—“’)} (since p10 < )
0

0 00 ot
< aeaLO/"‘[V(x)]% |:/ exp(w - ozt)dti|
0 o

2

o 0

= W
ac — pop16

where the last equality holds due to the fact that pgp16 < 2.

. o Lo/a
Next observe that sup J, (0, x) < ¢ V(x), and
0€[0,1] s —p

* 1 ~ 1 o? Lo p
sup J, (0, x) = sup —logJ,(0,x) < sup —|log———— |+ — + —logV(x).
0€(0,1] 0e(0,11 9 0e(0,11 0 as — pop16 a o«

Also, doing a simple and direct calculation, we achieve (2.4). O
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In Ghosh and Saha (2014) and Kumar and Pal (2013), the authors used the Dynkin’s
formula within the class of Markov controls by using the Markov property of the state
process {&};>0. But this Markov property may fail to hold when we study within the
class of history-dependent controls, and consequently, here we can’t directly apply the
Dynkin formula. Hence we assume the following condition, so that we can apply the
Dynkin’s formula for a large enough class of functions, which had been widely used
in CTMDPs; see, for instance, (Guo and Liao 2019; Guo et al. 2019; Guo and Zhang
2019).

Assumption 2.2 The Borel measurable function V2 > 1 on S satisfies the following
Lyapunov condition

/q(dy|x, aV2(y) < pV2(x) + by ¥ (x,a) € K,
S

for some constants 0 < py < « and by > 0. Here V is as in Assumption 2.1.

We now introduce some frequently used notations.

e C2(a, b) denotes the set of all infinitely differentiable functions on (a, b) with
compact support.

e Let Ay ([0, 1T x S) denote the space of all functions which are real-valued and
differentiable almost everywhere with respect to the first variable 6 < [0, 1].
Given any real-valued function W > 1 on § and any Borel set X, a real-valued
function ¢ on X x S is called W bounded if [¢[|}y :=  sup —|g0(9, a2l

@.xexxs W)
Denote By (X x §) the Banach space of all W-bounded functions. When W = 1,
B1([0, 1] x S) is the space of all bounded functions on [0, 1] x S. Now define
Ly (0,11 x8) :={p:[0,1]x S — R: ¢ e By ([0, 1] x §) N Ay ([0, 1] x S)}.

3 Stochastic representation of a solution to the HJB equation

In this section, we prove that if the HIB equation for the cost criterion (2.3) has a
solution then we will give a stochastic representation of that solution. Using dynamic
programming heuristics, the HIB equations for the discounted cost criterion (2.3) is
given by

a@%(@,x) = ainf )['/Sq(dylx, a)pq (0, y) + Qc(x,a)%,(@,x)],

cA(x

1 < ¢u0, %) < az_‘;zplee“o/“(V(x))‘i'xi for (0.x) €[0.1] x S.
3.1

for each x € S and a.e. 8 € [0, 1] where the upper bound of ¢, (8, x) is motivated by
Proposition 2.1.
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226 S. Golui, C. Pal

Remark 3.1 To prove the existence of an optimal control for bounded cost and transi-
tion rates, in Pal and Pradhan (2019), the authors studied the following HIB equation
having a solution ¢ (6, x) on [0, 1] x S such that

a6 (9, x) = igg)[/ q(dylx,a>¢a(9,y>+9c<x,a)¢a(9,x>], for (6, %) € [0,1]x S,
acAx)|Js
limg_, ¢ ¢y (0, x) = | uniformly in x € S.

(3.2)

From the arguments for the existence of a unique solution to the Eq. (3.2), itis necessary
to have ¢ (0, x) converges to 1 uniformly in x as & — 0. But, it is not true in general
when the cost and transition rates are unbounded; for more details see Example 3.2 in
Guo and Liao (2019). In this article we replace the uniform convergence condition by
the above new one.

To ensure the existence of an optimal control, in addition to Assumptions 2.1 and
2.2, we also need the following continuity and compactness conditions.

Assumption 3.1 The following conditions hold:

(i) for each x € S, the set A(x) is compact;
(ii) for any fixed x € §, the function c(x, a) is continuous ina € A(x);

(iii) for any given x € S, the function | V(y)q(dy|x, a) is continuous in a € A(x),

where V is introduced in Assumption 2.1.

Remark 3.2 Assumptions 3.1 (i)—(iii) are commonly used to find an optimal control for
continuous-time MDP, see Guo and Hernandez-Lerma (2009), Guo and Liao (2019),
Guo et al. (2019), Guo and Piunovskiy (2011) and Guo and Zhang (2019). Also,
note that if Assumption 3.1 (iii) is satisfied, then for any given x € S, the function

/ u(y)q(dy|x, a) is continuous in a € A(x) for each function u € By, (S).
S

In the next theorem we show that if the HIB equation has a solution then its stochastic
representation is equal to the value function corresponding to the cost criterion (2.3).

Theorem 3.1 Under Assumptions 2.1, 2.2, and 3.1 suppose that the HIB Eq. (3.1) has
a solution ¢y € L3 ([0, 1] x S) satisfying the bounds as in Eq.(3.1). Then, for all
0, x) € [0, 1] x S, we have the probabilistic representation of 9y as

@u(0,x) = inf ET |:exp(6 /00 e“’c(&,,n,)dt)} (3.3)
mwell 0

ie., q(0,x) = JX0,x) forall (9, x) € [0, 1] x S.

Proof First, we see that
[QC(X,LI)%(@,X)+/61(dy|x,a)<pa(9,y)]
S
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is continuous in a € A(x) and A(x) is compact. So by measurable selection theorem,
[Bertsekas and Shreve (1996), Proposition 7.33], there exists a measurable function
f*:10,1] x S — A such that

inf)[GC(x,a)%(G,x)+/q(dy|x,a)¢a(6’,y)}
S

acA(x
= [96()6, F5O, x)pa (0, x) +/Sq(dy|x, f*(Q,X))wa(Q,y)} (3.4)
Let
TS xRy —> A
be defined by
TEx) = f*(0e™ x).

Now we observe from Eq. (3.1) that for any x € S,a € A(x) and a.e. 6 € [0, 1] that

—af

¢y
3¢9 @, x)+ [/Sq(dylx,a)wa(é’,y) +9c(x,a)¢a(9,X)} > 0. (3.5)

For any history-dependent control 7 € IT and 6 € [0, 1], let {&,¢ > 0} be the
corresponding process, and define 6(r) := fe~%'. Now for each w € 2, by Eq.(3.5),
we get fora.e. s > 0,

39q
—019(5)%(9@), &) + [fsq(dylés, 7Ts)Pa (0(5), y) + 0(s)c(&s, w5)pa (O (s), Ex)] > 0.
(3.6)

Define a function g : [0, c0) x § x 2 — [0, c0) by

!
gt x,w) = eXp(/ 0 (s)c(s, ﬂs)dS)wa(G(t), x).
0

In view of Assumptions 2.1 and 2.2, we have

E? [exp(fl 2e (&, ns)ds>]
0

< EY eXP(fOOO 50(&, ﬂs)d(—e_‘“)>]

< EY /OoeXPGc(Es, m)d(—e‘““)]
0 o

<ET /0 em(;(pl logv(és)-i-L()))d(—eo”)}
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(by Assumption2.1)

= et/ [ f EY (V(&)ﬂd(—e‘“%]
0
< qe?lole <V2(x) + @> |:/ e””‘”dsi|
P2 0

2Lo/a
_ et <V2(X)+@), (3.7)

where second inequality is obtained by using Jensen’s inequality.
Hence ET |:exp f(; 2e % c (&, my)ds < ooforall x € Sandt € (0, 00). Thus,

using the extension of Dynkin formula in Guoetal. (2019), Theorem 3.1 to the function
g, we have

E7[g(t. &, ®)] — ¢u(0, x)

t Ky
= Ef{/ eXP(/ 9(U)C(Su,ﬂu)dv> X [—a@(s)
0 0

+ /S q(dylss, m5)¢a (0(s), y) + 0(s)c(Es, 75)@a (6(s), és)}dS}- (3.8)

09
29 0(s), &)

Now from (3.6) and (3.8), we have
t
$a(0,x) < EY [GXP(/O 0 (s)c(&s, m)dS)wa(O(t), Ez)]~ (3.9

Given any p > 1, letg > 1 such that % + [ll = 1, by Holder’s inequality we have

t
¢a(®,x) < EY [exp</0 0(s)c(Es, ns)dS)%(G(t), Et)]

t I/p 1/q
{Ef |:6XP<P/0 9(S)C(§s,7Ts)dS>]} X {E;T[(ﬂg(@(f),éz)]}

= Ti(p.1)-Ta(q, ). (3.10)

IA

For Tx(q, t) := {ET[pd (0(t), &)1}!/4, by the upper bound of ¢, in (3.1), we have

2 —at o—at
(p(x(e(t)7 El‘) = (pot(ee_atv gl) < a2 — Q(exfatpopl exp<ee o LO)[V(gt)]plaa .

If t > a 'log(fgpi /) then He % gp;/a < 1. Applying Jensen’s inequality and
Proposition 2.1(b), we get
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q e L qplge—at 1/q
Tz(q,r)f{E;’K = )exp( )[V(s» “
—0e % pop1

1

Pe ], qp 0e ot
= exp °>[ ET™ (&)}

- 96 “pop1 (
0 —Olt oot
xp( ‘ ) LET (V(EN]

[¢)

96‘“’,00,01

et

(Lo + pomt)) T (x) = Ta(t).
(3.11)

ee—at
exp

96““/00/?1 !

Next take t+ — oo and get

o0 1/p
T\(p, 1) — {E;’ |:exp<p/ 9(s)c(§s,ns)ds):“ and T3(t) — 1. (3.12)
0
By (3.10), (3.11) and (3.12) we obtain

00 1/p
0a (0, x) < {E;’ [exp(p@/ e_"”c(ét,n,)dt>“ .
0

Now, take the limit as p | 1 and get the result

Gu(0, x) < ET [exp(e [ e, n,)dt)].
0

Since 7 € I1 is an arbitrary control, we have
o0
@a(0,x) < inf ET |:exp<6 f e (g, n,)dt)i|. (3.13)
mwell 0
Using (3.1), (3.4) and (3.10), we can show that
t
ET [eXp</ 0(s)c(Es, ns*(é:S—))ds)(pa O(), Ez)] = @u (0, x). (3.14)
0

Now, using the lower bound of ¢, in (3.1) and Fatou’s lemma, we obtain

—0o0

t
liminf ET |:exp</ 0(s)c(&s, ﬂf(&-))ds)(pa(e(t), Et):|
0

t
> liminf E™ [exp( / 0(s)c(&s, ns*(és_))ds):|
— 00 0

1
> E7 [Iitm inf exp( / 0(s)c(Es, n:(ss_»dsﬂ
—00 0

= Jy 0, x,7"). (3.15)
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From (3.14) and (3.15), we have
Ju(0,x, %) < ¢4 (8, x).
Thus

inf. Ju(0,x, 1) < Ju(0,x, %) < 04(8, x). (3.16)
mTe

From (3.13) and (3.16), we have (3.3). O

4 The existence of solution to the HJB equation

In this Section, we prove that the Eq.(3.1) is the HIB equation for the « discounted
cost (2.3) and the Eq.(3.1) has a solution in L‘{j’([O, 1] x S). We now proceed to
make a rigorous analysis of the above. First, we prove a lemma about the existence
of a solution for the HIB equation for bounded transition and cost rates; see Lemma
4.1 below. Then in Theorem 4.1, we relax these boundedness condition and prove the
existence of a solution to the HIB Eq. (3.1). For that, we first truncate our transition and
cost rates which plays a crucial role to derive the HIB equations and find the solution.
Fixanyn > 1,0 < 8§ < 1.Foreachn > 1,x € S,a € A(x), let A,(x) == A(x),
Sy = {x € S|V(x) <n},and K,, := {(x,a)|x € S,,a € A,,(x)}. Moreover for each
x € S,a € A,(x) define

(n) _ Ja@ylx,a) ifx € Sy,
q"(dylx,a) := {0 if x ¢S, “.1)
and
) ex,a) A min{n, py InV(x) + Lo} if x € S,
cn(x,a) = {0 it x ¢S, 4.2)

Lemma 4.1 Grant Assumptions 2.1, 2.2 and 3.1. Then, there exists a unique function
(” % (depending on n, §) in Ly5 ([0, 11 x S) for which the followings are true :

@)) (p(n 9) ¢ B1 ([0, 1]1x S) is a bounded solution to the following differential equations
(DEs) forall x € S and a.e. 0 € (5, 1] :

acA(x

(" 5)(8 x) — en&/ot.

ae"% (9 x) = inf |:9c,,(x a)p 6, x) + / @ (dy|x, a)p™ 5)(9,y)i|
S

4.3)

2) (p(" %) (6, x) has a stochastic representation as follows: for each x € S and a.e.
0 €@, 1]
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T5(0)
o6, x) = inf EY |:e”8/“ exp(e / e_“tcn(ét(”),nt)dt>], (4.4)
e 0

where Ts(0) 1= o~} log(6/68) and {E,(n)},zo is the process corresponding to the
g™ (|x, ).
Proof (1) Since S, = {x € S|V(x) < n}, by Assumption 2.1(ii), we see that

(") (a) : / g™ (dy|x, a) is bounded. So we can use the Lyapunov function
S/{x}

V = 1 such that fsq(")(dy|x,a)V(y) < poV(x), and c_](”) = SUP(y 4)ek q)(cn)(a) <

0o. Now let us define a nonlinear operator 7 on B ([0, 1] x S) as follows:

1 1
Tu®, x) =’ + —/ inf [— / g™ (dy|x, a)u(s, y) + cp(x, a)u(s, x):|ds,
a Js S

acA(x)| §

where u € B1([0, 1] x §) and (0, x) € [§, 1] x S. By using the Assumption 2.1 and
the fact that ¢, is bounded, we obtain

sup sup |[Tu(,x)|
0els,1] xeS

1 1
5e“"/“+—/ sup {—sup[f |q<">(dy|x,a)||u<s,y>|]+nsup|u(s,x)|}ds
S

acA(x) S xes xe$§

Sn/a ”u”?<> ! 1 (n)
<e + — sup —sup|2g,"”(a) |ds +n(l —95)
s

o acA(x) S xeS

1
< e 4 —[(—2)c—1<"> log$ + n(1 — 5)] llu|°.
o

Therefore, T is a nonlinear operator from By ([0, 1] x S) to By([0, 1] x §). For any
g1, 82 € B1([0, 1] x §) and 0 € [§, 1], we have

1 t
sup [Tg1(t, %) = Tga(t, %)| < — / <2a<">/s +n) sup |g1 (s, x) — ga(s, x)|ds
) xXeS

xeS

1
<= [2a<"><logt —log8) + n(t — 3)} lgr — g2115°.
(4.5)
Now, we prove the following:
sup |T'g1(t, x) — T'ga(t, x)|
xes
— 00 l
< M[Zc_j(")(logt —log8) +n(t — 5)} Vi=1. (46
o - Ll

@ Springer



232 S. Golui, C. Pal

By (4.5) and (4.6) we have

sup [T gy (, x) — T ga(2, x)|

xes

1 t
<— / (2a<"’/s + n) sup |T'g1(s, x) — T'ga(s, x)|ds
S

o xes§

lgr — &0 [ (1o —(n) :
== | (28" /s +n )23 (ogs —logd) +n(s — ) | ds
o sl S

g1 — &2lI5°

I+1
_ —(n) _ _
= T T |:2q (logt —logé) +n(t 8)] .

k
Since Zk>1 |: 2g™ log§+n(1 —8):| < 00, there exists some m such that 8 :=

am omom!

m
[—261(") log 8+n(1— 5)} < 1, whichimplies that || 7" g1 —T" g [|%° < Bllg1—

821I5°. Therefore, T is a m-step contraction operator on By ([0, 1] x ). So, by Banach

fixed point theorem, there exists a unique bounded function (p(" D e B1([0,1] x S)
(depending on (n, 8)) such that Tg{"® = % that is,

1 [ 1
oU (0, x) = e+~ / inf [— / " dylx, @)™ (s, y)
§ acA(x)

+ cn(x, a)<p(" (s, x)j|ds.

Also note that (p(" 9 (8, x) = e%/* Hence by using (4.1), (4.2) and the above equation,
we have (p(" = L%’,O([O, 1] x §) and it satisfies equation (4.3).
(2) First we see that

[ecnu )@, x) + / ™ (dy|x, a)pl" 3>(9,y>}

is continuous ina € A(x) and A(x) is compact. So by measurable selection theorem
(Bertsekas and Shreve 1996), Proposition 7.33, there exists a measurable function
£ :10,1] x § — A such that

acA(x)

inf |:9c,,(x a)pm 5>(9,x)+/ ™ (dy|x, a)pi™ ‘”(9,y)]

[ecn(x 0, )@, x) + / g™ dylx, ¥, x)el" 5>(9,y)}. (4.7)
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Let
¥SxRy > A
be defined by
78 (x) = (e, x).

Let 0(t) := e~ for t € [0, 00). Since ¢, and (">

formula we get

T5(0)
EY [exp( / 0 (s)cn (€, zmds) o ‘”(m) s“”)} IARCEY
0

Ts(0) (n,8)
=E§f{ /O 5 [ a9<s>a*" O(s), M) + f ™ (dyle™, 7)) 0 (s), )

are bounded, by Dynkin’s

+0(5)cn (€M, 1)V (O (s), s%} x exp( f S 0(v)cn (€M, ﬂv)dv>dS}-
0
4.8)

By using (4.3) and (4.8), we obtain
T5(0)
ET [exp( / 9(s>cn(s§">,m)ds)sog”‘” (e(m s(’”ﬂ 090, x).
0

Since m € I is an arbitrary control and (p(" ) (0(Ts(0)), g};’)) = ¢"/® we have

Ts(0)
@0V, x) < inf ET [e"‘”“exp( fo 9<s>cn(é§”%ns>ds)] (4.9)

Using Eqgs. (4.3), (4.7) and (4.8), we can show that

. 75(6)
09, x) = ET 5[6"5/“ exp( /0 0(s)cn (™, (ss@))ds)]

Therefore

T5(0)
o6, x) > 1nf E”[ né/a exp</ 9(s)c,,(§s("),ﬂs)ds>j|. (4.10)
0

Therefore, from (4.9) and (4.10), we obtain (4.4). This completes the proof. m]

Theorem 4.1 Grant Assumptions 2.1,2.2 and 3.1. Then the HIB Eq. (3.1) has a unique

o 0
solution ¢y € L%"([O, 1] x S) satisfying 1 < ¢q(0, x) < O‘Z‘;fiz(;/le (V(x))% for all
@,x) e[0,1] x S.
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Proof First note that (p(" ) is the solution to the Eq.(4.3), which depends on two

parameters n, 6. We prove this theorem in two steps.
Step 1: In the first step, we construct a solution ga(n)( x) from go(" 5)( x) by passing

the limit as § — 0, such that (p(")( x) is an absolutely continuous function and
satisfies the following DEs:

aeafﬂa @,x) = 12{)[/ (n)(dylx a)QD(n)(e y) +6c,(x, a)(p(n)(97x):|,
x €S, ae 6 € [0, 1],
—~—— V(x )) « v @,x)e[0,1] x S.

2,0Lo/a

1 <o, x) e

/\

4.11)

Given0 <d§d <land1l <n <ooby(4.4)and sup c,(x,a) <n,wehave
(x,a)eK

oG, x) < e x e S5,0 €8, 1].
Next we extend the domain of (p(" ) to [0, 1] x S by

719 (9. x) = oD@, x), s<0<1VxeSs
Ya 17 "5/“, 0<6<8Vxes.

We consider the following expression, for any given & € I, x € §, 0,6y € [4, 1]:

T5(9) ™
‘E;’ [e”‘s/“ exp(@/ e e, (" ,n,)dt)]
0
T5(6o) -
— ET [e"‘s/“ exp(@of R (e ,n»dt)i”
0

<P+ P,

where
Ts(0) )
P :=‘Ef |:e”5/°‘ exp(Q/ e “en(&" ’”t)dfﬂ
0
Ts(0) )
— ET [6”5/“ eXP(%/ e en(g" ,n,)dl):| ;
0

and

T5(0) -
P —‘E [ n/a exp(@of R (o ,n,)dt):|
0
Ts5(00) -
— ET |:e”5/°‘ exp<90/ R (A rr,)dl):| ‘
0
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Consider ¢ A d := min{c,d} and c VvV d := max{c, d}. Then for fix n > 1; we have

Ts(0) @ T5(0)
/ e ey(&,", mdt < nf e ¥dr <
0 0

and

T5(0V6p)

T5(0V60)
/ e ¢, (é,("), m)dt < n/ e Y dt
T, T

5(0100) 5(OA60)

- g[exm—an(e A B0)) — exp(—aTs (0 v 6)] <

QI

snl6y — 0

Using the above results and knowing the fact that ¢?? — 1 < (¢? — 1)z forall z € [0, 1]

and b > 0, we obtain

T0)
Py = "ET [exp((e A 6o) / e e, (&, n,)dt)

T5(0)
x (exp<|90 —9|/ —ete, (&, m)dt) - 1)]

T5(0) -
< M/ ET |:exp<|490 — 0] / R (0 n,)dt) — 1]
0

< 62"/“(exp (f|90 _ 9|) _ 1)
o

< /e (e"/“ — 1)|90 —0.

Similarly for P, we have

Ta(0A90)
Py = e"/YET |:exp (90

_atcn (ét(n), nt)dt>

Ta(9V90) -
X (exp(GO/ “ e, (& n,)dt) — 1)]
T5(0A6p)

T(s (Gveo)

< eZn/aEn |:exp<
T5(6N60)
0 — 6
§e2"/°‘<exp( 8 0|) 1)
< e <e"/“ — 1) 160 — 6.

Hence for all (6, x) € [0, 1] x S, we have

189 (09, x) — gD (0, x)| < 262/ (" —

—te, &7, m)dt) - 1]

)16 — 6o].

(4.12)
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Now we want to show that ¢ _(" D is decreasing as § — 0 for any (6, x). For a fixed
o > 0and & > 0 small enough, consider 27°7 @, x) — 7% (8, x) and assume

né .
that 15 := e « . By measurable selection theorem we get the minimizer 7*¢+¢) like

in Eq. (3.4), corresponding to gy

Case 1. If § + ¢ < 6 then

such that the followings cases hold.

FUt (g, x) — gD (@8, x)

) T‘”P ) _x(6+e) 4 (n)
= Ex hsyeexp| @ Cn(é s Ty (51_ ))dt
0

Ts
~ inf ET {ha exp(e f e‘“’cn@,’”,n,)dt)]
mwell 0

(Gt r Ts+e
> hy BT exp(@ / ey (g “””(sf”))dr)
0

Ts
x :hg - exp<9 / e e, (&, 7O (gf’?))dz) H
Ts+e
coaer [ Tsye Ts
> h(;E;[ (8+&) exp<0/ C (g(n) (5+6) (E;f)))dt) {hs _ exp<9/ efatndt) }:|
0 Tste

«6+er [ Tsye 9(e—Ts+e — p—aTs
_ héEf (6+e) exp<9f e—mcn(st(n) n*(6+s) G ")))dt){ _ exp(" (e e )) }:|
0

o

=0.
Case2. 6 <0 <5+e¢

a(n 6+£)(6 x) — —(’1 6)(9,)6)

=h _ E‘T[*(S h 2] T (”) *5 (n)

= hste — EY | hsexp e ey (8", 70 (5))dr
0

i} * 7
= hs|he — ET 6|:exp<9 / e—“’cn(s}"),nﬁ(&f@))d:)ﬂ
L 0
- 7
> hs| he — exp(@/ e_“’ndt)i|
0

e aT
= hs|n, — T 5)] > 0.

Case 3.0 <$§
Uit (9, x) — gD (6, x) = hsye — hs = hs(he — 1) = hs(e'™ — 1) > 0.

Hence @&”’5) (@, x) is increasing in § for any (0, x) € [0, 1] x S. Now from (4.12),
we know that for each x € S, <p(" 8)( , x) is Lipschitz continous in 6 € [0, 1]. Also,
_((x" ) (@, x) is increasing in § for any (6, x) € [0, 1] x S and bounded above (since
a&”"”(e,x) < e x e 8,0 €[5, 1)), therefore there exists a function (p( "
[0, 1] x S that is continuous with respect to 6 € [0, 1], such that along a subsequence
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8m — 0, we have limy_ 00 7o (0, x) = ¢{" (0, x) and for any fixed x € S this
convergence is uniform in 6 € [0, 1].
Let y € C2°(0, 1), then we have

1 1 —(11,8m)
. / (91//) (9)—(n 5,71)(9 X)db = f b 00q @, )y (9)do
0 0 a0

1
=/ inf |:90n(x ayg" 5m>(9,x)+/ g™ (dy|x, a)gi" ‘Sm)(e,y)}w(e)de
0

acA(x)

acA(x)

Sm
— / inf |:6’cn(x )@ om0, x) + / @ (dy|x, a)gi" 8m)(9,y):|1//(9)d9
0

1
- / inf [ecn(x )@ (0, x) + / q" (dy|x, a)gi" 5'")(9,y)}¢(9)d9
0

aceA(x)

am
—/ inf [ec,,(x g 5m>(9,x)]w(9)d9. (4.13)
0

acA(x)
Now take t(x) := MyV(x) and define

g™ (dylx, a)

0" (dylx, a) := 8x(dy) +
T(x)

for all (x,a) € K where 8, (-) is the Dirac measure concentrated at x. We see that
under Assumption 2.1, Q7 is a stochastic kernel on S given K. Then (4.13) can be
written as

I d(@l//)_(nam) —(nam)
_/o{r(x) 25 a0 %) — ®, x)w(e)}de

1
:/ inf I:icn(x g 5m>(0,x)+/ 0" dylx, ayg™ 3m>(e,y)]1/f(9)d9
0

acA(x)| T(x)
1 fom

- i Z(:0m)
™ Jo aelgfx)[Gcn(x a)p, (0,x)i|1p(9)d9. (4.14)

Now

inf [ o en(x, )@lom (0, x) + / 0™ (dy|x, a)pl" “m)(e,y)}we)‘
acAx)| T(x )

< |¥(©)] sup [ e )|cn(x a)llgl 5>(9,x>|+/ 0" (dylx, a)lgl" ‘”(e,yn]

acA(x)

2 p
<Y fhefe gy [inv @ (x) + f Q(”)(dylx,a)Vflxg(y)}lw(e)l

a’ — Pop10 acA(x) 7(x)

2
< e s [ v + [ 0@ ave|we)
as — ppp10 acAx)LT(X)
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o? oL (x)
< 5———¢ 0/°‘|: = )nV(X)+V(X)+,00—}|1ﬂ( )|

a? — pop16 (x)
2
- 2“—e“0/“[ nV(x) + V(x) + —}|w(9)| (4.15)
ac — pop10 (x)

Since for each fixed x € S, A(x) is compact, there exist a subsequence of {m}, by abuse
of notation, we denote the same sequence and a* € A(x) such thatlim,,_, a;, = a*.
Now, from (4.13), for any a € A(x), we have

e dOV) s, 0r:om)
‘/ {m J0 e " (0:%) — (e,x)xp(e)}de

1
:/ [r(e)cn(x a )w(n 8"1)(9,x)+/Q(")(dy|x a )(p(n Bm)(e’y)]w(e)dg
-

- inf [ec,,(x ayg 3w>(9,x)}w(e)d9. (4.16)
T(x) Jo acAk)

So, by Lemma 8.3.7 in Hernandez-Lerma and Lassere (1999) (Hernandez-Lerma and
Lasserre 1999) taking limit as m — o0 in (4.16), we get

1 o d( 1//) ) (n)
_f {t(x) 70 D¢a (0. %) = (0, x)w(m}de

1
2/ [%Cn(x Cl*)(p(”)(e x)+/ Q(")(dylx a*)w(”)(é’,y)]w(@)de.

Hence

I o dy) ® (n)
_/ {r(x) do ¢y (0,x) — ¢y (0, x>1/f(9)}d9

1
> inf / [icn(x a)(p(n)(g x)+/ Q(”)(dylx d)<p(")(9,y)}w(9)d9.
acA(x) Jo L T(X)
4.17)

But

1{ o d(ew)_(n 5
0

m) Fndm)
Ty dg Pa " O:x) = <0,x)w(e>}d9

/\

B [ﬁc”(x DR 0.0+ / 0" (dylx, aygl" 5"’)(9,y)}w(9)de

i (1,6m)
t(x) 0 aéﬂfx)[ecn(x @)@y @, x)]w(e)de_
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By analogous arguments, we get

I o dovyr) - (n)
_/ {r(x) do g ©)ey (0. %) — ¢, (0, x)w(e)}de

1
< inf f [imx @) 6, x) + / 0" (dylx, a><p<")<9,y>}w<9>de.
acA(x) Jo ‘L'( )
(4.18)

From (4.17) and (4.18), we get

L doy) @ (n)
_/o {r(x) 15 092" 0.0 — 9" (0, xw(e)}de

1
— inf / [imx @)@, x) + / 0™ (dylx, a)so(”’(e,y)]w(e)de.
acA(x) Jo ( )
(4.19)

Thus we obtain

_f | d(ew)(e) M, x)d6
0

1
— inf / [ec,,(x a6, x) + / g™ (dy|x, a)pi (@, y)]l/f(@)d@.

acA(x) Jo
Hence

Bwé”)

©.x) = inf )[ec,,(x,awé”)(e,x)+ / ™ (dylx, a)w‘")w,y)] ae.0 €0, 1]
X

in the sense of distribution. Now for 6 € [§,,, 1], by using (4.4) and Proposition 2.1,
we have

Ts,, (0)
gy (0. x) = inf ET [e"‘s’”/“ exp(9 f e—“fc,,(s,("),n,)dtﬂ
e 0

o0
< "n/® jnf ET [exp<9 / e_mc,,(ét(n),m)dt)}
mwell 0
o0
< Mom/ inf ET [exp(@/ e""c(f;‘l("),n,)dt)]
0

2 ,0Ly/a
< nin/e —“_ep Ve)'s
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Note that goé""s’") — <pé") as m — oo. Thus, letting m — oo in the above equation,
we obtain

o o2efLo/a o0
1 =970, %) = 5——(V(x)) «. (4.20)
as — popi0

By using (4.1), (4.2), (4.20), and the DE satisfied by wé") (that is just proven), we see

that <p(§[") € L%O([O, 1] x §) and it is a solution of (4.11). Thus by closely mimicking

the arguments as in Theorem 3.1, one can easily get the stochastic representation of
. (n) .
the solution ¢y , that is

o
(p(gﬂ) (9’ x) — ;Iellf;[ E;T [exp<0/ efalcn(gt(n)’ nt)d[)} (421)
0

Step 2: In this step we prove Theorem 4.1, by passing to the limit as n — oco. Now

we will prove that for each x € §, {(p(g,") }n>1 18 equicontinuous on [0, 1]. We consider
the following expression, for any givenw € I[1,x € S, 6,6y € [0, 1]:

‘E;’ [exp(@/ e“’cn(ét("),n,)dt)] — E7 |:exp(90/ e“tcn(é,("),n,)dt>”
0 0

< Kj,

where

o0
K, = ET |:exp<(9 A 6o) / e e, (£, n,)dt) x
0

(exp<|90 — 0| /oo e_“tcn(ét("), n,)dt) — 1>:|
0

B o0
<ET exp((e A o) / e e, (£, n,)dt) x
L 0

o0
<exp</ e e, (£, n,)dt) - 1>|90 - 9@
0
< ET™ [ *© —at (n)
< El|exp e ey (&, my)dt | X
L 0
o
<exp</(; e_atcn(ét(n)’ nt)dt) |60 — 9|>:|
o0
=60 — 0| x EY [exp(Z/o e_"”cn(ét("), nl)dt)]

2Lo/a b
< 16— 6] x = (v2<x) + —°>.
@ — 02 P2
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Here, the first inequality is according to et —1 < (eb — 1)z for all z € [0, 1] and
b > 0 and the last inequality follows from (3.7). Therefore, we have

2Lo/a b
1 (B, x) — (0, x)| < sup |6 — O] x — (v2( )+ °>
a—pm 02

mwell

2Ly ) b
= 16— 0] x X8 <V2(x) 4 —°>. (4.22)
) 02

By measurable selection theorem, [Bertsekas and Shreve (1996), Proposition 7.33],
there exists a measurable function f** : [0, 1] x § — A such that

inf [ecn(x,a)goa(e,xw / q<”>(dy|x,a)¢a<9,y)}
S

acA(x
= [ecn (x. [0, ))9a (0, %) + /S g™ @ylx, (0, x)¢u O, y)]. (4.23)
Let
" SxRy —> A
be defined by
7" (x) = (O, x).

Hence by Eq.(4.11), we have a.e. 6 € [0, 1] and Vx € §, we have

02 0, x) g™ (dylx, f*”(@ ))e (0, 3) +0cn(x, 0. )¢ @, x)}
1< (p<”)(0,x) < aze(:)(;/:‘e (V(x)) o V@, x)e[0,1] xS.

(4.24)

Slnce cn > 0, by (4.21), we see @y )(9 x) is increasing in 6. Also we know that
o )(9, x) is differentiable a.e. with respect to 6 € [0, 1]. So

(@,x) >0 fora.e. 6. (4.25)

So, by (4.1), (4.2) and (4.24), for all x € S and for a.e. 6, we have

<0 ifxe S

i —af L’% 0, x)+ [ / =D (dylx, ¥, )90, y) + Ocn—1(x, £*(0, )" (O, x)]
S

(4.26)
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and

6 (n)
—ab 29, x) + [ fs g "V dylx, £0, )l @, y) + Ocu_r (x, f(0, )9 (O, x)]

i)(p(”)
=—af =5 (0,x) <0
if x ¢ Sy—1 (by (4.25)).

4.27)

So, by Dynkin formula, we get

E™" [exp(@ / e—‘”cn,l(g}"*”,n,*"(g,‘ﬁ*"))dz)] < ™0, x) forall (0, x) € [0, 1] x S.
0
(4.28)

Also using (4.11) and Dynkin formula (see (3.7) and (3.13)), we have
*n o0 1 1
o0V, x) < ET [eXp (e / e ey ("D, I E" ))>dt)}. (4.29)
0

By (4.28) and (4.29), we have "8, x) < " (0, x).

Hence (pé,") (6, x) is increasing in n for any (0, x) € [0, 1] x S. Now from (4.22),
we know that for each x € S, gp(”)(~, x) is Lipschitz continuous in 8 € [0, 1]. Also,
gaé”)(e, Xx) is increasing as n — oo for any (@, x) € [0, 1] x S and bounded above (by
(4.20)), therefore there exists a function ¢, on [0, 1] x S that is continuous with respect
tof € [0, 1], such that along a subsequence ny — oo, we have lim,;, _, (pé"“(@, X) =

¢« (0, x) and this convergence is uniform in 6 € [0, 1] for each fixed x € S. Moreover,
by (4.20), we have

0[2 OLo/a 010
1< gu0,%) £ ——— V)T (430)
o — pop10

As the proof of equation (4.11) in step 1 (starting from the first equality of (4.13)),
we see that ¢, is a solution to the HIB Eq. (3.1). Also by (4.30), we can conclude that
Qu € L%O ([0, 1] x S). Finally, the uniqueness of ¢, (6, x) follows from the stochastic
representation in Theorem 3.1. O

5 The existence of optimal control

In this section, we present the main result of this article. Here we show the existence
of an optimal control.

Theorem 5.1 Suppose that Assumptions 2.1, 2.2 and 3.1 are satisfied. Then, the fol-
lowing assertions hold.
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(1) The HIB Eq.(3.1) has a unique solution ¢, € L]oj’([O, 1] x S) and the solution
admits the following representation

o0
1 < @y(0,x) = inf ET |:exp<9/ e_“’c(st,n,)dt)}
mwell 0
o2efLo/a 0
s —5———W) «.
ac — pop10

(2) There exists a measurable function f* : [0, 1] x § — A such that

0@y * *
a@%(@,x) — |:\/:S‘q(dy|_x7 f (G,x))(pa(e, y) +9€(-x, f (va))(pa(gvx)i|

a.e 9 €0, 1]. 5.1

(3) Furthermore an optimal Markov control for the cost criterion (2.2) exists and is
given by

7 (x) = f*O0e™™, x),

where f* satisfies (5.1).

Proof Part (1) follows from Theorems 3.1 and 4.1.
To prove (2), by Hernandez-Lerma and Lasserre (1999), we first observe that the
function

/SLI(dylx, Q)@a (8, y) +0c(x, a)pa (8, x)

is continuous in a € A(x) for each given (,x) € [0,1] x S. Thus, by the
measurable selection theorem (Bertsekas and Shreve 1996), Proposition 7.33 there
exists a measurable function f* satisfying (5.1), and so (2) follows. For part (3),
take any f* that satisfies (5.1). Then by Theorem 3.1, we have ;relfn fa @, x,m) =

Jou 0, x, 7%) = ©q (0, x), which together with (2.2), (2.3) and part (1), we have
1. - 1
inlf_[ja(Q,x,n) = Ju0,x,7%) = gano,(B,x,ﬁ*) = gln(pa(e,x). Hence 7*
TeE
is an optimal Markov control. O
Now we prove the converse of the Theorem 5.1.

Theorem 5.2 Grant Assumptions 2.1, 2.2 and 3.1. Suppose there exists an optimal
Markov control for the cost criterion (2.2) and is given by

A x) = fH(Oe™, x),

for some measurable function f *. Then we prove that f * is a minimizing selector of

@3.1).
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Proof sSince 7* is optimal for the cost criterion (2.2), therefore we have

inf Jy,(0,x,7) = Ju(0, x, %) = J¥0, x). (5.2)
mwell

Now for f * by Theorem 4.1, there exists a unique solution v, € L‘{/O([O, 1] x §) for
the equation

Vo y ~
“9%(6”) = [/Sq(dylx,f 0. X)Va(®. y) +0c(x, f (G,x))wa(e,x)},

(5.3)

a2ePLola

V)& f
LV V() e for

for each x € S and a.e. 6 € [0, 1], satisfying 1 < ¥, (0, x) <
all (@,x) €[0,1] x S.
Now by Theorem 3.1, we know that

1 < ¢u(.x) = ET [exp(@ /oo e (g, ﬁf(«;%-))d;)}
0

azeﬂLo/o{

P10
= m(v(x)) o 5.4

From (5.2) and (5.4), we get

Ve (O, x) = inf_[ Jo(0, x, ) = Jy (0, x,7%) = JX(@,x) for (8,x) €[0,1]x S.
Te
(5.5)

So, in view of Theorem 3.1, by Egs. (3.1), (5.3), and (5.5), we conclude that f* is a
minimizing selector of (3.1). O

When the transition and cost rates are bounded, the existence of an optimal control is
ensured by Theorem 5.1.

Corollary 5.1 Grant Assumption 3.1 ((i)—(ii)). Also, assume that the transition and
cost rates are bounded. Then, there exist a unique solution ¢, and an optimal control
for the HIB Eq. (3.1).

Proof Suppose there exist constants L; and bj, such that sup ¢.(a) < L; and
(x,a)eK
sup c(x,a) < by. First we take the Lyapunov function V(x) = P, for all x €
(x,a)eK

S, P > 1, a constant. Now [ V(y)g(dylx,a) = [¢V*(y)q(dylx,a) = 0, for all
(x,a) € K. Now, take pp = o, My = L1, any real number, p; € (0, @), and Lo = b;.
Then Assumption 2.1 is verified. Now for all x € §, take any constants p» € (0, )
and bo € (0, 00). Then Assumption 2.2 holds. Also fS V(y)q(dy|x, a) is continuous
ina € A(x). So, Assumption 3.1 is also true. Then, by Theorem 5.1, we have a unique
solution ¢, and an optimal control for the HIB Eq. (3.1). O
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6 Application and example

In this section, we verify the above assumptions with one example, where the transition
and cost rates are unbounded.

Example 6.1 The Gaussian Model: Suppose a hunter is hunting outside his house for
his manager. Suppose the house is at state 0. A positive state represents the distance
from the house to the right, and a negative state represents the distance from the
house to the left. Let S = R. If the current position is x € S, the hunter takes
an action a € A(x), then after an exponentially distributed travel time with rate
A(x,a) > 0, the hunter reaches the new position, and the travel distance follows
the normal distribution with mean x and variance o. (Or we can interpret A(x, @) as
the total jump intensity that is an arbitrary measurable positive-valued function on
S x A, and the distribution of the state after a jump from x € S is normal with the
variance o and expectation x.) Also assume that the hunter receives a payoff c(x, a)
from his manager for each unit of time he spends there. Let us consider the model
as Ay :={S, (A, A(x),x € 5),c(x,a),q(dy|x,a)}, where S = (—o0, 00). For each
D € B(S), the transition rate is

1 _o=n?
(D|x,a)=)»(x,a)|:/ e 22 dy—3§ (D)i|, xeS,aeAlx),o > 0.
1 yeD \/27'[0 Y *
6.1

To ensure the existence of an optimal Markov control for the model, we consider the
following hypotheses.

(I) Foreach fixed x € S, A(x, a) is continuous in a € A(x) and there exists a positive

constant M such that0) < sup A(x,a) < M; (x2 +1)and M; <
acA(x)

(IT) For each x € S, the cost rate c(x, a) is nonnegative and continuous in a € A(x)

o
602(02+1)"

. . 2
and there exists a constant 0 < p; < min{c, #} such that

sup c(x,a) < pylog(l 4 x?).
acA(x)

(IIT) For each fixed x € §, A(x) is a compact subset of the Borel spaces A.

Proposition 6.1 Under conditions (I)—(1ll), the above controlled system satisfies the
Assumptions 2.1, 2.2, and 3.1. Hence by Theorem 5.1, there exists an optimal Markov
control for this model.

-2
1 0 2k, — 1 &0 —
Proof We know NorEe [ov — »F e 02 dy = 0 and e A}

yﬂ)z

(
x)*e 202 dy=1-3--- 2k — o* forallk =0,1--- .
We first verify Assumption 2.1. Let V(x) = x2 + 1.

y—2

1 o0 _ =02
fsv(y)q(dylx,a)=k(x,a)[ma ﬁw(y2+1)e 202 dy—(x2+1)i|
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= Ax, a)o2

< M6V (x). 6.2)
Let pg = M 02. Then fS V(»)gq(dylx,a) < ppV(x). Now

g (x) = sup ge(a) = sup A(x,a) < Mi(x>+1)=MV(x)Vxe€S.
acA(x) acA(x)

Now by condition (II), we can write

sup c(x,a) < pilog(l +x?) + M.
acA(x)

Observe that by condition (II), 0 < p; < min{a, p, 1052}. Hence Assumption 2.1 is
verified with My = Lo = M.
Next we verify Assumption 2.2. Forany x € S, a € A(x),

/Sq<dy|x,a>v2(y> =/Sq(dy|x,a><1 +°)°
= Ax a)|: 1 /OO( 21y ay — 2+1)2]
R \/EO’ - y e y X
= A(x, a)[1-30* + 022 + 6x2)]
< Mi(x* + D[B30* + 022 + 6x7)]
= M0>(x> + 1)(302 + 2 + 6x2)
<6Mia’(x>+ D>+ D>+ 1)

= 6MV*(x)o% (02 + 1)
< pV?(x) +1

where p» = 6M0%(c%+ 1), and by = 1. Then by condition (I), we have 0 < ps < a.
Hence, Assumption 2.2 is verified. Now by conditions (I) and (II) c(x, a) is continuous
ina € A(x). Observe that by condition (I) and (6.2), fS V(y)q(dy|x, a) is continuous
ina € A(x). Hence Assumption 3.1 is also verified. So, by Theorem 5.1, we see that
there exists an optimal Markov control for this model. O

Remark 6.1 As we mention in the introduction, there are many real-life applications,
where the underlying system dynamic is modeled as a CTMDP, with a Borel state and
action spaces as well as cost and transition rates are unbounded, see such a cash-flow
problem in Guo and Zhang (2019), [p. 112, Piunovskiy and Zhang (2020)]. Also,
there are lots of real-life examples like infrastructure surveillance models [p. 115-
116, Piunovskiy and Zhang (2020)], queueing model [p. 192, Piunovskiy and Zhang
(2020)], where we see that the state space is uncountable, can be formulated in our
set-up.
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