Math Meth Oper Res (2016) 84:155-181 @ CrossMark
DOI 10.1007/s00186-016-0538-0

Optimal mean—variance reinsurance and investment
in a jump-diffusion financial market with common
shock dependence

Zhibin Liang! - Junna Bi®> . Kam Chuen Yuen® -
Caibin Zhang!

Received: 24 September 2015; Accepted: 11 March 2016 / Published online: 6 April 2016
© Springer-Verlag Berlin Heidelberg 2016

Abstract In this paper, we study the optimal reinsurance-investment problems in a
financial market with jump-diffusion risky asset, where the insurance risk model is
modulated by a compound Poisson process, and the two jump number processes are
correlated by a common shock. Moreover, we remove the assumption of nonnegativity
on the expected value of the jump size in the stock market, which is more economic
reasonable since the jump sizes are always negative in the real financial market. Under
the criterion of mean—variance, based on the stochastic linear—quadratic control the-
ory, we derive the explicit expressions of the optimal strategies and value function
which is a viscosity solution of the corresponding Hamilton—Jacobi—Bellman equa-
tion. Furthermore, we extend the results in the linear—quadratic setting to the original
mean—variance problem, and obtain the solutions of efficient strategy and efficient
frontier explicitly. Some numerical examples are given to show the impact of model
parameters on the efficient frontier.
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1 Introduction

In the past decade, optimal reinsurance and optimal investment problems for various
risk models have gained a lot of interest in the actuarial literature, and the technique of
stochastic control theory and the corresponding Hamilton—Jacobi—Bellman equation
are frequently used to cope with these problems. See, for example, Schmidli (2001),
Irgens and Paulsen (2004), Promislow and Young (2005), Liang et al. (2011) and Liang
and Bayraktar (2014). The main popular criteria include maximizing the expected
utility of the terminal wealth, minimizing the ruin probability of the insurer, and so
on.

Mean-variance criterion, as another one of the popular criteria proposed by
Markowitz (1952), has become one of the milestone in mathematical finance. In
Markowitz (1952), the author was to seek a best allocation among a number of (risky)
assets in order to achieve the optimal trade-off between the expected return and its
risk (say, variance) over a fixed time horizon. From then on, mean—variance criterion
becomes a rather popular criterion to measure the risk in finance theory. By now there
exist numerous papers on the mean—variance problem and its extension in finance.
See for example, Li and Ng (2000) developed an embedding technique to change
the originally mean—variance problem into a stochastic linear—quadratic (LQ) con-
trol problem in a discrete-time setting. This technique was extended in Zhou and Li
(2000), along with an indefinite stochastic LQ control approach, to the continuous
time case. Before 20035, all the applications with mean—variance criterion focus on
classical financial portfolio allocation problems. Biuerle (2005) first pointed out that
mean—variance criterion could also be of interest in insurance application, and then he
studied the optimal reinsurance strategy problem for the classical compound Poisson
insurance risk model. Under the mean—variance framework, by using the stochastic
LQ control theory, the explicit solutions of the efficient strategy and efficient fron-
tier are given. Further extensions and improvements in insurance applications were
carried out. See for example, Bi and Guo (2013) considered the optimal reinsurance
and optimal investment with a jump-diffusion risky asset for the compound Poisson
risk model, by the technique of viscosity solution, the efficient frontier and efficient
strategy were obtained; Ming and Liang (2016) studied the optimal reinsurance for
the compound Poisson risk model with common shock dependence, and the optimal
results were also derived.

Most of the literature about investment optimization is based on the assumption
that the price of the stock follows a diffusion-type process, in particular a geometric
Brownian motion. But in the real financial market, information often comes as a
surprise, this usually leads to a jump in the price of stock. Therefore, in a jump-diffusion
model the stock’s price may jump to a new level and then follow a geometric Brownian
motion. Besides, the published papers with jump-diffusion risky asset always have
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some constraints on the jump sizes. See, for example, Alvarez et al. (2014) only
considered the negative shocks, i.e., download jumps to study the optimal stopping
problems; while Bi and Guo (2013) assumed that the expected value of the jump
size in the stock market is nonnegative. In this paper, we remove all these constraints
mentioned above, and allow the expected value of jump sizes to be negative as well
as positive, which is more economic reasonable in the real financial market, and thus
we have to discuss the optimization problem within five different cases. Moreover,
we assume that the aggregate claim and the stock price are correlated by a common
shock. This kind of model assumes that there exists a common shock affecting the stock
market as well as the insurance market. In reality, a common component can depict
the effect of a natural disaster which causes various kinds of risk including the one in
financial market. It generalizes the model of Bi and Guo (2013) from the independent
financial market to the case where aggregate claim process and risky asset process
are correlated by a common shock. Under the mean—variance criterion, based on the
framework of stochastic LQ control theory and the corresponding Hamilton—Jacobi—
Bellman (HJB) equation, we derive the explicit expressions of the optimal strategies
and value function, which is the viscosity solution of the HIB equation. Furthermore,
we extend the results in the LQ-setting to the original mean—variance problem, and
obtain the explicit solutions of the efficient strategy and efficient frontier.

The rest of the paper is organized as follows. In Sect. 2, the model and the mean—
variance problem are presented. The main results and the explicit expressions for the
optimal values are derived in Sect. 3. In Sect. 4, we extend the optimal results in the
LQ-setting to the original mean—variance problem, and obtain the solutions of the
efficient strategy and efficient frontier explicitly. Some numerical examples are shown
to illustrate the impact of some model parameters on the efficient frontier in Sect. 5,
and Sect. 6 concludes the paper.

2 Model and problem formulation

Let (€2, F, P) be a probability space with filtration {F;} containing all objects defined
in the following.

We consider the financial market where the assets are traded continuously on a
finite time horizon [0, T']. There are a risk-free asset (bond) and a risky asset (stock)
in the financial market. The price of the bond is given by

dB(t) = r(t)B(t)dt, t [0, T],
B(0) =1,

where r(¢)(> 0) is the interest rate of the bond.
The price of the stock is modeled by the following jump-diffusion process

Ka (1)
My

ds(t) = S(t—) |:b(t)dt +o)dW () +d Zi:l ,-] , telo,T],

ey
S(0) = So,
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where Sy is the deterministic initial price, b(z)(>r(¢)) is the appreciation rate and
o (t) > 0 is the volatility coefficient. We denote a(t) := b(t) — r(t) > 0. {W(f)};>0
is a standard {F;};>0-adapted Brownian motion. We assume that r(¢), b(¢) and o (¢)
are deterministic, Borel-measurable and bounded on [0, T']. {K2(#)};>0 is a Poisson
process with intensity parameter A2 + A > 0. The jump sizes {Y;, i > 1} are assumed
to be an i.i.d. sequence with values in (—1, +00), the assumption that ¥; > —1 leads
always to positive values of the stock prices. Y is a generic random variable which
has the same distribution as Y;,i > 1. Let Fy(-) denote the cumulative distribution
function of Y. We assume that E[Y] = uo; and E[Y?] = n22. AW (@) }i>0, {K2(t)}i>0
and {Y;,7 > 1} are mutually independent.

The diffusion component in Eq. (1) characterizes the normal fluctuation in the
stock’s price, due to gradual changes in economic conditions or the arrival of new
information which causes marginal changes in the stock’s price. The jump component
describes the sudden changes in the stock’s price due to the arrival of important new
information which has a large effect on the stock’s price. By Protter (2004, Chapter
V), a unique solution exists for stochastic differential equation (SDE) (1).

The risk process {U (¢)};>0 of the insurer is modeled by

Ki(t)
dU(t) =cdt —d )" X;. U(0) = Up. )

i=1

where Uy is the deterministic initial reserve of the insurer and the constant c¢ is the
premium rate. {K1(¢)};>0 is a Poisson process with intensity A; + A > 0 which
represents the number of claims occurring in time interval [0, ¢]. X; is the size of the
ith claim and {X;,i > 1} are assumed to be an i.i.d. sequence and independent of
{K1(t)}:>0. Thus the compound Poisson process Z,K:] f’) X; represents the cumulative
amount of claims in time interval [0, #]. X is a generic random variable which has
the same distribution as X;,i > 1. Let Fx(-) denote the cumulative distribution
function of X. The expectation of X is E[X] = w11 > 0 and the second moment
of X is E[X?] = p12 > 0. Throughout this paper, we assume that the premium is
calculated according to the expected value principle. That is, ¢ = (1 + 6;)a; with
ay = (A + Ay, where 51 (> 0) is the safety loading for insurer. The risk process
defined in Eq. (2), from the perspective of the insurer, is really a pay-off process
associated with the (insurance) contracts he (or she) has entered. The two number
processes {K1(t)};>0 and {K2(?)};>0 are correlated in the way that

Ki(t) = Ni(t) + N(t) and K»r(t) = Na(t) + N(1),

with Ny (¢), N2(t), and N (¢) being three independent Poisson processes with parame-
ters A1, A2, and A, respectively. It is obvious that the dependence between the financial
risky asset and the aggregate claim processes is due to a common shock governed by
the counting process N (¢). Moreover, {W (£)};>0, {N1(#)}r>0, {Xi, i > 1}, {N2(¢)}r>0,
{Y;,i > 1} and {N(#)};>0 are mutually independent.

We assume that, at time 7, the insurer is allowed to invest all of his (or her) wealth
R(¢) into the financial market. Let £(¢) and 7 (¢) denote the total market value of
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the agent’s wealth in the bond and stock, respectively, and £(¢) + () = R(t). An
important restriction we will consider in this paper is the prohibition of short-selling
of the stock, i.e., n(¢) > 0. But £(¢) is not constrained. We assume that the insurer can
purchase new business in addition to investment. Let ¢ () (> 0) represents the retention
level of new business acquired at time ¢. It means that the insurer pays ¢ (r) X of a claim
occurring at time ¢ and the new businessman pays (1 — ¢g(¢)) X. For this business, the
premium has to be paid at rate §(g(¢)) = (1 + 0)(1 — g(¢))a;, where 0 is the safety
loading for the new business. Without loss of generality, we assume that 6 > 6. Note
that for the insurance company, g(¢) € [0, 1] corresponds to a reinsurance cover and
q(t) > 1 would mean that the company can take an extra insurance business from other
companies (i.e., act as a reinsurer for other cedents). A strategy 7 (t) = (n(2), ¢ (1))
is said to be admissible if 7(z) and g(¢) are F;-predictable processes, and satisfy
n(t) = 0, q(t) > 0, E[ [y (n(s))?ds] < oo and E[ [;(q(s))*ds] < oo forall t > 0.
We denote the set of all admissible strategies by I1. Then the resulting surplus process
R(t) is given by

dR(t) = [r()R(t—) +a(t)n) +c — 8(q(t)]dt + n(t)o (t)dW (1)

K (1) K1)
+and Yy Yi—qnd Yy X 3)
R(0) = Ro.

Corresponding to an admissible trading strategy 7 (-) and a deterministic initial capital
Ro, there exists a unique R(-) satisfying (3).

Let R™(T) denote the terminal wealth when the strategy 7 (-) is applied. Then the
mean—variance problem is to maximize the expected terminal wealth E[R™ (T)] and,
in the meantime, to minimize the variance of the terminal wealth Var[R” (T')] over
7 (-) € I1. This is a multi-objective optimization problem with two conflicting criteria,
which can be formulated as follows:

min  (Ji((-)), J2( () := (Var[R™(T)], —E[R" (T)])
mell 4

subject to .
(R(-), m(-)) satisfy (3).

Definition 2.1 For the multi-objective optimization problem (4), an admissible strat-

egy ™ (-) is called an efficient strategy if there exists no admissible portfolio 7z (-) € T1

such that

i) < L@ (), @) < hmF()

with at least one of the inequalities holding strictly. In this case, (J1 (T *(+)), —J2(7t*(+)))
€ R? is called an efficient point. The set of all efficient points is called the efficient
frontier.

We firstly consider the problem of finding an admissible strategy such that the
expected terminal wealth satisfies E[R” (T)] = k, where k is a constant, while the
risk measured by the variance of the terminal wealth
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Var[R™(T)] = E [R™(T) — E[R"(D)]]’ = E [(R”(T) - k)z]

is minimized. This variance minimizing problem can be formulated as the following
optimization problem

min Var[R™(T)] = E[R™(T) — k]?
E[R™(T)] =k
subjectto 4 w € I
(R(), m(-)) satisfy (3).

)

Definition 2.2 For the variance minimizing problem (5), the optimal strategy 7 *(-)
(corresponding to a fixed k) is called a variance minimizing strategy, and the set
of all points (Var[R™"(T)], k), where Var[R™ (T)] denotes the optimal value of (5)
corresponding to a fixed k, is called the variance minimizing frontier.

An efficient strategy is one for which there does not exist another strategy that has
higher mean and no higher variance, and/or has lower variance and no lower mean at
the terminal time 7'. In other words, an efficient strategy is one that is Pareto optimal.
By Definitions 2.1 and 2.2, we know that the efficient frontier is a subset of the variance
minimizing frontier. In the following context, we will discuss the variance minimizing
problem firstly.

Since (5) is a convex optimization problem, the constraint ER”™(T) = k can be
dealt with by introducing a Lagrange multiplier 8 € R. In this way, problem (5) can
be solved via the following optimal stochastic control problem (for every fixed )

min E [ (R™(T) = 0% + 2B(E[R™(T)] - k)|
Tel ©6)

subject to { .
(R(-), () satisfy (3),

where the factor 2 in the front of § is introduced in the objective function just for con-
venience. After solving problem (6), to obtain the optimal value and optimal strategy
for problem (5), we need to maximize the optimal value in (6) over § € R according
to Lagrange duality theorem (see Luenberger 1968). Clearly, problem (6) is equivalent
to

min E [(R”(T) k- ﬁ))z] ,
7ell @)

subject to[ .
(R(-), m(-)) satisty (3),

in the sense that the two problems have exactly the same optimal control for fixed S.
For simplicity, we omit the superscript 77 of R” (-) from now on.
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3 The HJB equation and optimal results

We firstly solve an auxiliary LQ problem. Consider the following controlled linear
stochastic differential equation

dR(1) = [r()R(t—) + a(t)n(1) + (1) — 8(q(0)]dt + n(t)o (1)dW (1)
ta0d Y v a3 x; ®)
R(0) = Ry,

and the problem
1 .
min E [E(R(T))z} ,
)

T ell
(R(-), 7 (+)) satisfy (8),
where r(¢), a(t), c(t) and o (¢) are deEerministic, Borel-measurable functioqs and
bounded on [0, T]; Note that if we set R(t) = R(t) — (k — B), then R(t) = R(t) +
(k—pB), R(0) = R(0) + (k — B), and c(t) = c + (k — B)r(t) in (8), we can get (3)
from (8). So we solve the auxiliary LQ problem (8)—(9) firstly.

We define the associated value function by

subject to |

J(t,x) = inf E [1(1%(T))2|1%(¢) = x] .
mell 2

This is a stochastic LQ problem, in which the two controls are constrained to take
nonnegative values. In the following, we will solve this problem with the help of the
HIJB equation.

According to Fleming and Soner (1993), the corresponding HIB equation of prob-
lem (8)—(9) is the following partial differential equation

igf[ Vi) (0% + @O + ) = S@1Vilt, 0 + 50 020> Ver 1, )

+ ME[V(,x+nY) = V(E, )]+ ME[V(E, x —gX) — V(t,x)]

+AE[V(t,x +nY —gX) — V(t,x)]] =0

1 2
V(T,x)= Ex .
(10)
Here V; (¢, x), V,(t, x) mean the partial derivatives of V (¢, x). For function f (¢, x),
let C1-2([0, T x R) denote the space of f (¢, x) such that f and its partial derivatives
fts fx» frxx are continuous on [0, T] x R. If the optimal value function J(-,-) €
C12([0, T] x R), it will satisfy Eq. (10). But in most of the examples this is not the
case, so we study the viscosity solutions of Eq. (10). Next we will give the definition
of viscosity solution according to Fleming and Soner (1993).
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Definition 3.1 Let V € C([0, T] x R), which consists of functions continuous on
[0, T] x R.

(1) We say V is a viscosity subsolution of (10) in (¢, x) € [0, T] x R, if for each
¢ € C2([0, T] x R),

n>%)n§>0[<pt(t_, X) 4 ox (b, Dr ()X + () — r()n + c(t) — ()]

1 _ _ _ _
+ 5 0u D)o (D) + MElp{, X + 1Y) — (i, %)]
+ ME[p(t, x —gX) —o(t,%)]

+AE[p(t, X +nY —qX) — ¢, X)]1 =0

atevery (7, X) € [0, T] x R which is a maximizer of V — ¢ on [0, T'] x R with
V(t, %) = o, X).

(2) We say V is a viscosity supersolution of (10) in (¢, x) € [0, T] x R, if for each
@ € C12([0, T] x R),

n>ion£>o[<ﬂz(t_, %)+ @x (b, Dr ()X + (b() — r()n + c(t) — ()]

1 _ _ _ _
+ 5 eu(, o (0)*n* + mElp(f, % +nY) — ¢(f, 1)]

+ MElp(t, X —gX) — (i, 0)]

+AE[p(t,x +nY —gX) —(t,X)]} <0

at every (z, x) € [0, T] x R which is a minimizer of V — ¢ on [0, T] x R with
V(i X) = o, X).

(3) We say V is a viscosity solution of (10) in (¢, x) € [0, T] x R, if it is both a
viscosity subsolution and a viscosity supersolution of (10) in (¢, x) € [0, T] x R.

In the following context, we will give a detailed analysis for the continuously
differentiable viscosity solution to the HIB Eq. (10).
Suppose that the HIB Eq. (10) has a solution which has the following form

1
V(t,x) = 5P(r)x2+ O()x + L(1). (11)

The boundary condition in (10) implies that P(T) = 1, Q(T) = 0, and L(T) = 0.
Inserting the ansatz (11) into (10) and rearranging yields
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igf[(na(t) + (14 0)aig)(P()x + Q1)) + %P(t)a(t)znz
+ 4 [—(P(r)x + QM)qpn + %P(t)qzmz]
+ A2 [(P(t)x + 0@)nua + %P(t)nzlt22:|
+ MPO)x + Q1) (pa1 — qun) + %P(t)k(nzlm — 2nq a1 + qzmz)]

1
+ EPz(t)x2 +O0:x+ L)+ @)x +c@) — A +0)a)(P®)x+ Q) =0.

(12)
Let

f(,q) =[na(t) + (1 +0)aiq] (P(t)x + Q1)) + %P(t)U(l)zﬁz
oy [—(P(r)x T+ 0 + %P(t)qzmz]
+ [(P(t)x + QW)nuar + %P(t)nzuzz}
+A(P(t)x+Q(t))(mL21—qun)+%P(t)k(nzuzz—anunuzl+612/L12).
We have

% = [(0?®) + G2+ u2) n—Amiipn21q] P(O+(P@)x+ Q1) (@) +(ho+A)par).
% = [(A1 + M p12g — Apnip2m] P (1) + (P(0)x + Q(1))0ar,

2L = [02() + 02 + Muaz] PO,

an?

2L Ga+M)P
W_( 1 +A) P12,
Pf o A _

andqg — aqon —AP()p11421-

Let

A=(P(t)(oz(t)+xmz) 0 ) B=( P()pa —P(r)mml)
0 PO pi2 )’ —POpiip2r POz )°

Then, the Hessian matrix of f (1, ¢) can be decomposed as

P fo.g) 32f(n.9)

an? 9ndq _ )
Pfag) Pfg | A+2-B.
dgon 9q2

It is easy to see that A is a positive definite matrix. Furthermore, by the
Cauchy—Schwarz inequality, it is not difficult to prove that B is a nonnegative defi-
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nite matrix, and thus, the Hessian matrix is a positive definite matrix. Therefore, the
minimizer (1, g) of f(n, q) satisfies the following equations

[(02(1) + (A2 + Mpaz) n = Apripaig] P(1) + (P(Dx + Q1)
[a(t) + (A2 + Mpa1] = 0, (13)
[(A1 +Mp12g — Apriparn] P() + (P(H)x + Q(1)0a; = 0.

Solving the equations (13) gives

. (14)
§=m0 (x+88).
where
A1) = _ (a@®+Qoa+Mpur) M +Mpia+bai A pog
(02O +0G2+M)p22) i +1 w2 =223 gy 15
As(t) = _(a(t)+()»2+)»)ltzl))»Mnﬂzl-i-@al(Uz(t)-ﬁ-(lz-i-k)ﬂzz) 3)
2 (@2t i) Gt 22103,
Let
_ _ @a@®+0CatMpa)Ai+M) 2
o1(t) = A2l ’
0, (1) = _ @@+ +Mpa)rppa1

ar(o2(H)+(Ga+1)p22)

Before we discuss the optimal strategies based on the constraints of (1, ¢), we first
give the following lemma which plays a key role in this paper.

Lemma 3.1 Forany 0 <t < T, when _Aaz(jr)k < w21 < 0, we have 0 < 6,(t) <
01(t); when —1 < uo; < _xi(-?x or 1 > 0, we have 61(t) < 6,(t) < O.

Proof By the Cauchy—Schwarz inequality, it is not difficult to see that
2 2.2 2
(G () + (A2 -H»)Mzz) (A + A 12 > AUy U5

When —A‘;(Q)L < o1 < 0, we have a(t) + (A + A) oy > 0, and thus

(02(0) + (2 + M p22) Oor + Mpiz > A2ui u3,
& (02(t) + (o + M) (ki +Mpiaat) + (Ao + Apar)
> k2u%lu%1(a(t) + A2+ A1)
& (@@®)+G2+M 1) A+ 12 < @@+ +M)pa)Apwri 121

ayhprn ol ar (o2(t)+(ha+2) )
N _@@+0o+Mp) Mt (@O+Gati) ma)rkiikal
arhpniphal ai(a2(+Ga+1)p2n)

which proves that 6, (¢) < 01(¢).

Along the same lines, we can prove the results for the cases of —1 < 21 < — )f;(j-)/\
and pp1 > 0. O
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From (15), it is easy to see that Aj(#) > 0 and Ax(¢) < O for up; = _)f;(—?k;

A1(t) < 0and Ay () < O for up; = 0. Therefore, based on the results of Lemma 3.1,
we will discuss the optimal results from the following five cases:

Case 1: =50 < pg) < 0,0 < 0 < 602(t) < 01(1) (ie., Ar(r) <0, Ax(t) > 0),
Case 2: —;;@A <21 <0,0 <6(t) <6 <61(t) (ie., Ai(t) <0, Aa(r) < 0),
Case 3: —20 < 191 < 0,0 < (1) < O1(1) < 0 (e, A1) > 0, Ag(t) < 0),
Cased: —1 < po1 < =20, 0 > 0 (e, A1) > 0, Ax(t) < 0),

Case 5: w21 >0,0 >0 (e, A1(t) <0, Ay(t) <0).

Remark 3.1 When — xi(}r);\ < —1, inequality — A“z(fr)k < u21 always holds for any

t € [0, T'], then we only need to discuss Cases 1, 2, 3 and 5.

Casel —3“0 < 15 <0and0 <0 < 6x(1) < 61(0).

In this case, Aj(r) < 0and Ay(r) > 0.If x + $8 < 0, then 7§ > 0 and § < 0.
Because of the restriction of 7* € TI, we have to choose ¢* = 0. Inserting ¢g* into

(12) with W;—Z’O) = 0, we obtain

= a(t) + (A2 + 1)1 (x Q(t))zO,

T 02() + (A + M P(1)

then we get n* = 7. Thus, the minimizer of the f(n, q) is 7* = (n*, ¢*) = (77, 0).
Plugging 7* = (7, 0) back into (12) and separating the variables with and without x
lead to the following systems of ODEs:

TP+ My()P(t) +r()P(1) =0,
0 +2Mi() Q1) +r(N Q1) + (e(t) = (1 +)an P(1) =0,
Ly + (c(t) = (1 +0)a) Q1) + Mi () G2 =0,

with the boundary conditions P(T) = 1, Q(T) =0, L(T) = 0, where

My = — L. @O+ 0ot M)
TR0+ o+ o

Then we have
P(t) = ef}T 2(M, (S)+r(s))ds7

T
0@) = ef,T(2M1(S)+r(s))ds > / (c(s) — (1 + Q)al)ef-rT r@dz g
t

T T T
L(r) = / (c(s)— (140)ay)els CMI)+r@)dv / (@)= (14+0)ap)ek "0 g gs
t s

2

T T r
+ / Mi(s)el Mo [ / (@) — (1 + O)ay)e ’W%] ds.
t Ky
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Note that

T T .,
+ % =x+e )i r(s)ds/t (c(s) — (1 + Q)Cll)eff r(z)dzds,

then we have

2O+ 0ot p2

(%) = — D[y = 0 [T (e(s) — (14 O)a)el O%as]
q*(t,x) =0.

Substituting the solutions into (11), and rearranging, we obtain

1 . G :
Vit x) = zeﬁT 2M1(s)ds [xeflrr“)dé +/ (c(s) — (1 +9)a1)ef-vTr(Z)dst] .
t

If x + % > 0, then 7 < 0 and ¢ > 0. For the restriction of 7* € IT, we choose

n* = 0, by the same manner as above, we get

. fa; Q@)
= (x+=") <0
1= T o (x - P(r)) =

Therefore, the minimizer of f(n, q) is 7* = (n*, ¢*) = (0, 0), and thus we get

1 T T r 2
V(t, )C) = E [Xef, r(S)dS +/ (C(S) _ (1 + Q)Cll)ej; r(Z)dst]
t

Along the same lines, we can derive the minimizers and solutions of Eq. (11) for the
other four cases as follows:

Case2 —3"0 < 15 <0and0 < 6(t) < 0 < 01().

The minimum of the left-hand side of the Eq. (10) is attained at

T[*(t) _ (f)(tvx)a é(t7 -x))7 if x+€_LT ris)ds j;T(C(S)_(1+9)a1)6LT"(Z)d2dS§0’
= . ’
©. 0. if xpem OB [Te(s)— (140)anel "Odds>0,

and the solution of Eq. (10) is

2
%effr 2M>(s)ds {xeﬁT rsyds 4 f[T(c(s) — 4+ G)al)efsTr(Z)dst} ,
it x ek O [Tie(s) — (1+0)apel "Odds <0,
2
% {xefrTr(s)ds + flT(C(S) —a —i—@)a])effT r(z)dzds} ,
it x4 O [Tie(s) — (14 0)ar)ek "@dds > 0,

Vi, x)=
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where

(6,2 = A1) fx e OB [Te(s) = (1 -+ 0)apel s},
. . (16)
§t.2) = Bo(0) fx + e 1708 [T () = (1 4 O)apel " Oeas)

and

) 1 m>( + Mo + 2mbardpripar + 0%a3 (02(t) + (o + A paz)
2 = —_——
2 (02(t) + O + M p22) (1 + Mz — A2ud u3,

)

withm = a(t)+ (A2 +X)u21. Itis not difficult to see that M5 (¢) < O foranyt € [0, T']
when —f;—i)x <21 <0and0 < 6(r) <6 < 6,(1).

Case 3 —A“;QA <121 <0,0 <60(1) <01(t) <6.

The minimum of the left-hand side of the Eq. (10) is attained at

(0. — gt fr + e 70 [T e(s) — (1 @anel Oas})

() = it x4 e K O [T e(s) — (14 0)apel "dds <0,
0, 0), if x+eh OB [T(e(s) = (1 +0)ap)eh "Ods = 0,

and the solution of Eq. (10) is

r 2
Lol 2M3(s)ds {xeffr(s)ds + [T (es) — (1 + e)al)e./LTr<z>dst} ,

if x4 e b O [T (e(s) — (14 0)ay)eh "@dds <0,
Vit x)=

2
3 {xeﬂr(x)dx + sz (c(s) = (1 + 9)a1)€I‘T r(Z)dzds} ,

if x+ e~ I s ftT(c(s) —(1+ Q)al)efsTr(Z)dzds > 0,

__1_ ¢
where M3(t) = A CYESATTITR
a(t)
Cased —1 < pup < _MH’G > 0.

The minimum of the left-hand side of the Eq. (10) is attained at

(0. — s {4 1708 [T es) = (1 + Oyapel "eas)).

if x4+ e h OB [Te(s) = (1 +0)apel "@%qs <o,

_aO+0o+Mpa1 — [T rsyds (T _ [l r@adz } )
(—gostatimn oy o IO [T ()~ (14+0)an)e ds} . 0).

if x4 e b O [T e(s) = (1 + Oapel "@ds > 0,

() =
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and the solution of Eq. (10) is

%ef;T 2M3(s)ds {xe-ﬁr r($)ds 4 ftT (c(s) — (1 + 9)a1)e-fxr ’(Z)dzds}z ,
it x4 I OB [T (e(s) — (14 0)apel "dds <0,

%efrT 2Mi(s)ds {xefrTr(s)dx + f,T (c(s) — (1 + 9)a1)efsT ’(Z)dzds}z ,
if x4 em K O [T e(s) — (1+0)apel "Odds > 0.

V(t,x)=

Case5 2 >0,0 > 0.
The results in this case is exactly the same as in Case 2.
To summarize, we have
Theorem 3.1 Let A1(t) and Ax(t) be given as in (15), n(t, x) and q(t, x) be given
as in (16). For any t € [0, T], we have
(i) when —1 < po1 < — )f;(j-)x’ the minimizer of the left-hand side of the Eq. (12) is
attained at

T atun
if x4 e B OB [T (e(s) — (14 Bapel "O%ds <0,

_a@®+0o+1) o — [T r(syds (T _ JFrdz } )
( St i {x+e ; JT(e(s) = (1 +0)ape s}, o),

if x4+ o= b s flT(c(s) —(1+ O)al)e-ﬁrr(Z)dst >0,

(0, fay [x + o= I s ftT (c(s) — (1 + G)al)efsr r(Z)dzds]) ,
@) =
a7

and the solution of the HIB-Eq. (10) is given by

r 2
Lol 2Ma)ds {xefrTr(S)ds—i- [Tes)—a +9)a1)effr<z>d1ds} ,

if x e B OB [Tie(s) — (14 0)apel "O%as < o,

Vit,x) = . . . 5
%gjt 2M, (s)ds {xejt r(s)ds_'_ftT(c(s) _a ~|—9)a1)ejx r(z)dzds} ’
if x4 e B OB [Tie(s) — (14 0)apel "O%ds > 0;
(18)
(i) when — )f;(-:-)x < w21 < 0, the minimizer of the left-hand side of the Eq. (12) is

attained at

0t g, x+e B O [Ty — (1 4+ 0)apel "@gs <0,

0,00, x+e K [Ty = (1+0)apek "@dds > 0,
19)

() =

where

 a+0atMpy (T r(s)ds (T, o\ [T r@dz
( 7020)44?»249\)#22 [x+e t ft (c(s)—(14+0)ay)e’s dst,0), 0<0<6(t)<01(1),

(. a)) =Gt ), G(t, X)), ‘ ) 0<6() <0 <61 (1),
(o, 701&% [x+e_ S risas _ftT(c(s)f(l+0)a1)efS] ’(Z)dzdx]), 0<6y(t) <61 (1) <0.
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Moreover, the solution of the HIB-Eq. (10) is given by

Vil x), x4 e B 08 [T e(s) — (14 0)apel @4ds <o,

Vot x), x4 eI 708 [T e(s) = (1 + 0)apel "@ds > 0,
(20)

V(t, x) = {

where

%ef,' 2M, (s)ds {xef,' r(s)ds + ﬁ? (c(s) = (1 + 9)a|)€-f“l r(z)dzds} L, 0<6<6:(0) <61 D),
. . . 2

Vit x) = { Lol 2Ma0ds {ng,Tr@')ds +[Tew-a +9)a1)e1fr<~’>dfds} L0 <B(t) <0 <60,(0),
2

Lol 2w Lo g [T e(s) = (1 + Oyanel "Ods|”, 0 < 6200 <01(0) <6,

and

[ T : 2
Vz(t,x):z[xe-jtT’(s)ds+ / (c(s)—(1+9)a])erT’(Z)dzds] ;
t

(iii) When o1 > 0, the minimizer of the left-hand side of the Eq. (12) is attained at

() = {(ﬁ(l,x), q(t,x)), x +e_ftT’(S)dS ﬁT(C(S) — +¢9)a1)e-[srr(1)dzds <0,

, 0), x+ e B rds [T (e(s) — (1 + 0)ay)ek "@ds > 0,
2D
and the solution of the HIB-Eq. (10) is given by

2
%eftT 2Ma (s)ds {xefrT risds 4 j;T (c(s) — (1 + 0)a1)efsT ’(Z)dzds} ,
i x e B8 [T e(s) — (1 0)apel s <o,
. 2
L el 08 4 Tets) — 1+ Oyapel r@as),

if x+e I risyds f,T(C(S) -+ G)al)efsT r@dzgg ().
(22)

V(t,x) =

Now we define regions I'y, I'2, and I'3 in the (¢, x) plane as

= {(t, x) €10, T1 x Rlx + e @ [T (c(s) — (1 + 0)apek "@dds < 0} ,
Ty = {(r, x) €10, T1 x Rlx + e K r@d [T (e(s) — (1 + )apek "@ds > o} ,

Iy = {(t, xX) €0, T] x Rlx + ek 798 [T (e(s) = (1+0)ap)e "@dds = 0} .

Some simple calculations show that in 'y and I'>, V (¢, x) is sufficiently smooth for
the derivatives in (10). The non-smoothness of V (¢, x) occurs in the switching curve
I's.
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Explicitly, in T'y and T, V (¢, x) = 3 P(t)x> 4+ Q()x + L (1) is sufficiently smooth
for the terms in (10) with

1
Vi(t, x) = EPtmxz + 0:/()x + L, (1),

Vi (2, x) = P(O)x + Q(1),
Vex(t,x) = P(2).

While the switching curve I'3 is where the non-smoothness of V (¢, x) occurs. On
I3,

1
V(%) = S PWOx* + Q0)x + L(1) =0,
so V(t, x) is continuous at points on I'3. In addition, we also easily obtain

Vi(t, x) = %P,(oxz + Q,()x + L,(t) =0,
Ve(t,x) = P(t)x + Q1) = 0.

That is, V (¢, x) is also continuously differentiable at the point on I'3. However,
Vyx (¢, x) does not exist on I'3, since the values of P(¢) in I'; and I'y are different
(it is not difficult to see from the results in Theorem 3.1). This means that V (¢, x) does
not possess the necessary smoothness properties to qualify as a classical solution of
the HIB Eq. (10). For this reason, we are required to work within the framework of
viscosity solutions.

By Definition 3.1, it is not difficult to prove that V (¢, x) given in Theorem 3.1 is
a viscosity solution of the HIB Eq. (10). Then the verification theorem within the
framework of the viscosity solution is given as follows:

Theorem 3.2 Let A (t) and A (t) be given as in (16), R* (s) := R (s)andci(s) :=
c(s) — (1 +0)ay.
If the initial reserve x satisfies

T\ T T, \d
x4e lir® S/ cl(s)efs r@dzgg -
t

for the initial time t, the optimal investment and reinsurance strategy of problem (9)
atany s € [t, T] is given by

() When —1 < poy < =28,

_a()+0o+Mun P¥ (o - f r(z)dz T 'UT r(z)dz
) = ( FEImER R {R (s—)+e I fs cl(v)ej dvi,0), t<s<TAr1,

R T X T ~
(0, —7(/\]31)“12 {R*(s—) +e ks r@dz jST c1(v)els ’<Z)‘Ldv}) , TAT <s<TAT,
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where
o . px — [T r)dz ! [T r)dz
Ty :=inf{s >1: R*(s) +e Js ci(v)elv dv<0¢,
S
and
—— . px ffT r(z)dz ! fTr(z)dz
T :=inf s > 71 : R*(s) + e Js ci1(v)elv dv >0t .
S

Forthe optimal strategy at s € [T A1a, T], we give the explanation in the following
Remark 3.2;
(ii) When _Aaz(QA < 21 < 0or pup >0,

75 (s) = (0" (s, R*(5)), ¢* (s, R*(5))) = (0, 0).

If the initial reserve x satisfies
T T T
x+e r(s)ds/ ci(s)els "@%gg <,
t

for the initial time t, the optimal investment and reinsurance strategy of problem (9)
atany s € [t, T] is given as follows.

(i) When —1 < pay < —24,

ba 5 — [T r@dz (T " r(2)dz
7 (s) = (0' ~ o {R*(Si) ek i c1@)eh "@kayt) t<s<TAmw,
; a)+Cotbuor [ p — [l r@dz (T T r(2)dz .
(— az(s)+(/\22+A);fz]2 {R*(s—) +e b r J; ci(yeh "OEgL 0 T AT <s <T At

where
e . px — [T r)dz ! [T rdz
3 :=inf {5 >1: R*(s) + e Js ci(v)elv dv>0¢,
N
and

N T T T
74 ;= inf [s > 131 R*(s) + e s r(Z)dZ/ cl(v)efv 1@z g, < O] .

N

Again, for the optimal strategy at s € [T A 14, T], please see the explanation in
the following Remark 3.2;

(ii)) When — /\az(jr)x < a1 <0,
¥ (s) = (7% (s, R*(5)), ¢* (s, R*(5))),
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where
N T . T i
— Ot e (e K@ [Te el Ok}, 0< 0 <020 < 010),
TR = Ay 6) [R5+ e K08 [T ey wpel v} 0<6:() <0 <011,
0, 0<6(t) <0,(t) <6,
and

0, 0<6<60) <60,
q* (s, R*(s)) = { 82() {1%*<s7> +em i rd T Cl(U)ef”Tr(Z)dde} : 0<6:(0) <6 <01(),

R (T g T T
— st [R5y + e 0% [T e el r@day) 0 < 020 <0100 <6

foranyt <s <T A 13, and
7 (s) = (" (s, R*(5)), ¢* (s, R*(5))) = (0, 0)

forany T A13 <s < T;
(iii) When pa1 >0,

() = (0" (s, R*(5)), ¢* (s, R*(5))),

where

N T, T T (s
(5. R (s)) = {A](s) {R*(s—) el r@d ey yels @4 dv}, t<s<TAm,
0

s TAhy<s<T,

and

A T T
Ao (s) {R*(s—) +e ks rod fsT cl(v)efv ’(Z)dzdv} , 1<s<TAT13,

q* (s, R*(s)) = {
0, TArry<s<T.
Furthermore, the value function J(t, x) satisfies J(t,x) = V(t, x), where V (¢, x)
is the same as shown in Theorem 3.1.

Along the same lines as in Section 4 of Bi and Guo (2013), we can prove the
verification theorem. Therefore, we omit it here.
Remark 3.2 For the optimal strategies in the case of —1 < ug; < —Aaz(—i)w we only
give two parts for the period of [#, T']. Actually, there are possibly more than two parts
in this case. For example, during the period of [t2 A T, T'], the value of

N T T T
R*(s—) _’_e—j;, r(z)dz/ Cl(U)efL‘ r(@)dz y,

N
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maybe reach to the negative value, then return back to the positive value, and then
back to negative value again, and so on. Therefore, we have to make the choice of
optimal strategies based on the value of

. T .
R*(s—) +e” jST’(Z)dZ/ el el T gy,

N

That is, when
~ T T T
R*(s=)+e” I; r(Z)dZ/ cl(v)efv r@dz g, < (),
s

the optimal strategies are

Oa; ~ T r T
7)) =0, ———— | R*(s— +e ks r(Z)dz/ c1 (el r(Z)dZdv]);
(s) ( Gt o i (s—) i 1(v)

when
p* — [T r(@)dz ! IF r2az
R*(s—)+e Js ci(v)elv dv > 0,
N

the optimal strategies are

win _f_a®)+G2+Muar [ 4, —ffr(z)dz/T IT rode ] )
i (S)_( 02(s)+<kz+x>mziR (=)t | ciwel TRy 0 )

4 The efficient strategy and efficient frontier

In this section, we apply the results in Sect. 3 to solve the mean—variance problem,
and derive the efficient strategy and efficient frontier of problem (4). Here we only
give the detailed analysis for the case of — )y < 0.

Ao+A
Since we have set R(t) = R(t) — (k — f). then R(t) = R(1) + (k — p) and
R(0) = R(0) 4+ (k — B). Besides, c(t) = ¢ + (k — B)r(t) in (8). We can get

1 4 1
E [E(R(T»)z} = SEI(R(T) - k)? + 2B(E[R(T)] — k) + B*1.
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Therefore, for every fixed 8, we have

7rTnEiH E[(R(T) — k)> + 2B(E[R(T)] — k)]

. 2
[Roel 70 4 (c — (1 0)a) Ji b rO%ds — e = p)) - B2,
it Ro— (k— B)e=h "B 4 (¢ — (14 0)ay) [ el 74y > 0,
2Vi(0, Ro) — B2,

if Ro— (k—Be=Jo "8 L (¢ — (14 6)ay) Jo eli r@dzg <
(23)
where

2V1(0, Ro) — B2
m T R 2
el 2M15)ds {Roefo’ rOds 1 (e (146)ar) f el "“)"’st—(k—ﬁ)} =B 0<0<0:(t) < 6i (1),

T - R 2
= 1eh 2M2<S>d“{Roefo’ "<“)d“+<c—(1+9>a.>.foTe-fxT’“)"st—(k—ﬂ)} — B2 0<6() <0 <01(1),

. . § 2
el 2M3(s)ds {Roefo’ rOd L (e (14+0)ay) [ el "Oeds— (k- ﬁ)} — B2 0<6:(1) <61 (r) <6.

Note that the above value still depends on the Lagrange multiplier 8, we denote it
by W (). To obtain the minimum Var[R(7T")] and the optimal strategy for the original
control problem (4), it is sufficient to maximize the value in (23) over 8 € R by the
Lagrange duality theorem. Some calculations show that W () attains its maximum
value

(- 12
Roeld "0 c—(146)ay) [T bl 7O ay—k
, 0<0 <0:(1) <61(1),

o S 2My)ds_y

r i 12
W(B*) = Roeld "% e~ (140)ap) [ el Oy
Fr=14t L 0<6(0) <6 <6,00),

o & 2M5(s)ds_|

) 12
T r
RoefO ’(S)ds+(c—(1+9)a1)f0T elv OBy

, 0 <6:(t) <01(1) <8,

e fOT 2M3(s)ds g
at

T T
Roelo "84 c—(140)ap) fi el "Obav—k
o Jd 2Mi)ds
T T
R o r(s)ds+ (146 T [ r(s)ds gy, fe
pr =1 fue o) Jy e TEK 0 < gy(1) < 0 < 010),
e Jo 2My(s)ds g
T T
Roelo "% L (c—(140)ay) [T el gk
o Jd 2M3()ds

» 0<0=6:@t) <01(0),

. 0<6(t) <6i(r) <6,

which leads to the following theorem.

Theorem 4.1 When — Aaz(j—))» < m21 < 0, the efficient frontier for problem (4) with

expected terminal wealth E[R(T)] = k is determined by
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(T 12
T T . \Je
Roelo "Nt (c—(146)ar) [ ehv "B aE[R(T)]

e—fOTZMl(x)ds_l , 0<0=<60:() <61(2),
12

i T T
Roeld "4 c—(140)ap) fi eh " a-E[R(T)]

Var[R(T)] = |
Jey e , 0<62(1) <0 =<0:1(0),
_ ) 92
Roeld 7984 c_(140)ar) I I T g EIR(T)]
— T , 0<62(1)<01(1) <8,
where

T
E[R(T)] > Roel "% 4+ (¢ — (1 + 0)ay) / ol rdz gy,
0

Moreover, the efficient strategy is given by

@*(t, R(1)), 0), 0<60=<6(r) <01(),
7t R(D) = (" (1, R(1). ¢"(t. R(1))) = { (7*(t, R(1)), §* (1, R(®))), 0 < 62(t) <0 < 61(0),
0, g*(t, R®)), 0<6:@) <61(r) <0,

forany0 <t < T A Tzx; and

T (t, R(1) = (n*(t, R(1)), ¢*(t, R(1))) = (0, 0)
forany T A Ty« <t < T. Where

T
aO+Og iy | R —ke™ I OB [T (e (140)ape” I 7O ay

n*(t, R()) = —

o2 (D)+Ra+A) 2 1—e— i 2M 5)ds ’
T
(1 R(1)) = — —far Ra) ke OB [T (1 0)ape Oy
q VSV ITAP) l—em T 2m3(s)ds ’

T 2)dz
R(—)—ke™ Ji 7O [T (c_(140)a)e I 7@ gy
|—o ST 2M 5)ds

0, R(@)) = A1(1)

)

T, . ;
R(t—)—keiff )(S)ds_i_.[tT (c—=(140)a;)e™ P r()dz g,
1—e— i 2My(s5)ds

’

g*(t, R(1)) = Aa(1)
(24)

and
T T v
T+ :=inf [s >t:R*(s) — ke~ s r@dz +/ (c—(1 +9)a1)e7fs 1@z g, O] )
N

Along the same lines, we can directly get the efficient frontier and efficient strategy
for the other two cases as follows:

Theorem 4.2 (i) When —1 < up; < —Aaz(—j_)k,for any 0 > 0, the efficient frontier for
problem (4) with expected terminal wealth E[R(T)] = k is given by
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[R()ebe rO)s 4 (e — (14 0)ay) [T el rOdgy — E[R(T)]]2
Var[R(T)] =

)

o I 2M3(s)ds _ 1

where
T d T T d
E[R(T)] = Roelo "% 4 (¢ — (1 4 9)a1)/ eli r@dzgg,
0

Moreover, the efficient strategy is

. _ [0, G, R1)), 0 <t < T Ay,

where

T T v
T+ :=inf Hs > Tt : R*(s)—ke_fs r(Z)dZ—l—/ (c—1+0)ay)e” A r(Z)dzdsz] )
N
For the efficient strategy in interval [T N T+, T, we can have the same analysis
as mentioned in Remark 3.2.
(i) When ua1 = 0, for any 60 > 0, the efficient frontier for problem (4) with expected
terminal wealth E[R(T)] = k is given by

[Roebe rO)s 4 (e — (14 0)ay) [T el rOdgy — E[R(T)]]2
Var[R(T)] =

o= Jo 2Ma()ds _ g ’
where

T
E[R(T)] = Roelo 74 1 (¢ — (1 +6)ay) / ol r@dzgg
0

Moreover, the efficient strategy is

7t R(1) = (7™ (t, R(1)). " (t, R(1))),

where (n*(t, R(t)) are given in (24).

Remark 4.1 Note that the inequality
T d T T d
Ry — (k — B*)eJo r®ds (o — (1 4 Q)al)/ els T@dzgg <
0
is equivalent to

T
Ro — ke~ fOTr(s)ds +(—(1+ 9)01)/ efsT r(z)dzds <0,
0
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0 0.1 0.2 0.3 0.4 0.5
Var(R(T))

Fig. 1 Efficient-frontier of problem (4) for different A

which can be rewritten as
T ds r T 4
k > Roelo "% 4 — (1 +9)a1)/ els r@dzgg
0

This is the natural consequence which means that the investor expects higher terminal
wealth k by investing in the stock market than the terminal wealth

T T T
Roelo 794 (¢ — (1 4+ 6)ay) / el 79 gy,
0

by only investing in the bond market and g(¢#) = 0. It also implies that the investor
has to take risk to meet his/her investment target.

Remark 4.2 In this paper, when we assume that the two jump number processes
{K1(t)}/>0 and {K2(?)};>0 are independent, i.e., the parameter A = 0, and when
we assume that w1 are always nonnegative, we can get the same results as in Bi and
Guo (2013).

5 Numerical examples

In this section, we give some numerical examples to illustrate our results.

Example 5.1 II~1 this example, we set Rp = 10, T = 1, r(¢) = 0.04, a(t) = 0.01,

o) =0.03,6 =02,0 =028, u11 = 0.0L, u2 = 0.002, o1 = 0.005, pyp =
0.0015. The results are shown in Figs. 1 and 2.

From Fig. 1 with A =0, 8, 15, A1 = 3, and A, = 1, we can see that if Var[R(T)] is
small enough, the smaller A the larger E[R(T")] with the same Var[R(T")]. If Var[R(T)]
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Fig. 2 Efficient-frontier of problem (4) for different |

is larger than some value, the reverse is true. This same property is shown in Fig. 2
with A = 5,21 = 1,5, 10, and A, = 1. This is the natural consequence since o1 > 0
means that the expected value of the jump size for the risky asset is positive, and thus
the larger frequency (say, A; (i = 1, 2) and A) of this kind of jump, the larger expected
return.

Example 5.2 I~n this example, we set Ry = 10, T = 1, r(¢t) = 0.04, a(¢) = 0.01,
o(t) =0.03,0; =0.2,0 = 0.8, w11 = 0.01, 12 = 0.002, p1 = 0.02. The results
are shown in Fig. 3a—d.

Figure 3 further investigates the influence of the common shock dependence, i.e.,
the parameter A on efficient frontier when the values of A1 + A and X, + A are fixed.
In Fig. 3a, b, the values of A1 4+ X and A, + A are fixed by 16 and 20, respectively; In
Fig. 3c, d, the values of A; + X and A, + A are fixed by 8 and 5, respectively. From
Fig. 3b, d with p2; = 0.0025, we can see that the larger A the larger E[R(T)] with
the same Var[R(T')]. Whereas, when w7 is large enough, say, u> = 0.025, we find
from Fig. 3a, c that the value of A almost has no impact on the efficient frontier. This
suggests that the efficient frontier is less sensitive to the common shock dependence
when A1+ and A+ are fixed, which is also the natural consequence of Theorems 4.1
and 4.2.

Example 5.3 Ip this example, we set Rp = 10, T = 1, r(¢) = 0.04, a(t) = 0.01,
o(t) =0.03,6; = 0.2, u1; = 0.01, w12 = 0.002, 2 = 0.0015, A = 1, A = 3,
A = 5. The results are shown in Figs. 4 and 5.

From Fig. 4 with o1 = 0.005and 6 = 0.2, 0.5, 0.8, we can see that if Var[R(T)] is
small enough, the smaller 6 the larger E[ R(T')] with the same Var[R(T)]. If Var[R(T)]
is larger than some value, the reverse is true. From Fig. 5 with & = 0.8 and uo; =
0.005, 0.01, 0.015, we conclude that the bigger 1 the bigger E[R(T')] with the same

@ Springer



Optimal mean—variance reinsurance and investment... 179

(a) 114
1.2
1
108
10.6
10.4
10.2
10 .
9.8 R 6
9.6 '

9.4

=0

E[R(T)]

0 01 02 03 04 05 0 01 02 03 04 05
Var[R(T)] Var[R(T)]

© 1

A=0

- =

E[R(T)]

9.8 9
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
Var[R(T)] Var[R(T)]

Fig. 3 Efficient-frontier of problem (4) for different A
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Fig. 4 Efficient-frontier of problem (4) for different 6

Var[R(T)], and this phenomenon is not obvious when Var[ R(T")]is small enough. This
is the natural consequence since (21 > 0 means that the expected value of the jump
size for the risky asset is positive, and thus the larger 7 the larger expected return.
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Fig. 5 Efficient-frontier of problem (4) for different 17

6 Conclusions

We first recap the main results of the paper. We consider mean—variance optimal
problem for an insurer with investment and reinsurance in a jump-diffusion financial
market where the aggregate claim process and the risky asset process are correlated
by a common shock. Furthermore, we assume that the expected value of the jump
size in the risky asset is not necessary nonnegative, therefore, we have to discuss
the optimization problem on the five different cases because of the constraints on
the investment and reinsurance control variables. Under the mean—variance criterion,
using the technique of stochastic control theory and the corresponding Hamilton—
Jacobi-Bellman equation, within a framework of viscosity solution, we derive the
explicit expressions of the optimal strategies and the value function. Besides, we
extend the optimal results to the original mean—variance optimization problem, and
obtain the solutions of efficient frontier and efficient strategies explicitly.

For the future research, there are several interesting problems that deserve investi-
gation. Firstly, we can extend the financial asset model to the one with Markov regime
switching, such as the interest rate r (), the appreciation rate b(¢) and the volatility
coefficient o (¢) of the stock in our model can be changed from deterministic functions
to a general stochastic processes with Markov regime switching; Secondly, we can
consider portfolio problem with some constraints, such as the value of the dynamic
wealth would be no less than a pre-given level ¢, or with no-bankruptcy constraint;
Thirdly, transaction costs can also be considered in this optimization problem. Even
though these kind of problems are challenging problems, they are meaningful and
more realistic to be discussed, and they are also our future research work directions.
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