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Abstract

Even though aggregate monotonicity appears to be a reasonable requirement for solu-
tions on the domain of convex games, there are well known allocations, the nucleolus
for instance, that violate it. It is known that the nucleolus is aggregate monotonic on
the domain of essential games with just three players. We provide a simple direct proof
of this fact, obtaining an analytic formula for the nucleolus of a three-player essential
game. We also show that the core-center, the center of gravity of the core, satisfies
aggregate monotonicity for three-player balanced games. The core is aggregate mono-
tonic as a set-valued solution, but this is a weak property. In fact, we show that the
core-center is not aggregate monotonic on the domain of convex games with at least
four players. Our analysis allows us to identify a subclass of bankruptcy games for
which we can obtain analytic formulae for the nucleolus and the core-center. More-
over, on this particular subclass, aggregate monotonicity has a clear interpretation in
terms of the associated bankruptcy problem and both the nucleolus and the core-center
satisfy it.

Keywords Aggregate monotonicity - Balanced games - Convex games - Bankruptcy
games - Nucleolus - Core-center

1 Introduction

Several monotonicity properties have been proposed for solutions of coalitional games.
Megiddo (1974) introduces aggregate monotonicity which states that if the worth of the
grand coalition increases whereas the worths of all other coalitions remain the same,
then everyone’s payoff shouldn’t decrease. Among well known solution concepts,
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the Shapley value, the egalitarian rule, and the per-capita nucleolus are aggregate
monotonic while the nucleolus is not.

Aggregate monotonicity is generally viewed as a desirable property and a natural
requirement. Most of the examples presented in the literature of solutions that violate
it are technical and lack a clear interpretation. But Tauman and Zapechelnyuk (2010)
argue that: “Whether there is a trade-off between monotonicity and other desirable
properties of a solution or not depends on the context from which a cooperative game
arises. Some contexts may narrow down the class of games to a subclass where the
nucleolus is monotonic. Other contexts may prove the monotonicity requirement com-
pletely unreasonable.” In fact, Tauman and Zapechelnyuk (2010) provide an example
of a uniparametric family of 4-player games that highlights a class of economic situ-
ations where aggregate monotonicity is not appealing. Analogously some allocation
rules are more suitable for some specific classes of games than others. So, it is inter-
esting to know whether or not a solution satisfies aggregate monotonicity in some
important subclasses of games such as the convex games. In that respect, Hokari
(2000) shows that the nucleolus is not aggregate monotonic on the domain of convex
games, and that this lack of monotonicity holds even if there are as few as four players.
In this paper, we identify a subclass of convex games where the nucleolus is aggregate
monotonic.

Housman and Clark (1998) show that for 3-player games a generalization of the
nucleolus, called a-prenucleolus, is coalitional monotonic (Young 1985), a stronger
requirement than aggregate monotonicity. Therefore, the nucleolus is aggregate mono-
tonic on the domain of essential games with three players. Nevertheless, Leng and
Parlar (2010) obtain an analytic formula for the nucleolus of a 3-player superadditive
game and claim that it is possible to find examples of 3-player games for which the
nucleolus violates aggregate monotonicity. To clarify the matter, first we compute a
simplified version of the formula for the nucleolus of a 3-player essential game. For
balanced games we make use of the property of first agent consistency introduced
for the 1-nucleolus by Estévez-Ferndndez et al. (2017). If a game is essential and
not balanced the computation of the lexicographic center of the game is carried out
by solving a sequence of linear programming problems to determine the excesses of
the players following the standard method outlined by Maschler et al. (1979). Then,
we give a direct proof that confirms that the nucleolus is aggregate monotonic: the
coordinates of the nucleolus are piecewise linear functions of the worth of the grand
coalition and then, checking if the nucleolus is aggregate monotonic is equivalent to
showing that its coordinate functions are monotonically increasing.

Gonzélez-Diaz and Sanchez-Rodriguez (2007) define a solution, the core-center,
on the domain of games with a non-empty core, by considering that all of the core
alternatives are equally preferable and then selecting the average stable payoff. That
is, the core-center of a balanced game is the center of gravity (the centroid) of its core.
This solution was studied on the domain of airport games by Gonzélez-Diaz et al.
(2015, 2016) and its relationship with other well known solutions such as the Shapley
value and the nucleolus was addressed by Mirds Calvo et al. (2016). On the domain of
bankruptcy games, the properties of this solution were studied by Mirds Calvo et al.
(2019). The analysis of the core-center reveals some important properties of the core
of the game.
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The core, as a set-valued solution,! satisfies aggregate monotonicity on the class
of games with non-empty core. Since this is a mild property, one can ask if the core-
center (a “proxy” of the core) is aggregate monotonic as a single-valued solution. In
this paper, we show that the core-center is not aggregate monotonic on the domain
of convex games with at least four players. For balanced games with three players,
we provide an analytic expression for the core-center that allows us to prove that, in
this domain, it is aggregate monotonic. Again, the coordinates of the core-center are
functions of the worth of the grand coalition and studying aggregate monotonicity
reduces to see if these coordinates are monotonically increasing functions. Naturally,
the computations are now laborious but the general idea is the same as in the case of
the nucleolus.

In general, aggregate monotonicity of a solution of a bankruptcy game does not
translate into a meaningful property of the corresponding rule for the associated
bankruptcy problem. We identify a particular subclass of bankruptcy games for which
aggregate monotonicity can be expressed in terms of the corresponding bankruptcy
problem. Moreover, we can provide analytic formulae for the nucleolus and the core-
center for this special bankruptcy games. Once equipped with the analytic expressions,
using the same technique as in the 3-player case, we show that both the core-center
and the nucleolus satisfy aggregate monotonicity on this subclass.

The structure of the paper is the following. In Sect. 2 we introduce the main concepts
and properties. Section 3 is devoted to study aggregate monotonicity of the nucleolus
of a 3-player essential game, while the corresponding analysis for the core-center of
a 3-player balanced game is carried out in Sect. 4. We present an example in Sect. 5
that illustrates that neither the core-center nor the nucleolus are aggregate monotonic
on the domain of convex games with at least four players. We give explicit formulae
for the nucleolus and the core-center for a particular subclass of bankruptcy games
in Sect. 6, and show that the nucleolus and the core-center are aggregate monotonic
on this class. Section 7 is a summary of the findings and some additional discussion.
Finally, we leave to the “Appendix” the proofs of the main results that are technical.

2 Notation and preliminaries

LetN = {1, ..., n}. Acoalitional game with set of players N is afunctionv : 2V — R
such that v(#) = 0. Let GV be the set of all coalitional games with player set N. A
subset S € 2V of N is called a coalition and let | S| denote the number of players
in . Any vector x € R”" is called an allocation. Given x € R” and S € 2V let
x(S) = Zi cs Xi- An allocation x € R" is said to be efficient, or a preimputation, for
agame v € GV if x(N) = v(N). The set of all efficient allocations for game v is the
hyperplane H (v) = {x € R" : x(N) = v(N)}. Given some class of games F C G,
a solution on F is a mapping ¢ : F — R” that associates with each game v € F a
preimputation ¢(v) € H(v). We say that ¢ satisfies:

1A set-valued solution is said to be aggregate monotonic if it possesses a single-valued selection that is
aggregate monotonic.
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Aggregate monotonicity (Megiddo 1974) if for each v, w € F, if v(N) < w(N)
and v(S) = w(S) forall S € 2V, § # N, then ¢; (v) < ¢;(w) foralli € N.

The set of imputations of a game v € GV is defined as /(v) = {x € H(v) :
xi = v({i}) foralli € N}. A game v € GV is called essential if /(v) # . Let EV
be the set of all essential games with player set N. Clearly, v € £V if and only if
v(N) > ZieNv({i}). The core of a game v € GV is the set C(v) = {x e I(v) :
x(S) > v(S) forall § € 2V } The allocations that belong to the core are called stable
allocations. A game v € GV is called balanced if its core is non-empty. A family X of
non-empty coalitions of N is called balanced if there are positive weights 0 < §g < 1,
one for each S € X, such that } ¢ ... ¢8s = 1 forall i € N. A balanced family
¥ is minimal if for each balanced family ¥’ with ¥’ C ¥ we have ¥’ = . The
Bondareva-Shapley condition establishes that a game v € GV is balanced if and
only if ) ¢ 58s5v(S) < v(N) for every balanced family ¥ with positive weights
{6s: S € X}. In fact, a game is balanced if and only if all balanced inequalities are
satisfied for minimal balanced families. Let B be the set of all balanced games with
player set N. If v € BN then C(v) is a non-empty convex polytope of dimension at
most n — 1. A game v € GV is convex if v(SUT) +v(SNT) > v(S) + v(T) for
all S, T e 2V, Let CV be the set of all convex games with player set N. It is a well
known fact that CV ¢ BY.

Let v € GV. The utopia value of player i € N is M;(v) = v(N) — v(N\{i}). The
minimal right of player i € N is defined as

mi(v) = max Yo(SULiD =) M)

jes

Tijs and Lipperts (1982) introduce the core cover of a game v € GV asthe set CC (v) =
{x el :mi(v) <x; < M), ic¢e N} and show that C(v) C CC(v). A game
v € GV is called compromise admissible if CC(v) # ¥. A compromise admissible
game v € GV is compromise stable if C(v) = CC(v).

In general, given a convex polytope K C H(v) denote by Vol(K) its (n — 1)-
dimensional Lebesgue measure and by @ (K) its center of gravity. The convex1ty of K

ensures that £ (K) € K. Alsou(a+K) = a+p(K) foralla e R".IfK =3, UK;

andVol(K NK; ) = Oforalli # j,then u(K) = lelpl,u(l() where p; = \\/%11((12)),

i=1,...,s. Let Hull(P) = Hull({Py, ..., Py}) be the convex hull of the finite set
of points P = {P;}_; C R".

The core-center is a solution defined on the domain of games with a non-empty
core (Gonzdlez-Diaz and Sanchez-Rodriguez 2007) as the mathematical expectation
of the uniform distribution over the core of the game. Therefore, if v € BY then the
core-center of v is the center of gravity of C(v), i.e., u(v) = u(C()).

Denote by 20 = (S € 2V: § £ 0, S # N}. Given a game v € GV, the excess of a
coalition S € 2V with respect to a preimputation x € H (v) is (S, x) = v(S) — x(S).
Denote by 0(x) € R%"~2 the vector whose coordinates are the excesses e(S, x),
with § € X9, rearranged in non-increasing order, that is, 6;(x) > 6,,(x) for every
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l1<f<m<2"—2 Forall0,0 € R 2 0is lexicographically smaller than 6,
written as 0 <z 0’,if 61 < 6 or if there is k > 2 such that 6; < 6, and 6,, < 6,, for
all m < k — 1. The nucleolus of v € GV is defined as:

nw)={xel):0(x)<p0(y)forally e I(v)}.

Schmeidler (1969) showed that the nucleolus of an essential game exists and is unique.
Analogously, Estévez-Fernandez et al. (2017) defined the 1-nucleolus as 771 (v) = {x €
I(v):0'(x) < 0'(y) forall y € I(v)} where if z € I(v), 0'(z) € R*" is the vector
whose coordinates are the excesses e(S, z) for all coalitions S € £ such that | S| = 1
or |§| = n — 1, rearranged in non-increasing order. Naturally, the 1-nucleolus of an
essential game exists and is unique.

A game v € GV is additive if v(S) = Y iesv({i}) forall S € 2N in which case
C(v) =1(v) = {(v({i})),_y }- Thus, an additive game v € GV is characterized by the
vector a = (v({i})), . € RY. To simplify the notation, we will identify by the same
letter both the vector and the corresponding additive game. A game v € GV is zero-
normalized if v({i}) = O for each playeri € N. Let Q(I)V be the set of all coalitional
games with player set N that are zero-normalized. Given a game v € GV the zero-
normalization of v is the game vy € Q(I)V defined by vo(S) = v(S) — Ziesv({i}) for
all S € 2V, Clearly, a game v € GV and its zero-normalization vy € g{)V satisfy that
v =a + vg, where a = (v({i}))ieN. Let us denote E(I)V = Q(])V NEN, B(I)V = (](j)v NnBY,
and C(I)V = Q(I)V NCY the set of zero-normalized games that are essential, balanced, and
convex respectively.

A balanced game v € BY is called exact if for all S € 2V, there is x € C(v)
such that x(S) = v(S) or, equivalently, if v(S) = min{x(S) : x € C(v)} for all
S e 2N, The exact envelope of a game v € BY is the game v° € BY defined by
v°(S) = min{x(S) : x € C(v)}, forevery S € 2V. The exact envelope v¢ € BY is the
unique exact game for which C(v¢) = C(v).

A bankruptcy problem with set of claimants N is a pair (E, d) where E > 0 is
the endowment to be divided and d € RY is the vector of claims satisfying d; >
Oforalli € N and E < ), ydi. We denote the class of bankruptcy problems
with set of players N by PV. The bankruptcy game w € GV associated with the
bankruptcy problem (E, d) € PV is defined by w(S) = max{0, E — Y x\sd,}
for all § € 2V. The class of bankruptcy games is a proper subclass of the class
of convex games. For each bankruptcy problem (E, d) € PV, the constraint equal
awards rule, CEA(E, d) is given, foreachi € N,by CEA,;(E, d) = min{d;, .} where
A € R is chosen so that ZieN min{d;, A} = E. The Talmud rule, T, assigns to each
bankruptcy problem (E, d) € PN andeachi € N the value T; (E, d) = CEA; (E, %d)
if E < 1Y cndi and Ti(E,d) = d — CEA;(Y;ondi — E, 3d) if E > 33", yd;.
Aumann and Maschler (1985) show that the Talmud rule of a bankruptcy problem
(E,d) € PV is the nucleolus of the associated bankruptcy game w € GV, ie.,
n(w) =T(E, d).
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2
m
E—vi N C)
0(v) = u(v)
() Y I z
U1 E — vy V1 + U2

Fig.1 The core, the nucleolus, and the core-center of a game v = (v, v3, E) € BlL.2}

3 Monotonicity of the nucleolus for 3-player essential games

For games with just two players the nucleolus and the core-center coincide. If N =
{1,2} then EN = BY = CN = {(v1, v2, E) € R? : v; + vp < E} and the core of v is
the line segment with endpoints (vy, E — vy) and (E — vy, v2). Therefore

) = 1) = 5 (@1, E = o) + (E = v, vp) = (=2 Eoryn))

so, both the nucleolus and the core-center are the middle point of that segment (Fig. 1).

Proposition 3.1 On the domain of essential games with just two players the core-center
and the nucleolus are aggregate monotonic.

Proof Let N = {1,2}, (vi,») € R? and i € N. The coordinate function
Wi [vi+v2, 00) — Rthatassignstoeach E € [v] +va, 00) the value u; (v, v2, E))
is a monotonically increasing linear function. Therefore, u satisfies aggregate mono-
tonicity on EV. Recall that n(v) = u(v) forall v € EV. O

Let us recall some properties of the nucleolus of an essential game with a general
player set N = {1, ..., n} before turning to the particular case when N = {1, 2, 3}. It
is well known thatif v € EN,a = (v({i }))l. N’ and vy € Eév is the zero-normalization
of v then n(v) = a + n(vp). Let A be a non-empty collection of proper coalitions and
b > 1 its cardinality. Following Reijnierse and Potters (1998), we define the excess
map Egz: 1(v) — R% by Ez(x)s = e(S,x) forall x € I(v) and S € Eg. The
coordinate ordering map g, : RE# — R orders the coordinates of a vector in RE#
in decreasing order. Let <; be the lexicographic order on R?. The %-nucleolus of v
is defined by

(A, v) ={x e I(v): Oz o Ep)(x) =L Oz Ep)(y) foraly e I(v)}.

The ZA-nucleolus is a non-empty subset of 7(v) that, in general, may consist of more
than one point. Naturally, n(v) = n (20, v). We say that a collection 4 determines the
nucleolus of v if n(v) = (4, v). Reijnierse and Potters (1998) show that if v € g{)"
then Z = {S € =0 : v(S) > 0} determines the nucleolus of v. As a consequence,
changing negative coalition values into zero does not change the nucleolus of a zero-
normalized game. Given v € EV let vt € £V be the game defined by v (S) =
max{0, v(S)} for all S € 2V.
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Lemma3.2 Letv e EN, a = (v({i}))ieN, and vy € Eév the zero-normalization of v.
Then n(v) = a + n(vg').

Proof We know that n(v) = a + n(vp). Since Z = {S € =0 : vo(S) > 0}
determines the nucleolus of the zero-normalized game vy € &V, we have that
n(%,v0) = n(vg). For each ¢ > 0 let vj(S) = vo(S) if § € £ U N and
v5(S) = evp(S) otherwise. Clearly, v; € EN and # determines the nucleolus of
vg. Then, n(vg) = n(%#, v5) = n(#, vo) = n(vy). Since the nucleolus is a continu-
ous function and vaL =) .0 limyv§ we conclude that (v§) = n(vo). O

Another important property satisfied by the nucleolus is anonymity. The nucleolus
is independent of the names given to the players, i.e., if 7: N — N is a permutation
of N then for each v € EN, w(n(v)) = n(w) where w(S) = v(7(S)) forall S € 2V.

Now, we consider games with just three players, so let N = {1, 2, 3}. According
to Lemma 3.2, in order to find a formula to compute the nucleolus we can restrict
our attention to games that belong to E(ﬁ, that is, the zero-normalized essential games
for which the values of the characteristic function are non-negative. Given v € E(ﬁ
denote v_3 = v({1,2}), v—» = v({1,3}), v—1 = v({2,3}), and E = v({l, 2, 3}).
Since the nucleolus satisfies anonymity, we can assume that the players are ordered
sothat 0 < v_3 <v_p <wv_y. Then, as v({1}) = v({2}) = v({3}) = 0, the class Eé\i
can be identified with the set 56& ={(v_3,v2,v_1,E) eR*: 0 <v_3 <vp <
v_1, E > O}. Now, we give an analytic formula for the nucleolus of a game that

belongs to é'é\i, the details of the proof are presented in the “Appendix”.

Proposition3.3 Let N = {1,2,3} and v = (v_3,v_2,v_1, E) € E}.

1. Ifv—_1 < v_p + v_3 then

0 IfE <2v_1 —v_p—v_3
) %(E +v_34+va—2v_) if2v_; —v_a—v_3 < E <2(v_p+v_3) —v_|

nw) =

F(E —v-y) if2(_s +v_3) —v_; < E <3v_;

1E if3v. <E

0 ifE<v_p—v_3

%(E+v_3—v_2) ifvo—v3<E<2v_1—v_y—v_3

%(E +v_3—2v_p+ U_l) if2vo; —vp —v3 < E <2(-3+v_3) —v_
m©W) = %(E +2v3—2vo+v_g) if2(v24v_3)—v_ < E <v_j+2v_3

%(E — v,2) ifvo1 +2v3 <E <v_|+2v_,

%(E-i—v_]) ifv_1+2v_p < E <3v_

1E if3v_1 <E

@ Springer



298 M. A. Miras Calvo et al.

E ifE<v_p—v_3
%(E—v_3+v_2) ifvo—v3<E<2v_1—v_y—v_3
%(E —2v_3+v+ vfl) if2v_; —vp—v3 < E <2(_3+v_3) —v_
() = %(E —2v_3+2v_+ v,1) if2(va+v3)—vo) <E <v_1+2v_3
%(v—z-i-v—l) ifvoi+2v3<E<v+2v,
%(E-i—v_]) ifv_1 +2v_p < E <3v_
1E if3v_] < E
2. Ifv_1 > v_p 4+ v_3 then
0 ifE <v_y
n(v) = %(E—v_l) ifv_] < E <3v_
1E if3v_) < E
0 IfE <v_p—v_3
%(E+v_3—v_2) ifvoo —v3 < E <v_y
}‘(E +2v_3—2vo+vg) fvo) <E <v_j+2v_3
V) =
() %(E —v_y) fvi1+2v3<E=<v_1+2v,
z—lt(E-i-U—l) ifv_1+2vy < E <3v_;
1E if3v_) < E
E ifE <v_p—wv_3
%(E —v_3+ v_2) ifvop —v_3 < E<v_
) A—l‘(E—2v_3+2v_2+v_1) ifvo1 <E<v_1+2v_3
n3v) =
%(v,g +v_1) fvo1+2v3<E=<v_+2v
1(E+v) ifv_1+2v2 < E <3vy
1E if3v_) < E

Leng and Parlar (2010) provide an analytic formula for the nucleolus of a 3-player
superadditive game. Proposition 3.3 not only presents a simplified version of that result
but also allows us to compute the nucleolus of an arbitrary 3-player essential game.
Certainly, if N = {1, 2,3} and w € £V then n(w) can be obtained following the steps:

1. Compute wg € &V, the zero-normalization of game w. Leta = (w({i}))ieN.

2. Compute the game wg € 5(1)\4', given by war(S) = max{0, wo(S)} forall S € 2V.

3. Find a permutation 7: N — N such that the game v = war o m, given by
v(S) = waL (m(S)) for all S € 2V, satisfies that v_3 < v_» < v_j, where
v—; = v(N\{i}),i € N.

4. Compute the nucleolus of v € 8(1)\4', according to the analytic expressions given in
Proposition 3.3.
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5. Compute the nucleolus of wg as n(wo) = n(war) =7 ).
6. Compute the nucleolus of w as n(w) = a + n(wy).

Leta = (o, ..., a,—1) be a vector consisting of positive real numbers. Define the
a-excess of a coalition S with respect to x € R" to be e (S, x) = a5 (v(S) — x(5)).
Housman and Clark (1998) present a generalization of the nucleolus (and the per-capita
nucleolus) called the «-prenucleolus: the allocation that lexicographically minimizes
the a-excesses. The nucleolus is obtained when o = 1 for all k € N. If [N| = 3,
they show that the «-prenucleoli satisfying o1 > «p > 0 are coalitional monotonic.
Coalitional monotonicity, introduced by Young (1985), is a stronger requirement than
aggregate monotonicity: if the worth of a given coalition increases whereas the worths
of all other coalitions remain the same then no member of that coalition is worse
off. Then, as a corollary of the result in Housman and Clark (1998), the nucleolus is
aggregate monotonic on the domain of essential games with three players. Here, we
present a direct proof of this fact.

Theorem 3.4 If |N| = 3, the nucleolus satisfies aggregate monotonicity on EN .

Proof 1t suffices to prove that the nucleolus is aggregate monotonic on 5(1)\4. Fix a
vector (v_3, v—2,v_1) € RY such that 0 < v_3 < v_, < v_;. If E > 0 then
vg = (v_3,v_2,v_1, E) € é’é\i. Now, for each i € N, consider the function n; :
[0, 4+00) — R that assigns to each E € [0, 400) the value n;(E) = n;(vg). It is
clear that n satisfies aggregate monotonicity on Eé\i if and only if n; is monotonically
increasing over [0, +00) foralli € N.But, as a direct consequence of Proposition 3.3,
each coordinate of the nucleolus, 7;,i € N, is a monotonically increasing continuous
piecewise linear function. O

Remark 3.5 Leng and Parlar (2010) claim thatif v_; +2v_» < E < 3v_; and consid-
ering the game v = (v_3, v_,v_1, E') € B(I)V with E’ > E sufficiently large so that
E’ > 3v_; then one or two players may be worse off with the nucleolus. Naturally,
this claim contradicts Theorem 3.4 and the aforementioned result in Housman and
Clark (1998). Observe that the game v = (2, 3,5, 12) € Bév satisfies the required
conditions and n(v) = (3.5, 4.25,4.25). Butif v = (2, 3, 5, E’) with E’ > 15 then
1) = (&, £, £ and, certainly, n; (v) <5 < £ = 5;(v/) foralli € {1,2,3}.

4 Monotonicity of the core-center for 3-player balanced games

We start the section by providing an analytic formula for the core-center of a 3-

player balanced game. Let N = {1, 2, 3}. Recall that if v € BY and vy € Bév is its
zero-normalization then u(v) = a + u(vg) where a = (v({i}))i N Therefore, we

restrict our attention to zero-normalized balanced games. As the core-center satisfies
anonymity, as in the previous section, we will represent a zero-normalized game v as a
vector (v_3,v_2,v_1, E) € R* such that v_3 < v_3 < v_1. Now, a game is balanced
if and only if it satisfies the Bondareva-Shapley conditions. There are just five minimal
balanced families for three players: {{1}, {2}, {3}} with weights 8;1; = 8(2; = §(3; =
1; {{1}, {2, 3}} with weights §1y = §pp 3 = 15 {{2}, {1, 3}} with weights 8z =
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Sz =1 {{3}, {1, 2}} with weights 633 = §{1,2) = 1; and {{1, 2}, {1, 3}, {2, 3}}
with weights &(1 2) = §{1,3) = 82,3} = % So, the balanced inequalities corresponding
to the minimal balanced families are: 0 < E, v_; < E,v_y < E,v_3 < E, and
3(v=3 +v_p+v_1) < E.If we denote & = max{0, v_, 3(v_1 + v_ +v_3)}, the

class B(I)V can be represented by the set
MBY =l(v_3,v0,v-1, E) e R* tv3 < vy <wv_p, E > ).

Given v = (v_3,v_2,v_1, E) € MB", if we define the vector of claims d =
(d1,dy,d3) byd; = E —v_; fori € N, then (E, d) is a bankruptcy problem. Let
w € CV be the bankruptcy game associated with (E, d) € PV. Since w is a convex
game (and then exact) it must be the exact envelope of v, i.e, w = v°. Asaconsequence,
C(v) = C(w) and p(v) = u(w). Therefore, we may focus on the games that belong
to MBY that are convex. Now, the convexity inequalities applied to a game v € MBY
imply thatv_; >0, E > v_;,and E > v_; +v_; foralli, j € N,i # j. Then, the
domain of zero-normalized convex games with three players can be represented by
the set:

MCYN = {(v_3,v_2,v_1,E) eR*:0<v_3<vy<v_y, vy+v_j <E}

The imputation set of a 3-player zero-normalized convex game can be expressed as
the union of the core of the game and up to three equilateral triangles. Moreover, the
intersection of any two pieces of this decomposition will have null measure. There-
fore, the center of gravity of the imputation set is the weighted average of the center
of gravity of the decomposition triangles and the core-center of the game. The corre-
sponding weights are the percentage of imputations that belong to each piece of the
decomposition (Fig. 2).

Let v € MCV. The imputation set /(v) is the equilateral triangle with vertices
a' = (E,0,0),a% = (0, E,0), and a®> = (0,0, E). Moreover, Vol(I (v)) = %3152
lz;nd n(l(v)) = (%, %, %). The core C(v) is the non-empty convex polytope given

y:

C(v) = {(xl,X2,X3) eR3 X1+x+x3=E,0<x; <E—v_; fori=1,2,3}.

The core has (at most) 6 vertices: m3? = ©0,v_3, E —v_3), m>3 = O, E —
Voo, v_2), m>' = (_3,0,E — v_3), m'3 = (E —v_1,0,v_1), m> =
(v_2, E — v_2,0), and m*2 = (E — v_;, v_1,0). Consider the three equilateral
triangles: 7! = Hull({m'?, m'3, a'}), T? = Hull({m>', m?>3,4%}), and T =
Hull({m>!, m32, a3}).

Proposition 4.1 Ler N = {1,2,3} and v = (v_3, v_>, v_1, E) € MCV.

1. I(v) = T'UT2UT3UC (v). Moreover Vol(T'NT7) = 0 and Vol(T' NC (v)) = 0
foralli,j e N,i # j.
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Fig.2 The core of a 3-player
convex game

2. u(w)=(0,%,%5)ifves =v_, =0and E = v_;. Otherwise:

3 2 3 3 3
E°=3EvZ +2v2 | —viy—v7, H«2(U) _

3(E2—(25+v2,+02 )
E373Ev33+2vi37v327v31

3(E2—(25+v2,+02))

E373Ev32+2v§27v337v31
3(E2—(25+v2,+02 )

ni1(v) =

n3(v) =

3. w1(v) < u2(v) < us(v).

Proof 1t is easy to check that I (v) = T'UT?UT3UC®v) and that T, T2, T3, and
C(v) have negligible intersections. Moreover, Vol(T!) = */751)%1, Vol(Tz) = %gvzz,

Vol(T3) = L2, (T = (BERr, v vy, u(T%—(“;Z 3E32“-2,%),and
w(T3) = (552, 552, 3223y Therefore Vol(C(v) = %2 (E2 — 12, — 12, — 125).

Obviously, Vol(C (v)) = 0 if and only if v,3 =v_ = 0and E = v_y. In fact, if
Vol(C (v)) = 0 then either C(v) = Hull({a a3}) when E>0orC(v)=1w) =
{(0,0,0)}, when E = 0. In both cases u(v) = (O, 5 2) If Vol(C(v)) > 0, we

have that u(I(v)) = Z?:l %M(T’) + %M(v). From this equality the

formula of w(v) is easily obtained. The inequalities w1(v) < w2(v) < u3z(v) are
straightforward. O

Let N = {1,2,3} and w € B". In order to compute the core-center j(w) we have
to follow the steps:
1. Compute wg € MBY, the zero-normalization of game w. Let a = (WD), ey
2. Compute w¢ € CV the exact envelope of game wy.
3. Compute w§ € MC" the zero-normalization of game w¢. Let b = (WD), en-
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4. Find a permutation 7 : N — N such that the game v = w{ o 7, given by v(S) =
wi((S)) forall S € 2V, satisfies that v_3 < v_ < v_1, where v_; = v(N\{i}),
ieN.

5. Compute the core-center of v € MC" according to the analytic expressions given
in Proposition 4.1.

6. Compute the core-center of w§ as wu(wg) = 7 ().

7. Compute the core-center of w as i (w) = a+u(wo) = a+u(w®) = a+b+u(wp).

In the “Appendix”, we apply this procedure to derive an analytic formula for the
core-center of an arbitrary zero-normalized 3-player balanced game.

Proposition4.2 Let N = {1,2,3}, v = (v_3,v_s,v_1, E) € MB" and a =
max{O, v_1, %(v_l +v_o+ v_3)}. Then:

1. Ifv_y >0, forallk € N,

%(E+v_3+v_272v_1) ifE €la,v_3 +v_3]
(E—v_1)SE—-3(v_p+v_3)—2v_1) .
1}3(315_21)7312%7;_?,71)1) ! IfE € (v_3 +v_2,v_3+v_1]
ny(v) = 3E373(2U,1+v,2)E2+3(v%1+2v,2v,1)E7vz373v,2v31

ifE e (v_3+v_1,v_y+v_
3(2E2—2E(v_]+U_2)+2v_zv_1—UE3) if (v—3 1 2 1l

3 2 3 3 3
E°—3EvZ | +2v] | —vl3—vl,

3(E2—(2 502,402 )

ifE € v +v_q,+00)

%(E +v_34+v_1—2v_2) ifE €la,v_3 +v_3]
2E24(3u_3—6v_s+2v_1)E—3v2 ,—3v_3v_1+3v%,—v2 )
36F—2 3= =0 1) 2=l fEe_3+vav3+v_]
w2 (v) = | 3E3-3Qu_s+v_E2+3(w2,+2v_v_p)E—v? ;—3v_jv2,

if E € (v_ v_1,U_ v_
3QE22E(v_1+v_2)+2v_sv_1—124) FE€s3+vg,vatvl

E3—3Ev32+2v22—v3_3—v3_1
3(E2—(02 5 +02 402 )

ifE €lv_g+uv_y,+00)

LE+vy+v_ —20_3) ifE €[, v_3 +v_2]
2E24+(3u_p—6v_3+20_ ) E+3v2 3 =302, —3u_pv_1 -2 | )
3GE—2v_3-20_,—v_)) [E€@_3+v_2,v-3+v_1]
n3() = 3(v,2+v,1)E2—3(v33+v32+2u,2v,1+v31)E+2vi3+3v32u,1+3v,2v31

IfE e (_3+v_q1,v_9+v_
3QE2-2E(v_1+v_p)+2v_gv_1—v% ;) if (-3 102 1l

3 2 3 3 3
E 73Ev73+2u73 —v2,—v2

3E2-2 502,102 )

if E € [v_p+v_1,+00)

2. Thereisk € N such that v_; <0.

o Ifv_; <0thennv) = (5. 5. %) for E € [0, +00).
E
3

2 2 2
207, E voy E vZy )
3

o lfv2 <0 <vythenn(v) = (5 — 5775y 5 + 3570 5 T 30D

for E € [v_1, +00).
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‘ B s —
4 2
2 ”)1
2 4 7 10 12 16 18 FE 789 11 16 18 FE

Fig.3 The nucleolus and the core-center of the game (3,5, 6, E) € MBY as a function of E

° va_3 <0 <v_ythen

E—v_1 E—v_y v_o+v_ .
2 B ) 5 2 ) leE[U_],U_2+U_1]
E3-3Ev? —v3,4203 | E3-3Ev,—0} 4203,
n() = 3(E2—v32—v31) ’ 3(E2—v32—v31) ’

B 3,03, ) IfE € vy +v_1,+00)

3(E2—v?,—v?))

Moreover, 11 (V) < pu2(v) < u3(v).

Once equipped with a formula for the core-center of a 3-player balanced game, we
can establish that it is aggregate monotonic.

Theorem 4.3 If|N| = 3 then the core-center satisfies aggregate monotonicity on BY .

Proof First note that it suffices to prove that the core-center is aggregate monotonic
on MBY . Now, fix a vector (v_3,v_2,v_1) € R3 such that v_3 < v_» < v_; and
let o = max{0, v_1, %(v,l +v_2+v_3)}. Then vg = (v_3,v_2,v_1, E) € MBN
if E € [, +00). For each i € N consider the function u; : [o, +00) — R that
assigns to each E € [«, +00) the value u;(E) = p;(vg). We already know, as a
consequence of the general properties of the core-center proven by Gonzélez-Diaz
and Sanchez-Rodriguez (2007), that u; is continuous for all i € N. We show in the
“Appendix” that u; is a differentiable function for all i € N and that the derivatives

% are non-negative. Therefore, 1; is monotonically increasing over [¢, +00) for all

i € N which implies that the core-center is aggregate monotonic on MBY O

Example 4.4 Let N = {1, 2, 3} and consider the vector (v_3, v_2,v_1) = (3,5, 6).
For each E € [0, o0) the game vg = (3,5,6, F) € S(ﬁ. The three coordinates of the
nucleolus n(vg) are depicted in Fig. 3 left. Note that the three coordinates preserve
the ordering of the players, are piecewise linear, and monotonically increasing. Since
o = max{0, v_, %(v_3 4+ v +v_1)} = max{0, 6,7} = 7, we know that vg =
(3,5,6, E) € MBY forall E € [7, 400). The game vg is convex whenever £ > 11.
The graphs of u;(vg), fori € N, are depicted in Fig. 3 right. Observe that the three
paths preserve the ordering of the players, are smooth, and monotonically increasing.
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5 Convex games with at least four players

Hokari (2000) shows that the nucleolus is not aggregate monotonic on the domain of
convex games, and that this lack of monotonicity holds even if there are as few as four
players.

We present an example that shows that the core-center is not aggregate monotonic
on CN when |N| > 3.

Theorem 5.1 On the domain of convex games with at least four players, the core-center
is not aggregate monotonic.

Proof Let N = {1,2,3,4}. Consider the convex games v,w € cN given by
v(N) = 1.5, w(N) = 1.6; v(S) = w(S) = 05if S = (1,4}, S = {2,4} or
:{3,4};v(S)=w(S)_11fS_{l 2,4}, S =11, 3, 4}0rS_{2 3,4} v(S) =
w(S) =0 otherwise.Z The transformations v, 8w R3 — R4, gv(x1, x2,x3) =
(x1, x2, x3, 1.5 = x1 — x2 — x3), gw(x1, X2, x3) = (x1, x2, x3, 1 6= x1 —x3— x3),
define coordinate systems for C (v) and C (w) respectively, so that ¢ ) =g, L))
and C(w) = gw1 (C(w)) are the projections of C(v) and C(w) onto RR3 that simply
“drop” the forth coordinate. Consequently, for all i = 1,2,3, u;(v) = w; (é‘ (v))

and p; (w) = Ml(é(w)) Now, the vertices of C(v) are: (0, 0,0, 1.5), (0,0, 0.5, 1),
(0,0.5,0, 1), (0,0.5, 05 0.5), (0.5,0,0, 1), (0.5, 0, 05 0.5), (0.5,0.5,0,0.5), and

(0.5,0.5,0. 5 O) So, C(v) is a cube with edge length 5, shown in Fig. 4 (left), and
n(v) = (Z, I Z’ Z)' On the other hand, the core projection C(w), depicted in Fig. 4
(right), is a convex polytope with vertices: a; = g;l (A)),i=1,...,13, where A| =
(0,0,0,1.6), A, = (0,0,0.6,1), A3 = (0,0.6,0, 1), A4 = (0,0.5,0.6,0.5), A5 =
(0,0.6,0.5,0.5), A¢ = (0.6,0,0, 1), A7 = (0.5, 0, 0.6,0.5), Ag = (0.6, 0, 0.5, 0.5),

9 = (0.5,0.6,0,0.5), Ajp = (0.6,0.5,0,0.5), A1; = (0.5,0.5,0.6,0), Ajp =
(0.5,0.6,0.5,0), and A3 = (0.6, 0.5, 0.5, 0). Consider the points

by by b3 by bs be by
(0.6,0.6,0)((0.6,0,0.6)[(0,0.6,0.6)|(0.6,0.6,0.6)| (0.6, 0.6, 0.5)[ (0.6, 0.5, 0.6) | (0.5, 0.6, 0.6)

Clearly B = Hull({ay, a2, a3, as, b1, ba, b3, ba}) is a cube with edge length % Let us
also consider the three right triangular prisms: Pl = Hull({ag, a0, b1, a1z, ai3, bs}),
P2 = Hull({a7, ag, by, ay1, a3, bg}), and P3 = Hull({a4, as, b3, ay1, a1z, b7}).
Finally, let Q = Hull({a11, a12, ai3, bs}). Then B = C(w) U P U P2ZU P3U Q
and the intersection of any two pieces of the decomposition has volume zero. More-
over,

e e o @ | B |
1 1 1 1 27
Vol 00 00 00 500 55
17 17 1 17 1 17 1 17 17 111 111 111 3 3 3
t || G503502) | (3602036) | (35360 36) | (506> 3000 200) | (36> 367 76)

2 For n > 4, this example can be adapted by adding dummy players.
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xrs3 3
15 1.6
1.5 1.6
T2 V X2
1.5 1.6
T1 1
Fig.4 The projections of the cores C(v) and C(w)
Fig.5 The coordinate 114 as a 0.8 %
function of E in the interval ’
[1.5,2]
0.75
pa(E)
0.7 | :
1.5 1.6 2 B

Then, VOl(é(w)) = % and

u(Cw) =390 (Vol(B)M(B) =Y 3 Vol(PHu(Pi) - VOKQ)/L(Q))
i=1
__ (647 647 647
- (Tm’ 2207° W) :

Finally, p(w) = gw(u(é(w))) = (%, %, %, %). Now, ui(v) < wi(w) if
i =1,2,3but ua(v) > pa(w), then the core-center violates aggregate monotonicity.
O

Let v € MCY be the game defined in Theorem 5.1. For each E € [1.5, 2] consider
the game v € G given by vg(S) = v(S) forall S € 2V, S # N, and vg(N) = E.
It is easy to check that vgp € CN for all E € [1.5,2]. The graph of the function
na(E) = pa(vg) is depicted in Fig. 5. Clearly 4 is not monotonically increasing.

Remark 5.2 1t has already being stated, see Hokari (2000), that the nucleolus is not
aggregate monotonic on the domain of convex games with at least four players. Observe

that being N = {1,2,3,4} and v, w € CN the convex games given in Theorem
5.1, one has that n(v) = (0.25,0.25,0.25,0.75) and n(w) = (0.3,0.3,0.3,0.7) so
ni(v) < ni(w)ifi = 1,2, 3 but n4(v) > n4(w).
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6 Aggregate monotonicity on a subclass of bankruptcy games

Even though the nucleolus and the core-center are not aggregate monotonic in the class
of convex games with at least four players, we can find subclasses of convex games
in which both solutions satisfy the property. Our goal is to extend the class MCV,
defined in Sect. 4 when |N| = 3, to an arbitrary number of players and to exploit the
connection of these games with bankruptcy problems.

We say that a game v € GV belongs to the class MY if v(S) = 0 whenever
|S| < n — 1. To simplify the notation we write v_; = v(N\{i}) fori € N, E = v(N),
and assume, without loss of generality, that the players are ordered so that v_, <

. < v_j. Therefore, we can write MY = {(v_l, ..., E) € R+ . v, <

- < v_l}. Let MBY = MY N BN and MCN = MY NV be the subclasses of
games that belong to M" that are balanced and convex respectively. Let us assume
that |N| > 3. Applying the Bondareva-Shapley conditions for balancedness and the
definition of convexity, we deduce that:

./\/lBNz{(v_n,...,v_l,E)ER"+l tE>0, v_,<...<v_|<E, ﬁzv—iSE}
ieN
MY ={(_p, ..., v, E) eR"™ 0 <v_, < <wv_y, vy +vop < E).

Each game in MB" can be identified with a bankruptcy problem. Let v =
(w_p,...,v_1,E) € MBY and define the vector of claims d = (di)ieN =
(E — U*i)ieN' Then (E, d) € PV is a bankruptcy problem such that d; < --- < d,.
Conv}srsely,if(E,d) e PN withd; < --- < d, thenv =(E —d,,...,E—d|, E) €
MBY.

Proposition 6.1 Let [N| > 3, v = (v_p,...,v_1,E) € MBY and d = (d;),_, =
(E - v,i)l.E N fw e CN is the bankruptcy game associated with the bankruptcy
problem (E, d) € PN then:

1. mij(v) = w{i}) = m;(w) and M; (v) = d; foralli € N.
2. C(v) = C(w), w =v°¢and n() = u(w).
3. v is compromise stable and n(v) = n' (v) = T(E, d) = n(w).

Proof Since w € C¥ is the bankruptcy game associated with the bankruptcy problem
(E, d) we know, see Quant et al. (2005), that m; (w) = w({i}) = max{O, E —
Zj#,.d,-} and M;(w) = min{E,d;} foralli € N.Letv = (v_p,...,v_1, E) €
MBY. Then M;(v) = E —v_; = d; foralli € N. Now, fixi € N and take
S C N\{i}.
o If|S| <n—3thenv(SU{i}) = 0and v(SU{i})—ZjGSMj(v) = _Zjede <0,
being this value O for S = ¢.
o If S = N\{i, k} withk # i, thenv(SU {i}) — Zjeij(v) =v_f — Z#i’kdj =
E — Zj;éidj'
o If § = N\{i}then v(S U {i}) — Zjeij(v) = vy — Zj;éidj =F — Zj;éidj'
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Therefore, m; (v) = Séna\x {v(SU{i}) — Zjeij(v)} = max{O, E — Zj#dj} =

N\{i}
w(fi}).
The game w is compromise stable so its core is:

C(w) =CC(w) = {x € Hw) : w(i) < x; <min{E, d;}, foralli € N}.

Clearly, C(v) = {x € H(v) : 0 < x; < d;,foralli € N}. Since H(w) = H(v) we
have that C(w) C C(v). In order to prove that C(v) C C(w) we have to check that
if x € C(v) then w({i}) < x; < min{E, d;} for alli € N. Since x € H (v) then for
eachi e N,x; = E — Zj#xj. Now x; <d;andx; > Oforall j #isox; = E —
» % = E and, consequently, x; < min{E, d;}. On the other hand, since |[N| > 3
we have thatx; > Oandx; <d; forall j #isox; =E -}, ,;x; > E—} . ,d;.
Then, x; > max{0, E — Zj#dj} = w({i}) and C(v) = C(w). As w is a convex
game, and therefore exact, and C(v) = C(w), we can conclude that w is the exact
envelope of game v, i.e., w = v°. Obviously, u(v) = u(C()) = u(C(w)) = u(w).

Showing that CC (v) = {x e Hw) : m;(v) < x; < M;(v), foralli € N} c C(v)
is trivial. As C(v) C CC(v), v is compromise stable. Moreover, for all i € N,
m;(v) — v({i}) = m;(v) = m;(w). Then, applying property i) of Theorem 5.3 in
Estévez-Fernandez et al. (2017), n(v) = nl(v) = T(E, d). Finally, T(E, d) = n(w)
because the Talmud rule of a bankruptcy problem (E, d) € PV is the nucleolus of its
associated bankruptcy game w € GV. O

For each bankruptcy problem (E, d) € PV we associate two different coalitional
games: the bankruptcy game w € CV, which is always convex, and the balanced game
v=(E—-d,, ..., E—d,E) € MBY . Even though both games are different, in
fact the bankruptcy game w is the exact envelope of v, their nucleolus and core-center
coincide. Now, we want to identify the subclass of bankruptcy problems for which these
two games coincide. Let PCY = {(E,d) e PN :dy < --- <d,, d, < E <d| +d>)}
be the subclass of bankruptcy problems for which the endowment is bigger than the
claims but less than the sum of any two of them.

Proposition 6.2 If (E,d) € PCN, w e CVN is its associated bankruptcy game, and
v=(E—dy,....,E—di,E) € MB" thenv = w € MCV. Conversely, if v =
(Vepy ooy, E) € MCN and d = (di)ieN = (E - v_,-)ieN then (E,d) € PCN
and v is its associated bankruptcy game.

Proof Let (E,d) € PCN and w € CV is associated bankruptcy game. If § € 2V such
that [S| < n — 1 then [N\S| > 2. Since E < d; +d; forall {i, j} C N we conclude
that

E ifS=N
w(S)=max{0.E— Y dt =3E—d; ifS=N\{i}.
keN\S 0 otherwise

Thenw = v = (E —d,,...,E —d, E) € MCV. The proof of the other part is
analogous. O
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Monotonicity requirements on rules have played an important role in the analysis of
bankruptcy problems. Thomson (2019) provides a comprehensive survey of the rules
and their relevant properties. For instance, a rule satisfies endowment monotonicity
whenever the amount to divide increases then each claimant receives at least as much as
he did initially.> Observe that the aggregate monotonicity of a solution for bankruptcy
games is not equivalent to endowment monotonicity of the corresponding bankruptcy
rule. In fact, aggregate monotonicity is a property that can not be expressed in terms of
bankruptcy problems. Nevertheless, aggregate monotonicity on MC» has a translation
to a meaningful requirement on PC". We say that a rule R on PV satisfies:

Equal endowment and claims increment monotonicity if for each (E, d) € pN
and each (E',d’) € PN such that E' — E = d/ —d; > Oforalli € N then
R(E,d) < R(E',d").

A rule satisfies endowment and claims increment monotonicity whenever the endow-
ment to be divided and all the claims increase by the same amount, then each claimant
receives at least as much as he did initially. Naturally, any solution ¢ on MC" defines
a rule on PCV that associates to a bankruptcy problem (E, d) € PCV the division
between the claimants ¢(E, d) = ¢(v) where v = (E —d,, ..., E—d, E) € MC".

Proposition 6.3 Let ¢ be a solution that satisfies aggregate monotonicity on MCY.
Then g satisfies equal endowment and claims increment monotonicity on PC" .

Our goal is to prove that both the core-center and the nucleolus are aggregate
monotonic on MCY. In Sect. 4, in order to prove that the core-center is aggregate
monotonic on the domain of convex games with three players, we rely on an analytic
formula for the core-center derived from a decomposition of the imputation set as
the union of the core of the game and several equilateral triangles. If, for an n-player
game, its imputation set is the union of its core and several regular simplices that
have negligible intersections, then we can provide an analytic formula for the core-
center and, therefore, examine its monotonicity properties. For the class MC" such
a decomposition exists.

Ifv= (v_yp,...,v_1, E) € MCV, the imputation set I (v) is the regular simplex
spanned by the n points at = (a’i, e, a,’;) e R",i € N, where af = FE and a;'. =0if

i # j. Moreover, Vol(I(v)) = (n{?i)!E"_l and u; (I(v)) = % fori € N. The core is

a non-empty convex polytope with at most n(n — 1) vertices. In fact,

Cw={xeR":0<x <E—v, x(N)=E}=Hull({m"/ :i,j e N,i # j})

i,j
o Y
and m;{’] = 0 otherwise. For each i € N, let vy;; € G" be the game: v (N) = E,
viy(S) =E —v_;if S # Nandi € S, and v(;;(S) = 0 otherwise.

o y y o y
where m'/ = (m}’,...,m;’) € R" is given by m;") = E —v_;, m}’ = v_;,

Proposition 6.4 Let |[N| >3 and v = (v_y, ...,v_1, E) € MCV.

3 A rule R satisfies endowment monotonicity if for each (E, d) € PN and each E/ > E then R(E,d) <
R(E',d).
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1. I(v) =C(v)U ( U C(v{i})>. Moreover, foralli, j € N,i # j, the sets C(v;)) N
ieN
C(vyjy) and C(v{,}) N C(v) have null (n — 1)-measure.
2. u(v) = (0, = 1, A %) ifE=v_1andv_; =0 foralli € N\{l}. Otherwise,
foreachi € N:

1 E" —nEV + K;

Mi(v) - - En—l__l L

)

where L = Z vt ; Vand K; = (n — D", — Zk#ivfk.
3. mi(v) < ,u](v)foralll jEN,i <.

Proof For each i € N, consider the game wy;) € GV given by w(;}(N) = v_; and
(i1 (8) = 0 otherwise. Clearly, C(wy;)) = I(w{,}) Then C(wy;y) is aregular simplex

such that Vol(C(wy;))) = r‘/ﬁl)!vff and u;(C(wgy)) = % for all j € N. Now,

vy = e+ wy;) where el = (e’i, e e,’;) € R" is given by ef =F —v_; and e;. =0
for j # i. Asaconsequence, C(vj;}) = €' + C(wy;y) and 1 (C (vgy) = €' 4+ pn(C(wyiy)
for all i € N. The decomposition of the imputation set and the fact that any two
pieces have negligible intersection follow immediately. Clearly, Vol(C(v)) = O if
E =v_j1and v_; = 0 forall i > 1. In fact, if Vol(C(v)) = O then either C(v) =
Hull({a2, ...,a"}) when E > 0, or C(v) = I(v) = {(0,...,0)} when E = 0. In

both cases u(v) = (0, -5, ... ). If Vol(C(v)) > 0, we have that u(I(v)) =

’nl

Vol(C Vol(C
V‘;l((l((l'j))))u(v) + D ien %u(v{,}) From this equality, the expression for the

core-center follows at once. Finally, a small manipulation shows that u; (v) < u;(v)
wheneveri < j. O

Theorem 6.5 The core-center satisfies aggregate monotonicity on MCV.

Proof When |[N| = 2 or |[N| = 3 the result is a particular case of Proposition 3.1
and Theorem 4.3 respectively. The proof when |N| > 4 mirrors that of Theorem 4.3
(details are in the “Appendix”). O

Now, we want to establish that the nucleolus is aggregate monotonic on MC" . The
analysis is based on the property of first agent consistency.

Let |[N| > 4. For each v € BY let V1, ) € MM\ be the game defined, for all
S e 2N\ by

0 if1S| <n—3

. ) = max{0, v(SU{1}) —ni(v)} if|S|=1andn =3

L @) V(S U{1}) — m(v) if1S|=n—2andn > 3
v(N) —n1(v) it § = N\{1}
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Estévez-Fernandez et al. (2017) show that the 1-nucleolus satisfies the property of first
agent consistency,” that is, if v € BY and Vil € BN then n!(v) = n} V1 w)
for all i € N\{1}. Our next result, whose proof is left to the “Appendix”, adapts this
property to the class MBY .

Proposition 6.6 If v € MB" then Vi (v) € MBI and n; (v) = n;i (V1,9 (v)) Sfor
alli € N\{1}.

Proof Letv = (v_,,...,v_1, E) € MBY |, First, we prove that vy ) € MBN\I
Denote w = vy 5,v) € MM\ Obviously w(N\{1}) = E —n(v) > 0, w_; =
w(N\{L, j}) = v—; —ni(v) forall j € N\{1} and w(N\{1}) > w_5. Therefore,
w_, < -+ < w_py < w(N\{l}). It remains to be proved that (n — 2)w(N\{1}) >
> j—2 "wj or, equivalently, n1 (v) = 3, ,"v—; — (n —2)E.

CASE 1:If (n—2)E = ), . yv—i = v_l—i—Zj:z”v_j then Zj=2”v_j —(n—2)E <
—v_1. Clearly ijz"v,j —(n—2E < —v_; <0 < n(v) when v_; > 0.
Butif vy < Othenv_; < Oforall j € N\{l} and, since E > 0, we have that
ijznv—j —(n—=2)E <0 =<n1(v).

CASE 2: Assume that (n —2)E < ) ;_yv—;. Then

nw) =E —vl—mln[ (n—l)E Zv_) _vl}

ieN

n
E+(l—nmuv_i+ Y v

ZE—v_l—%<(n—1)E—Zv_,->= /=2
n

ieN

E+(1—n)v_1+)_ ., "v_j
ln Jj=2 J Zz:j:znv_j_(,,1_2)E

ifand only if (n — 1)E > )", _yv—;. But the last inequality holds because v € mBN

som) =3, "v_j — (n—2)E.
The second part of the result is a direct consequence of Proposition 6.1 and the fact
that the 1-nucleolus satisfies first agent consistency. O

Now, simple calculations show that

Our next step is to compute the first coordinate of the nucleolus for a game in
MBY, that is to say, the first coordinate for the nucleolus of a bankruptcy game. The
calculations are left to the “Appendix”

Proposition 6.7 Let v = (v_p,...,v_1, E) € MBY and « = max{v,l,ﬁ
ZieNUﬂ'}. Then

%(E—nv1+ Zvi> ifa <E < anz(2Zv,-—nv1>

ieN ieN
771(7)): %( _U—l) lfn+2 <22U—i_nU—I>SE§nn_2U—1.
ieN
VE i <

4 Notice that the definition of the game v] j (y) has been readjusted so that the value of the single player
coalitions are positive, otherwise first agent consistency breaks down.
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Now, we focus our attention on the class MCY when IN|] > 4. Let v =
(v—p,...,v_1, E) € MC" and denote w = Vi, (v) € MBI We will see that
convexity of v implies that (n — 2)E > ), _yv—; and so the formula for n;(v) is
simplified. One can not guarantee that w_, = w(N\{l1,2}) = v_2» — n1(v) > 0 so,
in general, w is not convex. Nevertheless, we can compute 71 (v) and apply first agent
consistency to obtain n;(v) for j > 1. The calculations are made in the “Appendix”.

Proposition 6.8 Let |[N| > 4 and v = (v_p, ..., v_1, E) € MC". Then,

1 V|
mw = 2E ) T (EV”"') =F =i
1E ift5v <E

and, for all j € N\{1},

e 1)(E+v 1) U‘—(ZL)S < 5vg

ieN
. n
nE famv1=E

nj(v) =

Now that we have an expression for the nucleolus of games that belong to MC¥
aggregate monotonicity follows immediately.

Theorem 6.9 The nucleolus satisfies aggregate monotonicity on MC.

Proof When |N| = 2 or |N| = 3 the result is a particular case of Proposition 3.1 and
Theorem 3.4 respectively. Assume that |N| > 4. Fix a vector (v_p,...,v_1) € R”
such that 0 < v_, < --- < v_y. For each i € N consider the function n; :
[, +00) — R that assigns to each E € [«, +00) the value n; (E) = n;(vg), where
vE = (Vepy...,v_1, E) € MBV. Proposition 6.8 shows that 7; is a continuous
piecewise lmear function such that d’;.’ > 0 on each piece. Therefore, n; is mono-
tonically increasing over [«, +00) for each j € N, and, consequently 7 is aggregate
monotonic on MCY . O

Remark 6.10 As a consequence of Proposition 6.3, Theorems 6.5 and 6.9, we conclude
that the nucleolus and the core-center satisfy equal endowment and claims increment
monotonicity on the subclass of bankruptcy problems PCV.

7 Summary and discussion

In this paper we have analyzed whether or not the nucleolus and the core-center satisty
aggregate monotonicity on several classes of coalitional games. Some of the results
were already known in the literature, and suitable references are given throughout the
text, but all of these instances were revisited in the paper using new approaches. Here
we provide a summary of the findings:

o If IN| =3.
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— The nucleolus is aggregate monotonic on £V : Housman and Clark (1998) and
Theorem 3.4.
— The core-center is aggregate monotonic on B : Theorem 4.3.

o If|N| > 3.

— The nucleolus is not aggregate monotonic on C": Hokari (2000) and Remark
5.2.
— The core-center is not aggregate monotonic on C": Theorem 5.1.

e Forall N ={1,...,n}.

— The nucleolus is aggregate monotonic on MC": Theorem 6.9.
— The core-center is aggregate monotonic on MC": Theorem 6.5.

Moreover, the analytic formula for the coordinates of the nucleolus of a 3-player
zero-normalized supperadditive game given by Leng and Parlar (2010) is extended in
Proposition 3.3 in a simplified framework for any 3-player essential game. We also
provide analytic expressions for the core-center of a 3-player zero-normalized balanced
game (Proposition 4.2). We obtain generalizations of all these formulae to the class
MCN: for the nucleolus in Proposition 6.8 and for the core-center in Proposition 6.4.

The procedure developed to compute the core-center rule for bankruptcy problems
in PC" can be extended for any given bankruptcy problem. For a bankruptcy game,
Miras Calvo et al. (2020) show that the set of imputations that are not stable can be par-
titioned through cores of particular bankruptcy games. This decomposition provides
a backwards recurrence algorithm to compute the core-center rule. These findings for
bankruptcy games could be the basis for a general method for convex or balanced
games: one needs to find a decomposition of the imputation set as the union of the
core of the game and some other pieces, preferably cores of games, with a simple
structure. We would like to point out that the computation of the center of gravity of
a general convex polyhedron is a specially challenging task. Since the center of grav-
ity is a relevant point in problems arising in many different fields, finding instances
where an analytic formula, or even an algorithm, is available for its computation is
always valuable. Also bear in mind that the core-center is just the center of gravity (the
centroid) of a particular type of convex polyhedron (the core). Therefore, the analytic
formula for the core-center derived in this paper could be applied to computing the
centroid of any core-like polyhedron of the class described.

Although, as Thomson (2019) remarks, many of the properties for bankruptcy
rules consider changes in only one parameter at a time, there are situations in which
several of them could change simultaneously. For instance, the dual property of order
preservation under claims variations says that if an agent’s claim and the endowment
increase by equal amounts then for any two other claimants the smaller one should
gain as much as as the larger one. This property, in which two parameters change, is
a weaker version of equal endowment and claims increment monotonicity. It will be
worth examining the behavior of the central bankruptcy rules with respect to these two
particular properties and, in general, when multiple parameters change simultaneously.

Young (1985) and Housman and Clark (1998) showed that if a rule always selects
an allocation in the core then it violates coalitional monotonicity when the number of

@ Springer



Considerations on the aggregate monotonicity of the... 313

players is greater than three. Nevertheless, core selection and coalitional monotonicity
are compatible on the domain of convex games: the Shapley value is such a rule. Zhou
(1991) formulates a condition of weak coalitional monotonicity that the nucleolus
satisfies: if the worth of a given coalition increases whereas the worths of all other
coalitions remain the same, then the sum of the payoffs of the members of that coalition
shouldn’t decrease. Gonzélez-Diaz and Sanchez-Rodriguez (2007) prove that the core-
center satisfies weak coalitional monotonicity. Obviously, coalitional monotonicity
implies weak coalitional monotonicity. As a corollary of the results about the nucleolus,
the core-center and aggregate monotonicity, it is clear that neither the nucleolus nor
the core-center satisfy coalitional monotonicity on the domain of convex games with
at least four players. So, similar questions to the ones we have responded in this paper
could be raised concerning coalitional monotonicity. We conjecture that the core-
center is coalitional monotonic on the domain of 3-player balanced games. Likely, in
some subclasses of convex games, for instance MC N , the nucleolus or the core-center
could be coalitional monotonic.

Acknowledgements This work was supported by FEDER/Ministerio de Ciencia, Innovacién y Uni-
versidades. Agencia Estatal de Investigacion/MTM2017-87197-C3-2-P and PID2019-106281GB-100
(AEI/FEDER,UE).

Appendix
Proof of Proposition 3.3

Let N = {1,2,3}and v = (v_3,v2,v_1, E) € L sothat 0 < v_3 < vy <
v_1 and E > 0. First, let us assume that v is a balanced game, that is, £ > o =
max{v,l, %(v,l +v_y+v_3) } Clearly, for 3-player balanced games the 1-nucleolus
and the nucleolus coincide, so (v) = n'(v). Estévez-Fernandez et al. (2017) prove5
that if v € MB" and we define the vector d = (di,dy,d3) asdi = E — v_; for
alli € N then (E,d) € PN and the 1-nucleolus of v coincides with the Talmud
rule of (E, d), i.e., 171 (v) = T(E, d). Then, the formula for 11 (v) is straightforward.
Moreover, Estévez-Ferndndez et al. (2017) show that the 1-nucleolus satisfies first
agent consistency:

If v € BY and we consider the game Vi, (v) € B12:3} defined, for all S C {2, 3},
by:

0 ifS=0
V1) (8) = { max{0, v(SU{1}) —ni(v)} if[S|=1
v(N) — n1(v) if § = {2, 3}

then n; (v) = n; (v1,y, () fori € {2, 3}.

5 The general result is valid for any player set N.
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Applying first agent consistency it is easy to deduce the expressions for 1, (v) and
n3(v). In fact,

%(E+v_2+v_3—2v_1) ifa <E <2(Ww_p+v_3)—v_g
m) =1 3(E—v-1) if2(v-2 +v-3) —v_y < E <3v

JE if3v_) < E

%(E +v1—2vp+v3) ifa <E<2(v_p+v-3) —v_g

T(E+vy —2v5+2v_3) if2002+v3) —v_) < E <v_;+2v_3
m) =1 5(E —v-2) ifv1 +2v3 < E <v_i 420

%(E +v_1) ifv_| +2v_2 < E <3v_;

1E if3v_] <E

%(E +v_1+vy—2v3) ifa <E<2(v_p+v_3) —v_g

TE+voi+2v5—2v3) if2(va4v3) —v  <E<v_1+2v3
n3(v) = %(U—l +v_2) ifv 1 +2v3<E<v_1+2v

JT(E +v_1) ifv_; +2v_9 < E <3v_;

1E if3v_) <E

Next, we compute the nucleolus of an essential zero-normalized game that is not
balanced. So, let v € 56\1 such that v ¢ BY, that is, max{v_; — E,v_3 + v_» +
Vo1 — ZE} > (. Maschler et al. (1979) present a method of finding the nucleolus that
requires to solve a sequence of minimization linear programming problems. In the first
step, the procedure finds all the imputations x € I(v) whose maximal excess 61 (x)

is as small as possible. So, let ¢1(v) = min max e(x, S). Clearly ¢;(v) > 0 since
xel(v) Sex0

C(v) = ¥ so g1(v) is the optimum value of the mathematical programming problem:

minimize &
subjectto: 0 < x] < g+ E —v_

0<xx<e+E—-v (P1)
vi3—g <x+x2<FE
g1 >0

Denoteby X! = {x € I(v) : e(S, x) < &1(v) for all S € 2V} the set of imputations
at which the minimum of the excesses is attained. Let X1 = {S € 0. e(S,x) =
e1(v) forall x € X'} be the set of all coalitions at which the maximal excess & (v)
is attained at all x € X', andlet 2! = {§ € =0 : § ¢ %;} = £\ X;. Denote
¢* = max{v_; — E, %(v_g 4+ v_2 + v_j — 2E)}. Since v ¢ BY we have that
e* > 0. Now, if (x1, x2, &1) is a feasible solution of (P;) then0 < &1 + E — v_q,
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0<e+FE—vyandv3z—e <Esoe >v—E>v,,—FE>v_3—E.
Moreover, x;+x3 < 2e;+2E—v_j—v_yandthenv_3—e; <2g14+2E—v_1—v_)
which implies that &, > %(v,3 +v_2 4+ v_1 — 2E). As a consequence & (v) > &*.

Suppose that ¢* = %(U_3 +v_2+v_1 —2E). Then (x}, x3, e]) = %(E +v_3+
v_o—2v_1, E4+v_3—2v_r+v_1,v_3+v_o+v_q —2E) is a feasible solution of (Py),
soe1(v) = %(v,3 +v_2+v_| —2E). But (x], x3, &]) is the only feasible solution
at which the minimum &7 is attained, so X - {(x], x5, E — x{ — x3)}. Therefore, if
ef = %(v,g +v_p +v_1 —2E) we have that n(v) = (x{, x5, E — x{ — x3).

Now, ¢* = v_; — E ifand only if E < 2v_; — v_p — v_3. If this condition holds,
we distinguish three cases:

1. fE <v_1—v_p <v_1—v_3then (0, x7, ST) is a feasible solution of (P;) for all
0 < x» < E. Therefore, e;(v) =v_; — E, X! = {0, x2, E—x3): 0 <xp < E},
and ¥ = {{2, 3}}.

2. Ifv_1—v_p < E <v_i—v_3then (0, x3, ei‘) is a feasible solution of (P;) for all
0 < x» < v_j — v_y. Therefore, e;(v) = v_; — E, X' = {(0, x2, E — x2): 0 <
x2 < v-j —v_z},and Xy = {{2, 3}}.

3. If voy —v_p < vy —v_3 < E then (0, x2, &]) is a feasible solution of (Py)
forall E — (v—1 —v_3) < xp < v_| — v_p. Therefore, e;(v) = v_; — E,
X' ={0,x, E—x2): E—v_14+v_3 <x» <v_| —v_s},and | = {{2, 3}}.

Therefore, if ¢* = v_; — E, we have to proceed with the second step in the method
described in Maschler et al. (1979), that is, we must find the minimum second-

largest excess. Let £2(v) = min max e(x, S). Denote X2 = {x € X! : ¢(S,x) <
xeXx! sex!

er(v)forall§ € =1}, ) = {S € ! @ e(S,x) = ex(v) forallx € X2}, and
¥ ={Sex!:S¢ ¥} ="\, Then, e(v) is the value of the following linear
program:

minimize &)

subjectto : e(S,x) =v_| — E, forall § € ¥
e(S,x) < &, forall S e 2!
X1 +x2+x3=FE
x1>0,x>0,x3>0

Butif x = (x1, x2, x3) € X! then x; = 0. Since {1} ¢ X1 and e({1}, x) = 0, we have
that e (v) > 0. As a consequence, €2 (v) is the solution of the reduced linear program
with unkowns x5, &5:

minimize &)

subject to: &5 > 0
0<xx<E (P2)
X2+ & =v_3
X—& <E—-v

If (xp, &) is a feasible solution of (P;) then v_3 — &y < E — v_5 + &, that is,
& > %(v,3+v,2—E). Soer(v) > €5 = max{0, %(v,ﬁ—v,z—E)}.The intersection
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of the straight lines x» + &2 = v_3 and x, — &y = E — v_3 is the point (X, &) =
(S(E+v_3—v_2), J(v_3+v_2—E)). Clearly # > Oifandonlyif E > v_o —v_3
and &, > 0 whenever E < v_j + v_3. Therefore, we distinguish three cases:

1. If 0 < E < v_p — v_3 then the constraint set is {(x2, &) € R?2:0 < Xy <
E, x» — ey < E — v_5} and has two extreme points: (0, v_» — E) and (E, v_3).
So the optimum feasible solution of (P2) is (x5, &5) = (0, v_» — E). Therefore
e(W)=v_y—E >0and n(v) = (0,0, E).

2. If vy —v_3 < E < v_p + v_3 then the constraint set has three extreme
points: (0, v_3), (E, v_3), and (X2, &2). Clearly, (X3, &) is the optimum fea-
sible solution of (P,). Therefore g;(v) = %(v_3 4+ vy — E) and n(v) =
(0 E4tv_3—v_ E—v73+v,2).

’ 2 ’ 2

3. If E > v_3 + v_3 then &5 = 0. So (x2, 0) is a feasible solution of (P) for all

v_3 < xp < E — v_jy. Therefore, g,(v) = 0, X2 = {0, x0, E—x2): v_3 <

xy < E—v_3},and X = {{1}}. Let e3(v) = min2 max e(x, S) be the minimum
xeX- Sex
third-largest excess. Then, £3(v) is the solution of the linear program with unkowns

X2, €3:

minimize &3

subject to: xo + €3 > v_3
X —&e3<E—v_
0<xx=<E

(P3)

Observe that the only difference between the linear programs (P;) and (P3) is
the positivity constraint € > 0. Then, the constraint set of (P3) has three extreme
points: (0, v_3), (E, v_3), and (X3, &2). Since %(U_3 +v_y — E) < 0, the optimal
feasible solution is (X2, &). Therefore g3(v) = %(v_3 + vy — E)and n(v) =

(0’ E+v,23—v,27 E—v,23+v,2)'

Proof of Proposition 4.2

Let N = {1,2,3}and v = (v_3, v_2, v_1, E) € MB" such that v_3 < v_p < v_,
and o = max{0, v_p, %(vq +v_54v_3)} < E.Letw € C" be the exact envelope
of v,ie., w = v s0 C(v) = C(w) and p(v) = pw(w). We identify the convex game
w € CV with the vector

(w({1h), w({(2h), w({3h, w1, 2D, w1, 3}, w({2,3), w(N)) € R".

Leta = (w({i}))ieN and w® = (w(l3, w0_2, w(ll, wO(N)) € MCY be the zero-
normalization of w so that w = a + w®. Since wg € MCV, from the analytic
formula given in Proposition 4.1, we can obtain x(w”). But having into account that
w() = pn(w) = a+ pn(w?), we can derived the following expressions for 1 (v):

1. v_y > O0forallk € N.
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o IfE e, v3+v_]thenw = (v 3+v2—E,vi34+v_1—E,vo4+v_|—
E,v_3,v-,v_1,E) e CYN and w’ = 2E — ", . yv—i, 2E — Y v_;, 2E —
ieN
Y ienV—is2QE — Y ;cyv-i)) € MCN. Therefore p;j(v) = wi(w) =
wi(wo) + Zk#v_k — E foralli € N. Moreover, ;1(v) < u2(v) < uz(v).
oeIf £E ¢ [vy+wvo,vi3+wv_g]thenw = 0O,vi3+vy— E, v+
v_1 — E,v_3,v_2,v_1, E) € CN and wd = (E —v_1,E —v_1,2FE —
Y ienV—i3E—v_3—v_» —2v_1) e MCV . In this case, 1 (v) = 1 (w) =
w1 (wo), p2(v) = pa(w) = p2(wo) +v—3 +v—1 — E and u3(v) = pz(w) =
u3(wo) + v—z +v—1 — E. We have that p1(v) < p2(v) < u3(v).

o IfE € [v_3+v_1,v_24+v_1]thenw = (0,0, v_o+v_1—FE,v_3,v_2,v_1, E)
e CN and w0 = (v_3, E—v_,E —-—v_2,2E —v_ — v_l) e McN.
Now, u1(v) = pi(w) = u1(wo), u2(v) = p2(w) = u2(wo) and u3z(v) =
pu3(w) = u3(wo) + v—2 +v—1 — E. Again, u1(v) < u2(v) < u3z(v).

o If E € [v_y + v_1, +00) then w® = w, and n) = p(w) = pL(wO).

2. Thereis k € N such that v_; < O.
o Ifv_; < Othenw = w’ = (0,0,0, E) and p;(v) = p;(wo) = % for all

i €N.
e Ifvr<0<wv_jthenw=uw’= (OOvl, E) and

E3-3Ev? 4203, E>+Ev_|—2v%, E 202

pi(v) = 3202, = 3(E+v_)) = 3~ 3(E+v DE pa(v) =
E3—vi1 (E—v,l)(E2+Ev,1+v3]) E2—+-Ev,1—&—v_1 E

() = 3pey = T SE—ERoy . — &Ry — 3 T

v?,
3(E4v_y)”

elfvy <0 <wvjo,and E < v+ wv_ythenw = (0,0,vp +v_q —
E,0,v,v_1,E) and wy = (O,E —v_1,E —v_,2E —v_ — v_1).

E—v_ E—v_
Therefore, pu1(v) = pi(wo) = ==, pa(v) = pa(w) = =52, and
13(v) = u3(wo) +v_p +v_y — E = 221
o Ifv3<0<wv_pandv_ 2+v1<Ethenw_w (Ovz,vl, ).Asa
E3-3Ev? 203 E3_3Ev?.— 23
consequence 11 (v) = SIS ) = DR g

3(E2— v_ v2| 3(E2—v32—v31)
E3—v32—vil

M3(U) = 3(E2—U32—Ugl) .

Note that in all the cases we have that 1 (v) < u2(v) < usz(v).

Proof of Theorem 4.3

Fix a vector (v_3,v_p,v_1) € R3 such that v_3 < v_, < v_; and let ¢« =
max{0, v_1, 3(v_1 + v_» 4+ v_3)}. For each i € N consider the function j; :
[a, +00) — R that assigns to each £ € [«, +00) the value u;(E) = u;(vg),
where vg = (v_3,v_o,v_1, E) € MBY 1t is known (Gonzélez-Diaz and Sénchez-
Rodriguez 2007) that y; is continuous foralli € N. We claim that y; is a differentiable
function for all i € N and that %(vb—) > O forall E € [a, +00) and all i € N. For
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eachi € N, itis evident from Proposition 4.2 that y; is a piecewise function. On each
piece, u; is either constant, linear or a rational function and therefore it is differentiable
in the corresponding open interval. Now, applying the basic rules for differentiation
we compute the derivative ‘2 7 on each piece and show that it is non-negative.

1. v_y > O0forallk € N.

e It is clear that d“’ 7 (v) =3 >0foralli € N, when E € (&, v_3 + v_2).
o IfE € (v,3+v,2, v,3+v,1)then s (v) = BEm B diz () — dia () =
%, where § = 3F —2v_3 —2v_» — v_; and
ar =20v_3 +20v_5 + 10v_;  ap=6v2; + 12v_3v_»
+8v_3v_1 + 6v32 + 8v_v_1 + v%]
B1 =8v_3+ 8v_s +4v_ Bo = 3v? 5 + 6v_3v_5 + 2v_3V_

+3v%, 4+ 2vov_ + 2.

Observe that ‘3—?(1}) > 0 because f(E) = 6E2 — B1E + Bp is a convex

20_3+202+v_1 (V_3t+v_o—v_)?
3 9 3 )7

above the x axis. Moreover, % (v)— d’” Z(v) = (v’3+v’2_E)(v*;;v*”zv*l =35

Since v_3 + v, — E < Oandvg—i—v + 2v_; — 3E
E € (v_3 + v_3,v_3 + v_1), we have that d‘“(v)—d’”(v)

quadratic function that has its minimum point, (

0 when
0. Then

=
=

T = FF0) = T = 0.

. If E € (v.3 + v_1,v_2 + v_1) then we obtain d’“ = (v)
2E4 4(v_p+v_ 1)E3+£2E2+8|E+€0 duz( ) 6E* —12(v_p4v_ 1)E3+V2E2+V1E+y0
3p > dE - 3p?

6E>—A E+A
W, where p = 2Ev_, +2Ev_| —2v_hv_| —

and d”‘ 7 ) =
2E? + v_3 and

2 = 202, + 8v_gv_y + 207, — 3v?,
Y2 = =925 + 6v2, + 24v_ov_; + 607,

g = %v33 +2v23v 2 +4v23v 1 —4v22v 1 —4v_ zvzl

€ =35 2 331) 2—%v33v 1 — 202 Z3V_2v_ —v23v |+ 202 2v21
Y= 4v_3 + 12v_3v_2 + 6v_3v_1 — 12v_2v_1 — 12v_2v_1

Yo = —2v7 3u_0 — 202 3v_1 — 3vi5v?, — 6v2ju_ou_y + 6v2,07

A =8v_3+6v_y+6v_1
o = 31)33 +4v_3v_y +4v_3v_1 + 3v32 + 3v31.

Again, %(v) > Obecause g(E) = 6E>—11 E+Xq is aconvex quadratic func-

4v_34+3v_r4+3v_ 21}%34‘9(1}—2—1}—1)2
6 ) 6
x axis. But,sincev_,—v_1 <0andv_,+v_1—2E < Owhenever E € (v_3+

tion that has its minimum point, (

), above the
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vl (0a—v ) @atv1—2E)
p? =

3 2
0. On the other hand, ‘fl’? (v)— d’“(v) (E—v-3— v_.)(2i2+02E 01 E+0) peing

6 =2v_3 —4v_p—2v_1,01 = —3v_3 —4v_3v_9 + 21)32 +4v_jv_»o, and

Vo1, V_2+v_ 1)Wehavethatd“l (v)—d’”(v)

6y = v3_3 + 21)331)_2 + v_1v33 + 21)_31)%2 —2v_ v%z. We claim that A (E) =
2E3 +mE? +n1E +no > 0, because & is monotonically increasing over the
interval (v_34+v_1,v_o+v_1)and h(v_3+v_1) = 2v_3(v_3Bv_1 —3v_2+
v_3) +2(w_1 — v_z)z) > 0. Indeed, consider the convex quadratic function
W(E) = 6E?+4(v_3—2v_—v_1)E+ (20, +4v_v_1 —3v2 ; —4v_3v_y).
Clearly, /' (v_3+v_1) = Tv2 3+ 120_3(v_1 —v_2) +2(v_1 —v_2)? > 0.But,

20_9+v_1—v_3
3

A’ has its minimum point at such that zv‘m# <v_34v_g.

Therefore, h'(E) > 0 for all E € (v—3 + v_1, v—2 + v—_;) and A is monoton-

ically increasing over that interval. Since ¢ Trw) =0 A (yy — d’” 7)) >0

> dE
and 242 (v) — 44 (v) > 0, we have that 241.(v) > 42 (v) = 43 () > 0.
—3(v_2+u_1)52+2(u_2+v_1—2v_3)E+3cUi3

e IfE € (v_»+v_1, +00) then d’“ 2 () = SECP
where C = v33+v%2+v%1 > O. Consider the function N (x) = x 302 )+
vEx? +2003, + 03 =203 Hx + 3Cv23. We claim that N (x) > 0 for all
x € [v_y + v_1, +00), in which case d 413 (p) > 0. Indeed, we will show that

N((_s +v_1) > 0and that N'(x) > 0 for all x > v_ + v_;. First N(v_, +
v_p) = 253025 — 4(v_a 4+ v_v_3 + 3(v?, + v%))) = 0, because the

quadratic function f(x) = 3x>—4(v_s+v_1)x+3(v?,+v?,) > Oforallx €

R. On the other hand N’ (x) = 4x3 —6(v? , +v% Dx+2(v?,+v3 ;| —2v%,) and
N"(x) = 12x> —6(v32 + vE] ). Since the positive root of the quadratic equation

2 2
N"(x) =0isx; =/ % andv_o+v_1 > /(w2 +v )2 —2v v | =
,/v%z + v%l > x1, we conclude that N”(x) > O forall x > v_, +v_j, that s,

N’ is monotonically increasing over the interval [v_p 4+ v_1, +00). Moreover,
N (v_y+v_y) = 61)%21)_1 + 6v%1v_2 — 41)3_3 > 12v3_3 — 41)3_3 > 0. Then,

certainly, N'(x) > Oforallx > v_p+v_.Now,differentiating 11 and o with

E*=32+v2 ) E242(03 . +v3,—203 Y E+3Cv?
respectto E, we have that d‘“ 7 () = O ) oy tvp =20 =1

3(E2 C)?
and duz( ) = E* 3025402 ,)E243—(2;1; ;‘; 1=202) E43C12, . Tt is straightforward
to check that %41 > 952 if and only if (v2, — v2,)E? —2(v3 | — v} )E +
C(v_l — vzz) > 0. But, the quadratic function f(x) = (”—1 — U%2)X2 -

2(1)3l —v_z)x—i—C(v%1 —v%z) > Oforall x > v_y+4wv_1,because f attains its
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i1 ”32
vl — v2 )
v?,) > 0. Similarly, % d’“ > dﬂ if and only if (v2, — v 3)E2 -2, —
v73)E + C(v72 — v73) Z 0 Wthh follows directly from the properties of the
quadratic function g(x) = (v%2 — v%\;)x2 — 2(113_2 — v3_3)x + C(v%2 — v33).

2. Thereis k € N such that v_; < 0.

minimum at x* =

,v_2+v_1>x*and f(v_p+v_ 1)—v 3(v 1=

e If v_; <O then d“’(v) 3 L >0, foralli EN

e Ifv_y» <0 < v_; then d’“(v) = 3 + > > (0 because v_; > 0 and

3<E+—v>
@) = L(1 - (£51-)°) > 0fori € {2.3).
e Ifv3<0<voandv_p+v_; > E then % (v) = L foralli e {1, 2} and
4 () = 0.

° va 3 <0 <wvgand v+ v_; < E, then u(v) = pu(w) where w =
(0, v_2, v_1, E). Then applying the last item of case 1 we have directly that
%(v) >(0foralli € N.

Giveni € N, we have seen that w; is a piecewise continuously differentiable function.
It remains to be established that u; is differentiable at the points between the pieces.
This is easily done by checking that the one-sided limits of the derivative function ”‘11’2’
at these points are equal.

Proof of Theorem 6.5

Fix a vector (v_y,...,v_1) € R" suchthat0 <wv_, <-..-- <wv_;.Foreachi € N
consider the function pu; : [v_7 + v_1, +00) — R that assigns to each E € [v_5 +
v_1, +00) the value w;(E) = pi(vg), where vg = (v_p,...,v_1, E) € MCV.
It is known (Gonzélez-Diaz and Sanchez-Rodriguez 2007) that pu; is continuous on
[v_p 4+ v_1, +00). But u; is differentiable on (v_ + v_1, +00) because w; is the
rational function given in Proposition 6.4. Therefore, the core-center is aggregate
monotonic on MCV if and only if %(v,;) > Oforall E € (v_2 +v_1, +00) and all
i € N.Now, applying the quotient rule for differentiation,

B2 D (L— (20" Y E" T —(n— ) K E" 24 n Ly
n(E"— 1 L)Z .

Then, dE Liyg) — Lf' (vg) = %, if i < n, where F is the polynomial
function
F(x) =n(m—2)(";" =" (11+1)) - (v - v’i(iﬂ))x"_2

+ nL(vﬁi - (11—5—1))'

But F/(x) = n(n—1)(n—=2)x"" 3((”-; ?itrl))x—(vﬁi—vf(i+1))).Therefore,F

. . . . . vt =" .
is monotonically increasing over the interval J = [ = +00). Since, F(v_; +
)

vnfl Unfl

=i U=+
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U—(H-l)) >0andv_; + V_(i+1) € J, we have that F(x) > Oforallx > v_; + V—(i+1)-
Now, E > v_1+v_2 > v_j+V_(+1),50 F'(E) > 0and, as a consequence, %(UE) >
d’““ (vg). Then it suffices to prove that d“" 7 (g) = 0forall E € (v +v_1, +00) .

But d“" b (yp) = % where G(x) = x2<" D n@L—m—20" )" ' —(n—
DK, x” 2—|—nLv’in1 isapolynomial function. Then G’ (x) = (n—1)x"~ 3(2x”—i—n((n—
2! —L)x—(n—2)K,). Weclaimthat G'(x) > Oforallx € I = [v_j+v_3, +00)
and that G(v—1 4+ v—2) > 0. In that case, G(x) > 0 for all x € I, in particular,
G(E) > 0 because E > v_1 + v_> and the proof concludes.

PROOF THAT G’(x) > 0 FOR ALL x € I: Note that G'(x) > O for all x € [ if an
only if H(x) = 2x" +n((n 20", - L)x —(n—2)K, = 0forall x € I. Then, it
suffices to prove that H (v—; + v—p) > 0 and H'(x) > 0 for all x € I. First, we show
that H (v_1 + v_3) > 0. Observe that H(v_; +v_3) = A — B where

n—1
A=200-1 +0-0)" +n(n =20, (0o + o) + (1 =2) Y 0 20
k=1

B=n)Y v o1 +v2)+@m—D@m—2n",

Then, we have that

n—1
AZZ(UZI—}-Uﬁz—{-Z(n)U lkU 2)+n(n_2)vn 1(1) 1+ v_2)
k=1
n—1
+((n—2) <Un] +v"2+zvfk)

k=3
n—1
=nv" | 4+ nv" 2+ZZ< ) ky 2+n(n—2)vﬁ;1(v_1+v_2)
k=1

n—1
+(n—-2) Z v,
k=3
On the other hand

n
B=n (v’ll + v, " g oo+ Z v oy + vz))
k=3
+m—Dm—-20",
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But v_; < v_; whenever i > j. Then, clearly, n(n — 2)v", (v 1+voo) > m—

1)(n — 2)v",,. Moreover, since (}) > n forall 1 <k <n — 1

n—1 n
N\ n—k k -1 n—1
21;_1 (k) v tvD, >n<v | V2 + v 1v_2 +k2_3v7k (v_1+v_2)>.

Therefore A > B and H(v_{ + v_p) > 0.
Let us show that H'(x) > 0 for all x € I. Obviously H'(x) = 2nx""! 4+ n((n —
2)v’i;l —L)and L — (n — 2)v'i;l > 0. We distinguish two cases:

n—1/ L—(n— 2)1)"_I
n IS EVEN: H has a unique extreme point, a minimum, at x* = —

Then H is monotonically increasing over the interval [x*, +00), so H'(x) > 0 for all
x > x*. But,

n—2

—1/ _ — l’l—l —

U_]+U_2= n (U_1+U_2)" 1= n—1 U 1 +vn2]+§ < )v_lvnzl k
k=1

>n1

Zv = L>x

Then I C [x*, +00) and, as a consequence, H'(x) > 0 forall x € I.

. .. n=1f L—(n—2)v">"
nIS ODD: H has two extreme points, a minimum at x; = 4/ % and a
maximum at x;{ = —xj. Therefore, H is monotonically increasing over the interval

[x;, +00), so H'(x) > 0 for all x > xik. Similarly as above, we can prove that
xé‘ <v_1+v_2.Thenl C [xi“, +00) and, as a consequence, H'(x) > Oforallx € I.
PROOF THAT G(v_1+v_ 2) > 0: Easy computations lead to G(v—_1 +v_3) = (v_1 +
v_2)""2(A — B) +nLv" ' where A, B > 0 are given by:

_n’
n—1

=@ +v )" +nm =3 v ) =DYWY,
k=1

n—2
n
—n(v”1+v 2—|—U_1 v_p 4+ v_ 11)_2 )+Z<k) 'ilkv]iz

n—1

e =3 o v )+ =DYWY,
k=3
n—1
B=n Z v’j;l(v_l +v_p)+ (n— l)zv’in

=n(@" l—l—v 2+U—1 v_o +v_qv" 2 )—i—nZv P
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n—1
+n Z vf;lv_g +(n— l)2v’jn
k=3

We distinguish three cases:
CASEn > 5: Forall 2 < k < n — 2 it holds that ({)v" " v, > v

Loy 40" ooy,
n

because (k) >2nand v_; < v_p < v_;. Moreover, n(n — 3)vf;1(v_1 +v_p) >
2n(n —3)v", > (n — 1)>v",,. Then A > B and G(v_; +v_3) > 0.

CASEn =3:A—B = —4v°; < 0but G(v_1+v_2) = —4v° ;(v_1 +v_2) +3(v? | +
v, +v2)v?y = v25(3v? 5 — 4(vo1 + v_2)v_3 + 3(v_1 + v_2)) > 0, because the
quadratic function f(x) = 3x? — 4(v_; + v_2)x + 3(v?; + v?,) > Oforallx € R
(see the proof of Theorem 4.3, case 1, when E > v_y + v_y).

CASEn =4:G(v—1+v_2) = (v +v_2)2(6v%1v32+4vi4v_1 +4v3_4v_2+3>v4_3 —
4vi3v_1 —4vi3v_2 —9v4_4) +4vi4(vil +v3_2+vi3 +vi4). Consider the polynomial
function f(x) = 4x% — 9(v_| + v_2)%x* + 4ax? + B, where & = (v_1 + v_2)> +
vil + v3_2 + vi3 and 8 = (v—1 + v_2)2(3vi3 + 61)311)%2 — 4v_1vi3 — 4v_2vi3).
Clearly, f(v—4) = G(v—1 + v_2). We claim that: f is monotonically increasing
over the interval [0, v_3] and f(0) = B > 0. First, let us see that f'(x) > 0 if
x € [0,v_3]. But, f(x) = 12x%g(x), being g(x) = 2x> — 3(v_; + v_2)*x + a.
Now, g/'(x) = 6x> —3(v_1 +v2)?> < 0ifx € J = [—“l—j;ﬂ, %1 Since
[0, v_>] C J we conclude that g is monotonically decreasing over the interval [0, v_;].
But g(v—3) > 0. Indeed, g(v—3) = viz + 2vi1 + vi3 — 3v,1v32. Since P(x) =
X3 =31 x%+ 2113_1 + vi3 is monotonically decreasing over [0, 2v_;] we have that
gw—p) = P(v—p) = P(v—y) = v3_3 > 0. So, finally, if x € [0, v_3] we have that
g(x) > g(v_3) > g(v_p) > 0 or, equivalently, f'(x) > 0if x € [0, v_3].

Secondly, 8 > 0if and only if £ (v_3) > 0 where h(x) = 3x* —4(v_1 +v_2)x> +
61)%1 vzz. Since 1/ (x) = 12x%2(x — (v_1 + v_2)), h is monotonically decreasing over
the interval (—o0, v_1 + v_»]. But h(v_y) = 6v%1v%2 — 4v,1vi2 — viz > 0 so
h(x) > 0 for all x < v_», in particular, h(v—_3) > 0.

Proof of Proposition 6.7

Letv = (v_p,...,v_1, E) € MBV. According to Lemma 3.2 we can assume that
v_; = 0foralli € N. Take the claims vector d = (d;),_y = (E —v—;),_ so that

(E,d) € PN. Then, (n — 2)E > D ienV—i if and only if E < %ZieNdi and, by
Proposition 6.1,

w min { £, £ Lif (1 = DF = Yoyvos
mw) =
E —v_; —min {% ((n—=DE =Y ;cyv=i) %(E —v_1)} otherwise

_ [min{£ 5= it - 2E = Xyve
max{A, B} otherwise
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where A = E —v_ 1—1((n—1)E—ZleNv iJandB=E—v_—+(E—v_y) =
L(E —v_)). Since A — B = - (22,€Nv_ (n —2)E — nv_l) we have that if
(n—2)E <) ;cnyv—i then

UI(U):{

On the other hand, if (n —2)E > ), _yv—i, we have that

n@) = {

because 1 S E > 2(E —v_y)ifand only if “5v_| < E.

(E —nv_| + ZieNv,,-) ifa <E < ﬁ (ZZieNUﬂ' —nv,l)
(E - U*I) ifﬁ (2ZieNv*i _nU*I) <E=< iZieNU*i

ST TN

: 1 . n
E— U_l) n— ZZiENv_ <E=< n—2 V-1
E if 2U 1< E

D= —

Proof of Proposition 6.8

First, observe that if v € MBY then DoienV—i =v_1+va+) i 3"v <2v g+
(n — 2)v_y. Now, since n > 4 and E > v_; + v_p we can write ZiENU_,' <
(n —2)(v_i + v_2) < (n — 2)E. Therefore, if v € MC" the formula of ;(v) is a
direct consequence of Proposition 6.7.

Denote w = Vi) € MBN\ Now, 2= %w 2 < w(N\{1}) if and only if
E—n1() =2 =5 (_2—m(v)) = Oor, equivalenly, S(E+v_n)— 2= (wa—m(v) =
0. But, since E > v_1 + v_p we have that

HE+v_) — = (woa — () = J(E +voy) — Z=HE —v_y —m(v)
= J(E+v-1) — o5 (E —voy).

Therefore, 2 3w 2 < w(N\{1})ifandonlyif (n —3)(E4+v_1)—(n—1)(E—v_1) >

0, that is, whenever (n —2)v_1 > E. We have two possibilities:

CASE 1: if anz(ZieNv—i) < E < ;%5v_g then n(v) = %(E —v_pandv_; >

uE But uE > LE if and only if n? — 5n 4+ 4 > 0 which holds because

n > 4. Therefore, 2 = %w 2 < w(N \{1}) and according to Proposition 6.7, na(w) =
w1 = 75 E = m@) = 75 (E - JE —v) = 55y (E + o).

Obv10usly, since ﬁw,z < w(N\{1}), nj(w) = nz2(w) forall j € N, j > 3. From

Theorem 6.6 it follows that 1; (v) = n2(w) for all j € N\{1}.

Cast 2: if “5v_y < E thenn;(v) = n(v) = —E for all j € N\{1}.
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