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Abstract This paper studies continuous-time Markov decision processes with a denu-
merable state space, a Borel action space, bounded cost rates and possibly unbounded
transition rates under the risk-sensitive finite-horizon cost criterion. We give the suit-
able optimality conditions and establish the Feynman—Kac formula, via which the
existence and uniqueness of the solution to the optimality equation and the existence
of an optimal deterministic Markov policy are obtained. Moreover, employing a tech-
nique of the finite approximation and the optimality equation, we present an iteration
method to compute approximately the optimal value and an optimal policy, and also
give the corresponding error estimations. Finally, a controlled birth and death system
is used to illustrate the main results.
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1 Introduction

Continuous-time Markov decision processes (CTMDPs) have been widely studied
since they have wide applications, such as the controlled queueing system, the control
of the epidemic, and telecommunication; see, for instance, Puterman (1994), Kitaev
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and Rykov (1995), Guo and Herndndez-Lerma (2009), Prieto-Rumeau and Lorenzo
(2010), Prieto-Rumeau and Herndndez-Lerma (2012), Guo and Zhang (2014) and
Guo et al. (2015). The time interval in real life is always finite, so the finite-horizon
optimality criterion is a commonly used criterion. The existence of optimal policies
under the finite-horizon expected total cost criterion has been discussed under the
different sets of optimality conditions; see, for instance, Miller (1968), Wei and Chen
(2014) and Guo et al. (2015). However, the finite-horizon expected total cost criterion
is risk-neutral and cannot reflect the attitude of a decision-maker to the risk. In the
real-world applications, a decision-maker is usually risk-sensitive, that is, he/she is
either risk-seeking or risk-averse. Thus, it is necessary for us to take the risk-sensitivity
of a decision-maker into consideration in the definition of the optimality criterion. The
risk-sensitive optimality criteria employ the exponential utility function to character-
ize the risk-sensitivity of a decision-maker. When the risk-sensitivity coefficient of
the exponential utility function takes positive (negative) values, the decision-maker
is risk-averse (risk-seeking). For discrete-time MDPs, the risk-sensitive optimality
criteria have been widely studied; see, for instance, Di Masi and Stettner (2007),
Jaskiewicz (2007), Cavazos-Cadena and Hernandez-Hernandez (2011) and the refer-
ences therein. But there exist few works on the risk-sensitive optimality criteria for
CTMDPs. Ghosh and Saha (2014) studied the risk-sensitive finite-horizon cost crite-
rion and the risk-sensitive infinite-horizon discounted cost and average cost criteria
for CTMDPs. More precisely, Ghosh and Saha (2014) also used the exponential utility
function to characterize the risk-sensitivity of a decision-maker, dealt with the case
of a denumerable state space, a positive risk-sensitivity coefficient, the nonnegative
and bounded cost rates and the bounded transition rates, and obtained the existence of
optimal policies. The positive risk-sensitivity coefficient indicates that the decision-
maker is risk-averse in Ghosh and Saha (2014). However, the decision-maker may
be risk-seeking in real life. Moreover, the transition rates in the controlled queueing
system and the control of epidemic are usually unbounded; see, for instance, Guo and
Hernandez-Lerma (2009), Prieto-Rumeau and Lorenzo (2010), Prieto-Rumeau and
Hernandez-Lerma (2012), Guo and Zhang (2014) and Guo et al. (2015). Therefore,
it is desirable for us to investigate the risk-sensitive optimality criteria for CTMDPs
in which the risk-sensitivity coefficient can take positive and negative values and the
transition rates are allowed to be unbounded.

In this paper we further study the risk-sensitive finite-horizon cost criterion for
CTMDPs in Ghosh and Saha (2014). The state space is denumerable and the action
space is a Borel space. The cost rates and the risk-sensitivity coefficient can take
positive and negative values. The transition rates are allowed to be unbounded. Under
the drift condition on the transition rates and the boundedness condition on the cost
rates, we obtain the Feynman—Kac formula for CTMDPs which plays a crucial role in
the proof of the existence of optimal policies (see Theorem 3.1). Besides the conditions
for the Feynman—Kac formula, the standard continuity and compactness conditions are
required for the existence of optimal policies. Under these mild conditions, we show
the existence and uniqueness of the solution to the optimality equation via constructing
an approximating sequence of bounded transition rates and using the Feynman—Kac
formula, and then obtain the existence of an optimal deterministic Markov policy from
the optimality equation (see Theorem 4.1).
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On the other hand, we cannot obtain the precise forms of the optimal value and
an optimal policy in general. Thus, it is of great importance for us to study the
numerical methods. There are a few works dealing with the approximate compu-
tations of the risk-neutral optimality criteria for CTMDPs with the denumerable states
and unbounded transition rates. van Dijk (1988, 1989) gave an approximate method
for the finite-horizon expected total cost criterion via a technique of time discretiza-
tion. Prieto-Rumeau and Lorenzo (2010) and Prieto-Rumeau and Hernandez-Lerma
(2012) studying the expected average reward criterion and the expected discounted
reward criterion, respectively, proposed the numerical approximations by employing
the finite truncation approach. Guo and Zhang (2014) discussed the finite approxima-
tion for the discounted CTMDPs with constraints by using a technique of occupation
measures and the finite truncation method. In this paper we focus on the approximate
computations of the optimal value and an optimal policy for the risk-sensitive finite-
horizon cost criterion, which are not involved in Ghosh and Saha (2014). Since the
state space is a denumerable set and the set of all admissible actions may be uncount-
able in the original control model M, we construct a sequence of the control models
{M,,,n > 1} with finite states and finite admissible actions to design a tractable
numerical method. More specifically, applying the technique of the finite truncation
in Prieto-Rumeau and Lorenzo (2010), Prieto-Rumeau and Herndandez-Lerma (2012)
and Guo and Zhang (2014) to the state space and the transition rates of the model M,
we give the corresponding elements of the model M,,. Moreover, by choosing the set
of all admissible actions of the model M, satisfying a certain condition, we show that
the optimal value of the model M,, converges to that of the model M and obtain the
corresponding error estimation under the conditions which are stronger than those for
the existence of optimal policies (see Theorem 5.1). Basing on this convergence and
employing the optimality equation, we present an iteration method for the approximate
computations of the optimal value and an optimal policy of the model M and give the
corresponding error estimations (see Theorem 5.2). It should be mentioned that all the
results on the numerical method for the risk-sensitive finite-horizon cost criterion are
new. Finally, a controlled birth and death system which satisfies all the conditions in
this paper is used to illustrate the applications of the risk-sensitive finite-horizon cost
criterion and the numerical method.

The rest of this paper is organized as follows. In Sect. 2, we introduce the con-
trol model and the risk-sensitive finite-horizon cost criterion. In Sect. 3, we give the
optimality conditions and establish the Feynman—Kac formula. In Sect. 4, we prove
the existence of optimal policies via the optimality equation approach. In Sect. 5, we
present an iteration method for the approximate computations of the optimal value and
an optimal policy. In Sect. 6, we use a controlled birth and death system to illustrate
the main results. In Sect. 7, we conclude with some remarks.

2 The control model

The control model under consideration is a five-tuple

M :={S, A, (AG),i € 85),q(jli,a),c(,a)}.
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o The state space S is the set of all nonnegative integers.

e The action space A is a Borel space with the Borel o-algebra B(A).

e A(i) € B(A) denotes the set of all admissible actions in state i € S. Let K :=
{G,a)li € S,a € A(i)}.

e The transition rate ¢(j|i, @) is measurable in @ € A(i) for each fixed i, j € S.
It satisfies ¢(jli,a) > O for all (i,a) € K and j # i. Moreover, we assume
that the transition rate is conservative and stable, i.e., > jes4(jli,a) = 0 for all
(i,a) € K,and g*(i) := SUPeA() lg(ili,a)| < ocoforalli € §S.

e The real-valued cost rate function c(i, @) is measurable ina € A(i) foreachi € S.

Set Soo := S U {i} with an isolated point ioc ¢ S, Ry := (0, +00), Q= (S x
R and Q := QO U {(ig, 01, i1, ..., Om_1, im—1, 00, inos 00, i, .. )io € S, i] €
S, 6 e Ry foreach1 <! <m — 1, m > 2}. Thus, we obtain a measurable space
(2, F) in which F denotes the Borel o -algebra of Q2. For each w = (ip, 61, i1, ...) €
2, define Xg(w) := ig, To(w) := 0, X, (w) == iy, Tp(w) : =01 + 6, + --- + 6, for
m > 1, Too(w) := lim,, 5 T}, (w), and the state process

§&(w) = Z (7, <t <Tpi}im + I{Too<r}ico fort >0,

m>0

where Ip represents the indicator function of a set D. The process after T, is regarded
to be absorbed in the state i»,. Hence, we write g (isolicos @) = 0, ¢(ico, doo) = 0,
A(ixo) 1= {aoo}, Aco := AU{ax}, Wwhere an, is an isolated point. Let F; := o ({T;,, <
$,Xm =i} i e€S,s <t,m=>0)fort >0, Fo_ := [y, Fi, and P :=
o({D x {0}, D € Fo}U{D x (s,0), D € Fs_,s > 0}) which denotes the o -algebra
of predictable sets on €2 x [0, oo) related to {F;};>0.

In order to define the optimality criterion, we introduce the definition of a policy
below.

Definition 2.1 A P-measurable transition probability 7 (-|w, ) on (Ao, B(Axs)),
concentrated on A(&_(w)) is called a randomized Markov policy if there exists a
kernel ¢ on A given S X [0, 00) such that w (-|w, t) = ¢ (-|&—(w), t). A policy 7 is
said to be deterministic Markov if there exists a measurable function f on [0, 00) X Sso
satisfying f(¢,1) € A(i) forall (z,i) € [0,00) X Soo and 7 (-|w, 1) = 87 (1,£_(w))()»
where &, (+) is the Dirac measure concentrated at the point x.

The class of all randomized Markov policies and the class of all deterministic

Markov policies are denoted by IT and IT”, respectively.
For each 7 € I, we define the random measure

Vi (w,dt, j) 2=/Acl(jlét—(w),a)ﬂ(ddlfz—(w),l)l{j;ﬁs,,(w)}dl

for all j € S, which is predictable and satisfies V" (w, {t} X §) = V7 (w, [Too, 00) X
S) = 0. Hence, for any 7w € Il and any initial state i € S, employing Theorem 4.27
in Kitaev and Rykov (1995), we obtain the existence of a unique probability measure
P on (2, F). Moreover, with respect to P/, v™ is the dual predictable projection of
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the random measure on R x S

wlw,dt, j) = Z Itz <coy I (x,,=j} 013, (d1)

m>1

forall j € S. Let E] be the expectation operator with respect to P

For each A # 0, the exponential utility function U, on R := (—o0, 00) is given by
Us.(x) = sgn(A)e* for all x € R, where sgn () is the sign function, i.e., if A > 0,
sgn(}) = 1;if A < 0, sgn(A) = —1. The constant A is called the risk-sensitivity
coefficient. If L > 0 (A < 0), the decision-maker is risk-averse (risk-seeking); see the
detailed discussions in Cavazos-Cadena and Hernandez-Hernandez (2011).

Fix an arbitrary risk-sensitivity coefficient A 7# 0 and the length of the horizon
T > 0 throughout the paper. Following the ideas for the definitions of the discrete-
time risk-sensitive optimality criteria in Cavazos-Cadena and Herndndez-Hernandez
(2011),forany 7 € I, i, j € Sand? € [0, T], the risk-sensitive (T" — ¢)-horizon cost
criterion V7 (¢, i) with respect to the utility function U, is defined by

T
V(i) = %ln E;T |:exp (A/ /Ac(éx,a)n(dmés,s)ds)
t

The corresponding optimal value function is given by

£ = ii|. 2.1)

V*(,i):= inf V™ (¢,i) forall (¢,i) €[0,T] x S.
mwell

Note that for each &= € TII, {&,t > 0} is a Markov jump process. Hence, V7 (¢, i)
does not depend on the state j € S. Moreover, since the risk-sensitivity coefficient A
in (2.1) can take any nonzero value, the risk-sensitive finite-horizon cost criterion in
this paper takes the risk-averse and risk-seeking cases into consideration. Thus, (2.1)
is a generalization of the risk-sensitive finite-horizon cost criterion in Ghosh and Saha
(2014) which only deals with the positive risk-sensitivity coefficient.

Definition 2.2 A policy 7* € IT is said to be optimal if V7 *(0,i) = V*(0, i) for all
ies.

There are three main goals in this paper: (1) Give the optimality conditions and
establish the optimality equation and the existence of optimal policies for CTMDPs
with the unbounded transition rates. (2) Present a tractable numerical method for the
approximate computations of an optimal policy and the optimal value. (3) Analyze
the accuracy of the numerical method and obtain the corresponding error estimations.

3 Preliminaries
In this section, we give the optimality conditions for the existence of the optimal

policies and obtain the Feynman—Kac formula which is very useful in proving the
main results.
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To avoid the explosion of the state process {&;, t > 0} and ensure the finiteness of
the value function V*, we introduce the following assumption consisting of the drift
condition on the transition rates and the boundedness condition on the cost rates; see,
for instance, Guo and Hernandez-Lerma (2009), Prieto-Rumeau and Lorenzo (2010),
Prieto-Rumeau and Herndndez-Lerma (2012), Wei and Chen (2014), Guo and Zhang
(2014) and Guo et al. (2015).

Assumption 3.1 There exist a function w > 1 on § and constants p; > 0, d| >
0, R > 0and M > O such that

() 2 jesw(ig(jli,a) < prw(i) +d; forall (i, a) € K;
(i) g*(i) < Rw(i) foralli € S;
(iii) |c(i,a)| < M forall (i,a) € K.

To ensure the existence of the optimal policies, we also need the following assump-
tion, which is called the standard continuity and compactness conditions; see, for
instance, Puterman (1994), Kitaev and Rykov (1995), Guo and Hernandez-Lerma
(2009), Prieto-Rumeau and Lorenzo (2010), Prieto-Rumeau and Herndndez-Lerma
(2012), Wei and Chen (2014), Ghosh and Saha (2014), Guo and Zhang (2014) and
Guo et al. (2015).

Assumption 3.2 (i) Foreachi € S, the set A(i) is compact.
(i1) Foreachi, j € S, the functions c(i, a) and ¢ (j|i, a) are continuous in a € A(i).

Let w be as in Assumption 3.1. A real-valued function u on [0, T] x S is called
w-bounded if it satisfies the norm [|ully = Sup ;yefo,71xs % < oc. Denote by
By, ([0, T] x S) the set of all w-bounded measurable functions on [0, 7] x S and by
B([0, T]x S) the set of all bounded measurable functions # on [0, T'] x S with the norm
lu|| = SUP(;.i1e[0,T]x S lu(t,i)] < oo. Let L([0,T] x S) :={u € B([0,T] x S) :
foreach i € S, u(-, i) is differentiable on [0, T'] and ‘;—‘t‘ € By([0,T] x S)}, where
%—’; denotes the derivative of u with respect to the variable ¢.

Below we give the Feynman—Kac formula for CTMDPs with the unbounded tran-

sition rates, which plays a crucial role in proving the existence of optimal policies.

Theorem 3.1 Suppose that Assumption 3.1 is satisfied. Then for each u € L([0, T']
X 8),i,jeS,melland) <s <t <T, we have

t
EY [CXP ()»/ / c(&y, a)m(daléy, v)dv) u(t, &)|&s = i] —u(s, i)
s JA

t r
= E;T[/ exp (}‘/ / C(Eu,a)ﬂ(daléu,v)dv) ()»/ cEr, a)yn(dalér, ryu(r, &)
K s JA A

+ ey + 3 k)/ g (kl&, a)m(dal. r))dr & = ,}.
or kes A
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Proof Fix any i,j € S, 7 € MMand 0 < s < ¢t < T. Let L :=
SUP(y k)efo.7]xs [4(v, k)|. Then by Assumption 3.1 and Lemma 6.3 in Guo and
Hernandez-Lerma (2009), we obtain

t
E7 [exp (A / /A c(sv,a)mdam,v)dv) u(t, &)|
t r
E;[ / exp (x / / c(év,a)n(dalév,v)dv) (‘x / c(&r, ) (daléy. rur. &)
K K A A
0
+ ‘8;‘@, &)+ D luc, k>|/A|q(k|sr,a>|n(da|sr,r))dr 3 =i]
keS
’8u +2LR|ET t d =i
=l ] ,[/ wiE) rss—z}
t
<  HMT [|,\|ML+ Hau +2LR]/ [eﬂl<’—f)w(i)+d1(eﬂ'“—f)— 1)]dr
ot |, s P1

d
+ 2LRi| (w(i) + —1) T < 0.
w P1

£ = i] < Le*MT g

< MMT [|)\|ML +

9
< TelMMT [|A|ML + Ha”;

Since u belongs to L([0, T'] x S), the differential mean value theorem yields that for
any 0 <1 <1, < T, there exists a constant 7 € (f1, t») such that

. . ou ~ ou )
lu(tz, i) —u(t, D)= —0) |~ )| <(—1) || w@. (3.1
ot ot ||,

Similarly, forany 0 <1, <t < T, we can get

lu(rz, i) —u(ty, )] < (1 —12) ‘— w(i). (3.2)

ot ||,

Thus, combining (3.1) and (3.2), we obtain

lu(ty, i) —u(t2, D < |—| w@lt — 1]

w

for all 11,1 € [0, T, i.e., u(-, i) is Lipschitz continuous on [0, T]. Hence, it follows
from the result in Royden (1988, p. 112) that u(-, i) is absolutely continuous on [0, T'].
Moreover, we have

Es = l:|

T
E;f[/ Z lu(r, k) — u(r, &-)| u(dr, k)

S kes
<2LET[u((s, T1 x )& =il

=2LET[V"((s, T1 x $)I&s = i]

Eszi:|

T
=2LE}T|:/ /AIq(érlér,a)|n(da|g,,r)dr
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§s=i:|

d
<2LRT (w(i) + —1) T
L1

T
< 2LRE}’[/ w(&)dr

where the first equality is due to the fact that v” is the dual predictable projection of p,
and the last inequality follows from Lemma 6.3 in Guo and Hernandez-Lerma (2009).
Thus, direct calculations give

t r
Ef[/ A exp (A/ / c(&, a)m(dal&y, v)dv)
K K A

/ c(&r. a)r(dalér, Pu(r, £)dr|& = z}
A

— B7| exp (x/ /c@v,a)n(dmsv,v)dv)u(r,s» & =i |—usi)
L K A .

13 r
- Ej’[/ exp ()\/ /C(éu,a)ﬂ(daléu, v)dv) du(r, &)
s s JA

_ ) |
= E;T exp (A/ / c(&y, a)m(daléy, v)dv) u(t, ENEs =i | — u(s, i)
L s JA |
1 r
_E}T[/ exp (A/ /C(év,a)ﬂ(da|§‘v’v)dv)
s s A
x (g—l:(r, &) + Zu(r, k)/A‘I(kEr:a)ﬂ(daISr,r))dr £ = i:l
1 r
_ E7|:/ exp ()»/ /c(év,a)n(dagv,v)dv)
N s A
X Z (u(r, k) — u(r, &) (1u(dr, k) —v™ (@dr, ) & = ij|
keS
t r
_E7|:/ exp (A/ /C(gv’a)”(dalév,v)du)
s s A
X (2_1:(1’, &)+ %M(r, k) /A Q(k|§r, a)r(dalé,, r))dr

keS
t
=E7} [exp (k/ / c(&y, a)w(daléy, v)dv) u(t, &)
s JA

& = i] —u(s,i)

& = i], (3.3)

where the first equality is due to the integration by parts, the second one follows from
the equation (2.9) in Confortola and Fuhrman (2014), and the third one is due to the
fact that v™ is the dual predictable projection of 1. Hence, the desired assertion follows
from (3.3). O
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4 The existence of optimal policies

In this section, we establish the optimality equation and the existence of optimal
policies for the risk-sensitive finite-horizon cost criterion with the unbounded transition
rates.

Theorem 4.1 Under Assumptions 3.1 and 3.2, the following statements hold.

(@) |VT(@t,i)| < MT and |V*(¢,i)| < MT forallw € M and (t,i) € [0, T] x S.
(b) There exists a unique solution in L([0, T'] x S) to the following equation:

— (s i) = sgn(h) inf e p ) sgn(2) {xc(i, e, i)+ Y jesut, Nl a)} ,
W(T, i) =1,
4.1

forall (t,i) € [0, T] x S. Moreover, we have u(t,i) = ekv*(”i)for all (t,i) €
[0, T] x S.
(c) There exists f* € TP satisfying

w, nOV* (s i *ry 7
)\'ekv (t,1) 5 (t, l) + )\.C(i, f*(t, l'))eA.V (1,1) + ZeAV (l,j)q(j“7 f*(t, l)) =0
jes
4.2)
forall (t,i) € [0,T] x S and f* is an optimal deterministic Markov policy.
Proof (a) By Assumption 3.1(iii), we have

T
e MMT < E7 [exp ()»/ /C(gs,a)yr(da|§s,s)dS)
t A

foralli, j € S,m € ITand ¢ € [0, T], which gives the desired assertion.

(b) We only prove the case A < 0 because the arguments for the case A > 0 are
similar. For each integer m > 1, let S, := {k € S : w(k) < m} and we have S, 1 S.
For each (i, a) € K, define

£ = i] < QMMT

my e . | aUlisa), if i € Sp,
¢ Gl a) '_[0, ifi ¢ Sy, (4.3)

and an operator I', on B([0, T] x S) as follows:

T
Tmg(t. i) == + ¢! / ™ sup el a)gls, i)+ D g(s. Ha™ (jli a) t ds
t acA(i) ies

for all g € B([0,T] x S), where « is an arbitrary positive constant. Then using
Assumption 3.1, we obtain

ITwmg(t, i) < e*T + Te®T (JAIM +2Rm)| g
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for all (¢,i) € [0, T] x S, which implies that ', is a map from B([0, T'] x §) into
itself. On the other hand, for any g1, g2 € B([0, T'] x ), we have

ITmgi(t, i) — Uinga(t, i)l

T
Sem/ e % sup
t acA(i)

+ > (8105, ) — 8205, g™ (jli. a)|ds
JjeSs
- (IA|M +2Rm)

rc(i, a)(gi(s, i) — ga(s, 1))

llgr — g2l

for all (¢t,7) € [0, T] x S. Thus, taking @ = |A|M + 2Rm + 1, we see that [, is a
contraction operator on B([0, T'] x §). Hence, it follows from the Banach fixed point
theorem that there exists g™ € B([0, T] x S) satisfying

T
g<m>(r,i):e“’+e“’/ e sup heli, a)g™ (s, )+ 8" (s, g™ (jli,a) ¢t ds
t acA(i) jes

for all (t,i) € [0,T] x S and « = |A|M + 2Rm + 1. Let u™(z,i) :=

e~ (MM+2Rm+1)t o (m) (¢ ) The last equality can be rewritten as

T
u™ (1, i) =1+/ sup 4 acti, a)u™ (s, i)+ D u™ (s, g™ (jli,a) | ds.
t acA() es

“4.4)

Note that foreachi € S, u™ (-, i) is absolutely continuous on [0, 7'] and um (T,i)=1.
Moreover, it follows from Assumption 3.2 that for each i € S,

sup 1 aci, a)u™ (s, i)+ D u™ (s, g™ (jli, a)
acA(i) ies

is continuous in s € [0, T]. Thus, the equality (4.4) gives

Jum

_ i) = sup e, ayu™ (i) + D u™ . g™ (jli.a) g (4.5)
ot acA(i) s

um

and

o (t, i)‘ < (MM + 2R)||g(m)||w(i) for all (r,i) € [0, T] x S. Hence, we

have u™ e £([0,T] x S) forallm > 1. Foreachi € S, 7 € Mandm > 1,
denote by P/ the probability measure corresponding to ¢ (j|i, a) and by E""
the expectation operator with respect to Pi”’m. On one hand, Assumption 3.2 and the
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measurable selection theorem in Herndndez-Lerma and Lasserre (1999, p. 50) give
the existence of a measurable function f;, on [0, T] x S satisfying

dum
IFT;

(t, i) = hel, fu(t, D) (1) + D u™(t, g™ (jlis fu(t, D))
for all (¢,7) € [0, T] x S. Then using the last equality, we obtain

Jjes
T K (m)
— B [/ exp(x / c@v,fm(v,sv))dv) 8”55 (s, &)ds sz=z}
t t

T s
= Ef'””"[ / exp (x / co, fn(v, sv»dv) (xc@x, Fn(s, &)™ (s, &)
t

t
ét=ii|,

which together with Theorem 3.1 and u" (T, i) = 1 yields

+ > u™ (s, kg " (kIEs, fus, ss»)ds

keS

, T
u™ (i) = Ef’”m |:exp (A/ (& fn(s, Es))ds)
t

& = i] (4.6)

foralli, j € Sand ¢t € [0, T']. On the other hand, for any = € II, by (4.5) we have

dum
as

(5,6) = / c(&y. aym(daléy, Hu™ (s, &)
A

+ 3 us, ) /A q"(jl&s. ) (dalé. )

jes

for all s € [0, T']. Then employing the last inequality and following the similar argu-
ments of (4.6), we obtain

T
w™(t,i) = ET" [exp (A/ /c(ss,a)n(dags,s)ds)
t A

foralli, j € S,t € [0, T] and 7 € I1. Thus, combining (4.6) and (4.7), we get

i)

0<u™@,i) < HMT (4.8)

& =i } 4.7

T
u™ (¢, i) = sup ET™ [exp (,\/ / C(Es,a)rr(da|§'s,s)ds)
t A

mell

which implies
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foralli, j € Sand ¢t € [0, T]. Moreover, observe that Assumption 3.1(i) and (ii) still
hold with ¢ (j|i, ) in lieu of ¢(j|i, a). By Assumption 3.1 and (4.8), we have

sup 1 ae(ia)u™ (e.i) + 3 u™ (. )g " (jli. a) {1 < (M + 2Rw(i))e M
acA(i) :
jes

(4.9)

for all (¢,i) € [0, T] x S. Let M; := (|A|M 4+ 2Rw(i))e™™T  Then for eachi € §

and any & > 0, there exists 7 := 5 > 0 such that

™ (11, i) — u™ (12, 1)

max{t,t2}
5/ sup { rc(i, @™ (s.i) + D u™ (s, g™ (jli,a) t | ds
min{z1,52}  |a€A() jes

<Mty — | <e

forallm > 1,1, € [0, T] and |t — f2] < 7, where the first and second inequalities
follow from (4.4) and (4.9), respectively. Thus, for eachi € §, {u(’”)(-, i),m > 1}is
uniformly bounded and equicontinuous. Hence, employing the Ascoli—Arzela theorem
in Royden (1988, p. 169) and the denumerability of S, we obtain the existence of a
subsequence of {m} (still denoted by {m}) such that lim,,_, u™ (¢t 0y = u(t,i),
lull < e™MT and u(T, i) = 1 forall (¢, i) € [0, T] x S. Below we will show that for
each (¢,i) € [0, T] x S,

lim sup 1 ac(i.au™ @, i)+ > u™, Hg"(li, a)

m=0 ,cA(i) ies

= sup {Ac(i.a@u(t.i)+ > u(t. jq(jli.a) . (4.10)
acA() ies

For each (z,i) € [0,T] x S and m > 1, Assumption 3.2 implies that there exists
ay’ € A(i) satisfying

sup |re(, @™ (t.i)+ D u™ (. j)g"™ (jli.a) = re(i, a)u(t, i)
acA(i) jes

=D ult, Pali.a)| = |he, apHu™ @, i) + D" u™ @, j)g" (li, aj)
Jjes jes

— el af yue, i) = D u(t, Haili.ayh)|. (4.11)
JjeSs
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Then we have

el ayu™ (i) + D u™ @, g™ (lis ap’) — kel afyu(t, i)
jes

=D ult. HaGili.ag)

jes

-0 (4.12)

asm — oo. In fact, if (4.12) does not hold, there exist &g > 0 and a subsequence {m;}
of {m} such that

el afyu™ (e, i) + > u™0 (. g (lisayl) — Al ahDudr, i)
jes

= > ut, Haljli, ay:

jes

> &0. (4.13)

The compactness Qf A(i) gives the existence of a subsequence of {m;} (still denoted by

{m;}) such that a,ﬁ;; converges to some a € A@). Thus, it follows from Assumption
3.2(ii) and (4.3) that

el afu™ (e, i) + D u™0 (., g (lisahl) = rel, ahDudr, i)
jes

=" ue. paijli. ay:

jes

— 0

as | — oo, which yields a contradiction to (4.13). Hence, (4.12) is true. Therefore,
(4.11), (4.12) and the inequality

sup [m, ayu™ i)+ > u™ . g™ (jli, a)]

acAl(i) ies
— sup [Ac(i,a)u(t,i)+Zu(t,j)q(j|i,a)]‘
acA(i) jes

< sup el u™ (@, i)+ > u™ . g™ (jli,a) — ke, au(t, i)

acA(i) jes

=D ut, Hgili,a)

JES
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for all (¢,7) € [0, T] x S, imply (4.10). Moreover, employing (4.4), (4.9), (4.10) and
the dominated convergence theorem, we get

T
u(t,i)=1+/ sup §Ac(i, a)u(s, i)+ E u(s, Hqg(jli,a) ¢ ds,
'

acA() ies

which together with Assumption 3.2 yields that the derivative of u(z, i) with respect
to the variable ¢ exists for all (¢,i) € [0, T] x S. Thus, (4.1) follows from the last
equality. Note that Assumption 3.1, ||u| < ™7 and (4.1) imply

'z—fa,i) < (IAMM 4 2R)e™MT (i)

for all (¢,i) € [0,T] x S. Hence, we obtain u € L([0, T] x §). Using (4.1) and
following the similar arguments of (4.6) and (4.7), there exists f* € TT” satisfying

E;—1:(1‘, i)+ Ac(i, f*(t, u(t,i) + ZSu(Z‘, Naq(jli, f*(t, i)=0 (4.14)
je

and

. T
u(t,i) =V’ e > E} [exp (x/ /c(gs,a)n(dags,s)ds)
t A

£ = i] (4.15)

foralli,j € §,t € [0, T] and & € II. Thus, it follows from (4.14) and (4.15) that
ut, iy = V@D = VWD for all (1,i) € [0, T] x S, and f* is optimal and
satisfies (4.2). Finally, the uniqueness of the solution to (4.1) follows from the similar
arguments of (4.6) and (4.7).

(c) The assertion follows directly from the proof of part (b). O

Remark 4.1 The optimality equation of the risk-sensitive finite-horizon cost criterion
has been established in Ghosh and Saha (2014) for the case of a positive risk-sensitivity
coefficient, nonnegative and bounded cost rates and bounded transition rates. Theorem
4.1 extends the results in Ghosh and Saha (2014) to the case in which the risk-sensitivity
coefficient and the cost rates can take positive and negative values, and the transition
rates are allowed to be unbounded.

5 Finite approximation

In this section, we use the optimality equation established in Theorem 4.1 to give a
finite approximation method for the approximate computations of an optimal policy
and the optimal value. In order to obtain the error estimations of the approximate
computations, we introduce the following conditions which are stronger than those in
Sect. 3.
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Assumption 5.1 (i) The function w in Assumption 3.1 is nondecreasing and satisfies
lim; oo w(i) = 00.
(i) There exist constants pp > 0 and d» > 0 such that

> w(Daljli.a) < pw’ @) +dr forall (i,a) e K.
jes

(iii) Forany i, j € S, there exist constants L; > 0 and L;; > 0 such that
lei,a) — (i, b)| < Lida(a,b) and |q(jli,a) —q(jli,b)| < Lijda(a, b)

for all a, b € A(i), where d4 represents the metric of the space A.

For each integer n > 1, we define the control model
M, = {8, A, (A, (D), 1 € Sp), qu(jli,a), c(i,a)}.

e Thestatespaceisgivenby S, := {0, 1, ..., j,}andtheincreasing sequence { j,, n >
1} satisfies lim,,_, , j, = 00.

e The action space is given by A as in the model M.

e The set of all admissible actions in the state i € S, is given by an arbitrary finite
set A, ().

e Foreach (i,a) € K,, := {(i,a)|i € S;,a € A,(i)} and j € S, the transition rate
qn(jli, a) is given by

. q(jli,a), if j # ju,
gn(jli,a) =1 > q(kli,a), ifj = ju. (5.1
k> jn

e The cost rate function is given by the restriction of ¢ in the model M to K,.

Let IT, and I12 be the set of all randomized Markov policies and the set of all
deterministic Markov policies for M,,, respectively. For each i € S, and = € II,,
Theorem 4.27 in Kitaev and Rykov (1995) gives the existence of a probability measure
P,i’” associated with the model M,,. Let E,i;” be the expectation operator with respect
to P,';’". Moreover, replacing E7 and IT by E,i{” and IT,, in the definitions of V7™ and
V*, we can define the functions V7 and V," on [0, T'] x S,,. Denote by C the set of all
closed subsets of A. Recall that the Hausdorff metric on C is defined by

du(B1, By) :=max § sup inf da(a,b), sup inf da(a, D)
aeB; beB2 beB, 4€BI
forall By, B, € C.
Then we have the following statement about the error estimation between V* and
V*

n-
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Theorem 5.1 Suppose that Assumptions 3.1, 3.2(i) and 5.1 are satisfied. If there exists
a constant M > 0 such that for eachn > 1 andi € S,

Mw?(i)

- —, (5.2)
eMIMT (|A|L,- +230 L,-,-) w(jin)

dp(A@Q), Ap (D)) =

then we have
Riw?(i)

|Vn*(t’l)_V*(t7l)|§ .
w(jn)

forallt € [0, T\, where Ri="<"" [} + e*MT (o) +dy + R)] x [epzT + Z—gepzT].

Proof Fixanyn > 1,i € S, and ¢ € [0, T]. Then it follows from Theorem 4.1 that
there exists f* e IT° satisfying

=AM (1, 8) = e, f2(1 YD+ Y Vg li, 12 D)
jes
= hei, f*(t, i)V D

jn_l

s (exv*(t,j) N ew*mm) q(li, £, 1))

j=0
+ Z (eAV*(t,j) _ e?»V*(tsjn)) q(jli, f*(t, ). (5.3)

J>n

By Theorem 4.1, the monotonicity of w and Assumption 3.1, we obtain

> (P =) g i, £ )

j>j)l
> —eMMT " q(li, £2 (@)
J>Jn
el)LlMT . ol % .
— 20D ; w(Hq(ili, F*(t, i)
AIMT
> —‘;U(jn) ]2; w()gli, . 0)) — w(i)qli, (. 1)
2 .
= HMT (4 gy 4 )2 (5.4)
w(]n)

Moreover, for each s € [0, T'], there exists f(s, i) € A, (i) such that

da(f*(s, i), f(s,0)) = c{girb)dA(f*(S, i),a) =dy(A(Q), A(i)).
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Thus, employing the last inequality, Assumption 5.1 and Theorem 4.1, we have

reli, 5@, iNe™V" ED e, fe, eV D > — |xe*MT Lidy (f*(1,0), Fit, 1))
> — ™M Lidy (AG), An()

and

jnfl

> (VD — PV (gl £ 0) = aGilis T 1))

j=0
Jjn—1
—2eMMT N g li 5t 0) — gl f(2. 1))

j=0

v

Jn=1
—2eHMT g (0, T i) S Ly
j=0
./n_l
_26|}~|MTdH(A(l'), An(l)) Z LU’
j=0

IV

v

which together with (5.1)—(5.4) give

PP LA
aor
jn_l
= (i, flu,0)eM 0D 4 37 (HV 0D — AV g i, it i)
j=0
jn_l
— MY (AG), An@) [ IMLi +2 D Lij | =M (o1 +di + R)
j=0
> heli, f(t, )"V ED 4 D" MV 0Dg, (li, f(2,i))
.iESII

w(i)
w(jn)

w?(i)

w(jn) '

— [M + MM (o) 4 dy + R)] (5.5)

Observe that (5.1), Assumptions 3.1 and 5.1 yield

D w'(Daa(ilisa) < pw'() +dp and ;@) == sup |ga(ili, a)| < Rw(i)
JjES, acA, (i)

(5.6)

@ Springer



478 Q. Wei

foralla € A, (i) and [ = 1, 2. By (5.5), Theorems 3.1 and 4.1(b), we get

E}Y [exp (A / c<ss,f(s,ss>)ds)
t

- M+ eMMT (o) 4+ dy + R)
- w(jn)

. T r -~
x Ep [ / exp (x / c(sv,ﬂv,sv))dv) w(&)dr
t

t

Et:i]

for all j € S,. Then it follows from (5.6), Lemma 6.3 in Guo and Hernandez-Lerma
(2009), Assumption 3.1(iii) and the last inequality that

. M+ eMT (5 4+ g +R]e|“MT T -
GV (D) _ VD) - [ (o1 +di +R) / g [w2(ér)
t

w(jn)

51 Il]dr

[1\71 +eMMT (o 4 gy + R)] MMT

r p2(r—t), 2
2 (r— ;
= w(jn) /t [ u

+@epz<r—r)] dr
P2

I:M + eMT (o) +dy + R)] TeMMT |:

=

T 4 d—zepzT] wz(i).
w(jn) P2

Hence, letting R := TeMMT [A7I + e MT (p) +dy + R)] X [epzT + %e’)ﬂ], we
have

* : * . ﬁ 2 |
Vi) _ gvren < RO (5.7)
w(jn)

Following the similar arguments of (5.7), we can obtain

Rw?(i)

w(jn)

<

‘ewn*a,i) _ VD) for A #0. (5.8)

Moreover, employing the differential mean value theorem and Theorem 4.1(a), we get

[PV — VD) > 2o HMT |y, iy — VA ),

which together with (5.8) implies the assertion. O
For each integer m > 1, we divide the interval [0, T'] into m equal parts with the
following discrete points: 7y := 7T and ; := 9 — %l foralll = 1, ..., m. For each

integer n > 1, define the iteration to compute approximately the optimal value as
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follows:

T . . .
Wm(tlsl) = Wm(tl—lvl)+sgn()‘)_ mln, Sgn()")[)"c(lsa)wm(tl—lsl)
m aceA,(i)

+ D Wnlti-1, DaaGili, a)] (5.9)

JjeSn
with W,,, (tg, i) = 1 foralli € S,and/ =1, ...,m.Foreachn > 1,m > 1,i € §,, and
I e{l,..., m},denote by D, ;(i) the set of all the minimizers attaining the minimum

of (5.9), and by O, ,, the set of all the policies with the following form:

hn,m(i)’ lft S [07 tmfl]»
Som (@ 0) == 1 hung (@), it €@ ]l =1,...,m—1), (5.10)
a*, ift>T,

where £, ; (i) belongs to D, ;(i) and a* € A, (i) is arbitrarily fixed.
Below we give the error estimations on the approximate computations of the optimal
value and an optimal policy via employing the iteration defined by (5.9).

Theorem 5.2 Let Ry be as in Theorem 5.1. Under the conditions in Theorem 5.1, the
following statements hold.

“m
Sy,m>1landl =0,1,...,m, where Ry = (|]A|M + 2R)e|)“|MT.
(b) Foranyn > 1 and t € (0, 1), there exists a positive integer m such that

(a) |eMVn@i) — Wm(tl,i)‘ < TR () (T WHMF2RwG) — 1) foralln > 1, i €

(=0 MM < w,,0,i) < (1 + )™M and
Ryw?(i)
w(Jn)

=

1
’V*(O, i)— : In W,,,(0, i)

TRZ@'MMT

iy (T (HMA2RYw () _ 1)
(=) ) (e

foralli € S, andm > my.
(¢) Foranyn > 1, m > m¢ and fu m € On m, we have

Riw?(i
V. — v, p) < D
w(jn)
2T Rye™MT MR
w(jn) (e 1
m|r|(1 — 1)
foralli € S,.
Proof (a)Fixanyn > 1,i € S,,m > land!/ € {1, ..., m}. It follows from (5.1) and

(5.6) that the conditions in Theorem 4.1 are satisfied for the control model M,,. Then
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Q. Wei
by Theorem 4.1 we have V,*(T, i) = 0 and
ar
=sgn(x) min_sgn(x) { rci, a)e™Vr @) 4 " HVitig, (jliayt  (5.11)
acA, (i)

JESn
for all ¢ € [0, T']. Thus, employing (5.6) and (5.11) we obtain

AV D) _ VD)

N
/ sgn(X) min sgn(}) { rci, a)e’Vn D 4+ Z VD Gliva) b dr
‘ acA, (i) =

A

(AIM 4+ 2R)e™™MT i) |1 — 5] (5.12)

forall s, ¢t € [0, T]. Moreover, we have

. - .
Vo (t-1.) +/ sgn()A) min sgn(k)lkc(i, a)eVn D
" acAn(i)

+ > Vg, i, a)}dr

JESn
. r . . ,
— Wn(t-1,0) —sgn(A)— min sgn(A)jrc(, )W (t-1,1)
m acAy, (i)

+ > Wi, j)qn<j|i,a>}

JESn

. f—1
< ’e’wn*(”*"’)—Wm(tl_l, i)) +/ max
n o acAn(

re(i, a) (ewn*(”i)—Wm (ti-1, i)) ‘ dt
[/ A.V*(t ) . e

[ max |5 (D W 1. ) )| ds
1 n

JESn
-1
e [
1

T % . 111 . )
+ —|AM ‘ekVn (tr—1,1) _ Wi (ti—1, l)‘ +/ max Z (e)»\/n (t,))
m .

€A, (i
acAy(i) jeS,

=

VD W (01, 0)

AVt _ V-1 gy
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—Mi D) gl )| dr

T . )
+— max (gwnm_l,n_w - ) ia
m acAn(i) %‘: m(ti—1,J) ) gn(jli, @)

2
" . T
< EAVn (t—1,i) _ W (ti—1,1)| + (E) (|)\|M + 2R)2e\)~|MTw2(jn)

’

AT — W (. )

T
+ — (MM + 2R)w(i) max
m JESK

where the last inequality follows from (5.6) and (5.12). Hence, we obtain

max |V @D w1, j)‘
jESn
T s .
< |:1 + — (A M + 2R)w(jn)] nax |V =10 — W, (14, j)‘
. jESn

T 2
+ (—) (1AM +2R)>e™MT 42 ()
m

VD) — Wy (1, )|

T
= |:1 + —(AM +2R)w(jn)} X |:max
m JESh
T AMT T MT
+ n—1(|A|M +2R)e w(jn) | — n—q(MIM +2R)e w(jn)-
Employing the last inequality and the induction, we get
(g T .
max [0 — Wy (1, )| <= (MM + 2R)eHM T, (en!PIME2RRGD )
je n

<L M 4 2R)HMT () (eT<|x|M+2R)w<jn> _ 1) '
m

Therefore, the assertion holds.
(b) Fixanyn > 1 and i € §,. By part (a), we have lim,;, . oo W;,,(0,i) = ¢
which implies that for any T € (0, 1), there exists a positive integer m, satisfying

AV, (0,0)

MV 00 _ g = IMMT Wi (0, i) < Vi 00 4 p o= IAIMT
for all m > m. Thus, employing the last inequalities we obtain
(1—ve MM < w,0,i) < 1+ 1) forall m > m;. (5.13)

Below we discuss the cases A > 0 and A < 0 separately. Note that

for A < 0.
(5.14)

1 1 1 1 1
Xln(l—i-r)f)—Llnl for A > 0 and Xln(1+r)2xln

-7 1—1
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Case 1: A > 0. For each m > m, by (5.13) and (5.14) we get
1 1 . 1 1
—MT + Xln(l —17) < Xln Wn(0,i) < MT + xln(l +1)<MT — Xln(l — 7).
Case 2: A < 0. For each m > m, employing (5.13) and (5.14) we have
1 1 1 . 1
—-MT — xln(l—r) < —MT—l—Xln(l—l-r) < Xln Wn(0,i) < MT + Xln(l —1).
Hence, we obtain

1 1 1
—MT—}-mln(l—r)fXanm(O,i)SMT—mln(l—t) (5.15)

for all m > m; and A # 0. Moreover, it follows from the differential mean value
theorem and (5.15) that

’

*0 1
]e”n O _ w,, (0, i)( = 120(1 = D PMT VA0, 1) = 3 In W, (0. 1)

which together with part (a) implies

=<

1
Vi (0.0) = —In W, (0. 1)

mr(1 = 1)
X (JAM +2R) *MT (i (eT(I)»IMJrZR)w(jn) _ 1)

for all m > m,. Therefore, the desired result follows from the last inequality, The-
orem 5.1 and the inequality |V*(0,i) — +In W, (0,i)| < |V*(0,i) — V;*(0, )| +
|V,5(0,i) — L 1n W, (0, )| .

(c)Fixanyn > 1,m > m, and f,, ,, € O, . Define an operator I" on B([0, T1x S,,)
as follows:

T
Tg(r,i): =" +e5’/ e—‘“(,\c(i, Fom(s,i)g(s, i)
t

+ D 80, N (ilis fum(s, i)))ds

JESn

for all g € B([0, T] x S,), where « is an arbitrary positive constant. Then by (5.6)
and Assumption 5.1(i) we have |Fg(t, D)) < T + Te*T (MM + 2Rw(j»))|I g for
all (¢,i) € [0, T] x S,, which yields that Tisa map from B([0, T] x S,) into itself.
Moreover, for any g1, g2 € B([0, T] x S,), direct calculations give

MM + 2Rw(j,)

ITg1(r,i) — Tgar,i)| < llgr — g2ll
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forall (¢,i) € [0, T] x S,,. Hence, letting @ = |A|M +2Rw(j,) + 1, we obtain that r
is a contraction operator on B([0, T'] x S,,). Therefore, the Banach fixed point theorem
implies the existence of a function g € B([0, T] x S,) satisfying

T
gt i) = e 4 eﬁt/ e ()\C(i» Snm (s, i))g(s, i)
t

+ D" 85, NanGilis fum(s, i)))ds (5.16)

JESn

for all (¢,i) € [0,T] x S, and @ = |AM + 2Rw(j,) + 1. Set u(t,i) :=
e~ MM+2Rw(n)+ D15 (1 i) Then by (5.16) we have

T
i) =1+ / (Ac(z‘, Fum s, D)Gs, D)+ D 5, an(ilis fn,m(s,i»)ds
! J€Sn
(5.17)

for all (¢,i) € [0, T] x S,,. Thus, the last equality yields that for each i € S, u(-, i)
is absolutely continuous on [0, 7] and

ou ~ . ~ . -, .
—8—1:(t, D) =xc(i, fum(t, i)u(r, i) + jezs u(t, gn(Glis fom(t, i) (5.18)

for a.e. t € [0, T]. Moreover, from the proof of Theorem 3.1, we conclude that the
Feynman—Kac formula is also applicable to the function u. Hence, employing (5.18)

_ fn,m .
and following the similar arguments of (4.6), we have u(¢,i) = Vi (D) for all
(t,i) € [0, T] x S,. Therefore, by (5.17) we get

T
fn,m . fn.m .
ekvn i) _ 1 / ()\C(l, f;‘t, (S, i))elvn (s,i)

t
fnm . . .
+ z v (A’j)CIn(”lv Sum (s, l)))ds

JESn

for all (t,i) € [0,T] x S,. Then using the last equality and following the same
techniques in the proofs of parts (a) and (b), we obtain

1 T RyeMMT .
VI 0. 1) = = In Wiy (0. 1) < ——o2¢ wj) (eT(\A|M+2R)w(Jn) _ 1)
A mlA|(1 — 1)
forall i € S, which together with part (b) gives the assertion. O

Remark 5.1 (a) Theorems 5.1 and 5.2 are new for the risk-sensitive finite-horizon
cost criterion. The iteration defined by (5.9) provides a numerical method to compute
approximately the optimal value and an optimal policy of the model M.
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(b) For the control model M with ﬁmte states and finite actions, there exists a
positive constant R such that g*@i) < Rforalli € S. Moreover, we do not need to
construct a sequence of the control models {M,,, n > 1}. Thus, employing the same
technique used in the proof of Theorem 5.2, we obtain that for any t € (0, 1), there
exists a positive integer m, such that

1
‘V*(O, i) — xln Wi (0,0)| =

T
- (MM
mA| (1 — 1)

+ Zﬁ)eszT (eT(|MM+21?) . 1) and

(v*(o i) — Vi i)‘ <2 M
’ T mIA(d =)

+ zﬁ)ezmMT (eT(mM+2§) . 1)

for alli € S and m > m,, where the policy f, is as in (5.10). Hence, the last two
inequalities yield that the accuracy of the approximation given by (5.9) and (5.10) is
of order m™!.

6 An example

In this section, we illustrate the application of our main results with a controlled birth
and death system and use the iteration in Sect. 5 to compute approximately the optimal
value.

Example 6.1 [A controlled birth and death system in Guo and Hernandez-Lerma
(2009)] Consider a controlled birth and death system in which the state variable repre-
sents the population size. Let the positive constants 8 and y denote the natural birth and
death rates, respectively. Suppose that the immigration parameter denoted by a; and
the emigration parameter denoted by a; can be controlled by a decision-maker. When
the population size of the system is not less than one, the decision-maker chooses an
immigration parameter from a given set [0, ] (x > 0) and an emigration parameter
from a given set [¢1, &2] (&2 > ¢1 > 0) to control the population size. When the
population size equals zero, the decision-maker only needs to choose an immigration
parameter from the set [0, ] and it is natural to take a, = 0. Moreover, we assume
that there exists a positive integer i * such that the cost of regulating the system is too
high when the population size exceeds the integer i *. Thus, we suppose that the cost
takes a large enough positive value Q when the population size is greater than i*. If
the population size is i € {0, 1,2, ...,i*}, we suppose that this state and the action
(ay, a) incur a cost (la; — n1| + |aa — n2|)i, where n; and 7, are given positive
constants.

Now we formulate the above controlled birth and death system as a CTMDP with
the state space given by S = {0, 1,2...}, the sets of all admissible actions given by
A(0) =[0,k] x {0} and A(i) = [0, k] x [¢1, &2] forall i > 1, the transition rate given
by ¢ (110, (ar, 0)) = —¢(0]0, (a1, 0)) = a; for all a; € [0, «] and
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Bi+ay, if j=i+1,
B i—a —aif =1,
6](]|l,a)— ]/i+612, 1fj=l—1,
0, otherwise,

foralli > 1 and a = (ay, az) € A(i), and the cost given by

- Uar = ml+ laz —mDi, if 0 < i < i,
ch.a)=1 5 ifi>i*,
forall a = (ay, ap) € A(i).

Then we have the following statement.

Proposition 6.1 The controlled birth and death system in Example 6.1 satisfies
Assumptions 3.1, 3.2 and 5.1. Hence, (by Theorem 4.1), there exists an optimal deter-
ministic Markov policy.

Proof Take w(i) =i + 1foralli € S. Then Assumption 5.1(i) holds. Moreover, by
the description of the model, we obtain

q* () < B+ )i +k + & <max{B+y.k + Lhw(D),
> wiqlli,a) = (B —y)i+ar —ax < pw(i) +,
jes
> w(Dq(jli,a) =28 — y)i* + BB — v + 2a1 — 2a)i + 3a1 — a2
jes
< (58 + 2)w (i) + 3k

foralli > 1anda = (a1, az) € A(i), and

q*(0) < xw(0) < max{B +y, k + 2}w(0),
> w(j)q(jl0.a) =ar < pw(0) +«,

jes
> w?()q(j10.a) = 3ar < (56 +20)w?(0) + 3k
JES

for all a = (a1, az) € A(0). Hence, Assumptions 3.1(i), (ii), 5.1(ii) are satisfied with
p1=pB,d1 =k, p2 =584 2k,dr =3k and R = max{8 + y, k + {»}. Moreover,
we have |c(i, a)| < max{(x + & + n1 + n2)i*, Q}. Thus, Assumption 3.1(iii) holds
with M = max{(x + ¢ + n1 + n2)i*, Q}. Furthermore, direct calculations give
lc(i,a) —c(i,b)| < (la; — by| + lap — ba])i forall 0 <i <i*, |c(i,a) —c(i,b)| <
lay — b1l + laz — ba| foralli > i* and |q(jli, a) — q(jli, b)| < lai —bi| + laz — bs|
foralli,j € S and a = (a1,a2),b = (b1,b2) € A(i), which together with the
description of the model imply that Assumptions 3.2 and 5.1(iii) are satisfied with
Ly =ifor0<i <i* L; =1fori > i*and L;; = 1. Therefore, we complete the
proof of the proposition. O
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4.6228

4.6226 [

4.62241

—*—n=100
4.6222 - 1

4.622 1

4.6218 1

4.6216 [

4.6214

4.6212
1

Fig.1 ValueIn W,}P(O, 3) of the model M,, for n = 50, 75, 100 and m = 10,000, . .., 80,000

For each n > 1, the control model M,, is given by S, = {0, 1,...,n}, A,(0) =
(01 =0,1,...0%) x {0}, Au() = {5 01 =0,1,...,n%) x {g + &L
| = O,l,...,nz} foralli = 1,2,...,n. Then foreachn > 1 and i € §,, direct
calculations give

(A, A0y < =g 2T AME + 2 + 82 — 2w ()
s = n? eMMT (|k|L,‘ + 227;(1) L,‘j) w(n)

Hence, (5.2) in Theorem 5.1 holds with M = 2e*MT (|A|i* + 2)(k + &2 — ¢1).

For a numerical experimentation of Example 6.1, we take the following values
of the parameters: T = 5,2 = 0.1, =09,y = L,k = 1,4 =04, 5 = 1,
n = 1.1, = 1.2, i* = 10,000, Q = 1,000,000. For n = 50, 75, 100 and
m = 10,000, ..., 80,000, via the iteration defined by (5.9), we obtain the values of
In Wn110 (0, 3) as displayed in Fig. 1. Empirically, the convergence is faster than that
given in Theorem 5.2. This is due to the fact that the bounds used to obtain the error
estimations in Theorem 5.2 are very conservative. Moreover, as can be seen in Fig. 1,
the value of V*(0, 3) approximately equals 4.62277.

7 Concluding remarks

In this paper we have studied the risk-sensitive finite-horizon cost criterion for
CTMDPs with the denumerable states, bounded cost rates and possibly unbounded
transition rates. The risk-sensitivity coefficient can take any nonzero value. Under the
suitable conditions, we have established the existence and uniqueness of the solu-
tion to the optimality equation and shown the existence of an optimal deterministic
Markov policy. Moreover, we have proposed a tractable numerical method for the
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approximate computations of an optimal policy and the optimal value, and obtained
the corresponding error estimations. It should be mentioned that the Feynman—Kac
formula plays a crucial role in the study of the risk-sensitive finite-horizon cost crite-
rion. The Feynman—Kac formula in Theorem 3.1 is only applicable to the case of the
bounded cost rates and bounded optimal value function. For the case of the unbounded
costrates, the corresponding optimal value function is also unbounded. Hence, in order
to study the risk-sensitive finite-horizon cost criterion with the unbounded cost rates,
we need to extend the Feynman—Kac formula in Theorem 3.1 to the case which is
applicable to the unbounded cost rates and unbounded optimal value function. How
to extend the Feynman—Kac formula remains an open problem.
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by National Natural Science Foundation of China (Grant No. 11526092).
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