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Abstract We study the performance of a reflected fluid production/inventory model
operating in a stochastic environment that is modulated by a finite state continuous
time Markov chain. The process alternates between ON and OFF periods. The ON
period is switched to OFF when the content level reaches a predetermined level g and
returns to ON when it drops to 0. The ON/OFF periods generate an alternative renewal
process. Applying a matrix analytic approach, fluid flow techniques and martingales,
we develop methods to obtain explicit formulas for the cost functionals (setup, holding,
production and lost demand costs) in the discounted case and under the long-run
average criterion. Numerical examples present the trade-off between the holding cost
and the loss cost and show that the total cost appears to be a convex function of ¢.

Keywords Production—inventory model - Cost functionals - Fluid process -
Martingale

1 Introduction

Inventory control has long focused on managing certain specific types and sources of
uncertainty in the production and demand process. Manufacturing systems, operating
in random environment, are implemented by a variety of manufacturing firms in the
food-processing industry, such as sugar (Grunow et al. 2007), electronic computer
industries and the pharmaceutical industry (see also Mohebbi 2006). In practice, the
average production rate of these facilities is higher than the average demand. As a
consequence, the production facility has to be switched off once in a while to pre-
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2 Y. Barron

vent inventory from growing without bound. In the special case of constant demand
and production, the production—inventory system reduces to the classical economic
production quantity (EPQ) model of Taft (1918). In the classic EPQ model every
production cycle is composed of ON and OFF deterministic periods. There exists a
predetermined level g such that the system is ON and the inventory level increases
from level O up to level g. When level ¢ is reached, the production is stopped and the
inventory decreases down to 0. The time it takes from ¢ to O is the OFF period.

In contrast with the assumption that production facilities can be switched off, many
industries are characterized by high setup times and high setup costs where switching
off the production is financially or operationally prohibitive. Thus, for both financial
and operational reasons, it is critical to establish a proper production process early in
the planning process; an overly high production rate results in high holding costs due
to excess inventory, while a low production rate results in high penalty costs due to
frequent stockouts and subsequent lost-sales.

In this paper we aim at filling some of this category. Specifically, we consider
the heavy traffic version of a EPQ system in which neither production nor demand
never stop (another interpretation to the latter assumption could be the case in which
customers are allowed to return items to the system). Here, too, we assume two periods,
ON and OFF; however, the production and demand rates differ during ON/OFF periods
and are modulated by a continuous-time Markov chain (CTMC) which represents the
environment. For example, the rates can change due to weather, economy, competition,
seasonal promotion, customer status, forecasting, etc. We further assume that the
average growth rate (which is the production rate minus the demand rate) is positive
during ON periods and negative during OFF periods. Thus, each cycle is composed of
two parts; the first part is the ON period which ends when the content level reaches a
predetermined level g and the second part, the OFF period, is the time it takes from ¢
until the content level reaches level 0; we assume that switching from one period to the
other takes no time. Finally, we assume that backlogging is not allowed (i.e., demands
that cannot be satisfied directly from the inventory are lost); hence, the content level
is generated by reflection on the total production minus the total demand (satisfied or
unsatisfied), with O acting as the reflecting barrier.

For background on stochastic EPQ models, Vickson (1986) studied a continu-
ous review, single product stochastic cycling problem with demand modelled as a
Brownian motion process. Recently, Wu and Chao (2013) extend this result to include
a two-dimensional Brownian motion process. Berman and Perry (2001) present an
ON/OFF model with a reflected Brownian motion. Boxma et al. (2001) consider a
fluid system in which during the OFF times the buffer content increases as a piecewise
linear process according to some semi-Markov process, and during the ON times, it
decreases with a state-dependent rate. They derive the stationary distribution, steady
state Laplace—Stieltjes transform and moments of the buffer content. Berman et al.
(2007) study the long-run average performance of a fluid production/inventory model
which alternates between ON periods and OFF periods and derive the pertinent reward
functionals in a closed form.

Further examples on the ON/OFF process come from queueing literature (e.g.,
Kella and Whitt 1992; Boxma et al. 2005; Zhang and Zwart 2012), limited-capacity
industries (e.g., Perry and Posner 2002), service systems, seasonal food products (i.e.,
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ice cream, soup powder) and epidemics in which the quantity of interest is the number
of susceptibles and the OFF period corresponds to mass preventive actions whenever
the number of susceptibles exceed a specific number (Taylor 1968).

An example that the authors are familiar with comes from EL-AL, Israel Airline
Ltd., (www.elal.com). EL-AL has internal workshops that are responsible for the
maintenance of the aircraft. Their activity is to repair the damaged aircraft spare parts.
Huge cost and time associated with switching assembly lines off cause the workshops
to operate continuously in a 24/7 manner. Due to the stochastic nature of the production
(damaged components) and the demand (repaired items) processes, inventories (items
waiting to be repaired) may reach undesirably high levels and can cause a shortage of
repaired items essential for the airlines operations. Thus, each time a predetermined
inventory level is reached, the workshop reduces the inventory level by increasing the
rate of repair.

Another potential application of our study arises from customers which are allowed
to return items to the buffer and negative inventory is not allowed. Inventory manage-
ment with returning items have received a lot of attention in the literature; for example,
Beltran and Krass (2002) experience with a major Canadian catalogue retailer that 30—
40 % of inventory for many fashion items was due to returns, which made this source of
“re-supply” very important. Recently, Shaharudin et al. (2015) study product returns
and recovery management among six manufacturing firms in Malaysia. More exam-
ples of this line of research are Fleischmann et al. (2002) and Pinge et al. (2008).

Our paper is also related to the literature encompasses a compound Poisson demand
(e.g., Shi et al. 2014; Barron et al. 2014) or demand process that is a mixture of
continuous demand and compound Poisson demand (e.g., Kok et al. 1984; Germs and
Foreest 2014). For models based on Markovian decision process see e.g., Song and
Zipkin (1993).

The underlying inventory process studied in this paper can also describe a variety of
interpretations drawn from the contexts of perishable models. There are two types of
perishable inventory models. The first family of models assumes that the quality of the
items is slowly decreases over time; for example, a plant that produces ice-cream (see
Boxma et al. 2014, 2015). The second family is models with obsolescences. Here, the
items might perish at each period with some probability which is typically increasing
over time. Examples of obsolescence models range from avionics and military sec-
tors, high tech products, communications, construction equipment, medical devices,
transportations and supply chain networks [we refer the readers to Tyler (2004), Song
and Lau (2004), Shen and Willems (2014) for more examples].

In this paper we study four types of costs: (i) fixed setup cost; (ii) holding cost for the
inventory; (iii) production cost and (iv) lost demand cost due to the reflection at level
zero. Our objective is to obtain tractable formulas for the appropriate cost functionals.
We focus on the discounted cost criterion using a discount factor 8§ > 0; however,
we also deal with the long run average cost criterion. To the best of our knowledge,
although the related literature is voluminous, our model seems to be more general and
new and has been never investigated in the inventory literature; thus our research dif-
fers. Furthermore, while the afore-mentioned papers involve analytic derivations of the
quantities of interest, we emphasize our study using a more probabilistic approach via
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exit-time results and regenerative theory. this enables a simple derivation of quantities
of interest and obtains easy-to-implement explicit formulas.

Our analysis is based on a combination of a certain martingale technique and an
application of fluid flow theory. The martingale approach was introduced by Asmussen
and Kella (2000) and was frequently used in the study of inventory models, see e.g.,
Kella et al. (2003), Barron (2015), Barron et al. (2014) and Shi et al. (2013) and the
references given therein. Markov-modulated fluid flow models have been an active
area of research in recent years; one of their main applications is to the modeling the
traffic evolution in communication channels. Silva and Latouche (2005) consider fluid
queue with a buffer of a finite capacity where the behavior of the background Markov
process is allowed to change whenever the buffer is empty or when it is full. We use
results of Ramaswami (1999) who initiated an unified matrix-analytic algorithmic
approach to fluid flows, and this was followed by a series of papers by him, Ahn and
others (see Ramaswami 2006; Ahn et al. 2007).

Our analysis enables a simple derivation of quantities of interest and obtains easy-to-
implement explicit formulas. These explicit formulas can then be used for an analysis
of the dependence of the cost functionals on the system parameters, or for optimization
purposes when some of these parameters (e.g., the costs, production rates and the
storage capacity) are taken as decision variables. Through numerical examples we
display the behavior of the costs and present the trade-off between the holding cost
and the lost demand cost as a function of g. We show that the set up and holding costs
are similar to those associated with the classical EPQ model. Finally, our observations
show that the expected discounted total cost appears to be a convex function of g; thus
it is worthwhile for the controller to determine the optimal g in order to minimize the
total cost.

The remainder of the paper is organized as follows. In Sect. 2 we present the
mathematical description of the model and the cost functionals. The crucial tools
of our analysis are introduced in Sect. 3. In Sect. 4 all the cost functionals for the
discounted case derived in closed form. Finally, the long-run average analysis is given
in Sect. 5. We also provide some numerical examples and insights.

2 Mathematical description of the model

We apply similar notations and definitions presented by Barron (2015). Let 7 (¢) be the
fluid level in the buffer at time ¢. The rate of change of the fluid level is modulated by a
CTMC {J(¢) : t > 0} on afinite state space S = {1, 2, ..., n} with a generator matrix
0 =[Qjjl.Letm = [my, ..., m,] be the limiting distribution of the 7 (¢) process, i.e.,
7 is the unique solution to 7 Q = 0, we = 1 (where 0 is a row vector with all 0’s and
e is a column vector with all 1’s). Let v = [vy, v2, ..., V,] be the initial probability
vector of 7 (). We assume /(0) = 0. The process I (¢) can be partitioned into two
parts, I+ (¢) and I~ (¢). The first part of the cycle is the ON period 7 and this period
ends whenever the content level reaches a predetermined level g. The second part of
the cycle, the OFF period T, is the time it takes from 7 until the content level reaches
level 0. Each period is characterized by stochastic inputs (production) and outputs
(demand). However, we assume two sets of production rates { p}, R p,ll} C (0, o0)
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and {p%, R p,zl} C (0, 00) and two sets of demand rates {dll, R d,ll} C (0, o0) and
{d 2, e, d,% } C (0, 00). The rate at which the inventory is filled at time ¢ is determined
by the current environmental state 7 () and the period. During the ON period (OFF
period) and as long as [ (¢) is in state Z, the production occurs continuously at rate
pl.1 ( pl.z), and there is a demand at rate dl.1 (dl.z). The growth rate is the difference of
the production rate and the demand rate, rl.1 = pl.1 — dl.1 (rl.2 = pl.2 — diz). Note that
ril, ri2 i = 1,...,n may be either negative or positive. Let R} = {rll, R r,}} and
Ry = {rlz, cees r,f}. In our model we do not allow backlog; thus when the content level
drops to level O (notice that this event can occurs only during ON periods), it stays
there as long as the environmental growth rate is negative and until the environmental
state changes to some positive growth rate. Furthermore, the behavior of the process

during each period is different; during the OFF period R; satisfies

n
> mir} <0, (1)
i=1

and during the ON period, R; satisfies

n
> mir! > 0. 2)
i=1

A typical sample path of the inventory process is given in Fig. 1.

Note that, (1) is a necessary and sufficient condition for the stability of the OFF
process (see Kulkarni and Yan 2007), while the ON process, with the absence of (2),
is stable due to the reflection at level 0; however, (2) is assumed in order to avoid high
lost demand. We assume that conditions (1) and (2) hold for the rest of this paper.
Note that, due to the stochastic behavior of the process, the content level can exceeds
q during the OFF period.
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Fig. 1 A sample path of the inventory process I (¢)
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Remark 1 The model described above can be easily generalized by assuming arbitrary
initial content level y > 0 (see e.g., Berman et al. 2007). Obviously, the long-run
average cost is not affected; however, it affects the discounted cost. For simplicity, and
since the case of y > 0 can be easily derived from our analysis, we assume y = 0.

Clearly, the content level process is a semi-regenerative process which alternates
between ON periods and OFF periods. Define the following stopping times:

To=0
T,=inf{t >1,:1(t)=0} n=1,2,...
,=inf{tr >T,_1:1(t)=¢q} n=1,2,...

T,,n=1,2,...are the times of switchings from OFFtoON and t,,n = 1, 2, ... are
the time instants of switchings from ON to OFF. Thus, the content level process is a
semi-regenerative process with 7, s are semi-regenerative points. Define the nth cycle
as the time elapsed between 7,,_1 and 7,,n = 1,2,...andletC,, =T, — T—1,n =
1,2... be the nth cycle length. Note that, if the ON periods are deleted from the
sample path and the OFF periods are glued together we obtain a fluid EOQ model
with refillings every time level O is reached.

For the rest of the paper, we use P (E) to denote the underlying probability measure
(expectation), and P; (E;) denotes conditional probability (expectation) given initial
state i € S. E and E; are the corresponding vector expectation and conditional vec-
tor expectation operators. [, P represent a matrix-valued expectation and probability
operators, respectively. We denote by e; a vector with the ith component equal to 1
and all the other components 0, by [ the identity matrix (all of the appropriate sizes)
and by 14, the indicator of an event A.

2.1 The cost functionals

Letus now introduce the functionals representing the various expected discounted costs
in our model, using the discount factor 8 > 0. We will use the fact that the inventory
process is a semi renewal Markov process with 7,5 points as semi-regenerative points.
For the rest of the paperlett = 71, T =T, T'=T—tand C = C;(soC = t+T").
Note that I (¢) is partitioned into two parts, I 7 (¢) (the ON period, the time until 7) and
I~ (¢) (the OFF period, the time that elapses from t until 7'); furthermore, conditioning
on the state at time t and the common background environmental process, the two
process 1+(1)05t5z and /™ (t)r<;<r are independent.

In this paper we consider four costs: (a) the setup cost, (b) the holding cost of
the inventory, (c) the production cost and (d) the unsatisfied demand cost. Our main
objective is to develop techniques enabling us to determine all these costs in closed
form under the discounted as well as under the long run average cost criterion. In the
course of our derivations we will determine not only the cost functionals themselves but
also various other transforms and probabilities describing the inventory level process
that may be of independent interest.
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(a) Set up cost Let k1 be the setup cost to switch from OFF to ON (at time T') and k>
be the setup cost to switch from ON to OFF (at time 7). The expected discounted
set-up cost SCoo(p) is given by

SCoo(B) = VE D (ki exp (—BT,) + kaexp (—BTa)) - 3)
n=1

where v is the initial probability vector. Since I (¢) is a semi-regenerative process,
SCw(B) can be expressed in terms of one cycle:

5Ca(®) = v (1-E (7)) (WE () + B () e @

We use E(e #€) as a shorthand notations for the (n x n) matrix whose ijth
component is given by

[E ()], = £ (" Tooniaimecinprase sy | IO =) . (5)

Similarly, the i jth component of the (n x n) matrix E(e~#7) is given by
[E (e—ﬂr)]ij =FE (e_ﬂtl{levelqhit at time 7 in phase j} | J(0) = i) . (6)

(b) Holding cost The total expected discounted holding cost can be expressed by the
functional

oo

HCs(B) = hE /e*ﬂ’I(r)dt ,
0

where hdt is the holding cost for a unit of stock during the time interval dt.
Revoking the ergodic theorem for regenerative process, we can write H Coo(f) in
terms of the first cycle and have

HCw(p) = hv (1= (7)) [1(8) + B () ha()).

where (n x 1) vectors Hl (B) and Hz (B) are given by

T T’
hi(8) =E /e—ﬂ’ﬁ(t)dt , (B =E /e_'B’I_(t—l—r)dt
0 0
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(©)

(d)

Production cost Let ¢ be the production cost for one unit. Similarly, the expected
discounted production cost PCy(f) is given by

o]

PCo(B) = cE / Pype Pt
0

e (1 _E (e*f’c))_1 B1(8) +E (e P)pa(B).,

where p1(8) and pa(B) are (n x 1) vectors represent the expected discounted
production amount during ON and OFF periods, respectively.

T T’

Pi(f) =E / plePdr], Pap) =E / Pl P
0 0

Lost demand cost In our mode, backlog is not allowed; any demand which cannot
be satisfied immediately is lost. Clearly, there is no unsatisfied demand during the
OFF period. During ON period, once level O is reached the process stays there
until the environment changes to state with a positive growth rate. Assume the
process hits O at state i (for some ri1 < 0), the demand is lost with rate (—ril)
until the environmental state changes. Let wdt be the cost for a lost unit during a
time interval of length dr (w > 0). As a measure for the expected discounted lost
demand cost one can use the functional

o0

UCx(B) = —wE /e_ﬁtr}(t)l{”(t):()}dt
0

T

-1
= —wv (I —E (e’ﬁc)) E /e*ﬂtrb(t)l{ﬁ(z):mdt
0

— wu (1 —E (e_ﬁc))ilﬁ(ﬂ). )

The (n x 1) vector u(B) is the expected discounted production loss during the first
cycle. Notice that the lost demand can be written in terms of the local time process.
Consider the process X (f) = fot rk17(u)du and let L(#) = —ming<,<; X (#). The
process X (¢) represents the inventory level at time ¢ of the unrestricted process
(the process without a barrier at level 0). The process L(¢) is known as the local
time and is a non-decreasing process that increases only whenever I (t) = 0.
Therefore, an appropriate functional for the unsatisfied demand is

T

up)=E /e—ﬁ’dL(t) ) (8)

0
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A simple cost function for the entire system would be the sum, say TC(8), of these
four expected discounted costs:

TCoxo(B) = SCo0(B) + PCoc(B) + HCoxo(B) + UCc (). ©)

The cost functionals E(e=#€), E(e™#7). P1(B). P2(B). hi(B). hy(B) and W(p)
will be derived in Sect. 4. The crucial tools of our analysis are introduced in the
next section.

3 Preliminaries

For the determination of the cost functionals we use two tools: (a) an application
of optional sampling theorem to a multi-dimensional martingale first presented by
Asmussen and Kella (2000) and (b) the matrix-analytic approach and the theory of
Markov-modulated fluid flows initiated by Ramaswami (2006). We summarize them
shortly in order to make this paper self-contained.

3.1 The multi-dimensional martingale

Let {X(z),t > 0} be a right continuous Markov modulated Lévy process with mod-
ulating process {J(¢),t > 0} which is a right continuous irreducible finite state
space continuous time Markov chain. Let {Y (¢),t > 0} be an adapted continuous
process with a finite expected variation on finite intervals and let Z(z) = X(#) + Y (¢).
Asmussen and Kella (2000) have shown, that for such a process, the matrix with
elements E;[e®X®; T (1) = 71 has the form of ¢'X(@ for some matrix K («). Theo-
rem 2.1 in Asmussen and Kella (2000) yields that under certain mild conditions on
{Z(t),t > 0}, the multi-dimensional process

t
M(a,t) = /0 eaz(s)lj(s)dSK(Ol) —+ eaZ(O)IJ(O) — eaZ(Z)IJ(t)
t
+a/ 21 7dY (s) (10)
0

is a (row) vector valued zero mean martingale.

In our model, the inventory content level I (z) is a special case of X(¢) and has
piecewise linear sample paths with slope r} during ON period and r? during OFF
period on intervals where J(f) = j € S; Thus, some of the relevant functionals
in this paper will be obtained by applying the optional stopping theorem (OST) (or
Doob’s optional sampling theorem) to appropriate special cases of (10).

3.2 The fluid inventory model
The conventional Markov-modulated fluid flow (MMFF) process is a fluid input-output

process in which the rates of changes of fluid level are all linear and are governed by
underlying Markov chain with infinitesimal generator Q and state space S (|S| = n).
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10 Y. Barron

Let us partition the Markov chain phases as two sets {51, S»} where S; is the set
of phases with increasing rates and S is the set of phases with decreasing rates
(S = S1U 8, |81 = ny, |S2] = ny). Comfortingly to S; and S, the infinitesimal
On Qn
021 On

the Markov phase is in i € Si, the fluid level increases with rate (slope) r; > 0
and decreases with slope |r;| (for r; < 0) during i € S, (provided the fluid level
is positive). We construct diagonal matrices U; = diag{|r;|,i € S;}, j = 1,2 and
U =diag(U;, Uy) from these rates.

Let F(¢) be the fluid level at time # and .7 (¢) the phase of the Markov chain at time
t; the two dimensional stochastic process {F(t), J(¢),t > 0} is called the MMFF
process. In the analysis of MMFF-related process, first passage times play important
roles. Let o (x) = inf{r > 0, F(¢) = x} be the first passage time to level x and define
the following Laplace—Stieltjes transforms (LST)

generator can be expressed as Q = ( ) During the sojourn time when

WPy =E (770, T@O) = j | FO) =0,TO) =i) ieS, jeS

(1D

[W(B)];; represents the LST of o (0) restricted to the event that the fluid process hits
level O at state j € Sy, given F(0) = 0 and J(0) = i € S;. Ramaswami (2006,
Appendix 1, p. 512) shows how to compute the matrix W () and provides a good
algorithm for this. Let Zt(x, y) (for x > 0, y > 0) be the first passage time of F from
level x to level y avoiding a visit to the levels in [0, a]U[b, co) enroute (note that in the
case of unlimited visit, a and b are omitted). We use the notation Z f(x, y, B) to denote
the matrix of Laplace—Stieltjes transform of the joint distribution of the first passage
time 21(}5, y) and the state of the phase process at each first passage time. Once we
have computed W (), the LST matrix 2f(x, v, B) is straightforward to evaluate. In
the “Appendix”, we present the detailed algorithm to compute W () and the formulas
for other LST matrices. For more details, we refer the readers to Ramaswami (2006).
Regarding our model, each ON/OFF period has one type of rates (R or R»);
hence, given the state at switching epoch and the common environment, the ON/OFF
periods are independent. Thus, we can analyze the inventory content level within
each period independently using MMFF process. Specifically, we consider two fluid
processes F1 (with Q7) and F~ (with Q™) corresponding to the ON and OFF
periods, respectively; we also have the matrices U = diag(U;, U,") and W (B)
(U™ = diag(U, ,U, ), ¥~ (B)) corresponding to the ON (OFF) process. We list
in Table 1 LST matrices for hitting times, that we will use throughout our deriva-

Table 1 LST of first passage times

LST First passage time Matrix size
o_ﬂz(x, 0, B) From (x, S1) to (0, S2) avoiding 0 in F ny X nyp
0.)?22(x, 0, B) From (x, $) to (0, S») avoiding 0 in F ny X ny
Oﬁl(O,x,ﬂ) From (0, S7) to (x, S1) avoiding 0 in F ny X nj
*w(B) From (0, S7) to (0, S2) avoiding x in F ny X nyp
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Performance analysis of a reflected fluid production/inventory. . . 11

tion. As mentioned before, these matrices are straightforward to evaluate once we
have computed W(B) and are given in Ramaswami (2006). Note that, for our model,
each LST matrix should be derived for ON (marked as +) and OFF (marked as —)
processes. For the rest of the paper we do not insert the marks + or — correspond-
ing to ON/OFF processes; it should be clear from the context which of the marks
applies.

Remark 2 In the course of our derivations, we will apply the phase type distribution.
A phase-type distribution with representation (&, g, e, T) is the distribution of the
time to absorption for a CTMC with a finite state space £ and one absorbing state.
ag € [0, 1) is the probability of immediate absorption or the atom at 0; it is omitted
if the distribution has no atom at 0. « is the initial probability vector on the set of
transient states and T is the matrix of transition rates among the transient states. Let
X be a phase type distributed, then

EX)=a (—T—l) e
Mx(B) =ao+a (B —T)~' T°
where My (B) is the Laplace—Stieltjes transform of X and 7% = —Te.
In this paper, for any matrix B, we shall denote its elements by (B);; or by [B];;
and reserve the notation B;; for the sub-matrix of B with row indices in S; and column
indices in S ;. Furthermore, for matrices A and B we use the shorthand notation (A, B)

to denote the matrix obtained by stringing the matrix B after the matrix A (obviously,
A and B have the same number of rows).

4 The discounted model

Let us now derive the seven functionals indicating the expected discounted costs in
our model using a discount factor 8 > 0.

4.1 Setup cost functionals

In order to obtain the setup costs we have to derive the (n x n) matrices E(e~#7) and
E(e~FC) [see (5), 6)].

4.1.1 The matrix E(e=87)

Let E(e’ﬁf) be an (n x n1) matrix whose ijth component is the LST of the time to
reach level ¢ in phase j € S, given initial phase i € S. Since time t occurs only for
states in S1, E(e~#7) has the form of

E(e7P%) = (E (e 777, 0(uxnn)) (12)
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12 Y. Barron

where 0, is a shorthand notation for an (a¢ x b) matrix with all entries equal to O.
For convenience, we will drop the size (a x b) and apply 0 in the cases that were
previously mentioned (instead of 0, ).

Now, for the derivation of E(e‘ﬁ ™) we introduce two similar LST matrices which
differ only with their initial environment: (i) an (n; X n1) matrix ﬁ 1(0, g, B) whose
i jth component (ﬁl (0, g, B))ij represents the LST of the time until the content level
hits ¢ in state j € S, given I (0) = 0and J(0) =i € S; and (ii) an (n2 X n1) matrix
ﬁl (0, g, B) whose ijth component (.)"51 (0, g, B))ij represents the LST of the time
until the content level hits ¢ in state j € Sy, given /(0) =0and J(0) =i € 5.

Proposition 4.1 The matrix ﬁl ©,q, p) and El(O, q, B) are given by

F110,9,8) = 0/1100, ¢, B) + W(B) (Bl — 022)" Q21 1100,9, ) (13)
510,49, 8) = (BI — 02)" 021 /11(0, ¢, B). (14)

Proof Assume I(0) = 0, 7(0) € Si. There are two scenarios to reach level g > 0.
In the first scenario, I (¢) hits level g avoiding 0. Applying the fluid parameters and
Table 1, the LST matrix of that time is oﬁl(O, q, B). In the second scenario, I(t)
drops to level 0 before reaching level ¢ (with LST matrix 4W(8)). Once the process
hits level 0, it stays there for a phase-type distributed time with transition matrix Q2>.
Thus, (81 — Q22)~ ' Q2 is the expected discounted time until exiting from level 0
with environmental in S;. From that point, the process starts again from level 0. The
proof of (14) is similar. m]

The matrix E(e#7) is given by

& (,—FT) ﬁl(o,q,m)
B ) (f21(0,q7/3)' (15)

Substituting (15) in (12) returns E(e~#7).
Notice that substituting 8 = 0 in (12) and (15) returns the (n x n) probability

matrix .
/110, g, 0)) )
E(1 = = ,0). 16
(17w) ((le((),q,o) (10
The ijth component of [£(1 7)) is the probability that the ON process hits level g at
state j given J(0) =i € S.

4.1.2 The matrix E(e"gc)

Given the state at time 7, the ON period and the OFF period are independent. Thus,
regarding C = 7 + T’ we obtain

E (e_ﬂc) =E (e_ﬂf) E (e_ﬁT/) .
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Performance analysis of a reflected fluid production/inventory. . . 13

E(e #7)is given by (12). Let ﬁ(e_ﬂT/) be an (n X ny) matrix whose i jth components
is the LST of the time to reach level O in phase j € S», given 7 (0) =i € S, 1(0) =gq.
Since time 7" occurs only for states in Sy, E(e #7") has the form of

E (e—ﬂT’) = (o(nx,,,),ﬁ (e_ﬁT/)) . (17)

It is easy to see that the matrix ﬁ(e_ﬂT/) is given by

=( g1\ _ oﬁz(Q:O,ﬂ))
E(e )‘(ofn(q,o,ﬂ)' (18)

where 0]?12 (g,0, B) and ofig (g, 0, B) are given in Table 1, with g replacing x. Notice
that substituting § = 0 in (17) and (18) returns the (n x n) matrix

B f12(¢,0,0)
E(IJ(T/)) = (0, (ﬁz(c], 0. O))) . (19)

The ijth component of E(1; (7)) is the probability that the OFF process hits level

0 at state j given J (1) = i.
Substituting (12) and 17) in (4) leads to the expected discounted set-up cost.

4.2 Holding cost
We start with the derivation of the (n x 1) vector Hl (B), the expected discounted
inventory level during the ON period. Recall that since we are now dealing with the

ON period, for all the matrices in Table 1 we have to add the index + and use the
corresponding matrices associated to F(t).

4.2.1 Hl (B) Functional

T
The basic tool we use to derive E( f e P IT(1)dt) (and all other the required integrals,
0

here and in the following sections) is optional sampling theory (OST) to the Asmussen—
Kella multi-dimensional martingale, as introduced in Sect. 3.1. Consider the process

t
X(1) =/ I"j(u)du 0<t<rt
0
X(0) =0 (20)

as defined in Sect. 2.1(d). Chapter XI, p. 311 of Asmussen (2003) yields that

E; I:eaX(l); J() = j] _ (etK(a))

ij

@ Springer



14 Y. Barron

where
K@) =0+ aU. 21

(specifically, K (a) = QT +aU™ and QT, U™ are given in Sect. 3.2).

Recall that L(#) = — ming<,<; X (1) is the local time and let Z(¢) = X (t) + L(¢).
It is not difficult to see that the latter process up to time , i.e., (Z(f))o<;<r, has the
same distribution as (I (¢))o<;<r. Finally, define Y (¢) = L(t) — (B/a)t, for arbitrary
B>0anda <0,and W(t) = X(t) + Y(t) = Z(t) — (B/a)t. Since Y is adapted
and has paths of finite expected total variation on bounded intervals, Theorem 2.1 of
Asmussen and Kella (2000) yields that the process

Mo t) = (Ml(a, 0. M2, ). ... M"(a, r))T

t
= /eaw(”)lj(u)duK(ot) + €aw(o)1j(0) — eaW(t) lj(t)
0

t

+a /eaw(“)lj(u)dY(u)

0
t

= /eaZ(u)—ﬁulj(u)du (K (Ol) - ﬁ[) + EQZ(O)IJ(O) - eaz(t)_ﬁtlj(,)

0
t

+a / e "1 7(,d L(u) (22)
0
is an n-row vector-valued zero mean martingale. Here 1 7(,) denotes the (1 x n) vector

Ly = Qo= - > Lgm=n))-

Recall that E is the matrix-valued expectation operating on n-row vector random
variables like M («, t) whose (i, j) component is the conditional expectation of the jth
(j € S) entry given J(0) =i € S. For example, [E(M(c, 1))];,; = [E(M!(a, ];.

The OST yields E(M («, 7)) = E(M(«, 0)) = 0,

T

e /eaZ(u)_ﬂ”J(wd” = []E (eaz(r)_ﬂrlﬂr)) —E (eaz(o)lﬂo)) (23)
0

—aFE (je_ﬁ“lj(u)dL(u))i| (K@) —pDH~".
0

Since J(0) =i € Sand Z(0) = 0 we obtain E(e*%V1 7)) = I. Applying Z(z) = ¢
and the fluid method yields

E (e“z(”_ﬂfl j(,)) = e (¢ F7) (24)
where E(e~#7) is given by (12).
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Performance analysis of a reflected fluid production/inventory. . . 15

To finish the computation of (23), we have to derive the (n x n) matrix
T

E( f e Pl JadL(u)), which is the expected discounted lost demand until time 7.
0

First, we assume that the process starts at level 0 with environment in S, and derive
the expected lost demand until first exiting from 0. Notice that a loss occurs only during
states in ;. For that, we introduce the (n, x n,) matrix Y (8) whose i jth component,
T;;(B), is the expected discounted loss in state j € S, until exiting level 0, given that
the process starts at level 0 with state i € S>. T () is given by

£
Y(B) =-E /re—ﬁ’dt +E () Pr1(B). (25)
=0

Note that once the inventory process hits 0 in state i € S, it stays there for an

£
exponential random time &; with parameter — Q2 (i, i). The matrix —E( f re Pldr)is
t=0
an (ny x ny) diagonal matrix represents the expected discounted loss during time &;; its
(ii)th component is given by —% (1 + %) . From that point, with probability
02, j)

the state changes to j € S», and the expected discounted loss from state j

—02(,0)°
is 1j; (B). Thus, E(e=P%) is an (ny x ny) diagonal matrix whose (ii)th componerllt‘is
given by 5~%2E0 and Py s an (n x n2) probability matrix with (Py);; = 22201

fori # j and O otherwise.
Now, we apply T (8) to the derivation of the loss until time 7. Since the lost demand

T
occurs only for states in >, the matrix [E( f e Pr1 JwdL(u)) has the form
0

T

E / e P17,ydL@w) | = (0,L(B)) (26)

0
where f(ﬂ) is an (n X n2) matrix whose ijth component is the expected discounted
loss in state j € S until t, given J(0) =i € S.LetL{(B) be an (n] x ny) sub-matrix

of f(ﬂ) includAes all rows corresponding to states in S and fz (B) be an (ny x ny)
sub-matrix of L.(8) includes all rows corresponding to states in S such that

~ (LB
L(B) = (fz(ﬂ))‘ 27)

Proposition 4.2

~ -1
Lip) = (1= ") (BI - 07" 021)  "W(BHT(B)
La(8) = T(B) + (B1 = 02)~' QuLi(p) 28)
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16 Y. Barron

Proof Assume J(0) € ;. fl(ﬂ) satisfies the following equation

LB = we) (TP + B - 027" 0uLi()). 29)

Lost demand occurs when the process drops to level 0 avoiding g. The LST of that
event is YW (). From that point, by the proof of (25), Y(B) is the discounted lost
demand. The term (81 — sz)’] Q> is the discounted time until exiting level 0 with
environmental state in S7 and starting again with LST i:l (B). Solving (29) for i:l B)
yields (28). The matrix iz (B) has a similar proof. O

Substitute (26) and (24) in (23), multiply by e returns

T

E / 2By | = (9B (e7P7) = I — o (Opny, L(B))) (K (@) — B e

0
(30)
Taking the derivation of (30) with respect to @ and setting o = 0 leads to
hi(B) =E /e*ﬂ”fr(u)du =E /e*ﬂ”Z(u)du
0 0
d —~

= 5 [EUB )~ 1 = O T®)) (K@) = pD7e]|

= (qE (e77) = I = (Ouxny. L(B))) (@ — BD) ' e — (E(e7F7) — 1)
— BN Ue. 31)

which is the expected discounted inventory level during the ON period.

4.2.2 ho(B) Functional

In order to finish the holding cost we have to find the (n x 1) vector Hz(,B) =

T’

E( f e P'I=(1)dt). Recall that since we are now dealing with the OFF period, for

all Othe matrices in Table 1 we have to add the index (—) and use the corresponding
matrices associated to F~ (¢). The OFF period stars at time 7. We shift the time origin
to 7 so that the OFF period starts at time 0. Consider X (¢) similar to (20) but with 0~

and U~ and X(O) = q. Clearly, the latter process up to tlme T, ie., (X(t))0<t<T/ has
the same distribution as (1 (t))o<;<77. Let W(t) = X(t) + Y(t) with Y(t) = —(B/o)t,
for arbitrary B > 0 and o < 0. Applying the optional sampling theory to the multi-
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Performance analysis of a reflected fluid production/inventory. . . 17

dimensional martingale (22) with T’ replacing t we obtain

T/

E /eaf((s)—ﬂsds _ []E (ea?((T’)—ﬁT’lj(T/)) _E (ea)?(o)lj(o))]
0
x (K(a) — B e. (32)

Substituting X (0) =g and X (T") = 0 returns
E (eoti(O) IJ(Q)) = eo‘ql
E (ea? (T)-pT'q j(T,)) ) (e*ﬁT/) (33)
where E(e™# T/) is given by (17). Substituting (33) in (32), take the derivative with
respect to « and let « = 0 leads to

T/
h(B) =E /e—ﬁw(s)ds

0

_ 2 f12(9.0.0)\ _ aq) o ]
- O [((0’<f22(q,0,0))) ) (K(a) =BI) e .

= —ql(Q—BD " e— ((0, (%ﬁﬁz 8’ 8;)) - 1) (Q — B2 Ue.
(34)

4.3 Production cost

The expected discounted production vector costs p1(8) = E( for e hs p 37(S)ds) and

P2(B) = E(fOT/ e’ﬂsp‘zj(s)ds) (of order (n x 1)) can be easily derived as follows.

For the derivation of p; (8) (ON period), let CT, C;r and C* be diagonal matrices as
follows:

Ct = diag {p),i = Sj}, =12
Ct =diag (C},C3). 35)

Let E(fot e‘ﬁslj(s)ds) be an (n x n) matrix whose (i, j) component represents
the expected discounted time in phase j € S given I(0) = i € S. Clearly, p;(8) is
given by

Pi(B)=E (/ fﬂsl](s)ds) Ce,
0
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18 Y. Barron

Applying (23) to get

E /e“Z“)—ﬂSlJ(S)ds = (e®E (e PT) — I —a (0,L(B))) (K (@) — )"

0
(36)

Substituting o = 0 yields

E /e_ﬁslj(s)ds = (E(e) =) (@ -pn"". G7
0

Now multiplying (37) by the vector CTe returns the expected discounted production
cost, p1(B), for the ON process.
Regarding P> (B) and similar to above, we apply (32) to get the (n x n) matrix

.
E / e X0 gigds | = [E (X5 ) — B (X015 )]
0
(K(@)—BD~!
— (E (e—ﬂT’) - eaw) (K@) — gD)~". (38)

Now, define C~, C7, j = 1,2 as in (35) with p; replacing p;. Substitute & = 0
in (38) and multiply by the matrix C~ we obtain the expected discounted production
rate for the OFF process

”
p2(B) =E /e_ﬁslﬂs)fls Ce= (]E (e‘ﬁT/) - I) (K(0)—BI)~' Ce.
0

4.4 Loss cost

To end our discounted analysis, we need to derive the (n x 1) expected discounted

T
production loss vector u(8) = E(fe_ﬂ’dL(t)).
0

Corollary 4.1 It is easy to see that W(B) = i(,B)e.

We summarize the main computation steps of the performance measures for the
discounted case:

1. Computi W (B) and the L§T matrices (see Table 1).
2. Obtain f11(0, ¢, B) and f>1(0, g, B) using (13) and (14).
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Performance analysis of a reflected fluid production/inventory. . . 19

3. Compute E(e#7), E(e#7) and E(e #C) [Eqs. (12)~(18)] which leads to
SCoo(B). ~ ~

4. Applying (31) and (34) returns h;(8) and hy(8) which leads to HCx(8).

5. Applying (37) and (38) to obtain p;(8) and p2(8), and thus PCso(B).

6. Finally, Corollary 4.1 returns u(8) which leads to UCxo(B).

Example 1 We consider a Markov chain withn = 4 states with the following generator
matrix

-7 15 25 3
3 -9 2 4

0=, 4 9 3
4 3 2 -9

As initial probability vector we take v = (0.2, 0.3, 0.35, 0.15). We take the following
basic values for the parameters:

B=001, ki=5 k=5 ¢=3, h=1 w=1

Let y1 and y» be the average growth rates (in short, drifts) of the ON and OFF
periods, respectively, i.e.,

n n
y1:Zn,~riI > 0, J/z:zmri2<0
i=1 i=1

We assume y» = —0.214. Let y; vary in {0.207, 0.48, 0.69, 0.96} (by changing the
production rates during the ON period) and g vary in {1, 2, 3, 4, 5}. We determine the
expected discounted setup, holding, loss and total cost. We do not reproduce lengthy
tables of calculated values (which could be easily done, but is not very illuminating);
instead we present our results in terms of graphical displays. Figures 2, 3 and 4 shows

Fig. 2 The expected discounted 170
setup cost, SCoo (B)

120

70

0.46 E
ON drift ¢.46

0.86
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20 Y. Barron

Fig. 3 The expected discounted 2703
holding cost, HCoo (B) N
220y
1703
1209

ON drift
0.66 J,y;,'

0.86

Fig. 4 The expected discounted
loss cost, UCx (B)

2.4

1.9
14

0.9

0.5%%%

0.46
ON drift 0.66

SCoo(B), HCoo(B), UCx(B) and TCo(B) as functions of y; and g, respectively. We
see that SC (B) decreases as a function of ¢ and almost unaffected by y;. Figure 3
shows that HC, () increases as a function of both y; and ¢; however, UC« () has
an opposite behavior, since increasing production rates or increasing g decrease the
number of drops to level 0 and cause less loss. In Fig. 5 we see that the total cost
increases as a function of y; and appears to be a convex function of ¢; thus we can
conclude that for each y; there is an optimal ¢ which minimize the total cost. Notice
that, the behavior of SCso(B), HCx () and TCso(B) as a function of ¢ is similar to
those associated with the classical EPQ model.

Furthermore, since we see that the expected discounted total cost appears to be a con-
vex function of ¢, we have been carried out additional numerical checkings and present
in Table 2 the optimal value ¢* and TC}_(B) for y; vary in {0.207, 0.48, 0.69, 0.96}.
We can see that the optimal value ¢* and the optimal discounted total cost T C} ()
increase in y;.
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Fig. 5 The expected discounted
total cost, TCoo (B)

Table 2 ¢* and TC%, (B) for y; .

vary in {0.207, 0.48, 0.69, 0.96} /! q TC ()
0.207 1.6 457.96
0.48 1.69 493.006
0.69 1.74 511.216
0.96 1.78 524.768

5 Long run average analysis

Let TC(t) be the total cost until time ¢. We are interested in the long run average total
cost per time unit:

— TC(t
TC = lim C().

t—>o0 t

Regarding T, let 7, = J(T,),n = 0, 1, ... be the environmental state at 7}, (at the
beginning of each cycle). Notice that (7, T,,) is a Markov renewal process, and the
content level process I (¢) is a semi-regenerative process with respect to (J,, 7). Tn/s
are semi-regenerative points of the process. Thus, the process 7, n =0, 1,2, ...isan
irreducible positive recurrent Markov chain; we denote its transition probability matrix
by P*. Let * be the corresponding stationary probability vector. 77 * is determined by
the following equations:

7* =1"E (17¢0)) E (17(r1))
e =1, 59

where E(1.7(r)) and E(17(77)) are given in (16) and (19), respectively.
The long run average cost 7C can be derived from 7Cy(8) by a well-known
procedure
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22 Y. Barron

TC = 51im0ﬂTC(,3) =8SC+HC+PC+UC

where on the right side we have the long-run average costs of the set-up, holding stock,
production and unsatisfied demand, respectively.

Let N(t) be the number of cycles until time 7, i.e., N(t) = sup{n > 0 | Tp +
-+ + T, < t},t > 0. Following Asmussen (2003), Chapter VI, Theorem 3.1 and
Chapter VII, Proposition 5.2, the four long-run quantities can be given in terms of the
first-cycle functionals as follows:

— . Nkt + k) ki +k
lim =

SC= lim_ ; =50
t C
hE (f I(s)ds) hY, mE; (f I(t)dt)
R ) 0 _ 0
HC= lim ! - E(C)
_ hr* (01(0) + E(1 7)) (0)
- E(C) '
t C
cE (f PJ(s)ds) ¢ mE; (f PJ(t)d’)
J— . 0 _ 0
PC= lim ! - E(C)
e (31(0) + E(l7(+))2(0))
- E(C)
wE (} dL(s))
TC = lim 0 B wr*u(0) _ wr*E(L(7))
R t - t - EWC)

Note that E (C) denotes the steady-state expected value of C. Clearly, E(C) = 7*E(C)
where E(C) is an (n x 1) vector whose ith componentis E; (C) = E(C | Jp =i € S].

To apply the above equations we have to compute h1(0), hy(0), P1(0), p2(0),
E (L(1)),E(C) and 7*.

5.1 Long-run average inventory level
In order to derive El (0) set B = 01in (23) leads to

T

E /eaZ(u)du _ [E (eazu)ljm) _E (eazw)lj(o))

0
T

—aE /lj(u)dL(u) K(a) e (40)
0
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Applying Z(t) = q leads to the (n x n) matrix
£ (eaz(f)lfm) = "B (L)) -

Clearly E(e*?@1;()) = I. For the final term, set 8 = 0 in (26)—(28). Notice that
once the process drops to level 0, it stays there for a phase type distributed random
variable with transition rate matrix Qy,. Thus

T0) = (—0x»)".

(for a proof, see Latouche and Ramaswami 1999, Theorem 2.4.3). Now take the
derivation of (40) with respect to o and set @ = 0. However this is not possible as
K (o) is singular at « = 0. Instead we have to use (23) to conclude that

T

% [(“E (15¢)) = 1 = (0.LO)) K@ 'e| — E /Z(u)du (41)
0

as « —> 0 through values for which K (&) is non-singular. Relation (41) amounts
to applying L’Hopital’s rule in order to determine the (n x 1) vector h;(0) =
T T

E([Zw)du) = E([T* (u)du).
0 0

For the derivation of Hz (0) and similar as above, substituting 8 = 0 in (32) leads to

T/

il ~

a_(x [(E (IJ(T’)) — eaql) K(a)fle] —E /X(s)ds (42)
0

as o — 0 through values for which K («) is non-singular. Applying L’Hopital’s rule

T T
determines the (n x 1) vector hy(0) = E([X(s)ds) = E([I~(s)ds).
0 0

5.2 Long-run average production rate

To compute P; (0) set 8 = 0 in (36). Then, we would like to set o« = 0; however, this
is not viable, as det K (0) = 0. Instead we have to use (36) to conclude that

¢ E (170) — I —a (0,L0) K@) 'Cte — E | [ 174ds (43)
J () J(s)
0

as o —> 0 through values for which det K (0) # 0. Relation (43) amounts to applying
T

L’Hépital’s rule in order to determine the vector p;(0) = E( f 17(5ds).
0
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Similarly as above, set 8 = 0 in (38) returns

T/
F /ea)?(s)lj(s)ds — (E (IJ(T’)) _ eaq [) K(O[)71 . (44)
0

By setting « — 0 and applying L’ Hopital’s rule we obtain P, (0).

5.3 Long-run average lost demand

u(0) has been defined as the (n x 1) vector whose ith component, (W(0));, represents
the expected total demand loss until time 7 given Jy =i € S, i.e,,

T

6(0) = E /dL(t) =E(L(7)). (45)
0

Corollary 5.1 It is easy to see that u(0) = L(O)e.

Remark 3 Notice that L;(t), the total demand loss until time 7 given Jyp =i € S,
has a phase type distribution with representation

[PH (S2. €i 0.f11(0. . 0)e. &; 7W(0), Q22 + 021 T¥(0)) i €S ]
PH (82, 0,¢;, Q2 + Q21 9¥(0)) eS|’

The proof is as follows. We distinguish between two cases: (i) i € S; and (ii) i € S>.
In the first case ¢; oﬁ 1(0, g, 0)e is the probability of no loss. According to Table 1,
e; 170 (0) is the probability vector to hit level 0 avoiding ¢. From that point on, there
is a demand loss for a time period that has the same distribution as the time to absorp-
tion in a CTMC with transition rate matrix Qs + Q71 9¥(0). (The rate matrix Q2>
refers to internal rate changes; the matrix Q2 is the rate matrix to exit level 0 and
with probability ¥ (0) the process returns to O avoiding ¢.) For the second case, the
inventory process starts with lost demand; thus the probability of no loss is 0. The rest
of the proof is similar.

5.4 The expected cycle length

Regarding E(C) = E(t)+E(T"), let E(7) be the (n x 1) vector whose i th component
is E;(t) = E(t | Jo = i) and, similarly, let E(T") be the (n x 1) vector whose ith
component is E;(T") = E(T' | J(t) = i). Obviously,

E(t) = n*E(7)
E(T')=n"E(17q) E(T). (46)

Finally, we will determine E(t) and E(T").
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5.4.1 The expected ON period length

In order to obtain E;(z) (hence, we apply the quantities associated with FT(z)), we
use the notation of (20) and (21) and apply the method introduced in Asmussen (2003),
Sect. XI, pp. 312-313. The matrix K («) [see (21)] has a real eigenvalue k(«) with
maximal real part (c.f. Asmussen 2003, Chapter XI, p. 312). The corresponding left
and right eigenvectors v* and h* may be chosen with strictly positive components.
Moreover, without loss of generality, it can be assumed that v*h® = 1, and that
7h® = 1 where 7 = vVis the stationary distribution of 7 (¢) and h° is a column
vector of 1’s. Let h’ be the derivative of h* at @ = 0. Corollary 2.6, Chapter XI, p. 313
of Asmussen (2003) implies that for any stopping time t with E;(t) < oo,

E/(X(0) = K OE @) + b} — Ei (W) 7)
By Corollaries 2.7 and 2.8, Chapter XI, p. 313 of Asmussen (2003):
KO => mrl. (48)
ieS

To find the vector h’ we apply the same technique as in Asmussen and Kella (2000,
p- 385). We start from
k(e)h® = K (@)h”. (49)

Take the derivative of (49) with respect to «, let « = 0. Furthermore, use k(0) =
0,h® = ¢, K’(0) = U and K(0) = Q. This yields
k' (0)e = QW' + Ue. (50)

Note that 7h* = 1, so that 7h’ = 0. Subtracting erh’ = 0 from the two sides of
(50) shows that
W = (0 —en) ' [K(0) —Ule. (51)

Now notice that Z(t) = X (t) + L(z) where L(t) represents the lost demand until
time ¢. Thus, applying (47) we obtain

Ei(X (1)) = E{(Z(1)) — Ei(L(x)) = K'(0)E;(v) + h} — E; ( :7(,)) ; (52)
where

Ei(Z(v)) =¢q
El' (h:7(r)) = eiIE (IJ(T)) h,. (53)

For the derivation of E;(L(t)) see (45). Substituting (53) in (52) , we obtain the
(n x 1) vector of expectations

_ge—u(0) — h +E1yq)h

7o) (54)
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5.4.2 The expected OFF period length

We shift the origin time to t and assume J(t) = i € S. Consider }?(I)OgST’ as
defined in Sect. 4.2.2 but with X (0) = 0 (clearly with the quantities associated with
F~(t)).Itiseasy to see that {)?(t)}oftgr has the same distribution as {1 (1) —q}o</<7"-
Applying again the method of Sect. 5.4.1 to derive E;(T’) leads to

E; (R (1)) = KO (T') + i = E; () (55)
with
K0) =D mrl.
ies

W =(Q—en) ' [K(O) —UJe.
In a similar way we obtain

Ei (X (T') = —q

E%Mﬂﬂ)qu@JWth (56)
Substituting (56) in (55) leads to the (n x 1) vector of expectations

. —qe — h/ —E (1\7(7‘/)) h/

E(T') = 7o) (57)

Substituting (57) and (54) in (46) returns the average cycle length.
We summarize the main computation steps of the performance measures for the
average case:

1. @plying (39), (54) and (57) to obtain 7*, E(t) and E(T"); then derive E(C) and
SC.

2. Using (41) and (42) to obtain h; (0) and h(0); then compute HC.

3. Similarly, use (43) and (44) to obtain p;(0) and p»(0) which leads to PC.

4. Finally, Corollary 5.1 and (27) leads to u(0) and UC.

Example 2 We consider the same data as in Example 1. This time we vary ¢ in
{5,7, 10, 12, 15}. Figures 6, 7 and 8 presents the average production cost PC, the
average ON period length E (7) and the average OFF period length E(T"). As expected,
PC increases as a function of both y; and ¢. Figures 6 and 7 shows that both E(7)
and E(T') increases as a function of ¢; however E(t) decreases as a function of y;
and E(T') almost unaffected by y; since increasing y; does not affect on the OFF
functionals.
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Fig. 6 The average production

cost, PC 233
183
133

ON drift 0.46
0.66

15

Fig. 7 The average ON period
length, E(7)

ON drift 0.4,
0.66

0.86
15

Fig. 8 The average OFF period
length, E(T")

ON drift 0.66

0.86
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Appendix

In this “Appendix” we introduce the algorithm developed in Ramaswami (2006) for the
computation of the matrix W () associated with the MMFF process (F(¢), J (), t >
0), as described in Sect. 3.2. Let o (x) = inf{t > 0, F(t) = x} be the first passage
time to level x and define the following LST

Wy =E (770, T@O) = j | FO) =0,70) =i) i€Si, jeS
(58)
[W(B)];; represents the LST of o (0) restricted to the event that the fluid process hits
level O at state j € S, given F(0) = 0 and J(0) = i € §;. Ramaswami (2006,
Appendix 1, p. 512) shows how to compute the matrix W(f) and provides a good
algorithm for this. The algorithm for W () is given as follows.
For A > 0, let

1
Po=-U"'Q0+1
A
where U and Q define in Sect. 3.2. Choose (fixed) positive numbers A and § such that

A > max {_[U_IQ]ii}

LES

R
max[#U‘l} <éd<1, and

ieS i

max [PA — @U‘l] >0

ieS ii

Define the matrices

0 0
A2(B. 1) = (o AU (BI +2w2)—1)
Al(ﬁ,/\)zAU(ﬂI+AU)‘1( o9 )

1
3P 5P»

py—2ut P
Ao(ﬁ,?»)=( g 52)

where A = diag(Aljs,|, 211s,)) and P = P;. Consider now the following algorithm.
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Algorithm

Fix € > O and setdiff = 100;

H™(1, 8,3) = (I — A1(B. )" Ao(B. 1);

L™(1,B,4) = (I — A1(B, )" Ax(B, A);
G*™(1, B, 1) = L™ (1, B, 1);
T(1) = H*™(1, B, 1);
Dowhile(diff > ¢€)

k=k+1;

U*k,B,\)=H*k—1,8, )L™k —1,8,1)

+ L*k—1,8,)H™*™(k —1, 8,1);

M = (H™*(k — 1, B, M)%;

H**(k, B, A) = (I — U**(k, B, 1))~ M;

M = (L*(k — 1, B, V)%

L**(k, B, 2) = (I — U™k, B, 1) "' M;

Gk, B, 1) =Gk —1,8,A) +T(k—1)L*™(k, B, A);
T(k) =Tk — DH™* Kk, B, 1);

diff = max {[G**(k, B. M1jk — [G**(k — 1, B, M1k}

end
V() = G5k, B, NGk, B, ).

Once we have computed W (), the LST matrix of other hitting times are straightfor-
ward to evaluate; we list these matrices and their sizes in Tables 3 and 4. All matrices
have nice probabilistic interpretations. For more details see Ahn et al. (2007).

The following LSTs of first-passage times are needed in our analysis:

Table 3 Transform matrices

Quantity Matrix size
KB =U Q1 — D+ V(AU 02 ni X ny
H(B) = Uy (02 + 021¥(B) ny x ny

E(B,x) = W(B) [ig.p TPV W5 Q)X BVdy  nyxmy

Table 4 LST of first-passage times

LST First passage time Matrix size

Oﬁz(X,O, 8) = lll(ﬂ)eH(ﬁ)x From (x, S1) to (0, S7)

. 1e . np xXnp
avoiding 0in 7
e F ,8)t0 (0, S
0F2(x.0, ) = H B rom (x, $2)10 0, $2) ny xn
avoiding 0in F
~ Fi t
0/110.x, ) = KB 4+ B, 2))"! rom (0, S1)to (x, S1) ny xny
avoiding O for 7
—~ From (0, Sp) to (0, S)
TWB) = W) — 0/11(0, x, Byw (el B ! g ny X ny

avoiding x for 7
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