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Abstract This note concerns discrete-time controlled Markov chains driven by a
decision maker with constant risk-sensitivity . Assuming that the system evolves on
a denumerable state space and is endowed with a bounded cost function, the paper
analyzes the continuity of the optimal average cost with respect to the risk-sensitivity
parameter, a property that is promptly seen to be valid at each no-null value of A.
Under standard continuity-compactness conditions, it is shown that a general form of
the simultaneous Doeblin condition allows to establish the continuity of the optimal
average cost at .. = 0, and explicit examples are given to show that, even if every state
is positive recurrent under the action of any stationary policy, the above continuity
conclusion can not be ensured under weaker recurrence requirements, as the Lyapunov
function condition.
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1 Introduction

This work is concerned with discrete-time Markov decision processes (MDPs) evolv-
ing on a denumerable state space. Assuming that the cost function is bounded and that
the controller has a constant risk-sensitivity coefficient, denoted by A, the performance
of a control policy is measured by the corresponding A-sensitive average cost criterion.
In this context, the continuous dependence of the optimal value function J*(1, -) on
the risk-sensitivity parameter is analyzed. As it is shown in Sect. 2, under the sole
condition that the cost function is bounded, the mapping A — J*(A, -) is continuous
at each no-null value of A but, for a general transition structure, the continuity at A = 0
is not guaranteed, a fact that leads to consider the main problem studied in this work:

e To determine conditions on the transition law ensuring that, for every state x, the
optimal A-sensitive average cost J* (A, x) is a continuous function of A at zero.

This problem is interesting by itself, but an additional and strong motivation for its
analysis stems from a fact recently presented in Béuerle and Rieder (2013). In that paper
it was proved that, for strictly positive costs, the average index with respect to the power
utility U (x) = x? coincides with the classical risk-neutral average criterion, which
corresponds to the (identity) utility function V (x) = x; in this direction, it was shown
in Cavazos-Cadena and Herndndez-Hernandez (2015) that the same occurs for the
logarithmic utility, so that very different utilities render the same optimal average cost.
An explanation for this phenomenon was given in the aforementioned paper, where
the main result, established for finite models with positive costs, can be summarized
as follows: For a general utility function U (x) assume that U”(x)/U’(x) — Ay € R
as x — oo. In this case, if the mapping A +— J*(A, -) is continuous at Ay, then
the optimal average cost with respect to the utility function U coincides with the
optimal average index J*(Ay, -), which is associated to a controller with constant
risk-sensitivity Ay . This last result provides a strong motivation to study the problem
posed above, since the case Ay = 0 is common in applications (Stokey and Lucas
1989). As it will be mentioned later in this section, the analysis of the main problem
naturally leads to consider other interesting questions, which are related with the
recurrence—communication properties of the transition law.

The study of Markov models endowed with a risk-sensitive average criterion can be
traced back, at least, to the seminal paper by Howard and Matheson (1972). Assuming
that the controller has constant risk-sensitivity, in that paper finite and communicating
models were studied via the Perron—Frobenius theory of positive matrices, and the opti-
mal average cost, as well as an optimal stationary policy, were obtained form a solution
to the risk-sensitive average cost optimality equation; this technique has been recently
applied in Sladky (2008) to study finite models with general communication structure.
A different perspective of analysis uses ‘the discounted approach’, which is based on
contractive operators whose fixed points are used to generate convergent approxima-
tions to a solution of the optimality equation. For denumerable models, the discounted
technique was combined with game theoretical ideas in Hernandez-Herndndez and
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Marcus (1996), and with the total cost criterion in Cavazos-Cadena and Fernandez-
Gaucherand (2002). For models with Borel state space, the discounted method is the
main instrument in Masi and Stettner (1999, 2000, 2007), or Jaskiewicz (2007). In
all of these papers it is assumed that the controller has constant risk-sensitivity; for
a general utility function, risk-sensitive criteria were recently analyzed in Bauerle
and Rieder (2013), and applications of MDPs to financial problems are presented in
Biuerle and Rieder (2011).

Besides standard continuity-compactness conditions, the main structural require-
ment used in the paper is a general form of the simultaneous Doeblin condition, under
which a given stationary policy may have several recurrence classes, but in such a case
it is possible to travel form one class to another under the action of a different policy;
see Assumption 3.1. In this context, the main result of the paper, which is stated as
Theorem 3.1, establishes that, for every state x, the optimal A-sensitive average cost
J*(A, x) is a continuous function of the risk-sensitivity parameter at . = 0; also,
examples are given to show that (i) the continuity result is not valid for a general tran-
sition law, and (ii) if Assumption 3.1 is replaced by the Lyapunov function condition,
which is a a weaker communication-recurrence requirement, then the continuity of the
mapping A — J*(A, -) can not be ensured. Essentially, the examples illustrating these
facts make use of an important difference between the risk-neutral and risk-sensitive
average criteria, namely, the class of transient states plays an important role in the
determination of the risk-sensitive average index, but does not have any influence in
the risk-neutral case (Cavazos-Cadena and Fernandez-Gaucherand 1999). Thus, the
following is a most interesting question:

e Assume that an MDP satisfies the Lyapunov function condition, and that each state
is positive recurrent under the action of every stationary policy. In this context, is
it true that the mapping A — J*(A, x) is continuous at A = 0 for each state x?

This question will be analyzed in Sect. 8, where an explicit example will be constructed
to show that the answer is negative.

The approach of the paper is based on the discounted technique, which is used
to establish the main technical tool of this work stated as Theorem 4.1. That result
ensures that, under Assumption 3.1, there exists a neighborhood of 0, say V, such that if
0 # XA € V, then the optimality equation characterizing J* (%, -) has abounded solution
and, moreover, the bound is uniform for all no-null values of X in the neighborhood V.

The organization of the subsequent material is as follows: In Sect. 2 the decision
model is briefly described, the A-sensitive average index is introduced, and it is shown
that the optimal value function J*(%, -) depends continuously on XA at any no-null
value of the parameter, but not necessarily at A = 0. In Sect. 3 the simultaneous
Doeblin assumption used in the paper is formulated, and the main result, establishing
the continuity of the optimal average cost function at A = 0, is stated as Theorem 3.1;
also, an explicit example is given to show that such a conclusion can not be obtained
under the Lyapunov function condition. Next, in Sect. 4 the main technical tool of
the paper, concerning the existence of uniformly bounded solutions of the A-sensitive
optimality equation, is stated as Theorem 4.1, a result that, via the preliminaries on the
discounted approach presented in Sect. 5, is proved in Sect. 6. Finally, Theorem 3.1 is
established in Sect. 7, and the exposition concludes in Sect. 8, where a brief discussion
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of the previous results is presented, and an example is given to show that, even when
every state is positive recurrent, the continuity conclusion in Theorem 3.1 can not be
guaranteed under the Lyapunov function condition.

Notation The set of all nonnegative integers is denoted by N and, for a given topological
space K, the space B(K) consists of all functions C : K — R which are bounded,
that is, satisfy that

IC]l := sup |C(x)| < oo.

xekK

If A is an event, the corresponding indicator function is denoted by /[ A] and, as usual,
all relations involving conditional expectations are supposed to hold almost surely
with respect to the underlying probability measure. Finally, for a,b € R,a A b :=
min{a, b}.

2 Decision model

Let M = (S, A, {A(x)}xes, C, P) be an MDP, where the state space S is a denumer-
able set endowed with the discrete topology, the action set A is a metric space and, for
each state x € S, A(x) C A is the nonempty set of admissible actions at x; the space
K:={(x,a)|a € A(x), x € S} is the class of admissible pairs. On the other hand,

C € B(K)

is the cost function and P = [py,(-)] is the controlled transition law on S given K,
that is, for each (x,a) € Kand z € S, px;(a) > 0 and ZyES Pxy(a) = 1. This model
is interpreted as follows: At each time ¢ € N the decision maker observes the state of a
dynamical system, say X; = x € S, and chooses an action (control) A; = a € A(x).
Then, a cost C(x, a) is incurred and, regardless of the previous states and controls,
the state of the system at time ¢ 4 1 will be X,41 = y € § with probability p,,(a);
this is the Markov property of the decision process.

Assumption 2.1 (i) For each x € S, A(x) is a compact subset of A.
(ii) Forevery x,y € §, the mappings a — C(x, a) and a — pyy(a) are continuous
ina € A(x).

Policies The space H; of possible histories up to time ¢t € N is defined by
Hp := S and H; := K’ x S,t > 1. A generic element of H, is denoted by
h; = (x0, a0, ...,xi,a;,...,x:), where a; € A(x;). A policy m = {m;} is a special
sequence of stochastic kernels: For each t € N and h; € Hy, 7;(-|h;) is a probability
measure on A concentrated on A(x;), and for each Borel subset B C A, the map-
ping h, — m,(Blh;), h, € H,, is Borel measurable; under a policy m, the control
A; applied at time ¢ belongs to B C A with probability m;(Bh;). The class of all
policies is denoted by P. Given the policy 7 being used for choosing actions and the
initial state X = x, the distribution of the state-action process {(X;, A;)} is uniquely
determined (Arapostathis et al. 1993; Herndndez-Lerma 1989; Puterman 1994); such
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a distribution and the corresponding expectation operator are denoted by P and E7,
respectively. Next, define FF := [ [, ¢ A(x) and note that ¥ is a compact metric space,
which consists of all functions f : § — A such that f(x) € A(x) foreachx € S. A
policy 7 is stationary if there exists f € [F such that the probability measure 7 (-|h;)
is always concentrated at f (x;), and in this case 7 and f are naturally identified; with
this convention, F C P.

Performance criteria Throughout the remainder it is supposed that the decision maker
has a constant risk-sensitivity coefficient A € R, that is, the controller assesses a
(bounded) random cost Y using the expectation of U, (Y), where the utility function
U, is given as follows: For each y € R,

Uy (y) = sign(\)e™ when 2 #0, and Up(y) = y; 2.1
note that for every ¢, x € R,
Us(x +¢) = U (x), A #0. (2.2)
The certainty equivalent of Y corresponding to Uj, is the real number &£, [Y] satisfying
U (1Y = EIULY)],

so that the controller is indifferent between paying the certainty equivalent £, [Y] for
sure, or incurring the random cost Y. It follows from the above relation and (2.1) that

(Y] — %log (E [e”]), if A £ 0,
E[Y], ifA =0,

& (2.3)

and from this expression it is not difficult to see that &, [-] is monotone and homoge-
neous, that is, for (bounded) random variables Y and W,

Y < W as. = &i[Y] < &(IW] 2.4)

and
EY +al=&E[Y]+a, aeR. 2.5)

Suppose now that the controller is driving the system using policy = € P starting at
x € S,and let J, (A, 7, x) be the certainty equivalent of the total cost Z?;ol C(Xy, Ap)
incurred before time 7, that is,

Lhog (7 [ Xm0 €t ]), it 20,
Jn ()"v ]Ta x) = )\'

(2.6)
Er[sigcoan],  ita=o,
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With this notation, the (superior limit) A-sensitive average cost at x € S under policy
7 is given by

1
J(A, m, x) :=limsup —J, (A, , x), 2.7
n—oo N
whereas
J*(A,x):= inf J(A, 7, x), x €S, 2.8)
nTeP

is the optimal A-sensitive average cost function; a policy 7* € P is A-optimal if
J(A, *, x) = J*(A, x) for each x € S. The criterion (2.7) measures the behavior of
the policy m at x € § in terms of the largest limit point of the sequence of average
certainty equivalents {J, (1, , x)/n}, and a more ‘optimistic’ point of view uses the
smallest limit point of that sequence: When Xy = x, the inferior limit A-sensitive
average criterion J_(A, 7, x) corresponding to m € P is defined by

1
J_(A,m,x) :=liminf —J,(A, 7, x), 2.9)
n—-oo n

and the corresponding inferior limit A-sensitive average optimal value function is given
by
Ji(A,x):= inf J_(A, 7w, x), x €S, (2.10)
neP

so that
Je(h, ) < T* (A, ). (2.11)

Under the stability condition in the following section, it will be shown that the optimal
value functions J. (A, -) and J*(A, -) coincide.

The problem As already mentioned, the objective of this work is to study the continuity
of the optimal value function J*(A, -) with respect to the risk-sensitivity coefficient A,
a property that can be immediately verified at every A # 0.

Proposition 2.1 Foreach x € S, the mapping A — J*(A, x) is continuous on R\ {0}.

Proof Let x € S, the positive integer n, and the no-null real numbers A and v
be arbitrary. Now, observe that AZ’::_OI C(X;, Ay) = VZ::OI C(X,, A) + (0 —
v) Z;:Ol CXp, A =v Z;:(; C(X:, Ay) +n|x —v|||C]|, an inequality that via (2.6)
implies that

MGy, %) = log (BT [ Xino €00 )

log (ET [¢"%i=0 €40 ]) 4 nja — vy ]
an(Us T, x) + n|)“ - l)|||(j||’

IA

and then I 0 J
)\‘ n( 3n1x) <U n(VaT[sx)

+ A =vlC]. (2.12)

n
Next, suppose that A and v are both positive. Taking the superior limit as n goes
to oo in both sides of the above inequality, via (2.7) it follows that AJ (A, 7, x) <
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vJ (v, m, x) + |A — v|||C||, and then, taking the infimum over = € P in both side of
this relation, (2.8) leads to AJ*(A, x) < vJ*(v, x) + |A — v|||C||; consequently, since
A, v € (0, 0o) are arbitrary,

AF(hx) —vIF (v, 0] < A = V]IC. (2.13)

Assume now that A and v are both negative. In this context, taking the inferior limit
as n goes to oo in both sides of (2.12), from (2.7) it follows that AJ (A, 7, x) <
vJ (v, w, x) + |A — v|||C]|, a relation that, after taking the supremum over 7 € P,
leads to AJ*(X, x) < vJ*(v, x)+|A—V|||C||, and interchanging the roles of A and v it
follows that (2.13) is also valid in this case. In short, it has been shown that L.J*(A, x)
is a Lipschitz function of A on each one of the intervals (0, co) and (—o0, 0), so that
A — J*(X, x) is continuous at each point in R \ {0}. O

The conclusion of the previous proposition depends only on the boundedness of the
cost function; in contrast, as the following example shows, the continuity of J*(-, x)
at . = 0 can not be generally ensured under the sole assumption of bounded costs.

Example 2.1 Let the state space and the action set be given by S = {0, 1, —1} and the
singleton A = {a}, respectively, so that A(x) = {a} for every x € S. Define the cost
function by

Cx,a)=Cx)=x, xE€S,
and let the transition law [p,,(a)] = [ pxy] be determined by

Po.x = Prx =1, x=1,-1.

z )
For this model there is a unique (stationary) policy, say f, and it will not be indicated

in the diverse quantities appearing below. Note that the states 1 and —1 are absorbing,
and then the specification of the cost function yields that

JA,x)=x, x=-1,1, reR.
Now suppose that the system starts at Xo = 0. In this case at time 1 the system will

arrive to state 1 or -1 with probability 1/2 and, for each integer n > 1, the Markov
property and the definition of the cost function together yield that

n—1 1 n—2 n—2
Eg [Z com] =CO)+3 (E_1 [Z com] +Ey [Z C<Xz>]) =0,
t=0

=0 t=0

and then
J(0,0) =0. (2.14)

On the other hand, for A # 0,

Eo [exz::o‘ C(Xn] _ % (eun—z) +e—x<n—2)) _ (em(n—z) " e—wm—z)) ’

1
2
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so that

M2 o < Ey [exZ;‘;} com] < (M=)

a relation that via (2.6)—(2.8) leads to

1 " A
J(3,0) = lim — log (Eo [ek )3y com]) - lx_| =sign(h), A #0.

Combining this last display with (2.14) it follows that J(-, 0) is not continuous at
A=0.

In the above example, the discontinuity of the mapping A — J*(A, 0) can be traced
back to the fact that the recurrent states —1 and 1 do not communicate, and the main
problem considered in this note can be now stated as follows:

e To determine conditions on the transition law ensuring that, for every continuous
and bounded cost function, the mapping A — J*(X, x) is continuous at A = 0 for
eachx € S.

The result in this direction is presented in the following section.

3 Main result

The continuity of the optimal value function J*(-, x) at zero will be studied under the
(variant of the) simultaneous Doeblin condition stated below. The following notation
will be used: For each nonempty set F' C S, the return time 7 is defined by

Tp := min{n € N\ {0} | X, € F} 3.1)

where, according to the usual convention, the minimum of the empty set is co; when
F = {z} is a singleton, instead of T}, the simpler notation 77 is employed.

Assumption 3.1 There exists a finite set ' C S and a constant M > 0 satisfying the
following properties (i) and (ii):

() E{ [TF] <M, xeS\F, feT;
(ii) For each y € F there exists a policy f” € F such that

El'[T,]<M, xeF\{y) (32)

Frequently, this simultaneous Doeblin condition is stated using a singleton instead
of F; in this case the second condition is vacuously satisfied and each stationary
policy has a unique positive recurrent class, a property that is not necessarily valid
under Assumption 3.1. On the other hand, observe that in Example 2.1 the first part
of Assumption 3.1 holds with F = {—1, 1} and M = 1, but the second part fails. The
main objective of this note is to establish the following result.
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Theorem 3.1 Under Assumptions 2.1 and 3.1, for each state x € S the mapping

A= J*(\, x) is continuous at A = 0.

The proof of this theorem will be presented after establishing the necessary tech-
nical tools in the following two sections. At this point it is interesting to observe that,
under Assumption 2.1, the simultaneous Doeblin condition in Assumption 3.1 has
an important consequence in the analysis of the risk-neutral average cost criterion,
namely, the corresponding optimality equation has a bounded solution, a fact that
has two substantial implications: (a) the optimal average cost is constant, as well as
(b) an optimal stationary policy exists ( Arapostathis et al. 1993; Hernandez-Lerma
1989; Puterman 1994). These two properties can be also ensured by imposing con-
ditions under which the optimality equation has a possibly unbounded solution, like
the Lyapunov function condition (LFC) introduced in Hordijk (1974) which, under
Assumption 2.1, can be formulated as follows in the present context of bounded costs
(Cavazos-Cadena and Herndndez-Lerma 1992):

There exists a state z such that
lim sup E;{C[TZI[TZ >n]]=0, x €S. 3.3)

n— 00 feF

It is natural to ask if the continuity result in Theorem 3.1 still holds when the LFC
replaces Assumption 3.1. As it is shown in the following example (concerning an
uncontrolled model), the answer to this question is negative.

Example 3.1 Suppose that S = N and that A = {a} = A(x) for every x € S. Let the
cost function be given by

C0,a)=C(0)=0, and C(x,a)=C(x)=1 forx e S\{0}, (3.4)

and consider the transition law [pyy(a)] = [pyy] determined by
2

—=1- , =1,2,3,...
(x+1)2 Px0 X

poo =1, pixy1=

There is only one policy f in this model, and it will not be explicitly indicated in the
diverse expressions appearing below.

e It will be shown that the Lyapunov function condition holds for this model with
z = 0. To achieve this goal observe that, since there is only one policy, (3.3) is
equivalent to

E [Tyl <00, x€8. 3.5)

To verify this property note that Eg[7p] = 1, because 0 is an absorbing state. Now,

consider a no-null state x and observe that the specification of the transition law yields
that for every positive integer n
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P To>n]l= P X, =x4+r 0<r <n]
x2 x+ D (x+n-—1)?

T+ DG+ ()2
x? 36
= Gan? G0
and then
00 00 %2
E[To] = 1 P, [T =1 - <1+4ux, 3.7
[To] +,§ [To > n] +;(x+n)2 +x 3.7

completing the verification of (3.5).

e Next, it will be proved that, for each x # 0, the mapping A — J (A, x) is not
continuous at zero. First, note that

J(A,00=0, AeR,
because the state O is absorbing and C(0) = O0; since the Lyapunov function

condition implies that the risk-neutral average cost J (0, x) does not depend on the
state x (Hordijk 1974), it follows that

J(O,x) =0, xeS. (3.8)

Now, let the state x # 0 and A > 0 be arbitrary, and observe that X; # 0 occurs
P, -almost surely on the event [r < Tp], so that (3.4) and (3.6) lead to

M > E, [612;’:_0' C(X,)] > E, I:e)\z;':_o' C(Xz)I[TO - n]] — e)»nx2/(x +n)2.

Thus, using (2.6) and (2.7), 1 > 1J,(A,x) > 1 + log(x?/(x + n)?)/(An), and it
follows that

1
1=1lm —-J,(A,x)=J(A,x), x#0, A>0,
n—-oon

and then J (-, x) is not continuous at A = 0, by (3.8). In short, the (uncontrolled)
model in this example satisfies the Lyapunov function condition, but the mapping
A +— J*(X, x) is not continuous at zero when the state x is no-null.

4 Optimality equation

The proof of Theorem 3.1 relies on the following optimality equation for the average
criterion in (2.7):

Us.(gn + hi(x)) = a;gfx) pry(a)UA(C(x, a) +h.(y)), xé€S, 4.1
yes

@ Springer
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where g, € R and 4, () is a real valued function defined on S. The important role of
this equation in the study of the A-sensitive average index is signaled by the following
verification result.

Lemma 4.1 Given A € R, let g, € R and h) € B(S) be such that the optimality
equation (4.1) holds. In this case,

(i) For each x € S the summation in the right-hand side of (4.1) is a continuous
function of a € A(x), and then has a minimizer f; (x) € A(x).
(ii) For every state x € S,

1
8L = lim _Jl’l()\'» f)n-x) = J*()"ﬂx) = J*()\'v-x)
n—oon

For the risk-averse case A > 0 this result has been established, for instance, in Di
Masi and Stettner (1999). By completeness, a short proof is given below in the present
context in which the sign of A is unrestricted; the argument shows that the conclusion
relies heavily on the fact that the exponential utility U, (-) is always (strictly) increasing.

Proof (1) Using that the cost function and h) are bounded, the conclusion follows
combining the bounded convergence theorem with Assumption 2.1.
(i1) Note that (4.1) implies that

ET [U)(C(Xo, Ap) + hp(X1))] = Us(gn + hy(x))

for every x € S and w € P; from this point an induction argument using the Markov
property yields that for every positive integer n

n—1 n—1
ET [UA (Z C(Xi. A) + |1y ||)} > ET |:Ux (Z C(X;, A) + hx(xn))}

t=0 t=0
> Un(ng). + hy(x))
where the first inequality used that U, is increasing. Together with (2.3)—(2.5) this last
display leads to ||hy|| + J, (A, w, x) > ngy + hy(x) and, dividing both sides of this
relation by n and taking the inferior limit as n goes to co in both sides of the resulting

inequality, it follows that J_(A, m, x) > gy; since the policy 7 and the state x are
arbitrary, via (2.9) and (2.10), this yields that

1
liminf —J, (A, fo,x) > Ju(A,x) > g, xe€S. “4.2)
n—-oo n

On the other hand, the definition of the policy f, implies that

E{ [U(C(Xo. Ao) + ha(X1)] = Us(gi + hi(x)), x €S,

and an induction argument yields that, foreveryn = 1,2, 3, ..,
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—1
> Ef* [UA (Z C(Xi. A) — llhxll)} :

t=0

n—1
Us(ngs + hy(x)) = Ef* [UA (Z C(X1. A + hx(xn))}

S 0~

where the inequality is due to the fact that U, is increasing. Via (2.3)—(2.5) this relation
yields that ng, + h(x) > J,, (A, fa, x) — ||h,]| and then

1
g > limsup—J, (A, fi,x) > J*(A,x), x€S;
n

n—o0

see (2.8) for the second inequality. Now, the conclusion follows combining this last
display with (4.2) and (2.11). m]

The main tool that will be used to establish Theorem 3.1 is the following result,
which establishes that, for some § > 0, the optimality equations corresponding to a
risk-sensitivity parameter A € (—§, 8) \ {0} has a solution (g;, /,(-)), in such a way
that the family {/, }o<|5|<s is bounded in B(S).

Theorem 4.1 Under Assumptions 2.1 and 3.1, there exist positive numbers & and B
such that

for every . € (=6, 8)\{0} the optimality equation (4.1) has
a solution (gy., h).(+)) satisfying ||h, || < B.

This theorem extends the main result in Cavazos-Cadena (2003), where assuming
that (i) the state and action sets are finite, (ii) that X is positive, and (iii) that Assumption
3.1 holds for a singleton F' C S, it was establish that, for a given A € (-4, §), (4.1) has
a bounded solution. The proof of Theorem 4.1 uses the discounted approach, that will
be presented in the following section, and relies heavily on the next consequence of
Assumption 3.1, whose proof uses classical ideas in the analysis of the simultaneous
Doeblin condition in Hordijk (1974).

Lemma 4.2 Suppose that Assumption 3.1 holds. In this case, there exist b € (1, 00)
and p € (0, 1) such that the following assertions (i) and (ii) hold for every n € N:

(i) Pxf[TF > n] < bp" foreveryx € S\ Fand f € F.
(ii) For each y € F, the stationary policy f? in the second part of Assumption 3.1
satisfies that

PIT, = nl <bp", xeS\{y)

Proof Using the notation in Assumption 3.1 let the positive integer N be such that
N > 2M. In this case Markov’s inequality implies that

1

E{[Tr] _ M _1
2’

P/ [Tr > N] < <

M< eS\F, feF
— X s .
N =
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Starting from this relation, an induction argument using the Markov property yields
that, for every state x € S\ F and f € F, the inequality Pxf [Tr = kN1 < (1/2)%
holds for every nonnegative integer k. Next, given n € N write n = kN + r where
ref{0,1,2,...,N — 1}, and note that P{ [Tr > n] < P/ [Tr > kN] < (1/2)%, so
that i

Pl Tr >n<bp", xeS\F, feF, neN, 4.3)

where g = (1/2)"/¥ € (0,1) and b = 5=~ € (1, 00). Now, for each y € F consider
the policy fY € IF in Assumption 3.1. It will be shown that

EL' [T, <2M, xeS\{y). (4.4)

To achieve this goal note that the inequality holds forx € F\{y}, by (3.2). To complete
the argument note that the inclusion y € F implies that Tr < T}, so that

y y y
EL [T, = EL [Tr1 + EL (Ty — TRIIT, > Tr]]
<M+ EL (T, = TH)IIT, > TF]l. x €S\ F.

where the inequality stems form Assumption 3.1(i). Next, observing that X7, € F\{y}
on the event 7, > TF and using (3.1), the strong Markov property applied to the
Markov chain induced by f” yields, via (3.2), that E,{} [(Ty — TRp)I[Ty > TrlITy >
TF? XTF] == EXTF [T_y] S M, and then

EL [(Ty — TR)IIT, > Tr]l < M,

a relation that together with the previous display yields that the inequality in (4.4) is
also valid when x € S\ F. Consider now the ‘reduced’ model M sy obtained from
M by restricting the available actions at each x € S to the singleton { /¥ (x)}. For this
model M v, relation (4.4) establishes that Assumption 3.1 holds with F = {y}, and
then the first part of the proof yields that there exist b, € (1, 00) and p, € (0, 1) such
that

Pl Ty = n) <byp?, neN, xeS\{y.

Setting b = max{b, by,y € F} € (1,00) and p := max{p, py,y € F} € (0, 1), the
above display and (4.3) together yield that the desired conclusions (i) and (ii) hold. O

5 Discounted approach

This section presents the auxiliary results that will be used to establish the uniform
boundedness result in Theorem 4.1, which will play a central role in the proof of
Theorem 3.1. The approach relies on following discounted operators introduced in Di
Masi and Stettner (1999).

@ Springer



282 S. Chavez-Rodriguez et al.

Definition 5.1 For « € (0, 1) and A € R\ {0}, the operator Ty, : B(S) — B(S) is
defined as follows: For each V € B(S), the function 7, ,[V] is determined by

Ux(Ta,A[V](X))=aeigfx) pry(a)UA(C(x,a)—l—aV(y)) , xeS. (5D
yeS

Combining (2.2) with the fact that U, is increasing, it is not difficult to see that T
is a monotone and a-homogeneous operator, that is, given V, W € B(S), Ty 1 [V] >
Ty [IW] when V. > W, and Ty 2[V + r] = Ty 3[V] + ar for every r € R. These
properties yield that 7y , is a contractive operator on the space B(S) endowed with
the supremum norm, and that its contraction module is «, that is Di Masi and Stettner

(1999), [T s [V] = Toa[WIl < |V =W, V,W e B(S). (5.2)

Consequently, by Banach’s fixed point theorem, there exists a unique function V, ; €
B(S) satistying Ty 3 [V.a]l = Vi.»; more explicitly,

Up(Vaa(x) = inf | D" py@Upn(Cx,a) +aVasr(y) |. x€S.  (53)
acA(x)
yeS
Observe now that (5.1) yields that 7, 3 [0](x) = inf,cax) C(x, a),sothat || T 3 [0]]] <
[IC]|. Using (5.2) with V,, , and O instead of V and W, respectively, it follows that
(I =) Vol = ICI. (5.4)
Next, for each x € S define
8ur(X) = (1 —a)Vou(x) € [=ICI, [ICII], a€(0,1), 2eR\{0}, (5.5)

and note that the boundedness of V, ; and C(, -) together with Assumption 2.1 imply
that, for every A # 0 and o € (0, 1), there exists a stationary policy fy » satisfying

Up (Vo (x)) = Z Pxy (o, CONUL(C (x, fo,1 (X)) + V()
yes

= E** [Up(C(X0, A0,) + aVar(X1))], x€5.  (5.6)

The main result of this section is the following theorem.

Theorem 5.1 Under Assumptions 2.1 and 3.1, there exist § > 0 and B* > 0 such
that, for every A € (—38,98) \ {0} and o € (0, 1),

o[ Vo(x) = Vor(@)| < B*, x,z€F, (5.7

and
| Vor(¥) = Vor ()] <2B* x €S, zeF. (5.8)

The proof of this theorem is based on the following lemma.
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Lemma 5.1 Suppose that Assumptions 2.1 and 3.1 hold. Letb > 1 and p € (0, 1) be
as in Lemma 4.2 and set

1 14+p 2b
6:=——log{ —— ) and B=log{ — ). 5.9
2|Cl 2p l—p

With this notation, for each o € (0, 1) the assertions (i)—(iv) below hold, where F is
the finite set in Assumption 3.1, and the return time T is as in (3.1).

(i) Foreachx € S\ F and f €T,
e WIB/S < I 2MICITr Y _ GBS o < 3] < 5.
(ii) For each z € F the stationary policy f* in Assumption 3.1(ii) satisfies that
e~ MBS < E;sz[e”‘”C”TZ] < MBI v es \ {z}, 0 <Al <6.

(iii) Foreachx € S\ F, f €e Fand A € (—4,6) \ {0},

TrAn—1
lim Ef [UA( > [C(X,,A»—ga,k(xt)]+ava,x(xmn>)}
n—oo

t=0

t=0

Tr—1
=Ef [UA ( D> ICX 1 A — gus (X)) + ava,A(XTF))] L (5.10)

see (5.5) for the definition of gq.».(*).
(iv) For each A € (—6,6) \ {0}, and z € F, the policy f* € F in Assumption 3.1(ii)
satisfies that, for every x € S\ {z},

T.An—1
lim E{ [ U [ D [C(X1 A — gar (X1 + Vi (X7, 0)
n—oo t:()
) T,—1
=E{ | U [ DIICX0 A) = gan XD+ aVau(Xz) | | (511
t=0

Proof (i) Letx € S\ F and f € F be arbitrary. By Lemma 4.2(i), the inequality
Pxf[TF > n] < bp" holds for every n. Thus, since (5.9) yields that ezsncnp =
(14 p)/2 < 1, it follows that

00
E{[eMHCllTF] — 2623\|C|\kpf[TF = k]
k=1

S 28ICIK K b b B
< bZe . = €
k=1

—pICB ~ 1= +p)/2
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where (5.9) was used to set the last equality. Now let A € (=34, §) \ {0} be arbitrary
but fixed, and note that EJ [e2MICITF] < E{[e(H/928ICITFY; from this point,
Jensen’s inequality applied to the concave function ¢ (x) = x/*!/% on (0, co) yields

that E{ [2MICITF] < E{[eZ‘SHCHTF]('W‘S), and together with the above display this
leads to

Ef [ezxucun] < (MBS,

Observe now that, if W is a positive random variable, then £ [W’l] > 1/E[W],
by Jensen’s inequality. Combining this fact with the above display it follows that

MBI > g [emcurp] > Ef [e—zmncurp] > 1/E] [ezwncurp] > o IMB/S,

(i) Using Lemma 4.2(ii), the conclusion follows paralleling the argument used to
establish the previous part.

(iii) LetA € (—48,8)\{0}, x € S\ F and f € [ be arbitrary, and observe the following
properties (a) and (b):
(a) For each positive integer n, the equality

TrAn—1
> (X A) = gun (X)) + aVaa (X1pan)
t=0
Tr
= > [CXi, A) = gur (X)) + Vi r (X7;)
t=0

holds on the event [Tr < n]. Since TF is finite P)‘f a. s., it follows that

TrAn—1
lim UA( > [C<Xt,A,)—ga,x<xt)]+ava,x(xrm))
n—od =0

t=0

Tr—1 .
= U, ( SO A — gaa (X)) + ava,x(xm) Pl-as.

(b) By (2.1) and (5.5),

TrAn—1
UA( > ICXr A = gan(X))] +ava,x(xrw))’
=0
< T IO AD =0k (X0 2] Vi (X )]
< R2IMTEADICI+alAIC/(1—0)

< ZICITF L AICI /(1)
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Since E{ [¢21€1TF] is finite, by part (i), the property (5.10) follows combining (a)

and (b) with the bounded convergence theorem. A similar argument using part (ii) can
be used to establish the convergence (5.11). O

Proof of Theorem 5.1. Given z € F, let f* be the stationary policy in Assumption
3.1(ii). From (5.3) it follows that for every x € S

U (Ve s () < D ey (FENUL(C(x, f7(x)) + Vi (3),
yeSs

an inequality that via (2.1) and (5.5) leads to

Us.(@Ve,.(x))
= Z Pry (SN ULC (x, f5(x)) = 8an () + Va1 (1))

yes
= EL" [Up(C(X0, Ap) — gu1(X0) + @V s (X1))], x€S.  (5.12)

It will be proved by induction that, for every positive integer n, and x € S,

Un (o Vg, (x))
i T,An—1
<E U D 10K A) = gan XD+ aVau(Xp ) | |- (5.13)
t=0

To establish this claim note that for n = 1 the above relation is equivalent to (5.12),
because 7; > 1. Suppose now that (5.13) holds for some positive integer n. Let x € S
be arbitrary and observe that

T.An—1

EL U [ D0 10 A) = 8an (X1 + @Var (X100)
t=0

T,—1

=EL | U [ D100 AD) = gap (X1 + aVer(Xz,) | IIT: < n]
t=0

n—1
+ E{ |:U)L (Z[C(Xz, At) — 8an (X)) + aVa,k(Xn)) I[T; > n]:| (5.14)
t=0

Next, using (2.2) note that

n—1
Uy (Z[C(xz, A1) — gaar(XD)] + ava,uxn)) IT; > n]

t=0

n—1
A3 [C(X1 A —gur (X1)]
=e¢ 1=0 I[T; > n)Uy (« Va1 (Xn)) .
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and observe that (5.12) implies that

U, (O( Va,k(Xiz))

< D Pxy (S XDULC K, [H(X)) = 8an (Xn) + @ Ve s (1))
yes

= E{ [Un(C(Xn, An) — 8ap.(Xn) + Vo r (Xnp1)) Xk, k < 1],

where the equality is due to the Markov property. Using (2.2) the two last displays
yield that

T.An—1

Ui Z [C(Xt, Ar) = 8o (X)) + @V (X7 An) | I[TZ > n]
t=0

<El |:UA (Z[axt, A,>—ga,x(xt>]+ava,x(xn+1>)I[Tz >n]

t=0

X, k fn]

and then

T,An—1

El" |U; Z [C(X1. A) = 8ai (X1 + Ve i (X7 00) | 1T > 1]

<Ef [ ( [C(X:, Ar) = 8an(X1)] +aVa,A(Xn+l))I[TZ > n]]

T,—
C(Xz, Ap) = an (X +aVo (X)) | IT; =n +1]

+Ef |:Ux (Z[C(Xt, Ap) = gan(X)] + ava,uxnm) INT, > n+ 1]} :

t=0

combining this relation with (5.14) it follows that

T, An—1
EL (U DD 10X AD) = gan (X)) + Ve i (X7, n)
t=0
) T,—1
< E{ | Us [ DJIC(X1, A) = gan (XD + aVas (X, | 11T < n+ 1]
t=0
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n
+E] |:Ux (Z[C(Xf, A1) = gaar(XD)] + ava,x(xm)) IT; > n+ 1]]
t=0
T, A(n+1)—1
=E{" |U > 10X A — gasn(X X
= E; ) [C(X1, AY) = gaup (XD +aVu i (X a+1) | |
t=0

arelation that together with the induction hypothesis yields that (5.13) holds with n 41
instead of n, completing the induction argument. Taking the limit as n goes to 0o in
(5.12), via the convergence (5.11) in Lemma 5.1(ii) it follows that, for every x € S

T.—1

Ur@Var@) < E{ | U [ DICX1, Ap) = gan(X)] + aVar(Xz) | |
=0

using that 77, is finite Pxf *_almost surely and that X7, = zwhen T, < oo, thisinequality
and (2.2) yield that

T,—1
Up (@[ Var(6) = Var @D < EL | U [ DIC(X0 A = gar (X))
t=0
<El'[u, @ICIT)], x€5, (5.15)

where the fact that U, is increasing was used in the last step. Consider now the
following exahustive cases about A:

Case 1 A € (0, ). In this context U (w) = e*¥ for every w € R, so that (5.15)
yields that e*Var()=VasD] < I [2MICIT], and then eV ()=VarD] < hB/5
for x # z, by Lemma 5.1(ii); since this last inequality also holds for x = z it follows
that

a[Vaar(x) — Vaar (2] < ? x €S. (5.16)
Case 2 1 € (=6, 0). In this framework U; (w) = —e** for every w € R, and (5.15)
leads to ¢**[Ver () =Var (@] > E{L [e”‘”C”TZ], and via Lemma 5.1(ii) this implies that,
for x # z, *VerM=Ver @1 > o=IMB/S — o2B/3 ap inequality that is also valid for
x = z. From this point, recalling that A is negative, it follows that (5.16) also occurs
in the present case.
Since z € F was arbitrary in this argument, (5.16) implies that a[ Vi 5 (x) — Vy 2 (2)] <
B/ for every x, z € F, so that (5.7) holds with

B* =

B 5.17
= (5.17)

Next, it will be shown that this constant B* also satisfies (5.8). To begin with, note
that by (5.7) it is sufficient to show that the inequality in (5.8) holds when x € S\ F.
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Now let f, » be the stationary policy in (5.6), and multiply both sides of that equality
by e+ =®Ver () (o obtain, via (2.2) and (5.5), that

U@V (x)) = Ef** [Us (IC(Xo, A) — gan(X0)] + @V a(X1))], x €5.
Starting from this equality, an induction argument along the lines used in the above
proof of (5.7) yields that, for every positive integer n and x € S\ F,
TrAn—1
Up (Vi1 (x)) = EJ** [UA( D IC(Xe, A) = gaa (XD + ava,x(xrpw)} :
=0

so that

Tr—1
Us @V () = EL*> |:UA ( STICX, A = gan (X1 + ava,x(xrp))} ,

t=0

by (5.10). Multiplying both sides of this equality by e *Y«+(@) where z € F is
arbitrary but fixed, via (2.2) it follows that for every state x in S \ F,

U (o[ V5. (x) = Vg (2D

Tr—1
= gl [UA ( ST ICX, A = gan (X0] + al Ve (X7,) — Va,x(z)]):| ,

=0
that is,

Va1 ()= Va5 (2)]

— E{a‘k |:e)‘th£()1[C(XtvAt)_ga,)»(Xt)]+)L‘1[Vu,k(XTF)_Va.l(z)]] . (5.18)
Combining this equality with (5.5) and (5.7) it follows that for every x € S\ F
El [e—zuncun—mw*] < Vs —Ves @] < gf° [EZ\MICIITFHAIB*]’

and via Lemma 5.1(i) this leads to

¢ HB/S G—IIB" _ eV () —Var ()] < GIIB/S ,I1IB*

Finally, using (5.17), this relation implies that &| V5 (x) — V.2 (2)| < B*+B/8 = 2B*
for every x € S\ F, completing the verification of the inequality (5.8). O
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6 Proof of the uniform boundedness theorem

In this section a proof of Theorem 4.1 will be presented. Throughout the remainder
z€F and X e (=4,6)\{0}
are arbitrary but fixed, and for each « € (0, 1) the function h, ; € B(S) is given by
hap(x) = o[ Vo5 (x) = Var (@], x €. (6.1

Observe the following relation between &, ) and g in (5.5):

8,2 (X) — 8a,.(2) = ITTaha,x(x), (6.2)
and note that (5.4), (5.5) and Theorem 5.1 imply that
8ar (D) = ICIl and e (x)| < B, x€S§, aec(01), (6.3)
where
B :=2B*.

From this point, Cantor’s diagonal method yields that there exists a sequence (&) C
(0, 1) such that
o /1, (6.4)

and the following limits exists:

lim gq, 3 (z) = g* € [=|CI. ICII,

n—oo

lim hg, 5 (x) = hj(x) €[-B,B], x€S; (6.5)
n—0oo

combining these two last displays with (6.2) it follows that
lim go, 2 (x) =g* x€S8. (6.6)
n—o0

Now, let f,,» € [F be the stationary policy in (5.6). Since IF is a compact metric space,
taking a subsequence of («;,), if necessary, without loss of generality it can be assumed
(fa,.») converges in F:

M fo, (1) = f£(x) € A(), x€S. ©6.7)
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Proof of Theorem 4.1. 1t will be shown that the pair (g*, 2 (-)) in (6.5) is a solu-
tion of the A-optimality Eq. (4.1). To begin with, multiply both sides of (5.3) by
e MaVer @+1=0) Ve (] 1o obtain, via (2.2), (5.5) and (6.1), that for every x € §

Uy (ha,(x)) =a€igfx) Zny(a)UA(C(x,a)—ga,x(X)Jrha,A(y)) . (6.8)
yes

and

Un(ha(x)) = Z Pxy(Ja . CNULC (X, fa1 (X)) = 8ap(X) + hap(y),  (6.9)
yesS

where fy ; is the stationary policy in (5.6). Also observe that (2.1), (5.5) and (6.3)
together yield the following bound:

U (C(x, a) — gur(x) + han (V)]
< MHICEDIHga W (D < JHQICIHB) (¢ oy e K. (6.10)
Now let (x, @) € K be fixed. Replacing « by «,, in (6.8) it follows that

Un(ha, 1 (%)) = pry(a)Ux(C(x, a) = 8ap, 2 (%) + ha, 1 (),
yeS

and then, taking the limit as n goes to co in both sides of this inequality, the bounded
convergence theorem, (6.5) and (6.10) together imply that

U (h3 (x)) < pry(a)Ux(C(x,a) - g +hi(y), (x,a)ekK (6.11)
yeSs

Select now a finite set G C S and note that (6.9) and (6.10) yield that

Uy (he, (%)) = Z Py (fa, A (D UR(C (X, fa,, 1 (X)) = 8y (%) + hay, 2. (1))
yeG

- Z Pxy(fa ,A(x))e|)‘|(2\|CII+B)

yeS\G

=" Py oy 2 CDURCE, fary 1 (X)) = 8ty 2 (6) + By 1 ()

yeG

1= S s | eI,
yeG
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and then, letting n go to oo, (6.5)—(6.7) and Assumption 2.1 together imply that

Ui (h5(x)) > Z Pry(fr C)UL(C(x, f51(0)) — g5.(x) + A3 ()
veG

B I_Zny(ff(x)) MCICI+B).

veG

letting G increase to S this relation leads to

Uy (h3(x)) = Z Py (f CNUL(C(x, f3(x)) — g5.(x) + 13()).

yesS

Combining this inequality with (6.11) it follows that the pair (g}, h}(-)) satisfies the
A-optimality equation (4.1). Since ||} || < B =2B* and A € (=4, §) \ {0} is arbitrary,
this establishes the conclusion of Theorem 4.1. O

7 Proof of the continuity result

After the previous preliminaries, in this section Theorem 3.1 will be established.
Throughout the remainder § and B are the positive numbers in Theorem 4.1, and for
each A € (=4, 8) \ {0} the pair (g, h,(-)) € R x B(S) is a solution of the optimality
equation (4.1) satisfying that

lhrll < B; (7.1)

note that Lemma 4.1 yields that g, is the optimal average cost at every initial state x,
so that
g1 < IICII. (7.2)

Next, recalling the U; (x) = sign(A)e’* for every x € R, divide both sides of (4.1)
by sign(A)A = |A| > 0 and substract 1/A from both sides of the resulting equality to
obtain

@) _

A
MCx.a)+hi(y) _ 1
e
= inf , €S, 0<|r <4, 7.3
nf > po@ - x <Al < (7.3)

yeS

and observe that (7.1) and Assumption 2.1 together yield that there exists
frelF (7.4)
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such that, for each x € S, f, (x) € A(x) minimizes the right hand side of (7.3), that
is,

eMenthi(x) _q

Y
HCE L0 _
=D poy (o (1) - . xeS, 0<|i <o (1.5)
yeSs

Finally, it is convenient to point out the following fact, which follows from the second
order Taylor’s expansion of the exponential function:

AX
-1
lim A(L) =0, where A(X) := sup ¢ —Xx|. (7.6)
A~0 wl<ici+B | A
With this notation, (7.1) yields that
M Cra)+h(y) _
. —[C(x,a) + h(M]| = AR).
Proof of Theorem 3.1. 1t will be proved that
Alirr})g;\ =J*0,x), xe8. (7.7)
To achieve this goal, let {1, },cn be an arbitrary sequence such that
An€(=68,9)\{0}, n=0,1,2,..., and lim A, =0. (7.8)
n— oo

Recalling that the set [F of stationary policies is a compact metric space, (7.4), (7.2)
and (7.1) allow to use Cantor’s diagonal method to construct a subsequence {A,,; }reN
such that the following limits exist:

li =:g5, i =: I}
Jim gy, =:gy. MHm hy, () =:ho(x),

lim f, (x) =: ff(x), x€S. (7.9)
k—o00” "k
Now, let (x, @) € K be arbitrary and note that (7.3) yields that
o iy i () _ hg (Cx.@) i, () _ 4

1 e
5 = Z Pxy (@) Iy ,
Mk yeSs Mk

an inequality that via (7.1) and (7.6) leads to

Gh, + g () = Alu) < D pay(@(Cx.a) + i,y (0) + Ay
yes
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Thus, since A(A,,) — 0 as k — oo, taking the limit as k goes to oo in the above
inequality, (7.9) and the bounded convergence theorem together imply that

8o +hp(x) < pry(a)(c(x, a) +ho(y)), (x,a) ek (7.10)
yesS

Next, let x € S be arbitrary and observe that (7.5) and (7.6) lead to

By T Hiry, () + AlRny)
e)\nk (g)‘”k +hknk (x)) -1

>
At
A (O o CDFhi D) _

> pry(fr, ()

yeS

= D" Pay U, CNC G, fo, (@) + hiy (7)) = AGh),

yeS

A

and then, using (7.1), it follows that for any nonempty and finite set G of the state
space S,

Gy 12 ) = D pry(fr, ONC @, fo, (1)) + By, (1)
yeG

~(ICT+B) | 1= pey(fi,, (D) | =280

yeG

letting k increase to oo, Assumption 2.1 and (7.9) together yield that

85+ h5 () = D pey (fFONC(x, f5 () + k()
yeG

—(ICIl 4+ B) | 1= puy(f5 ) |,

yeG

an inequality that letting G increase to S leads to

8 +hy(x) = pry(fJ(X))(C(x, 5 +hi(y), x€S. (7.11)
yeSs

Combining this relation with (7.10) it follows that

g +hix) = inf | C(x,a)+ D poy(@hi(y) |, x€S8, (7.12)
acA(x) Ves
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showing that the pair (ga", h(’g () satisfies the (risk-neutral) optimality equation corre-
sponding to the utility function Up(x) = x; since A is a bounded function, it follows
that

g =J%0,x), xeSs.

Summarizing: It has been proved that every sequence (1,),en satisfying (7.8) has a
subsequence (A, )xen such that limy_, o 8y, = J*(0, -), a property that is equivalent
to (7.7); since g, = J*(A, ) when 0 < |A| < 8, by Lemma 4.1 and Theorem 4.1, it
follows that limy .o J*(A, x) = J*(0, x) for every x € S. O

Remark 7.1 By (7.11), the policy f; in the above proof satisfies that, for every state
x, the action f(x) is a minimizer of the right-hand side of the optimality equation in
(7.12), and then f* is risk-neutral average optimal (Herndndez-Lerma (1989); Puter-
man (1994)).

8 A communicating model under LFC

In the previous sections, the continuity of the optimal risk-sensitive average cost func-
tion J*(X, -) with respect to A has been studied. As it was shown in Proposition 2.1,
for bounded costs such a property always holds at A # 0, but the continuity at zero
may fail, as in the simple model presented in Example 2.1. Under the version of the
simultaneous Doeblin condition in Assumption 3.1, it was established in Theorem 3.1
that J*(A, -) is also continuous at . = 0. Note that the first part of Assumption 3.1
ensures that, under any stationary policy, the class of recurrent states is non-empty,
but there may be several recurrence classes; if such is the case, the second part of
Assumption 3.1 guarantees that, employing other stationary policy, a given recurrence
class is accessible from any other one, a condition that fails in Example 2.1. On the
other hand, the simultaneous Doeblin condition is a strong requirement ensuring, via
the existence of a bounded solution to the risk-neutral optimality equation, that (a)
the optimal (risk-neutral) average cost is constant, and that (b) an optimal stationary
exists, properties that can be guaranteed under the Lyapunov function condition (3.3),
under which the risk-neutral optimality equation has a (generally) unbounded solution.
However, it was shown in Example 3.1 that, under LFC, the mapping A — J*(X, x)
may have a discontinuity at A = 0. At this point it is interesting to observe a common
feature in Examples 2.1 and 3.1, namely, in those examples the discontinuity at zero
of the mapping A — J*(A, x) occurs when x is a transient state. This fact highlights
the prominent role of the transient states in the determination of the risk-sensitive
average cost (Cavazos-Cadena and Ferndndez-Gaucherand 1999) and, naturally, leads
to consider the following question:

Assume that the Lyapunov function condition holds, and that the state space is a
communicating class under each stationary policy, so that no state is transient. In this
context, is it true that the mapping A +— J*(A, x) is continuous at zero for every state
x?

As it is shown by the following example, the answer to this question is negative.
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Example 8.1 Consider adenumerable set $* whose elements are denoted by x*, where
x=1,2,3,...,and define

S=NUS*=NU{x*|x=1,2,3,...}.

Now let the transition law [py 5, ] on S be determined as follows:

Forx =1,2,3,...,
)C2
11— Px,0 = Px,x+1 = m = DPx* (x+1)* = 11— Px*,0,
14
Pox* = —5 = P0.x» (8.1)

X

where y =1 = 3% | 2/x3. Finally, define the cost function C : § — R by
Cx)=1, Cx")=-1, x=1,2,3,..., and C(0)=0; (8.2)

setting the action set A equal to a singleton, the above quantities determine an MDP
with a unique (stationary) policy, which will not be explicitly indicated in the analysis
below.

In the next proposition it is shown that the Lyapunov function condition is satisfied
in this example, and the risk-neutral average cost is determined.

Proposition 8.1 In Example 8.1 the following assertions (i)—(iii) hold:

(i) The Lyapunov function condition (3.3) is satisfied with 7 = 0.
(ii) The state process (X;);cN is irreducible, that is, Py[Ty, < oo] > 0 for every
w,y € S.
(iii) The risk neutral average cost function is null: J(0, y) = 0 for every y € S.

Proof (1) Since there is only one stationary policy, it is sufficient to verify that
Ey[Tp] <00, yeSs. (8.3)

To establish this assertion note that, paralleling the argument used in Example 3.1,
the definition of the transition law in (8.1) yields that for every positive integer n

P To>n]l=PX, =x+r, 0<r <n]

x2
T +n)?
=Pu[X, =(x+1)" 0=<r<n]
= Px[Ty>n], x=1,2,3,..., (8.4)
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and then E,+[Ty] = Ex[To] < D00 gx?/(x +n)> < 1+ xforx =1,2,3,...
whereas, by the Markov property,

EolTol = 14 D (po.xEx[Tol + po.wEx<[Tol) < 14y D [2(1 +x)/x’] < oo.

x=1 x=1

(ii) Observing that Py[X; = y] > 0 for every y € S\ {0}, the irreducibility of the
state process follows from (8.3).

(iii) Combining the previous part and (8.3) it follows that the transition law in (8.1)
has a unique invariant distribution (vy)yes and then the ergodic theorem yields
that, for every y € §,

1 n—1
JO.y) = lim ~E, [Z C(Xt)] => nC).

t=0 xeS

On the other hand, using (8.1) it is not difficult to see that v, = v,« for every
x =1,2,3, ..., aproperty that together with (8.2) leads to J(0, -) = 0. O

Next, the average cost function corresponding to a non-null risk sensitivity para-
meter will be determined.

Proposition 8.2 For the model in Example 8.1 the following properties (i)—(iii) are
valid.

(i) Foreach A # 0, the \-sensitive average cost J (A, -) is constant
(ii) If » > O then J(A,-) = 1, and
(iii) J(A,-) = —1 foreach » < O.
Proof (i) Let A € R\ {0} and w, y € S be arbitrary. Using Proposition 8.1(ii), select

k € N such that P,[X; = y] > 0 and note that, for n > k the Markov property
and (8.2) yield that

) g, [ co0]

v

E, [ek 50 CXD 11X, = yleh ik C(Xt)]

n—k—1
Py X = 1B, [T 0]

— e—klllpw[xk — y]e)”l"‘k()"y)

v

and then

D . log(e ¥ Py [ Xy = y]) L Jnk 0 )
n n n

(8.5)

If » > 0, taking the superior limit as n goes to oo in both side of this inequality,
it follows that
A (A, w) = AJ (R, y); (8.6)
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when A < 0, this last relation also follows form (8.5) after taking the inferior
limit as 7 increases to co. Thus, since the states w and y are arbitrary, (8.6) yields
that J (1, -) is constant for every no-null risk-sensitivity coefficient A.

(i1) Suppose that A > 0. Using that C(x) = 1 forevery x = 1,2, 3, ..., it follows
that for every positive integer n

HnOD — || [exz;l;ol c<x,>]

v

E, [ekZ?’:_o' CODIIX, = 147r0<r < n]]

A

1
=P (X, =147, 0§r<n]=e"—2,
n

where (8.4) was used to set the last equality. Thus,

(A, 1)/n =1 —2log(n)/(An),
and then J(A, 1) = limsup,_, o Jo(A,1)/n > 1; recalling the C(-) < 1 it
follows that J (XA, 1) = 1 so that J (X, -) = 1, by part (i).

(iii) Suppose that A < 0. Recall that C(x*) = —1 for every x = 1,2,3,... and
observe that for each positive integer n

I [ex I C(X,)]

v

Ep I:e)\z:l:_(; C(Xr)I[Xr = (x —i—r)*,O <r< n]:l

1
= MP X, =(x+1)*0<r<n]= ef)‘”—z;
n
since XA is negative, this relation yields that J,(A, 1%)/n < —1 + 2log(n)/(ni),
a relation that combined with the inequality C(-) > —1 leads to J(A,x) =
limsup,,_, o, Ju(A, x)/n = —1; from this point, part (i) implies that J(A,-) = —1. O

For the model in Example 8.1, the Lyapunov function condition holds and every
state is positive recurrent, by parts (i) and (ii) of Proposition 8.1. However, assertions
(ii) and (iii) of Proposition 8.2 and the third part of Proposition 8.1 together yield that,
for every state y, the mapping A — J (A, y) is not continuous at A = 0, neither form
the left nor from the right.
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