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Abstract

In this paper, we investigate a stochastic Stackelberg differential reinsurance and
investment game problem with delay for a reinsurer and an insurer in a defaultable
market, which consists of a risk-free asset, a risky asset and a defaultable bond. As the
leader, the reinsurer can determine reinsurance premium price and investment strat-
egy to maximize the expected exponential utility of its terminal wealth with delay. As
the follower, the insurer can select reinsurance proportion and investment strategy to
maximize the expected exponential utility of its terminal wealth with delay. By using
the idea of backward induction and the dynamic programming approach, we solve
the leader’s and follower’s optimization problems sequentially and derive the Stackel-
berg equilibrium strategy explicitly. Then, we provide the corresponding verification
theorem. Finally, we present some numerical examples to illustrate the influence of
model parameters on the equilibrium strategy and draw some economic interpreta-
tions from these results. We find that the pre-default value functions are higher than
the post-default value functions and the influence of delay weight on equilibrium strat-
egy depends on the length of delay time. Moreover, when the Stackelberg equilibrium
is achieved in the interior case, the optimal reinsurance premium follows the vari-
ance premium principle and the influence of delay weight on the optimal reinsurance
premium strategy is just opposite to that on other strategies.
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1 Introduction

Reinsurers and insurers, as special financial institutions, not only face the investment
risk in the financial market, but also face the risk of future random claims in the insur-
ance market. The study of optimal reinsurance and investment problem has become
a hot issue in actuarial and mathematical finance research. The existing literature is
mainly based on a single perspective of the insurer, while the interest of the reinsurer
is often ignored. For example, Browne (1995), Bai and Guo (2008), Li et al. (2012),
Yi et al. (2013), Bensoussan et al. (2014), Liang et al. (2016), Hu et al. (2018), Zhou
et al. (2019), Zhou et al. (2019) and so on. Since any reinsurance contract is obvi-
ously a mutual agreement between the insurer and the reinsurer, a reinsurance strategy
that only considers the interest of one party may be unacceptable to the other party.
To address this problem, we investigate the reinsurer’s premium pricing and invest-
ment optimization problem as well as insurer’s reinsurance-investment optimization
problem.

The existing literature on two-party optimization problems is generally carried out
under the framework of game, such as zero-sum game (e.g., Zeng (2010), Taksar and
Zeng (2011), Li et al. (2015), etc.) and non-zero-sum game (e.g., Bensoussan et al.
(2014), Meng et al. (2015), Guan and Liang (2016), Zhou et al. (2021), etc.). However,
both parties considered in the above literature are insurers, and the interest of the
reinsurer is not considered. Under utility maximization criteria, Chen and Shen (2018)
first constructed a Stackelberg stochastic differential game model to analyze optimal
reinsurance problem from joint interests of the insurer and the reinsurer. By solving
the optimization problems of both parties in turn, they obtained the optimal premium
price strategy and the optimal retained proportion under special circumstances. Based
on this study, many literatures have conducted extensive research in different market
environments, such as, Chen and Shen (2019), Bai et al. (2020), Bai et al. (2021),
etc. In view of the more extensive investment channels of insurance funds, this paper
studies a stochastic Stackelberg differential reinsurance and investment game problem
for a reinsurer and an insurer in the defaultable market.

Although the default risk has been understood as one of the significant trigger of
the global credit crisis, defaultable bonds are still sought after because of the relative
high profits. With respect to maximizing the expected utility of the terminal wealth,
Bielecki and Jang (2006) studied a portfolio optimization problem with a defaultable
security; Zhu et al. (2015) analyzed the optimal proportional reinsurance and invest-
ment problem in a defaultable market under the Heston’s stochastic volatility model.
Deng et al. (2018) derived the Nash equilibrium reinsurance-investment policy with
default risk under the non-zero-sum game framework. More studies on defaultable
bond can be found in Zhao et al. (2016), Li et al. (2017) and Wang et al. (2019a) and
SO on.

Traditionally, the optimal reinsurance-investment decision-making problem based
on current information has been studied, ignoring the past wealth performance. How-
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ever, the decisions of managers often depend on the past information in the real system,
and delays arise naturally. It would be more practical to consider such a delay period.
Recently, delay has been explicitly discussed in the literature on stochastic control
(e.g.,Changetal. (2011), Federico (2011), Shen and Zeng (2014), Wang et al. (2019b),
etc.). With the optimality criterion of maximizing the expected exponential utility of
the combination of terminal wealth and average performance wealth, Chunxiang and
Li (2015) and Chunxiang et al. (2018) studied optimal investment and excess-of-
loss reinsurance problems with delay. Motivated by the above studies, we consider
the wealth processes with delay to characterize the bounded memory feature in the
framework of stochastic Stackelberg differential game.

The main work of this study is summarized as follows. We build a stochastic Stack-
elberg differential reinsurance and investment game model between a reinsurer and an
insurer. Both of the insurer and the reinsurer can invest their wealth in a defaultable
market. Moreover, we consider the wealth processes with delay. By using the idea of
backward induction and the dynamic programming approach, we solve the reinsurer’s
and insurer’s optimization problems sequentially, and derive the Stackelberg equilib-
rium reinsurance-investment strategy and value functions explicitly. Then, we prove
the corresponding verification theorem, and analyze the properties of the equilibrium
strategy and value functions. Finally, we provide some numerical simulations and
sensitivity analysis to show the impact of the model parameters on the Stackelberg
equilibrium strategy and verify our theoretical results. We have the following findings.
Firstly, we find the pre-default value functions are higher than the post-default value
functions and the difference between two cases stands for the loss in objectives due
to the default event. Secondly, if the proportional reinsurance is applied, the variance
premium principle is an ideal candidate among all possible premium principles when
the equilibrium is achieved in the interior case. Thirdly, the influence of delay weight
on equilibrium strategy depends on the length of delay time, and the influence of delay
weight on the equilibrium reinsurance premium strategy is opposite to that on other
strategies.

Different from the existing literature, this paper has the following contributions. (1)
We first consider the default risk in the framework of stochastic Stackelberg differential
reinsurance and investment game model. (2) Compared with the existing research
on the stochastic Stackelberg differential game in the field of actuarial and strategic
optimization, we consider not only the reinsurance game between the reinsurer and
the insurer, but also the optimal investment problem. (3) We consider the delay factor
in the Stackelberg game model to characterize the bounded memory feature of wealth
processes.

The remainder of this paper is organized as follows. In Sect. 2, we construct a
stochastic Stackelberg differential reinsurance and investment game model consid-
ering the default risk and delay. In Sect. 3, we derive the Stackelberg equilibrium
reinsurance-investment strategy and value functions explicitly and prove the cor-
responding verification theorem. In Sect. 4, we give some numerical examples to
illustrate the influence of model parameters on the Stackelberg equilibrium strategy
and draw some economic interpretations. Finally, we summarize the conclusions of
this paper.
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2 Model setup

In this section, we describe the model in details. Let [0, 7] be a finite time horizon,
over which reinsurance and investment activities can occur. The uncertainty in markets
is represented by a probability space (€2, F, IP), where [P is the real world probability
measure; F = {F;},5¢ is the right-continuous, P-complete filtration generated by
two standard Brownian motions W (¢) and Wg(¢). We assume that W (¢) and Wg(t)
are independent of each other. We denote by H = {H;},>( the filtration of a default
process, which is driven by a Poisson process. We assume that H and F are independent
of each other. Let G = {G;},>( be the enlarged filtration of 7 and H,i.e.,G; = F; V'H;.

2.1 Dynamics of the financial assets

We consider a financial market that consists of a risk-free asset, a risky asset (i.e.,
a stock) and a corporate zero coupon bond that is defaultable. The price process of
the risk-free asset, {So(¢)};>0, is given by the following ordinary differential equation
(ODE):

dSo(t) =roSo(t)dt, So(0) =1, 2.1

where ro > 0 is the constant risk-free interest rate. The stock price process, {S(?)}s>0,
follows a constant elasticity of variance (CEV) model (refer to Cox and Ross (1976),
Emanuel and Macbeth (1982) and Gu et al. (2010)):

dS@t) = S(t) [rdt + o SP()dW ()],  S(0) = so, (2.2)

where r, o SP (t) and B denote the expected return rate, the volatility and the constant
elasticity parameter of the risky asset, respectively; r > rg, o > 0. B is a constant
parameter. As in Emanuel and Macbeth (1982) and Gu et al. (2010), we assume 8 > 0
to keep the stock price process positive. If § = 0, the CEV model reduces to the
geometric Brownian motion (GBM) model. If 8 > 0, the volatility o S# (¢) increases
as the stock price increases.

Referring to Chapter 5 and Chapter 8 in Bielecki and Rutkowski (2002), we adopt
the reduced-form approach to modeling the defaultrisk. Assume 77 > T is the maturity
date of the defaultable bond and the default time is denoted by T which is a nonnegative
random variable and the first jump time of a Poisson process with constant intensity
h* > 0 under the real world probability measure P. Define the default process by
H(t) = Ijz<4, where I denotes the indicator function that equals one if there exists a
jump and zero otherwise. Then, H () = 0 and H (¢) = 1 correspond to the pre-default
case {t > t} and the post-default case {t < t}, respectively.

Assume that the investor would recover a fraction of the market value of the default-
able bond prior to default and the value of the defaultable bond after default is zero.
Then, we use 0 < ¢ < 1 to denote the constant loss rate when a default occurs,
and 1 — ¢ is the default recovery rate. According to Bielecki and Jang (2006), Zhu
et al. (2015), Zhao et al. (2016) and Wang et al. (2019a), the dynamics of the default-
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able bond price, {S1(¢, T1)};>0, under measure IP is given by the following stochastic
differential equation (SDE):

dSi(t, 1) = S (=, T1) [rodt + (1 = Ha=)n(1 = M)dr = (1 = Ha=)eaM )]
(2.3)

where

t
MP @) =H®) —/ (1 — Hu—)h"du (2.4)
0

is a G-martingale under PP; % = ;% denotes the default risk premium; & @ is the default

intensity under the risk-neutral measure Q; n = h2¢ denotes the credit spread. Duffie
and Singleton (2003) indicated that the probability of default occurring under risk-
neutral measure @ is higher than that under the real world probability measure P.
Therefore, we assume that % > 1 throughout this paper.

2.2 Dynamics of the surplus processes

We consider an insurance market that consists of one huge reinsurer and one small
insurer. For the convenience of calculation, we use the diffusion approximation model
proposed by Grandell (1990) to describe the surplus process. The surplus process of
the insurer, {X r(f)};>0, is denoted by

dXp(t) = cpdt — hpppdt +Ap(Gp)2dWe (1), Xp(0) = xp, (2.5)

where x% > (s the insurer’s initial surplus, cr > 01is the premiumrate, A > 01is the
claim intensity, 0 < ur < 400 and (6F)% < 400 are the first moment and second
moment of the claim size, respectively. The insurance premium rate cr is assumed to
be determined by the expected value premium principle, i.e., cr = (1 + 0p)Arur,
where OF > 0 is the insurer’s safety loading.

The insurer can purchase proportional reinsurance protection continuously from the
reinsurer to manage its claim risks. Denote {g (), ¢ > 0} the reinsurance strategy of
the insurer, where ¢ (¢) € [0, 1]. Then, the reinsurer will cover (1 — ¢ (¢))100% of the
claims while the insurer will cover the remaining at time 7. The price of the reinsurance
premium at time ¢ is p(¢) € [cF, c], where ¢ = (1 + 0_)AF;LF, 0 is an upper bound of
the reinsurer’s relative safety loading and satisfies & > 6. The larger safety loading
aims at avoiding cheap reinsurance, in which case the insurer transfers the complete
risk and still earns something. Introducing proportional reinsurance strategy ¢ (¢) into
Eq. (2.5), then

dXp(t) =[0ra — (p(t) —a)(1 —q0)]dt + q(t)ordWE (1), (2.6)
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where a = Apup, oF = /Ar(GF)2. The surplus process of the reinsurer associated
to this contract with the above insurer, {X[ (¢)};>0, can be expressed:

dXL(t) = (p(t) —a)(1 — q()dt + (1 — g(0)opdWr (1), Xp0)=x], (27)
where xg > x%. In other words, the huge reinsurer has more initial wealth than the
small insurer.

2.3 Wealth processes with delay and default risk

In this paper, we assume that the insurer and the reinsurer can invest in the risk-
free asset, the stock and the corporate zero coupon bond continuously. Suppose that
there are no transaction costs or taxes for investment and reinsurance; short-selling
of the risky asset is allowed; the corporate bond is not traded after default, and these
investments are not enough to affect the prices of the stock and defaultable bond.
The investment horizon is [0, T] and T < Ti. Let bp(¢) and by (¢) represent the
dollar amount that the insurer and the reinsurer invest in the stock at time ¢, respec-
tively. Let br1(¢) and br(t) represent the dollar amount that the insurer and the
reinsurer invest in the corporate bond at time ¢, respectively. Then, the remaining
wealth X737 (1) — bp(t) — bpi(t) and X} (1) — bp(t) — br1(¢) are invested in the
risk-free asset. Let wp (t) = (q(t), bp(t), bp1(t)) and mp (t) = (p(t), bp(t), br1(1)).
Thus, in the defaultable financial market described above, the wealth processes of the
insurer and the reinsurer are given by (2.8) and (2.9), respectively.

TF
X 0 =S [;;(zt)) —2 s + 4SO+ g ST
+10pa— (p(t) — a)(1 — q(e)ldt + q(OordWr (1)
=[0pa — (p(t) — a)(1 — q(1)) + roX " (1)
+(r = r)bp@®) + (1 = HG=)n(l — Mbp(0)]di
+q(opdWE () +bp0)a SEOAW () — by ()1 — Ht—)¢dM P (1), o
L
AXTL (1) = Xp - z(f((f)) —P1® o) + bSL((tt))dS(t) + %d& t, )

+(p() — @)1 — q())dt + (1 — q(O)opd Wr (1)
=[(p() = )1 = ) + roXT- (1)
+(r = r)br () + (1 — H(t=)n(1 = A)bpi ()] d1

+ (1= q(0)opdWp(t) + by (Do SP (1)dW (1) — b ()1 — H(t—)zdM " (1).
(2.9)

In fact, due to the bounded memory characteristic, the decisions of the reinsurer
and the insurer depend on the exogenous capital instantaneous inflow into or outflow
from current wealth. Motivated by Chunxiang and Li (2015), we consider the wealth
processes with delay. Let Yr(¢) and Zf(¢) be the integrated and pointwise delayed
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information of the insurer’s wealth in the past horizon [t — hF, t], respectively. Cor-
respondingly, the integrated and pointwise delayed information of the reinsurer in
the time interval [t — A, t] is denoted as Y7 (¢) and Z (¢), respectively. That is, for
vVt €[0,T],

0

Yp(t):f ECESXTE (t 4 5)ds, Zp(t) = X (t — hp), (2.10)
—hp
0

YL(t)=/ U XTE(t + 5)ds,  Zp(t) = XJH(t — hy), 2.11)
—hp

where @7, > 0 and o > 0 are average parameters; iy > 0 and hr > 0 are delay
time parameters. Let fr (1, X3 (1) — Yp(1), X737 (t) — Zp (1)) and f(t, X7 (1) —
Yr(t), X ZL (t) — Z(¢)) represent the capital inflow/outflow amount of the insurer
and the reinsurer, respectively; where X ;F ) —Yr(), X ZL (t) — Y (¢) represent the
average performance and X}?F (t) — Zp(1), XZL (t) — Zp(¢) represent the absolute
performance. To make the problem solvable, we assume

fr@, XEE @) = Yp@), X35 () = Zp(0) = Bp(XEF (1) = Yp @) + CR(XE (6) — Zp (1)),
S XTH@) = Y (0), X[H(@) — Zp (1) = BL (X[ () = YL () + CL(XTH() — Z1. (1)),

where Br, Cr, By and Cr, are nonnegative constants. In other words, the amount of
the capital inflow/outflow is the linear weighted sum of the average performance
and the absolute performance. Then, considering capital inflow/outflow functions
Fr@ X = Yp@), X35 (1) = Zp(0) and fi.(6, X7H(0) = Y0.(0), X7H(0) — Z1.(1),
the wealth processes of the insurer and the reinsurer are governed by the following
stochastic differential delay equations (SDDEs), respectively:

dXF (1) =[0Fa — (p(t) =)0 = q(0) + ApXFE () + BEYp (1) + CpZp(t) + (r = r)bp ()

+ (L= H@=)n(l = Mbp1(0)]dt + q(0)opd W ()

+bp o SP@AW (1) — bpy ()1 — He—=))cdMP @), (2.12)
dX7H 0 =[(p() — )1 = q()) + ALX[H (1) + BLYL(D) + CLZL(®) + (r = r)bL (1)

+ (= H@=)n(l = A)bri()]dt + (1 — qg(0))opdWp (1)

+ b () SP AW (1) — bp1 () — He—))cdMP (1), (2.13)

where Ap = ro — BF — Cr and A = r9 — By — Cr. In addition, we assume
that the insurer is endowed with the initial wealth xOF at time —Ah  and does not start
the business (insurance/reinsurance/investment) until time 0, i.e., X T;F (1) = xOF, vVt €
[—hF, 0]. Correspondingly, suppose that XZL (1) = xg > 0,Vt € [—hpr,0]. Then,
Yr(0) = SE(1 — e=arr) and ¥,(0) = 2L (1 — e~othn),

For any fixed ¢ € [0, T], denote X7“(t) = xp, X' (t) = xp, YL(1) = yi,
Yr(t) = yr, Z1(t) = 21, ZF(t) = zFp, S(t) = s and H (t) = h. Then, we define the
admissible strategy as follows.
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Definition 1 (Admissible strategy) 7(-) = 7. (-) X 7p(-) = (p(-), br.(-), br1()) x
(g(),br(-), br1(-)) is said to be admissible, if

(1) {mr () }iero.71and {7 (¢)};e[0, 7] are G-progressively measurable processes, such

that p(¢) € [cFr,c] and q(¢) € [0, 1] for any ¢ € [0, T];

(i) E[ [ (b ()2 (SP(@)>+(br1(0)2)de] < +ooand E[ [, [(br(0))2(SP(0))*+
(br1())*1dt] < +00,VE € [1, T];

(iii) the state equation (2.13) associated with 77 (-) has a unique strong solution,
which satisfies
{E¢ x1,yr,s,n[sup |XZL (€)|2]}% < 4oo,forV(t, xp, yr,s,h) € [0, T] x RxRx
R x {0,1},Ve e [t,T];

(iv) the state equation (2.12) associated with wr(-) has a unique strong solution,
which satisfies |
{Et xpyp,snlsup | X (O21}2 < +oo0, for ¥(t, xp, yp,s,h) € [0,T] x R x
RxRx{0,1},Vee[t,T].

Let IT = I1; x ITF be the set of all admissible strategies, where I1;, and I denote
the set of all admissible strategies of the reinsurer and the insurer, respectively.

2.4 Formulation of a stochastic Stackelberg differential game

In this paper, we consider a stochastic Stackelberg differential reinsurance-investment
game with default risk and delay, in which the reinsurer is the leader and the insurer is
the follower. The goal of the game is to seek the Stackelberg equilibrium by solving
the leader’s and follower’s optimization problems sequentially. According to Yong
(2002), Chen and Shen (2018) and Chen and Shen (2019), the procedure of solving the
Stackelberg game adopts the idea of backward induction. Specifically, the procedure
can be divided into the following three steps:

e Step I The leader (i.e., the reinsurer) moves first by announcing one admissible
strategy 77,(-) = (p(-), br.(-), b1 ());

e Step 2 The follower (i.e., the insurer) observes the reinsurer’s strategy and obtains
its optimal strategy g*(-) = a*(-, p(-), br.(-), bLi(), bE() = B*(, p(), br (),
br1()) and by, (-) = B7(, p(-),br(-), br1(-)) by solving its own optimization
problem;

e Step 3 Knowing that the insurer would execute o™ (-, p(-), b (-), br1(-)), B*(-, p(-),
bp(-),br1(-)) and By (-, p(:), br(-), br1(-)), the reinsurer then decides on its
admissible strategy (p*(-), b} (-), b7 ;(-)) by solving its own optimization prob-
lem.

Due to the bounded memory feature, we suppose that both the reinsurer and the
insurer are concerned with not only the terminal wealth, but also the integrated delayed
information. In other words, the objective of the reinsurer is to find a premium pricing
strategy and investment strategies such that the expected utility of X ZL (T)Y+nLYL(T)
is maximized, where the constant n; € (0, 1) is the reinsurer’s delay weight, repre-
senting the sensitivity of the reinsurer to past wealth. Correspondingly, the objective
of the insurer is to find a reinsurance strategy and investment strategies such that the
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expected utility of X ;F (T) +npYr(T) is maximized, where the constant nr € (0, 1)
is the insurer’s delay weight, representing the sensitivity of the insurer to past wealth.
Then, the Stackelberg game problem is given by Problem 1.

Problem 1 The insurer’s problem is the following optimization problem: for any
() = (p(),bL(),bri() € ML), find a map (q*(), by (), by () =
(@*C, p(), b (), bri (), B*(, p(), br (), bri(), B{ (. p(), b (), b1 () : [0, T]

x Q x [y — TIlf such that the following value function holds:

VE(t, xp, yr, s, by pC), (), bri(), e* (¢, p(), bL(), bri(),
ﬁ*('s P()a bL(')a bLl('))s ﬂik(v P()» bL(')s bLl()))

= sup VE(t xp yr 5. b p(), b (), bri(), q(), bp(-), bri ()
(q(),br(-),br1(-)ellf
= sup Erxpyrsn|[UF(XF(T) + npYr(D))], (2.14)

(q(),bp().bp1(-)ellp

where Ur is a strictly increasing and strictly concave utility function for the
insurer. The reinsurer’s problem is the following optimization problem: find a
(p*(), b} (), b} (1)) € I, such that the following value function holds:

V(e xp, yr,s by p* (), 05 (), b5 (), @ C, p* (), bE (), bE (),
BX(, p* (), bE (), b (), BEC, p*(), b5 (), bE ()

= sup VE(t xp, yr, s s p(),br (), bri(), G, p(), br (), bri (),
(p()bL()bLl())el'IL

B*C, p() (), br1()), BTG p(), bL (), bri())

= sup Etxp yesn[UL(XTE(T) + 00 YL (D)]. (2.15)
(P( ).br().br1(-)ell

where Uy is a strictly increasing and strictly concave utility function for the reinsurer.

Definition2 The  six-tuple (p (), b7 (), b 1() a*(-, p*(), by (), b7 (), B*
G p*C), by (), b7 (), BY G, p* (), b7 (), b (- ))) is called an equilibrium solution
to the Stackelberg game problem 1.

Furthermore, if there is no risk of confusion, when the equilibrium strategy of
the Stackelberg game is adopted, V (t XE, £, S, by p*(-), b} (), b} 1() a*(, p*(),
b7 (), b7 1 (), B*C, p* (), b7 (), b7 1 (), B ¢, p* (), by (), b} 1())) is also called

the value function of the insurer’s problem.

3 Solution to the Stackelberg game for CARA preference

Compared with individual investors, insurers and reinsurers have considerable wealth.
Therefore, the risk aversion coefficient is relatively stable and can be regarded as a
constant. Moreover, the wealth of the insurer and the reinsurer are likely to be negative
due to the randomness of future claims, which could lead to bankruptcy. In view
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of these facts, we assume that the insurer and the reinsurer have exponential utility
preferences, i.e., both the insurer and the reinsurer are constant absolute risk aversion
(CARA) agents:

1
Up(xp +nryr) = o expl—yr(xr +nryr)l, (3.16)

1
Up(xp +nryL) = L exp[—yr(xr +nryr)l, (3.17)

where yr > 0 and y;, > 0 are the constant absolute risk aversion coefficients of the
insurer and the reinsurer, respectively.

According to existing literature, the optimal control problem with delay is infinite-
dimensional in general. The stochastic control problem with delay can be transformed
into a finite-dimensional Markov system when the drift and diffusion terms in (2.12)
(or (2.13)) are linear with respect to X’;f (1), Yp(t) and Zg(t) (or XZL (), Yr.(t) and
Z1 (1)), and the coefficients satisfy a certain relationship (refer to Elsanosi et al. (2000),
Elsanousi and Larssen (2001), Larssen (2002)). In order to deal with this problem, the
existing literature (for example, Chunxiang and Li (2015), Chunxiang et al. (2018)
etc.) generally assumes the following relationships:

Cr=npe ®ht  Bre™®tht — (a; + AL +n1)CL, (3.18)
Cr =nre “F"F Bpe ®F"F = (ap + Ap + np)Cp. (3.19)

Note that although conditions (3.18) and (3.19) lose some generality, they are one
of the sufficient conditions for the optimal control problem with delay to have analytic
solution. In fact, (3.18) and (3.19) can be regarded as the conditions given in advance
by the reinsurer and the insurer. That is, the reinsurer (the insurer) can calculate the
average performance and the absolute performance by selecting average parameter
and delay time parameter, then select delay weight parameter, and use the condition
(3.18) (or (3.19)) to calculate By and Cy (BF and CF) as the average performance and
the absolute performance proportional parameters to regulate the inflow and outflow
of wealth from the reinsurer (the insurer). From the explicit forms of By and Cy (Bfr
and CFr), we can see that, the shorter the delay time considered by managers, the
greater the absolute performance weight; the longer the delay time, the greater the
average performance weight. The nature of the parameters reflects that this setting is
also common sense.

Based on the dynamic programming technique, for V¢ € [0, T], we derive
Hamilton-Jacobi-Bellman (HJB) equations for the insurer and the reinsurer as fol-
lows:

{ sup,,.cr, AYVE(@, xp, yp, s, h) =0, (3.20)

VET, xp, yr,s,h) = Up(xF +npyr);

{ SUP,, e, ALVE(, xp, vy, s, k) =0, (3.21)
VE(T, xp, yr, s, h) = Ur(xp + nyL);
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where

APVEG xp, yE, s, h)

OVFE(t, xp. yr.s. h
- ‘ xgt e )+[9Fa—(l7(f)_a)(l —q®)

+ Arxp + Bryr + Crzrp + (r —ro)br (1)
AVE(®, xp, yr, s, h)
BxF

+ = [(@@)*o}f + (br)*0?s*]

+ (1 = hnbri(1)]

AVE®, xp, YF, S, h)

BxF
BVF(t,xF,yp,s,h)

dyF
rsBVF(t, xg; YF, S, h) n %azszﬁ‘ﬂavF(t’ xal;,zyF, s, h)

aVEW, xp, yr, s, h)
+bp()o st Mays + VI xF = bri(DC, yro s+ 1)

— Vi@, xp, yr, s, ]RT A = h), (3.22)
.ALVL(t,xL, yL, S, h)

VLG, xp, vy, s, h
_ e xgty” L [0 — )1 = g* @) + Axy

+ Bryr +Crzi + (r —ro)bp(t)
aVL(t, xp, yL, s, h)
axL

l\)l'—

o )

+ (xF —apyF —e

+ (1= h)nbri(1)]

1 VL, , 8, h
+ _[(1 _q*(t))zo, (bL(t))z 2 Zﬁ] ( XL, YL, S, )
2 BxL
aVE(t, xp, v, s, h
+ e —apy, —e Mz (. xz, y. 5. h)
ayL
n rSBVL(t,xL, YL, S, h) n 102s2ﬂ+2 aVE@, xp, yr, s, h)
s 2 9s2
avVLG, xp, vy, s, h)
b o S [V = b (08 yns i D)
= VE@ xp, vy, s, D]RT (1= h). (3.23)

Next, we will deduce the solutions of HIB equations (3.20) and (3.21) according
to the steps of solving the Stackelberg game proposed in Sect. 2.4. Then, we will
construct the verification theorem to prove that the equilibrium strategy obtained by
the above steps is optimal in I1; x [Ty and the solutions are the value functions of
the insurer and reinsurer, respectively. We split the original value functions into two
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Table1 p*(¢) and ¢*(¢) under different cases

Cases pr@) q* (@)
(N @) =1 p 1

@ N () < K@) ¢ o)
(B) K1) < NF@r) <1 cF NOF (1)
@) NF (1) < K(1) < N (o) a+K@myporet®) K ()

pieces that represent the pre-default (i.e., 7 = 0) value functions and post-default (i.e.,
h = 1) value functions.

3.1 Equilibrium strategy and value functions after default

After the default of the corporate zero-coupon bond, which corresponds to the case of
h = 1. In this section, we address the stochastic Stackelberg differential reinsurance-
investment game after default, and provide explicit expressions of the equilibrium
strategy and associated value functions. The relevant results are given by Theorem 1.

Theorem 1 (Post-default) ForVt € [t AT, T], the equilibrium strategy of the Stackel-
berg game problem 1 is (p*(t), b} (1), b} (1), ¢* (1), b}.(1), b}, (1)), where p*(t) and
q*(t) under different cases are given by Table 1; the equilibrium investment strategies
of the reinsurer and the insurer are described by

(r—ro)s ™ 2Bgi ()5

b* = — , 3.24

L= e T et ©.24)

b (1) =0, (3.25)
\ (r—ro)s™*F  2Bg{ (1)s~*F

b = - , 3.26

PO = o F 00 T ke O (3:20)

b () = 0, (3.27)

where p is any value in the interval [cF, c], <pL (1), goF(t), glL(t) and gf(t) are given
by

@ (1) =exp[(AL + nu)(T — 1], (3.28)
o (1) =expl(AF + np)(T — )], (3.29)
L F 1 r—ro,
g1 (1) =gi () = = —( )*{1 — exp[—2Bro(T — 1)1}, (3.30)
Bro

@ Springer



A stochastic Stackelberg differential reinsurance and... 353

K (t), NP (t) and Né(t) are given by

F L )
YEQ'(t) +yLe™ (1) Ora 5 a
k@ =5""F Iy VO = N =
2yrot (1) + yLo™= (1) YFOR@' (1) YFORQT (1)
(3.31)
The post-default value function of the reinsurer is given by
L 1 L
Vi, xp oy, s, ) =— L expl—yre™ (1)(xL +nryL)
+81 (s + g7 (0], (332)
and, the post-default value function of the insurer is given by
F 1 F
Vit xF, yF, s, 1) = — o expl—yre” (1)(xF +1nFYF)
F
+gf (s + g5 (0], (3.33)

where g5 L) and & F(t) under different cases are given by Table 2; g2 , gZLbl(t),
8572 (0),857 (1), 85(1), 85" (1), 8572 (1) and g5 (1) are given by

28+ 1)(r — rg)? 28+ 1)(r — rp)?
g%a(t) - _ M(T -+ M{l — exp[—2Bro(T — D1},

4ro 8prd
(3.34)

Lbl 7’2 2
— a —
gy () =gy“ (1) + 2AL 7 )[(fp -1

_/t(éa)z[ yeeb@ 1 yietw)?
T yroZel ) 2 yZeR@F)?

vk u)?
vr(@F )

el an? -

t
+ f @a)lyLet W) + du, (3.35)
T

y2 2

W
f(g et 1 )/L(«)L(u))2
vropot ) 2ylok(pl w)?

P21y =gk () +

vi @k w)?

du, 3.36
yr@F ) (3.36)

/T Ora)lyLe™ ) +

y262
g2 (1) =gt “(t)+m[(<p -1
i@k w)?

t
2 F L
+ /T Kaypoge lretw+ L
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Table2 g%(r) and g1 (r) under

different cases Cases gé‘ ® g2F O}
Case (1) gk 210
Case (2) e5Pl () e
Case (3) 8272 (1) g2
Case (4) gEP3 (1) giP3 )
t L
Lo~ (1)
— | Kyropet @) ——5——
/ r yrozeF (u)
1 yietw)?
+§Lm]d (337)
FO'F(<P ()
2.2
yrOFa YEOF F 2

1) = t _— ) — _— t -1 N 3.38
Far) g HOES +F( Fay )+4(A g )[(<p()) ] ( )

0—6 fa)?
e3P (0) =gha (1) + W( Fay—1y—99" 7 _y), (3.39)

F+nF 2aF

0 2
efP2) =ghan - ¢ 2"“2) (T 1. (3.40)
o

t
g3 () =5 (1) - A”%( Fay—1—yr fT oF WK @wyrope’ wdu

1
+2012F/T[K(u)ypc7%¢)F(u)]2du. (3.41)

Proof The proof is similar to the proof of Theorem 2, therefore we omit it here. O

Remark 1 Note that the amount of money invested in the defaultable bond is 0, (i.e.,
b} ,(t) = 0 and by, (1) = 0) because the defaultable bond can not be traded after
default.

3.2 Equilibrium strategy and value functions before default

Before the default of the corporate zero-coupon bond, which corresponds to the case of
h = 0. In this section, we derive the Stackelberg equilibrium reinsurance-investment
strategy before default. Theorem 2 describes the pre-default equilibrium strategy and
its associated value functions.

Theorem 2 (Pre-default) For Vt € [0, T A T), the equilibrium strategy of the Stack-
elberg game problem 1 is (p*(t), b* (1), b* 110, q *), b* (1), b* 1), where b* 71(0)
and b}, () are given by

(L) + (nk + A - et T — 1
yLeh (¢

bE () = , (3.42)
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(L) + tnk + A =Dt T 1)
yeef ()¢

() = ; (3.43)

P (1), q* (1), b (t) and b}, (t) are the same as that in Theorem 1. The pre-default value
function of the reinsurer is given by

1 _
vEia, xp, yp.5,0) =~ o exp(—yLot (O +npyL) +gF (0)s™P + g5 (1) + G (1))

=VE@t, xp, yp.s, 1920, (3.44)

and, the pre-default value function of the insurer is given by

1 _
v xp, yp, 5,00 = - ;exp{—VFWF(t)(XF +nFYF) +gf(t)5 28 +g§(t) + Ga(1)}

=V, xp, yp, 5, De®", (3.45)
where
1 —1(T-1)
Gy(t) = (lnz +A—-1e ¢ —11. (3.46)
Proof See Appendix A. O

Combining Theorems 1 and 2, we obtain the following result directly.

Theorem 3 The equilibrium strategy of the Stackelberg game problem 1 is (p*(t), b (1),
b} (1), q* (1), b} (1), by (1)), where p*(t) and q*(t) under different cases are given
by Table 1; b (t) and by, (t) are given by (3.24) and (3.26); b} |(t) and by, (t) are
given by

—1(T—1) —1(T—1)
(e T TH-A)l—e I ]
by (1) = RO tel0 T AT, (3.47)
0, tel[tAnT,T].
and ; 7
- L1 —L@-n
(e ¢V H1-A)1—e ¢ ]
by (1) = AT el TAT), (3.48)
0, teltAT, Tl

respectively; ¢F (t) and o™ (t) are given by (3.29) and (3.28), respectively.
The value function of the reinsurer is given by

1
Vi@, xp, yr, 5,00 =— o exp{—yret (1) (xr +nyL)

+gb (s + gh () + (1 = G2}, (3.49)
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Table 3 The properties of p*(¢) ap* (1) ap* (1) ap* (1) 94" (1) g% (1) 9% (1)
and ¢* (1) v IVF ahy, VL IVF ol
+ + + + - -

and, the value function of the insurer is given by

1
VE@, xF, yr,5,0) = — . exp{—yre" () (xF + nFyF)
+el s + el () + 1 -G}, (3.50)

where glL(t), gf(t) and G(t) are given by (3.30) and (3.46), respectively; g2L (1) and
gé: (t) under different cases are given by Table 2.

From Theorem 3, we find that the Stackelberg equilibrium reinsurance-investment
strategy is independent of the current wealth, which is caused by the choice of expo-
nential utility. Furthermore, the equilibrium investment strategies are independent with
the reinsurer’s premium pricing strategy and the insurer’s reinsurance strategy. More-
over, we find that the insurer’s optimal reinsurance strategy can be expressed as the
optimal reinsurance premium strategy. That is,

k
=L (3.51)

YFOR® )]
Remark 2 Similar to Chen and Shen (2018), when the Stackelberg equilibrium is
achieved in the interior case (i.e., Case (4) in Table 1), the optimal reinsurance premium
follows the variance premium principle. That is, for every one unit of risk, the total
instantaneous reinsurance premium associated with the ceded proportion (1 — g*(¢))
can be written as

(1= g*O)p* @) = a(l = g* ) + (1 — g* )0 lyre" () + yre" ©)], (3.52)

where the first term accounts for the mean component, and the second for the variance
component. This implies that the variance premium principle is an ideal candidate
among all possible premium principles when the proportional reinsurance is applied.
In fact, this conclusion has a dual conclusion: proportional reinsurance is the optimal
form of reinsurance when the variance premium principle is adopted, which can be
seen from Proposition 3.2 in Chen and Shen (2019).

Corollary 1 When the Stackelberg equilibrium is achieved in the interior case (i.e.,
Case (4) in Table 1)), some of the properties of p*(t) and q*(t) are given in Table 3,
(3.53) and (3.54).

_ 1y, 1. N S

Bp*() <0, a > hLlnhL, 30 >0, aF > hFlnhF,
=1=0, 0, =—7-In;-; =1=0ar =—7-ln;-;  (3.53)

dar, L L dap F da

>0, arp < —%ln%. <0, ar < —#ln#.
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Ifro +ap < 1, we have

0 <0, h, <7i1n(17r07aL); B >0, hp <7#ln(17r070{}7);
I4 1 4q 1
=1=0,hp =—g-In(1 —rg —ap); =1{=0, hp=——In(l —rg—ar);
P L aF
o >0, hy > —In(1 —rg — r hp > —-in(l—ry—
s he > =5, n( rg —or). <0, hp > &F n(l —rg—ap).
(3.54)
Proof See Appendix B. O

The Eq. (3.53) shows that the optimal reinsurance premium strategy and the optimal
reinsurance strategy are quadratic in relation to their average parameters. The equa-
tion (3.54) shows that the influence of delay weight on optimal reinsurance premium
strategy or optimal reinsurance strategy is related to the length of delay time. For the
optimal reinsurance premium strategy, when the delay time exceeds a given value, the
greater the delay weight, the higher the reinsurance premium; when the delay time is
lower than this given value, the greater the delay weight, the lower the reinsurance
premium. For the optimal reinsurance strategy, when the delay time exceeds a given
value, the larger the delay weight is, the lower the reservation proportion of the insurer
is; when the delay time is lower than this given value, the larger the delay weight is,
the higher the reservation proportion of the insurer is.

Corollary 2
(1) If £ =1, forVt € [0, T, we have

b (1) =0, b (1) =0, (3.55)
VEG, xp, vy, 5,00 = VE@, xp, yr, s, 1), (3.56)
VEG, xp, yr,5,0) = VI, xp, yr, 5, D). (3.57)

(2) If & > 1, forVt € [0, T, we have

b}, (t) >0, by () >0, (3.58)

VE@ xp, y0,5,0) > VEW, x1, yL, 5, 1), (3.59)

VEG, xp, yr,5,0) > VEW, xp, yE, 5, 1). (3.60)

Proof See Appendix C. O
The risk premium refers to the premium investors demand for average risk invest-
ment relative to the risk-free interest rate. If % = 1, then investors cannot get the

default risk premium. In this case, the reinsurer and the insurer will not buy default-
able bonds. Furthermore, we find that when % > 1, the pre-default value functions of
the reinsurer and the insurer are higher than the post-default value functions, respec-
tively. The difference between two cases stands for the loss in the reinsurer’s and
the insurer’s objectives due to the default event. For the analysis of the nature of the
optimal investment strategies of the reinsurer and the insurer, we have the following
conclusions.

@ Springer



358 Y.Baietal.

Table 4 The properties of b} (t), b} | (1), b (t) and b, (1)

3bz(’) db* 710 abl‘ (1) ab¥ 710 ab’;,. (1) ab;l (t) ab;. (1) ab’[;1 (1)
oyL ovL ohr dhL IVF (373 ohp ohp

Corollary 3 For vVt € [0, T], if% > 1 and B > 0, some properties of by (t),

b} (t) and bY,, (t) are given in Table 4, (3.61) and (3.63).

> 0,

%
BbL(t): —0
day, ’
<0,
> 0,

by | (t
0 _|_,

aaL
<0,

o, > —A L >0, oep>—ilni'
of = —Zil Zi; 8b’;(t) =1{=0,ar = ——anF
Lhe jap F
ay, < %ln% <0, aF < —h—Flnh—F.
ayp > —%lnﬁ; vt (t) >0, aF > —7 lnhi
o = %lnﬁ; Botp =0, = hlplnﬁ
ay, < ﬁlnﬁ <0, O{F<_hplnﬁ

Furthermore, ifro + oy < 1 andrg + ap < 1, then

ab* (1) >0, hy < —alln(l —ro—oaL);
8#2 =0, hy = —-In(1 —rg —ayr);
L <0, hy > —tin(1 =g — ap).
3b% (1) >0, hp < —alln(l —ro —ar);
aL: =0, hp = —in(l —ro — ap);
nF <0, hp > —g-In(l —ro — ap).
bt () >0, hy < —2In(l—rg—ag);
aL—l: :0’ hL:—a—ln(l—ro—OlL);
L <0, hy > —tin(1 = rg — ap).
abt (1) >0, hp < —O%ln(l —ro—aF);
aF—lz :0’ th—a—ln(l—ro—OlF),
nr <0, hrp > —;ln(l —ro —aF).

Proof The proof of this corollary is similar to that of Corollary 1.

bt] (t),

(3.61)

(3.62)

(3.63)

(3.64)

m}

Similar to the analysis of Corollary 1, we find that the optimal investment strategy
presents a quadratic relationship with the average parameter, and the effect of delay
weight on the optimal investment strategy depends on the length of delay time. Fur-
thermore, we find that the influence of delay weight on the equilibrium reinsurance
premium strategy is just opposite to that on other strategies.

When the Stackelberg reinsurance-investment game in the defaultable market does
not consider the effects of delay factors, Theorem 3 can be reduced to the following

conclusions.
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Table5 p*(¢) and ¢*(¢) under different cases

Cases pr@) q* (1)
(1) N9Fo(r) > 1 Vp € lcp, ¢l 1

@ N @) < KO0) ¢ N (1)
3 K01 < NFo(1) < 1 cr NOFO(r)
@) NP0 (1) < KO(1) < NP (p) a+KOtypokeoT—0 KO)

Corollary 4 If n; = 0 and nr = 0, the equilibrium strategy of the Stackelberg game
is (p*(t), by (1), b} (1), q*(1), b} (1), b}, (1)), where p*(t) and q*(t) under different
cases are given by Table 5;

0 —ro(T—1) _ Qae—"o(T—1)
KO(r) = M NOFo(p) = Fae—z’ NO (1) = 22 -
2yF +vL YFOf YFOf
b} (1), by (1), b}.(t) and b}, (t) are given by
(r — ro)efr"(Tft) r—ro BT
bi (1) = 1 1 — e 2ProT=07y, 3.65
e70(T=1) —X(T-n _
b= e nx + A =D ETT R I AL 0T AT), 5 g0
0, teltAT,T].
and
YL YL
bi(t) = —=bj (), by (t) = —=bj,(1), (3.67)
YF YF
respectively.

It can be seen from Corollary 4 that when the Stackelberg reinsurance-investment
game without delay, the optimal reinsurance premium price strategy and the optimal
reservation ratio are consistent with Proposition 5.2 in Chen and Shen (2018), the
strategy of investing in the defaultable bond is consistent with that in Zhu et al. (2015).

3.3 Verification theorem

In order to prove that the Stackelberg equilibrium strategy given in Theorem 3 is indeed
optimal for both sides of the Stackelberg game and verify that the smooth candidate
solutions derived in the previous section are the value functions of the insurer and
reinsurer, we give a verification theorem in this section.

Lemma 1 Let t; be the exiting time from the open set M;, where M; C M =
R x R x R x {0, 1} such that M; C Mjy1 C M,i =1,2,---, and M = U; M,.
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Table 6 The parameter values of
the financial assets

0.05 0.1 0.4 1 1 0.5 0.4 0.2 10

Table 7 The parameter values of

the i AF WF oF OF hp aF nF YF
€ 1msurer
0.8 1.2 2 1 3 0.5 0.05 0.8
Table 8 The parameter values of g h o
the reinsurer L L L YL
3 2 0.3 0.1 0.5
Then, foranye > 1,i = 1,2, ---, we have

sup E{ | VI AT, Xp(ti AT), Yi(zi AT), S5 AT), H(zi AT)) | } < 400,
i

(3.68)
sup E{ | VE@ AT, Xp(ti AT), YL (i AT), S(ti AT), H(ty AT)) |€ } < +00.
i

(3.69)

Proof The proof of this lemma is similar to the proof of Lemma 4.1 of Deng et al.
(2018), so we omitted it. O

Theorem 4 (Verification theorem) Under the CARA utility function, let J¥ and J*
be solutions to HIB equations (3.20) and (3.21), respectively. Then, the equilibrium
strategy (p*(t), by (1), b} (1), q* (1), b} (1), by, (1)) described in Theorem 3 achieves
optimality in Ty x T g; JF and J* are value functions of the insurer and reinsurer,
respectively.

Proof See Appendix D. O

4 Sensitivity analysis
Inorder toillustrate the sensitivity of the Stackelberg equilibrium strategy (p* (1), b} (1),
b} (), q* (1), b} (1), b} (1)) to the model parameters, we present some numerical

experiments in this section. In the following, unless otherwise stated, the basic model
parameters are given in Tables 6, 7 and 8.

4.1 Sensitivity analysis of the equilibrium investment strategy

Figure 1 shows the influence of risk aversion parameters on the equilibrium investment
strategy. Figure 1a depicts the impact of the reinsurer’s risk aversion coefficient y;, on
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Equilibrium investment strategies

Equilibrium investment strategies

e

(b)

Fig. 1 Effects of risk aversion coefficients on the equilibrium investment strategy
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Fig. 2 Effects of the defaultable bond coefficients on the equilibrium investment strategy

its optimal investment strategies bj (¢) and b}, (¢). Accordingly, Fig. 1b describes the
impact of the insurer’s risk aversion coefficient yr on its optimal investment strategies
}(t) and b}l (t). As can be seen from Fig. 1, the amount invested in the risky asset
and the amount invested in the defaultable bond will decrease with the increase of risk
aversion coefficient. In other words, the more risk-averse (i.e., conservative) investors
are, the less willing they are to invest their idle assets in the risky asset and the bond
with default risk, which is also consistent with the actual situation.
Figure 2 describes the effects of the coefficients of the defaultable bond on the
equilibrium investment strategy at ¢+ = 0. Figure 2a shows the effect of the default

risk premium % on b7 ,(0) and b}, (0). We note that the amount of money invested
1

in the defaultable bond increases as the default risk premium +
slopes of the curves decrease as the default risk premium % increases. It is intuitive
that the reinsurer and the insurer would invest more wealth in a corporate bond with a
higher default risk premium. In addition, we find that the amount of money invested
in the defaultable bond is zero when the defaultable bond’s risk premium is 1(i.e.,
h? = hQ). Figure 2b shows the sensitivity of the equilibrium investment strategy

increases and the
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Fig.3 Effects of B on the 0.55 -
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with respect to the loss rate ¢. The curves in Fig. 2b mean that the amount of money
invested in the defaultable bond decreases with the increase of the loss rate ¢. This is
easy to understand because a larger loss rate ¢ results in a lower recovery rate; this
implies that the reinsurer’s and the insurer’s potential losses become greater at a higher
loss rate. As a result, the reinsurer and the insurer will reduce their investment in the
defaulted bond when the loss rate is high.

Figure 3 presents the impacts of the constant elasticity parameter § on equilibrium
investment strategy at = 0. As shown in Fig. 3, the amount invested in the risk asset
will increase with the increase of the elasticity parameter, and the increasing trend
tends to be more and more flat. This indicates that both the reinsurer and the insurer
will reduce investment in the risky asset as 8 decreases to hedge the volatility risk.

Figure 4 illustrates the effects of delay coefficients (i.e., nr, hr, nF and hf) on
equilibrium investment strategy at t+ = (. Four subgraphs in Fig. 4 show that the
investment strategy will decrease as the delay time increases, i.e., L) 0, 9L, ©)

dhy dhy
ab* ab* L. . . . .
0, aif) < 0 and 3‘;,150 < 0, which is consistent with the conclusions in Table 4. In

addition, when the delay time is within a certain time range, the investment strategy
has a positive correlation with the delay weight; when the delay time exceeds this
range, a negative correlation is presented, which is consistent with (3.63) and (3.64).

4.2 Sensitivity analysis of the equilibrium premium strategy and reinsurance
strategy

Figure 5 presents the changes of the equilibrium premium strategy and the equilib-
rium reinsurance strategy over time, and Table 9 shows the corresponding numerical
results. From Table 9, we find that when ¢ < 3, the condition of Case (2) in Table 1
(i.e., N%(1) < K(1)) is satisfied, then p*(r) = ¢ and ¢*(r) = NY(¢); when 1 > 4,
the condition of Case (4) in Table 1 (i.e., N7 (t) < K (1) < N?(1)) is satisfied, then
pEt) = a+ K(t)y;:a%ch(t) and ¢*(t) = K(t). Figure 5 clearly shows the trends
of the equilibrium premium strategy and the equilibrium reinsurance strategy in these
two cases.

Since Case (4) in Table 1 is the most general situation in this paper, we will analyze
the sensitivity of the equilibrium premium strategy and the equilibrium reinsurance
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Fig.6 Effects of y; and yg on p*(8) and ¢*(8)

strategy in Case (4) in Table 1 with respect to model parameters. Therefore, in order
to ensure that the condition of Case (4) is satisfied, we select the equilibrium strategy
at + = 8 for analysis.

Figure 6 depicts the effects of y;, and yF on p*(8) and ¢g*(8). From Fig. 6, we have
the following findings. Firstly, the more risk-averse the reinsurer or the insurer is, the
more expensive the reinsurance premium will be. Secondly, the more the reinsurer is
risk-averse or the more the insurer prefers the risks, the higher the reserve level of the
insurer will be. When the reinsurer is more risk-averse, it will reduce the compensa-
tion risk by raising the reinsurance premium price, and correspondingly the insurer
will reduce the reinsurance proportion in the reinsurance contract (i.e., the insurer’s
reserved proportion will increase). When the insurer is more risk-averse, it will reduce
the compensation risk by reducing its reserved proportion (that is, increasing the pro-
portion of reinsurance in the reinsurance contract), and accordingly the reinsurer will
increase the price of reinsurance premium. These phenomena are consistent with the
actual situation and the mathematical conclusions in Table 3.

Figure 7 illustrates the effects of delay coefficients (i.e., nr, hr, nF and hr) on
p*(8) and ¢*(8). Figure 7a shows that the premium strategy will increase as the
delay time increases. In addition, when the delay time is within a certain time range,
the premium strategy and the delay weight show a negative correlation; when the
delay time exceeds this range, it shows a positive correlation. Figure 7b shows that
the reinsurance strategy will decrease as the delay time increases. In addition, when
the delay time is within a certain time range, the reinsurance strategy has a positive
correlation with the delay weight; when the delay time exceeds this range, a negative
correlation is presented. Combined with Fig. 4, we can find that the influence of delay
weight on the equilibrium reinsurance premium strategy is just opposite to that on
other strategies, which is consistent with Corollary 1 and Corollary 3.
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5 Conclusion

In the paper, we study a stochastic Stackelberg differential reinsurance and investment
game between a reinsurer and an insurer, in which the reinsurer is the leader and the
insurer is the follower. Assuming that both the reinsurer and the insurer can invest their
wealth in a financial market consisting of a risk-free asset, a risky asset and a default-
able bond. We consider the delay factor to characterize the bounded memory feature
of wealth processes. The objective of the reinsurer is to determine the optimal reinsur-
ance premium strategy and the optimal investment strategy to maximize the expected
CARA utility of the combination of its terminal wealth and integrated performance.
The objective of the insurer is to select the optimal reinsurance strategy and the optimal
investment strategy to maximize the expected CARA utility of the combination of its
terminal wealth and integrated performance. Based on the idea of backward induction
and the dynamic programming approach, We derive the Stackelberg equilibrium rein-
surance and investment strategy explicitly and prove the corresponding verification
theorem. Finally, we present some numerical examples to illustrate the influence of
model parameters on the equilibrium reinsurance and investment strategy and draw
some economic interpretations.

The main findings are as concluded as follows: (1) When the Stackelberg equi-
librium is achieved in the interior case (i.e., Case (4) in Theorem 1), the optimal
reinsurance premium follows the variance premium principle, which implies the vari-
ance premium principle is an ideal candidate among all possible premium principles
when the proportional reinsurance is applied. (2) The pre-default value functions of the
reinsurer and the insurer are higher than the post-default value functions, respectively;
which implies that the difference between two cases stands for the loss in the rein-
surer’s and the insurer’s objectives due to the default event. (3) The influence of delay
weight on equilibrium strategy depends on the length of delay time, and the influence
of delay weight on the equilibrium reinsurance premium strategy is just opposite to
that on other strategies.

Because the goal of minimizing the ruin probabilities is very important for reinsurers
and insurers, it is also interesting to study the reinsurance-investment strategy aiming
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at minimizing ruin probabilities under the Stackelberg game framework, which can
be seemed as an expansion of this paper in the future.

Appendix A Proof of Theorem 2

Proof Step I In the stochastic Stackelberg differential game, the reinsurer takes action

first by announcing its any admissible strategy 7z () = (p(-), bp(-), br1(-)) € .
Step 2 Based on the reinsurer’s strategy w7 (1) = (p(-), br(-),br1(-)) € I, we

solve the insurer’s optimization problem (2.14) under the CARA utility function.
When i = 0, the HIB equation of the insurer becomes

aVE(t, xp, yr,s,0)
0= sup
@(),br(),bp1 (el ot
+[6ra — (p(t) —a)(1 — q(1)) + Apxp + Bpyr + Crzr
aVE(t, xp, yr,s,0)
axF
avE(, x, yr, s,0)
Sx%
avVE@, xp, yr, s,0)
oyr
SBVF(t’ XF,YF,S, 0) + 102S2ﬁ+2 8VF(t’ XF,YF,S, O)
as 2 ds2
2s2ﬂ+] aVF(t’ va va S, O)
0Xpos

+ (r — r))br(t) + nbp1(1)]

+

(@07 + (br 1) 0?5 ]

| =

—aph
+ (xF —apyr —e " zp)

+r

+br(H)o

+ VIt xp —bri)¢, ye s, 1) = VG xp, yr s, 0|07}, (A70)

with the boundary condition V(T xF, vr,8,0) = Up(xr + nryr). To solve this
equation, we conjecture that

1 _
VE(t, xp, yp.5,0) = — . expl—yro® (1) (xr + nryr) + gt s + gl (0],
(A.71)

where <pF (1), gOF1 (t) and 852 (t) are deterministic, continuously differentiable functions
with boundary conditions ¢ (T') = 0, g(‘)p1 (T) =0and g(fz(T) = 0. Then, we can get
that

ovE(t,xp, yr.s,0)
at

de ()
dt

= Vi@ xp, yp. 5, 0[—yF (xF +1FYF)

dgf (0 _ dgly (1)
4+ 28t g | T802 .
dt dt
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avE@, xp, yp. 5,0
oxp
3VF(t, XF,YF,s,0)
8x12,,

=VvFu xp, yr, s, 0[=yrel ()],

=VE@ xp, yr, 5, 00(p)?lef (017

avFE(t, xp, yr,s,0)
dyF

avE@, xp, yr,s,0)
as

avE@, xp, yr,s,0)
952

avFE(t, xp, yr,s,0)

OxXfpos

= VIt xp. yp. 5. 0l-ypnpe’ ©].
= VIt xp.yp, 5. 0[-28g5 (s~ 71,
= VIt xp. v, 5. 0487 (ed 0)2 ™72 + 2828 + gl (057272,

=V, xp, yr. 5. 0yrel 02888 (057271

Substituting the above differential forms into the HIB equation (A.70) leads the
following differential equation:

det (1)
dt

0=Vt xr. ye, s, 0 vrxe( - — " WAF =" ()nr)

do" (1)
dt
+yref (Ozp(— Cp + npe i)

dgl (¢
+S_2ﬁ[ g?llt()

+yryr(— nr — o' ()BF + <pF(t)nF0tF)
—2Brgh (1) + 207 B2 (g5, ())*] + B2B + Dagl (1)

dgh (t
. 802()

F
— 16
i vre (10Fa

; 1

ot e O a1 =g + yioie" ©) ()]
1

+ jnf [—yre" (O —r)br(®) + 5v50™ " O™ br (1))’

+2B0%yret (gl (1bF ()]
+,inf [ = yre" (Onbr1 (1)

+ 1P (erre" Obr1 O HE] (=86 (15 +ef (=85> (1) _ 1)]]‘ (A72)

The first-order conditions for a regular interior minimizer of (A.72) gives that

q"(t, p()) = a*(t, p(1)) = —p(tz) —2vonl, (A73)
VFUF‘PF(I)
. (r—ro)s™2F  2Bgli(t)s™F

b = - , A.74
r® vroF (1)o? vEeF (1) (A74)

. In(x) — (gF (1) — gbi)s ™% — (gF (1) — gf>, ()
= . A.75
n® Vet (07 (A&.75)
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It is observed that the optimal investment strategies b7.(¢) and b7, (¢) have noth-
ing to do with the reinsurer’s strategy, and the optimal reinsurance strategy g*(¢)
depends on the reinsurer’s premium pricing strategy. Furthermore, the optimal strate-
gies g*(t, p(1)), by (t) and by, (¢) do not depend on state variables xr, yr and zp.
Substitute b7, (¢) and b}, (t) into (A.72), we can get that

do” (1)
0=V7t.xr.yr.5. O yevr (= “= =" OAr =" (1)
de" (1)
+yryr(— e —<.0F(I)BF+<pF(t)npotF)

+yref (Vzp(— Cp +npe ")
d F
+s—2ﬁ[g2—‘t(t) —2Brogkl (1)
1 (r —ro)?
2’0—”’ + (el ) — gh )]
802( )
dt

1
- + BB+ Dogli (1) + — <g§<t> —ghm) + hP(z —1)
- gln(? — vroF (1)0ra

1
+ [yre" (1) =) =gt @) + 3vEot " )"t p@)?]}.

(A.76)
Then, we can derive (A.76) into the following differential equations:
d F
0=yrxr(— godt(t) —of(AF — 9" (OnF)
+yryr( - dt(t) — " (1)Br + ¢" (Onrar)
+vre" )zp(— Cr +npe™®rhr), (A.77)
_oprdghi () 1(r— )?
0= [0 —2progfi () — 37— + LElO-ghun], AT
0= ggf( L4 BB+ Do)+ g(gfm — 80(0) + h"( -1 - —l ( )
—yro" O0ra + [vre" ()(p() — @)1 — g*(t, p(1)))
1
+ 5vior @t ) @ @ p))?], (A.79)

with boundary conditions ¢ (T) = 0, gf;(T) = 0 and g/,(T) = 0. Due to (3.19),
we have

oF (1) = expl(AF + np)(T —1)]. (A.80)
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Let GI (1) = gl (1) — gf (1), and G{ (¢) is differentiated w.r.t. 7. From (3.30) and
(A.78), we obtain:

dGY (1)  dgfi() dgf @) N
dr dr  dt —(Zﬁro+E)G1(z), (A.81)

with boundary conditions G¥ (T) = gf(T) — gf(T) = 0. Then, G{ () = 0, i.e.,
F (1) — oF
go1(t) =8 ().
Similarly, let Gg 1) = gép2 (t) — gg (t), and Gg () is differentiated w.r.t. 7. From
the process of calculating the value functions in Theorem 1, we know that

d F
= gjh(” + BB + Dagl (1) — yret (H0ra

+yref (1) (p(t) — a)(1 — g*(t, p(1)))

1
+ EV%O%(wF(t))Z(q*(t, p()))>. (A.82)

0

From (A.82) and (A.79), we have:

dGy (1) _dggy(t)  dgi (1)

dt dt dt
_6Fay o MLy e L
_CGz(t)+§ln(A) n( =, (A.83)

with boundary conditions G (T) = g{,(T) — g% (T) = 0. Then,
1 _nr_
GY () = (n—+A=1Dle dT=n _qy. (A.84)

That is gf (1) = g4 (1) + G5 (0).
Then, from (A.74) and (A.75), the optimal investment strategies for the insurer are
given by

(r—ro)s > 2Bg{ (1)s™*

L I+ a-DE T
@) = —a . (A.86)

From the form of ¢’ () and the range of reinsurance premium price p(t), we know
that g*(¢, p(t)) = % > (. Next, we will discuss the size relationship between
FOF
reinsurance strategy ¢*(z, p(t)) and 1.
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371
e Case (Fa) If "@ O = Ltheng* (e, p(n) = 1.
Substituting q (t p(t)) into Eq. (A.79) gives
dgfy (1) U
0=—"—+B2p + 1)02801@) + 7 (87 (0 = 81
+hP( =" ( )
¢
1
—vre" (00ra + Svioie" (1) (A.87)
The integral from T to ¢ gives that
8 () = gds' (1) = g3°(1) + G5 (1). (A.88)

. Case(Fb)IfM < 1,theng*(t, p(t)) = p<r> a

ool (1) opel @)’
into Eq. (A. 79) and integrating from T to ¢ glves

Substituting g* (¢, p(t))

dgly (1)

0 =" 1+ 0 + Dol ) + L ) s0)

pl _y_n. 1
+h (Z 1) Cln(A)
1
—yrof ()0Fra + yre™ () (p(t) — a) — 557 (P = a)?. (A.89)
F

The integral from T to t gives that

802 (1) = g4 (1) = g5 "(1) + G3 (). (A.90)

Step 3
When i = 0, the HIB equation of the reinsurer becomes

aVE(, xp,yL,s,0)
0= sup
(P(),br(),br1 (el ot
+ [(p(t) —a)(1 —q* (1)) + ALxp + Bryr + Crzr
aVE(t,xp, v, 5,0)
3)CL

+ (r = ro)br(t) + nbr1(1)]

aVL(t,xr,yr,s,0)
[ = g* )0} + (b)) 0 s ] R
BxL
aVE(t, xL,yL,5,0) aVEL, x,yL,s,0)
+rs
ayr as

avVL(t, xr, yr,s,0)
b ¢ 2 2ﬁ+1 ) ) » 9
352 +hia’s 9xL0s

1
2

—arh
+ (L —apyL —e Mz

1, 2ﬁ+28V (t, xp,yL,s,0)
+2

@ Springer



372 Y. Bai et al.

+[VE@ xL —bri(O¢, yr. 5. 1) = VE( xL, v, s, 0)]aP ). (A91)

with the boundary condition VI(T, xp, vr,$,0) = Up(xy + nryr). To solve this
equation, we conjecture that

1 _
VE(t xp, yr,s,0) = — o expl—yre™ () (xr +noyr) + &b (s + gby ()1,
(A.92)

where goL (1), g(])‘1 (t) and géz () are deterministic, continuously differentiable functions
with boundary conditions ¢*(T) = 0, gél (T) =0and géz(T) = 0. Then, we can get
that

avLla, xp, yr,s,0)
at

de" (1) gl () g | dgf®
|:—VL i (vp +nLyr) + ot T4 ,

= VL(t,xL,yL,S,O)

aVE@, xp.yL.s.0)
T 2 T vh g, xp, v, s O—yret (),

axy,
BVL(t,xL,yL,s,O)
= = VR v s 0 ) (R ),
Z)xL
avLl(t, xp, yp.s.0)
,L—yL =VEu, xp, yp. 5, Ol—yrnpet o1,
ayr
VL, xp, v, 5,0) _ap
e e VB, xp, yr, s, O[=2Bgk (s 2P,
v, xp,yp.s,0) _48— _op_
TS = vy s, OB el ()% 72 4280 + Dy (05,
ovEL(t, xp, yL,s,0) g
oy AL )L, Y VL(t,xL,yL,s,O)yL(pL(t)Zﬂg(])“l(t)s 251
dxy ds

Substituting the above differential forms into the HIB equation (A.91) leads the
following differential equation:

de" (1)

—— — ¢ AL =" (1)

0=VE(t,x, yL, s, 0){VLxL( -

do* (1)
dt
+yLet Oz (= Cr + nLe_“LhL)

_ogrdgh (1)
28714801
+ [—dt

+yrye(— nL — o (B + o (nrar)

—2Brgk (1) + 202 B2(gk,(10)?]

d L
+ BB+ Dolgh (1) + ggzt(t)

+ inf [ =yt (p@) —a)(1 — g* @, p(1)))
p(t)€lcr.c]
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1
+ S VLR @t )21 = g*(t. p1))’]

+ jnf [ =205 (00 = ro)br (1)

1

+ Eyzozw%r))zszﬁ (br())* +2B0%yre" (1) gk (DbL(1)]
: _ L

+b1ﬂ‘<f,)[ yLe® (Onbri(t)

+ hP (719" ObLIOEHT (=85 (s~ +(g3 (D=5 (1) _ 1)]}‘ (A.93)

Since the premium strategy and investment strategies are independent of each other,
the first-order conditions for a regular interior minimizer of (A.93) about b,*: (t) and
by, (1) give that

(r—ro)s™  2Bgf(1)s~*F

bi@t) = — , A.94

L= e T k) (A5
In(Ly — (oL (1) — oL (1))s—28 — (oL (1) — oL (¢

b (1) = n(x) — (g @) g(;)/lL(;L)s(;); (g5 (1) — g ( )). (A.95)

Substitute b7 () and by, () into (A.93), we can get that

do (1)
0=V, xL,yL. s, 0){VLXL( - (pdt

+ Lotz (= CL + npe @)
do" (1)
dt
Py 0]

28 01
+s [—dt

+ g(gf ) — g6 ()] +

— ot AL — " (L)

nL —@"(OBL + o (nrar)

1(r —ro)?
2 o2

+ VLyL( -

— 2Brogh (1) —

dgl, (1)
dt

+ BB+ Dogk (1)

1 1
+ g<g5<r> — ghh) +h7 (= 1) - gl”(z)
inf [ -y (p(t) —a)(1 — g*(t, p®)))
pt)elcr,cl

1
+ 5vioRet 0 —g" e p@))?]}. (A.96)

Then, we can derive (A.96) into the following differential equations:

d L
0=yrx(— (pdt(t) — ot AL — @ (t)nL)
d L
+yeye(— <pdt(t) nL — @ (t)BL + <PL(l)77L0£L)
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+yLet Mz (— CL 4 npe @), (A.97)
dgh — 1r0)?
0=~ [g‘jd—lt(” = 2Broggi (1) - —(0—’0) + ek —ghien].  (A98)
0= 302( ) 2 1 L n. r L
oT + 828 + )U gOl(t)+E(32 () — g ()
rt__n 1
+h (A 1) ;ln(A)
+ inf [ = et (@) —a)d - g*(t, pt)))
p(t)elcr,cl
1
+ 5vioF @ O (1 = gt p1))?]. (A.99)

with boundary conditions ¢’ (T) = 0, gF(T) = 0 and g5 (T) = 0. Due to (3.18), we
have

@™ (1) =expl(AL + nL)(T —1)]. (A.100)

Let GlL(t) = gél (1) — glL(t), and GlL(t) is differentiated w.r.t. £. From (3.30) and
(A.98), we obtain:

dGi () _ dggi(1) dgr ()
dt dt dt

= (2Bro + g)GlL(t), (A.101)

with boundary condition GIL(T) = gél(T) — glL(T) = 0. Then, GlL(t) =0, ie.,
861 (1) = g ().

Similarly, let G%(t) = géz(t) — gzL (1), and G% (t) is differentiated w.r.t. r. From
the process of calculating the value functions in Theorem 1, we know that

dgk @
0= gjl +BRB+Dogl+  inf [—yret (@) — )1 —g*@, pa)
p(t)€lcF.c]
1
+ oyRok @t )2 - ¢* . p))?]. (A.102)

2

From (A.102) and (A.99), we have:

dG% (1)  dgl(t) dgx() n n, 1 p,l

with boundary conditions G5(T) = gk, (T) — g4 (T) = 0. Then,
1 _nr_
G5 (1) = (n— + A= Dle (=0 _ . (A.104)

That is gl (1) = gk (1) + G5 (0).
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Then, from (A.94) and (A.95), the optimal investment strategies for the reinsurer
are given by

(r—ro)s ™  2Bgi(0)s*F

bE(t) = - , A.105

L= e T et (A-105)
(L) + (nt +A—Dle 1T

bi (1) = ")+ g wa(t);[e ! (A.106)

For premium strategy p(t), we discuss it in the following categories:

e Case (La) If % > 1, then ¢*(¢, p(t)) = 1. Substituting g*(¢, p(t)) into
Eq. (A.99), we have

d L
0= g(c)lzt(t) + 828+ l)ozggl (t) + g(gf(t) _ g(%z(l‘))
T PR
R T D) (A.107)

with the boundary condition géz(T) = 0. We can get that p*(¢t) = p, where p is
an arbitrary value in the interval [cf, ¢]. Then, ¢*(¢, p*(t)) = 1. The precondition
—PO=4_ | pecomes N (t) > 1. From (3.34) and (A.107), we have

YFOF 2oF (1) —
gh (1) = gbs (1) = g3 (1) + GE (). (A.108)

. Case(Lb)IfM < 1,theng*(t, p(t)) = )/"’(#.Substitutingq*(t, (1)

20T (1) Forel (1)

into Eq. (A. 99) we have

1 1
0 ggz()Jrﬁ(zﬂJrl)a gm<z)+—(g2 OF g02<r))+h”(X71)f§ln(Z)
. Lay 1 yiehm)?
i £ N —a)2 YLY 17
p(t)len[wﬂ{(p() @ [VFU?WF(I) 2ypo(pf (1)?
2/ L 2
N Lo vieto? 1,
() = lyre" ) + =+ 5y ARG S (A.109)

with boundary condition géz(T) = 0. The first-order conditions for a regular
interior minimizer of (A.109) gives that

pr@) =[a+ K@O)yroret 1)1V er AC. (A.110)

e Subcase (Lbl) When a + K()yrozel(t) > ¢ we have p*(1) = ¢,

q*(t, p*(t)) = N(t). Then, the precondition % < 1becomes N?(t) < 1,
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which is definitely true in this case due to K(¢) < 1. Then, by Eq. (A.109), we
can get that

802( )
dt

P —_— _— —
+h (Z 1) §ln(A)

0= + BB+ Dogl () + ?g%(r) — b))

veet () 1 yiet)?

O 2 yzo%«pF(r))Z
— @)yt () + VL((‘” F((:)); 1+ 572t 0) 0. (A111)
From (3.35) and (A.111), we have
86a(1) = g6y (1) =g5" (1) + G5 (). (A.112)
And, Eq. (A.90) becomes
862 (1) = gi (1) =g3 "' (1) + G5 (1). (A.113)

e Subcase (Lb2) When a + K(t)ypagpr(t) < cp, we have p*(t) = cp,

g*(t, p*(t)) = NP (¢). Then, the precondition % < 1 becomes N (1) <
F
1. Then, by Eq. (A.109), we can get that "

dgl, (1)
dt

0=

n 1 n, 1
+ BB+ Dogh ) + E(gzL(z) — g+ h’”(Z — - ()
vt 1 vt o)
roref (1) 2ykoi(pf (1)?

2. L 2
(p™(1) 1
%WH SVt )0} (A.114)

+ (BFa)’(

— @ralyLe™ () +
From (3.36) and (A.114), we have
80a(1) = g6y (1) =g77* (1) + G5 (). (A.115)
And, Eq. (A.90) becomes
800 (1) = gdy > (1) =g5 2 (1) + G5 (1). (A.116)

e Subcase (Lb3) When c¢r < a + K(t)yrozef(t) < ¢, we have p*(t) = a +

2 F * * _ ] p()—a
K@®)yrope' (t), ¢*(t, p*(t)) = K(t). Then, the precondition ) <1
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becomes K () < 1, which is obviously true. Then, by Eq. (A.109), we can get that

goz( )

0=
dt

+ BB+ Dolgh(t) + g<g§<t> — 8 (1)
1 1 1
+hP (=1 - gln(? + Vit )}

et 1 yiet®)?

+ (K(I)VFJ%QOF(I))z[yFG%(pF 0 I 0
— (KOyrope" )lyre™ () + % : (A.117)
From (3.37) and (A.117), we have
g () = gi (1) =2 (1) + GE (). (A.118)
And, Eq. (A.90) becomes
g1 = gbP (1) =gi (1) + GE (). (A.119)
Then, the proof is complete. O

Appendix B Proof of Corollary 1

Proof The conclusions in Table 3 can be obtained by taking partial derivatives of p*(t)
and ¢*(r) with corresponding variables, respectively. From Ay = rg — By — Cy,
Cp =nre tht Bre=tht = (ay + Ap +n)Cr, we can get that

1
AL =

[ro — (ar, + nr)nL — nre L"),
L

Put Ay into p*(¢) of Case (4) in Table 1, and take the derivative with respect to 1y
and oy, respectively. We can get that

0p"0) _ rorg" Oyt OT =0 1wy
anL Ryrel @) +yret (01> (1 +n1)? 0T ’
ap* (1) (rrore" )yt (T -0 e —aphy
= 7 T3 [hre —1].
dar [2yre” (1) + yLe"(1)] 1+

Thus, the left side of Eqgs. (3.53) and (3.54) is established. Following similar deriva-
tions, we can get that the right side of Eqs. (3.53) and (3.54) are true. O
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Appendix C Proof of Corollary 2

Proof The conclusions of (1) can be obtained by bringing % = 1 into the expressions
of b} (1), by (1), VE(t, xp, yp.5,0) and VI (¢, x5, yp.5,0). 1f % > 1,b% (1) = 0
and b’; 1(#) = 0 are clearly true. Furthermore, we have A + ln(%) > 1, then

1 —1(T—1)
Gy(t)y=(1—-A— ln(Z))[l —e ¢ 1 <0. (C.120)

Dueto VF(t,xp, yr,s,1) < O0and VE(r, x, yr,s, 1) < 0, then (3.59) and (3.60)
are established. Then, the proof is complete. O

Appendix D Proof of Theorem 4

Proof We first prove that the six-tuple (p*(¢), b} (1), b} (1), g*(t), by(1), b}, (1))
obtained in Theorem 3 is an admissible strategy. Since p*(1), b} (t), b} (1), ¢* (),
b*F(t), b*F1 (t) are deterministic functions of time ¢ and some constant parameters, and
the premium strategy satisfies p*(¢) € [cF, ¢] and the reinsurance strategy satisfies
q*(t) € [0, 1], so the six-tuple satisfies (i) and (ii) of Definition 1. According to
(2.12) and (2.13), the drift and diffusion terms satisfy the Lipschitz condition and the
linear growth condition. Then, the six-tuple satisfies (iii) and (iv) of Definition 1.
Therefore, (p*(t), by (¢), b} (), g*(t), by(1), b} (1)) € T x Tf.

Next, we show the optimality of (p*(¢), b (1), b} (1), g*(1), b}.(t), b} (1)) in
I1; x Ig. From the construction of 7;, we know that t; AT — T wheni — +o00.
ForV(p(t),br(t),br1(t),q(t),br(t), br1(t)) € 1y x [1F and Vi € [z, T], we apply
Itd’s formula to JF (¢, xf, yr, s, h) and deduce

JEG AT, Xp(t AT), Yp(ti AT), S(t; AT), H(t; AT))

AT
= JF(t,xF,yF,s,h)—}-/ AP TE (L X P, YPQ, SO, H)d:
t

T AT F
i oJ (¢, xp, yr, S, h
+/ ¢ Qop L AP IS Gy
t oxp

AT aJF , , )s, h
+/ b o sP L xE IS )
t

s
AT
+ / (TP Xp () — by O, Yr(0), SO). 1)
t

— I XFW, YR, SO, 0)dMT ().

From the theory of the Itd integral,

T AT F
! a‘] 9 9 b ’h
/ q*(oF @ yr 5 1) w0
t

3)61:
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and

unT AJF(t, xp, v, 5, h)
/ b (o SP () g - IS w0
t

are Itd integrals with respect to Brownian motions Wg(-) and W (+), respectively. Since
q*(+) and b} (-) are square-integrable and the partial derivatives are continuous, these
two terms are square-integrable martingales with zero expectations. Because M” (-)
is a martingale, referring to Section 3.3 in Zhu et al. (2015) and Section 4.3 in Deng
et al. (2018), we know that the last term is also a square-integrable martingale with
zero expectation. For given (¢, xr, yF, s, h), taking conditional expectations on both
sides of the above equation, we have

Efxpoypsnld 5 (i AT, Xp(i AT), Yp(zi AT), S(ti AT), H(zi AT))]
F Wl pop
=‘, (tsva vasvh)+Et,xF,}'F,S,h[/ -A ‘, (vaF(L)sYF([)sS([)sH(L))dL]
t

<JFa, xp, yE, 5, h).

From Lemma 1, we have uniform integrability of JE@@ AT, Xp(t AT), Yr(Ti A
T),S(ty AT),H(t; AT)), and

sup Etxpoypsh [UR(XE (T) + npYp(T))]
(qC),brp(),br1(-)ellf

= 1i4n£1oo EtxpypshlVE@ AT Xp(ti AT), Yp(t; AT), S(ty AT), H(t; AT))]

i—

<JF@ xp, yp, 5, h).

When (¢(-), br(-), br1(-)) = (g*(-), b3 (), b}, (), the inequality in the above for-
mula becomes an equality, and thus

P Etoxryron [ UF(XE(T) + npYp(D))] = T5 (1 xp . yr. s, h).
(q(¢),br(-),bF1()€EllR

Following similar derivations, we can obtain

sup Erxp oy s |UL(XTHT) + 0. YL (D)) < JE( xp, yi. s, h).
(q(),br(),br1(-))elly

Andwhen (p(-), br(-), br1(-)) = (p*(-), b} (-), b}, (), the above inequality becomes
an equality. Then, the proof is complete. O
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