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Abstract  This note concerns controlled Markov chains on a denumerable sate space.
The performance of a control policy is measured by the risk-sensitive average crite-
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tion is bounded below, it is established that the optimal average cost is characterized
by an optimality inequality, and it is to shown that, even for bounded costs, such an
inequality may be strict at every state. Also, for a nonnegative cost function with
compact support, the existence an uniqueness of bounded solutions of the optimal-
ity equation is proved, and an example is provided to show that such a conclusion
generally fails when the cost is negative at some state.
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48 R. Cavazos-Cadena

1 Introduction

This work concerns Markov decision chains with denumerable state space and com-
pact action sets. The performance of a control policy is measured by the risk-sensitive
average cost criterion associated with a constant risk-sensitivity coefficient A > 0, and
the main objective of the paper is to provide conditions under which

(a) the (A-sensitive) optimal average cost function is constant, and
(b) there exists a solution of an optimality equation or inequality, from which an
optimal stationary policy can be obtained.

Besides standard continuity assumptions, the framework under which these problems
are analyzed is determined by the following two requirements:

(i) The simultaneous Doeblin condition holds (Thomas 1980; Hernandez-Lerma
1988), and

(i) The whole state space is a communicating class under the action of each station-
ary policy.

In this context, it will be shown that the optimal average cost function is constant,
say g*, and the main results of the paper are expressed in terms of the correspond-
ing relative value function /g« (-), which will be formally introduced in Sect. 3, and
whose intuitive meaning can be described as follows: first, let C(-) be the one-step
cost structure, and define the relative cost function as C(-) — g*. With this notation,
assuming that x is the initial state of the system, &g« (x) is the A-sensitive measure of
the minimum total relative cost incurred before the first visit to a fixed state z. In terms
of this idea, the main results of the paper, stated as Theorems 3.1 and 3.2 in Sect. 3,
can be described as follows:

(1) Ifthe cost function is nonnegative and has compact support, then the pair (g, /=
(+)) is a solution of the A-sensitive optimality equation, and

(2) If the cost function is bounded below—or, without loss of generality, a nonnega-
tive function—then the pair (g%, hg+(-)) is a solution of a A-sensitive optimality
inequality.

In both cases, A-optimal stationary policies can be obtained from the equation or
inequality in a standard way. On the other hand, explicit examples are given to show
that

(E1) If a cost function has compact support but takes a negative value, then the pair
(g*.hg+(-)) may not satisfy the optimality equation at any state, and

(E2) If C(-)is a general nonnegative function the optimality inequality may be strict
at every state, even if the cost function is bounded.

The analysis of stochastic systems endowed with the risk-sensitive average criterion
can be traced back, at least, to the seminal papers by Howard and Matheson (1972), Jac-
obson (1973) and Jaquette (1973, 1976). Particularly, in Howard and Matheson (1972)
finite Markov decision chains were studied under the communication assumption (ii)
described above and, using the Perron-Frobenius theory of positive matrices (Seneta
1980), the existence of solutions to the A-sensitive optimality equation was estab-
lished. Recently, there has been an intensive work on stochastic system endowed with
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Optimality equations and inequalities for the risk-sensitive average criterion 49

the risk-sensitive average criterion; see, for instance, Fleming and McEneany (1995),
Di Masi and Stettner (2000, 2007), Borkar and Meyn (2002), Jaskiewicz (2007) and
the references there in.

The motivation to study the solvability of the A-sensitive average optimality equa-
tion (or inequality) under the assumptions (i) and (ii) above stems from the following
remarks. First, the risk neutral-average index has been successfully analyzed under
(diverse variants of) the simultaneous Doeblin condition (SDC) ensuring the existence
of an appropriate solution of the corresponding optimality equation, which yields that
the optimal average cost function is constant, as well as an optimal stationary policy
(Thomas 1980; Hernandez-Lerma 1988; Arapostathis et al. 1993; Puterman 1994);
moreover, under mild requirements, the SDC is also necessary to have that, for each
bounded cost function, a bounded solution of the risk-neutral optimality equation exists
(Cavazos-Cadena 1988). Thus, at least at an initial stage, it seems natural to include the
simultaneous Doeblin condition as a working assumption to analyze the risk-sensitive
average index. However, in Cavazos-Cadena and Fernandez-Gaucherand (1999), an
example was given to show that, even in a finite model, such a condition does not
guarantee that the A-optimal average cost is constant, and in this case the optimal-
ity equation can not be solved; moreover, even when the risk-sensitive average cost
function is constant, the solvability of the optimality equation is not guaranteed under
the SDC (Cavazos-Cadena and Herndndez-Hernandez 2004). This behavior does not
occur when the state space is communicating with respect to each stationary policy
(Howard and Matheson 1972) so that it is also natural to include assumption (ii) above
within the basic framework.

On the other hand, the result (1) described above is an extension of the main
theorem in Howard and Matheson (1972), in that the existence of bounded solu-
tions of the A-optimality equation is established in a model with denumerable state
space, while the result (2) is related to more recent work by Herndndez-Herndndez
and Marcus (1999) and Jaskiewicz (2007), where the existence of a solution to an
optimality inequality was established. The results in these two papers were obtained
implementing the discounted approach in a similar way to that used by Sennot (1986,
1995) in the risk-neutral context. Thus, a family of optimal value functions corre-
sponding to a risk-sensitive discounted criterion was considered, and conditions were
imposed on the behavior of the family as the discount factor increases to 1. The required
conditions can be ensured if the cost function has a ‘penalized’ structure, in the sense
that it takes ‘large values’ outside appropriate compact sets (Borkar and Meyn 2002).
In contrast, although the present work assumes that the state space is denumerable, no
condition is imposed on any derived quantity, and the result (2) does not require any
special structure on the cost function beyond the nonnegativity or, more generally, the
existence of a lower bound.

The approach used in the paper relies on the analysis of stopping time problems
endowed with the risk-sensitive total cost criterion, and extends ideas in Cavazos-
Cadena and Fernandez-Gaucherand (2002), were finite models were studied; indeed,
each relative value function considered below is the optimal index associated with
one stopping time problem. On the other hand, the key technical instrument in this
note is an auxiliary probability matrix associated with a solution to the risk-sensitive
(multiplicative) Poisson equation corresponding to a stationary policy. Such a matrix

@ Springer



50 R. Cavazos-Cadena

is introduced in Sect. 5 and its properties allow to obtain the results concerning cost
functions with compact support and, from that point, the conclusions for the general
case are established via an approximation process.

The organization of the paper is as follows: first, in Sect. 2 the decision model is
formally described and the A-sensitive average criterion, as well as the corresponding
optimality equation, are briefly discussed. Next, in Sect. 3 the idea of relative value
function is introduced and, after proving some of its basic properties, the main results
of the paper are stated as Theorems 3.1 and 3.2, which establish the results (1) and (2)
described above, respectively. The proofs of these theorems rely on the properties of
the relative value functions presented in the following two sections. Thus, Sect. 4 con-
cerns general properties, which are valid when the cost function C(-) is nonnegative,
while the results in Sect. 5 hold under the additional condition that C(-) has compact
support. After these preliminaries, the main results are finally proved in Sect. 6, and
the exposition concludes in Sect. 7 with an explicit example illustrating the facts (E1)
and (E2) discussed above.

Notation Throughout the remainder N stands for the set of nonnegative integers
whereas, for a topological space K, B(K) is the space of all real-valued and bounded
functions defined on K, that is, C: K — R belongs to B(K) if and only its supremum
norm ||C|| is finite, where ||C|| := sup, g |C(x)|. On the other hand, for an event A
the corresponding indicator function is denoted by I[A] and, as usual, all relations
involving conditional expectations are supposed to hold almost surely with respect to
the underlying probability measure.

2 Decision model

Let M = (S, A, {A(x)}xes, C, P) be a Markov decision process (MDP), where the
state space S is a denumerable set endowed with the discrete topology, the action set
A is ametric space and, foreach x € S, A(x) C A is the nonempty and compact set of
admissible actions at x; the class K of admissible pairs is given by K = {(x, a) |a €
A(x),x € S} € S x A. On the other hand, C: S — R is the cost function and
P = [pxy(-)]is the controlled transition law. This model M is interpreted as follows:
At each time ¢ € N the state of a dynamical system is observed, say X; = x € §, and
an action A; = a € A(x) is chosen. Then, a cost C(x, a) is incurred and, regardless
of the states observed and actions applied before time ¢, the state of the system at time
t + 1 will be X; 1 = y € S with probability p, ,(a), where ZyES Pxy(a) = 1; this
is the Markov property of the process.

Assumption 2.1 (i) Foreach (x,a) € K, C(x,a) > 0;
(ii) Foreachx,y € §, the mappingsa + C(x, a)anda > py y(a) are continuous
ina € A(x).

Policies. Foreach ¢ € N the space H; of histories up to time # is recursively determined
by Hop :=Sand H;, = K x H;_1,7 =1, 2, 3, ...; a generic element of H; is denoted
by h; = (x0,a0,...,%—1,a:—1,x;) where x; € S and a; € A(x;). A policy is a
sequence w = {m, }, where each 7; is a special stochastic kernel on A given H;, that is,

@ Springer



Optimality equations and inequalities for the risk-sensitive average criterion 51

for each h; € H;, m;(-|h;) is a probability measure on the Borel class of A satisfying
7 (A(x;)|h;) = 1, and for each Borel subset B C A, the mapping h; +— m;(Blhy) is
measurable; the number 7, (B|h,) is the probability of choosing action A; within the
set B when the system is driven by 7 and h, is the observed history of the process up
to time 7; the class of all policies is denoted by P. Given the initial state x € S and
the policy m € P being used for choosing actions, the distribution of the state-action
process {(X;, A;)} is uniquely determined (Herndndez-Lerma 1988; Arapostathis et
al. 1993; Puterman 1994) and is denoted by P, while E7 stands for the correspond-
ing expectation operator . Next, define F := [],.g A(x), so that ' consists of all
functions f: § — A such that f(x) € A(x) for each x € S. A policy 7 is stationary
if there exists f € IF such that, under 7, the action selected at each time ¢ is given
by A; = f(X;). The class of stationary policies is naturally identified with [F and,
under the action of each stationary policy, the state process {X;} is a Markov chain
with stationary transition mechanism.

Average performance index. As already mentioned, it is supposed that the controller
has constant risk sensitivity A > 0, which means the the decision maker assesses
a random cost Y using the expectation of Y the number £(Y) := log(E [eMY] /A,
which satisfies e*¢Y) = E [€*], is referred to as the certain equivalent of Y, and
the decision maker is indifferent between incurring the random cost Y or paying the
certain equivalent £(Y) for sure. Next, given 7 € P, x € S and a positive integer
n, let Je (7, x) be the certain equivalent of the total cost Z?:_ol C(X;, A;) incurred
before time n when the system is driven by 7 starting at X = x, that is,

1 .
Je(,x) = 3 log (E;T [exz,:(} C<X“At)]) , 2.1

and define the (limit superior) A-sensitive average cost at state x under policy 7 by

1
Jo (@, x) :=limsup —Jc » (7, x); 2.2)
n

n—o0

the A-optimal average cost function J(-) is specified by

TE(x) = inf Je(r,x), x€s, (2.3)

and a policy 7* € P is A-optimal if Jc (7™, x) = J{(x) for each x € §. If the cost
function is bounded, it follows from these definitions that || /& ()| < [|C]| < oo. To
analyze the case of general nonnegative costs, the following condition is enforced.

Assumption 2.2 For some state z € S, J5(z) < oo.

Remark 2.1 Replacing the limit superior by limit inferior in (2.1) the criterion
Jc (mr, x) :=liminf,, o Jc, n(n x)/n is obtained. The corresponding optimal value
function is J*(x) = infrep Jo(m, x), so that J*( ) < J&(). Under the full set
of conditions imposed in this work, the limit superior and limit inferior A-sensitive
average criteria render the same optimal value function.
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Optimality Equation. The optimality equation associated with the A-sensitive average
cost criterion in (2.1)—(2.3) is

e)»g-l-)»h(x) — inf eAC(x,a) pry(a)e)»/’l(y) , xes, 2.4)
acA(x) yes

where g is a real number and /2: S — R is a given function.
The following verification criterion was established in Herndndez-Herndndez and
Marcus (1996).

Lemma 2.1 Given A € [0, 00) suppose that the pair (g, h(-)) € R x B(S) satisfies
the h-optimality Eq. (2.4). In this case, the assertions (i) and (ii) below hold:

(i) The A-optimal average cost function J{.(-) is constant and equal to g;
(ii) If the stationary policy f* satisfies

e}»g—&-)uh(x) — e}\,C(x,f*(x)) Z pxy(f*(x))e)uh(y)’ X € S, (25)
yeS

1
then f* is A-optimal and g = lim —Jc ,(f*, x), x € S.
n—oon

Remark 2.2 (i) Suppose that Assumption 2.1(ii) holds, let x € § be arbitrary but
fixed, and let 2: S — [—o00, 00] be a given function. In this context, Fatou’s
lemma yields that

a s MCwa) pry(a)ekh(y)’ ae Ax),
yes

is a lower semi-continuous function taking values in [0, oo] and, since A(x) is
a compact space, this mapping has a minimizer f*(x) € A(x). Therefore, the
corresponding policy f* € IF satisfies

inf | €@ Z Pxy (@)

acA(x) Ves
= TR p (fr e, xes,
yeS

so that the infimum can be replaced by minimum. Also, in the context of
Lemma 2.1, Assumption 2.1(ii) implies that a policy f* satisfying (2.5) exists.

(i) Suppose that (2.4) is satisfied, with 4(-) € B(S). In this case an induction
argument yields that the relation

I < [e)‘ > C(Xi A e)\h(Xn)]

n—1
< ET [ex b2 C<x,,A,>] Ml ghden(r)+alh
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always holds, and then g < liminf, o Jc,n (7, -)/n = Je(m, +); see Remark
2.1. Thus, g < J*( -) and then, since J*( ) < J&() and Ji(-) = g—by Lemma
2.1—it follows that Jc( )= JC( ) = g, that is, the limit superior and the limit
inferior average criterion render the same optimal value function.

(iii) Equation (2.5), to be solved for the pair (g, i(-)), will be referred to as the
Poisson equation associated with policy f* € F.

Conditions on the transition law. As already mentioned, the main objective of the
paper is to establish the existence of a solution (g, 4(-)) of the optimality Eq. (2.4),
or a similar inequality, implying that (a) the optimal value function J(-) is constant
and equal to g, and (b) a A-optimal stationary policy f* exists. These problems will
be analyzed under the ergodicity and communication conditions stated below, whose
formulations involve the following terminology.

Definition 2.1 (i) The hitting time corresponding to F' C S is given by
Tr :=min{n > 1| X, € F}, (2.6)
where the minimum of the empty set is oo; if F' = {x} is a singleton, T, = T{,}.

(i) The simultaneous Doeblin condition at state x—briefly, SDC(x
as follows:

SDC(x): there exist ]V(x) € N\ {0} and p(x) € (0, 1)
such that P/ [T, > N(x)] < p(x), yeS, feF.
Assumption 2.3 For some zg € §, SDC(zp) holds.

Remark 2.3 Under Assumption 2.3, an induction argument using Definition 2.1(ii)
yields that every x € S, f € Fand k € N, Pxf[Tzo > kﬁ(zg)] < p(z0)k, so that
PIIT, > k] < M(zo>5(zo)k where M (z0) = 1/p(z0) and p(z0) := pl(z0) /N
Therefore, EZ];[ Zk 0 P [Ty > k] < M(zO)/(l — p(z0)) < 00, so that z is
positive recurrent W1th respect to the Markov chain induced by each f € F.

Assumption 2.4 The state space S is communicating under the action of each sta-
tionary policy. More precisely, for each f € Fand x,y € S, Pxf [Ty < o0] > 0.

This section concludes with the following consequence of the two last assumptions
which will be useful later.

Lemma 2.2 Under Assumptions 2.1(ii), 2.3 and 2.4, the following assertions (i) and
(ii) below hold.

(i) Foreachy € S there exists a positive integer N (y) and p(y) € (0, 1) such that
PITy > NI <p(y), xe8, meP, (2.7)

so that, for each 'y € S, SDC(y) holds; see Definition 2.1(ii).
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(ii) Foreachy € S, sup,cs nep EX[Ty] < p() ™' /(1 = p(0)V/ND)) < 0.

Proof First, using Assumption 2.3 select zg € S such that SDC(zg) holds, so that,
by Remark 2.3, for each f € F the state z¢ is positive recurrent with respect to the
Markov chain induced by f, which is communicating, by Assumption 2.4. It follows
that for each f € IF there exists a unique probability distribution (4 y on the state space
S such that

pr) >0 and ppn) = > pr@)pes(f), x €S 2.8)

ves

see, for instance, Loeve (1980). Now, let y € § be arbitrary but fixed, and let the
reward function R, € B(S) be given by

Ryx)=1, xeS\{y}, Ry(y) =0. (2.9)

From the theory of risk-neutral average criterion (Thomas 1980; Herndndez-Lerma
1988; Puterman 1994), Assumption 2.3 yields that there exists g, € Rand i, € B(S)
such that the following optimality equation is satisfied:

gy +hy(x) = sup |:Ry(x) +> wa(a)hy(w)} : (2.10)

acA(x) wes

Using that /1, (-) is bounded, Assumption 2.1(ii) and the bounded convergence theorem
together yield that for each x € S the term within brackets in (2.10) is a continuous
function of a € A(x); since the action sets are compact, it follows that there exists
fy € Fsuchthat g, + hy(x) = Ry(x) + ZweS DPxw(fy(x))hy(w) foreach x € S, a
fact that via (2.8) and (2.9) leads to

gy =D upOR® = D pup=l-pg(m <1 @11

xes xeS, x#y

Now let x € S, 7 € P and n € N be arbitrary, and notice that (2.10) and the Markov
property together yield that the following relation holds P -almost surely:

h(Xp) > Ry(Xn)_g+ZpX,1 y(An)h(y) = Ry'(Xn)_g+E;T [A(Xnyr DI X5, Ag, s <nl,
y

sothat ET[h(X,)] > ET[Ry(X,) — g+ h(X,1)], an inequality that via an induction
argument leads to

Ayl = hy(x)

v

chT |:Z(Ry(Xt) - gy) + hy(Xn-H)i|

t=0

v

—gy + ET |:Z(Ry(xt) - gy)} — llAyll,

t=1
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and then, if n is positive,

2|yl + g 1 - 1 -
y y
T gy = BT [Z‘ Ry(xo] > —E7 [I[Ty > n];Ry(Xt)] :

Observing that X; # yif 1 <t < n < T, by Definition 2.1(i), it follows that
Z:l:l Ry(X;) =non [T, > n] [see 2.9)], and the above display yields that

2|lhyll + &y

+gy=P][Ty>n]l, xe€8, nweP, n=12,3,...
n

Selecting the positive integer N (y) in such a way that ({4, +gy) /N (y) < (1—gy)/2
it follows that

2\hy | + 1+ gy
—” oIl + 8 gy < g)<l, xes, mweP,
N(y) 2

PI[Ty > N(y)] < p(y) :=

where the last inequality is due to (2.11). This establishes part (i), and the second part
can be proved paralleling the argument outlined in Remark 2.3. O

3 Main results

In this section the main results of this note are sated as Theorems 3.1 and 3.2 below.
Throughout the remainder Assumptions 2.1-2.4 are supposed to be valid even without
explicit reference and, to begin with, the idea of relative value function is introduced
and some of its basic properties are established.

Definition 3.1 Letz € S be such that Jg (z) is finite; such a state will be fixed through-
out the remainder of the paper—see Assumption 2.2.

(i) Given g € R the corresponding relative value function hg: S — [—00, 00] is
defined by

1 T,—1
he(x) := - inf log (E7 [ 20 €xt0]) - xes. @

where T, is the hitting time in Definition 2.1(1).
(i) The set G is given by
G :={g e R|hy(z) <0}. 3.2)
Lemma 3.1 The relative value function h,(-) satisfies the following properties (i)—
(iii):
(i) Ifg > Ji(z) then hg(z) < oo, and

(ii) For each x € S, the mapping g +— hg(x) is decreasing and hg(z) — —00 as
g —> Q.
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Consequently,
(iii) G is nonempty and G C [0, 00).

Proof (i) Letg > JZ(z) be arbitrary but fixed. Next, select go € (J&(2), g) and
notice that (2.1)—(2.3) together yield that, for some policy 7° € P, the following
inequality holds:

1 n—
lim sup — log (EZO [eA > C(thAt):I) < go-

n—oo N

. .. . 0 n—1
Therefore, there exists a positive integer Ng such that E;T [e 2o C(Xf*AT)] <
"8 for n > Ny, a relation that, since C(-, -) is nonnegative, leads to

EX' [+ X0 COuM] <m0, n e N\ (0),

Np—1
where M = Efo[exzr:00 CXiAD] < oo, Next, using that 7. is finite

P *_almost surely, by Lemma 2.2(ii), notice that

g [ex zf;gl(cm,A,)—g)] —
Z

M2
e
N;lo

_eA :’;(} (C(X”A’)_g)I[TZ — n]:|

3
I
<

e

[ > (C<X[,A,>—g>]

IA
M2
3

3
I

I
NE
o]

[ 2205 c<x,,A,>] o8

3
I
<

a fact that via the previous display leads to
To_1 o0 o0
g [ex > (C<X1,A,)fg)] <> Me 08 =3 e HEED) < oo
z =< ;
n=1 n=1
recall that g > go for the last inequality. From this point, Definition 3.1(i) yields

that hg(z) < oo.
(i) Letx € Sandg € Rbearbitrary but fixed. Since T, is always larger than or equal

to 1, it follows that for each § > 0 the inequality ZtT;'Bl(C(Xt, A —[g+48]) <
>ENCX0, A — ) — 8 always holds, so that
ET [ek Z,Tigl(axt,A,)—[gM])]

< ET [exzfigkax,,m)fg)]ews, TeP, §>0
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and the specification of s (-) yields that

establishing that the mapping g + hg(x) is decreasing. Now, let go > J(2)
be arbitrary, so that hg,(z) < oo, by part (i). In this case, using the above dis-
play with z instead of x it follows that limg_, o h4(2) = lims_ o0 hgyys5(z) <
lims— oollg (2) — 81 = —o0.

(iii) Let g < O be arbitrary. Since 7, > 1 and the cost function is nonnegative, it
follows that the inequality

ET [e;\ DI ‘(C(Xt,At)—g)] > 8

always holds, so that hg(x) > —g > 0 for every x € S, and then g ¢ G;
see Definition 3.1. Finally, G is nonempty, since the part (ii) and (3.2) together
yield that g € G when g is large enough.

O

The main results of the paper are stated in the following two theorems. Set
g¥:=inf G € [0, c0), (3.3)

where the inclusion is due to Lemma 3.1(iii), and notice that (3.2) and the previous
lemma together imply that

G=(g"00) or G=[g" ). (3.4)

In the following theorem the existence and uniqueness of a solution of the optimality
equation (2.4) is established when the cost function has compact support, and such a
solution is used to characterize the A-optimality of a stationary policy.

Theorem 3.1 Suppose that Assumptions 2.1, 2.3 and 2.4 hold, and that the cost func-
tion has compact support, that is, there exists a finite set F C S such that

Cx,a)=0, xeS\F, ae A(x), 3.5

In this case, the following assertions (1)—(v) are valid.
(i) g" € G, hg«(z) =0, and hg+ € B(S), see Definition 3.1 and (3.3).
(ii) The pair (8%, hg«(-)) satisfies the optimality equation (2.4).
Consequently,
(iii) JA() =g and
(iv) A policy f € F is r-optimal if, and only if,

HETH D) = FECTON D po (feNe D, xes, (3.6)
yeS

so that a h-optimal policy certainly exists; see Remark 2.2.
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(v) Ifg € Randh € B(S) are such that the pair (g, h(-)) satisfies (2.4), then g = g*
and h(-) = hg(-) + h(2).

Concerning the part (ii) of this theorem, an explicit example will be presented
in Sect. 7 showing that, if a cost function has compact support but takes a negative
value, then the pair (g%, hg+(-)) does not necessarily satisfy the optimality equation
(2.4). On the other hand, the part (v) of this result establishes the uniqueness of a pair
(g, h(-)) satisfying the optimality equation (2.4) as well as the conditions /(z) = 0
and h € B(S). It is interesting to note that, as illustrated in the following example, if
the condition & € B(S) is not required, then (2.4) may admit solutions (g, A(-)) where
g is not equal to the optimal average cost.

Example 3.1 Suppose that S = N, A = {0} and let p € (0, 1) be fixed. Next, let the
transition law [py ,(0)] = [px y] be determined as follows:

px0:=p, pxx+1:=1—p, xelN (3.7)

Since the action space is a singleton, it is clear that Assumption 2.1 holds, and observ-
ing that P, [Ty > 1] = P¢[X] #0] =1 — p € (0, 1), it follows that the simultaneous
Doeblin condition holds at z = 0. On the other hand, observing that P, [X| = 0] = p
and Pp[X, = x] = (1 — p)* > 0 for every x € S, it is not difficult to see that
Py[Ty < o0] > Py[Ty < y+ 1] > O for every x,y € S, so that Assumption 2.4
is also valid. Thus, setting C(-) = 0, all the conditions in Theorem 3.1 are satisfied
and the optimal average cost is null. Observe now that the optimality equation (2.4)
associated to C(-) = 0 becomes

M) hhO) () py M) e g (3.8)

Next, given g > 0, a function Hg: § — [0, oo] will be recursively constructed such
that the pair (g, H,(-)) satisfies the above Poisson equation: Set

H,(0) :=0

and, assuming that Hy(n) > 0 has been specified for some n € N, observe that
et _ > 1 — pand define

1 e e tRH ) _ gy
Hg(n + 1) = X log ?
which is certainly a nonnegative number. From these two last displays it follows imme-
diately that the pair (g, H,(+)) satisfies the Poisson equation (3.8). By Theorem 3.1(v),
H, is unbounded for each g > 0.

In the following result the assumption of a compact support for the cost function
is dropped, and the main qualitative difference with respect to Theorem 3.1 is that,
instead of the optimality equation (2.4), it is asserted that the pair (g*, hg+(-)) satisfies
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an inequality which, as it will be shown by an explicit example in Sect. 7, may be
always strict.

Theorem 3.2 Suppose that Assumptions 2.1-2.4 hold. In this context, assertions (i)—
(iv) below are valid.

(i) The inclusion g* € G holds and
JE() =g"
moreover,

1
liminf —Jc (7, x) > g%, x€8, weP. 3.9)
n—oo n

(i) The relative value function hgs(-) is bounded below and the pair (g*, hg«(-))
satisfies the following optimality inequality:

MM () > i | O D pey@ee O | xes, (3.10)
acA(x) Ves
Consequently,
(iii) There exists a policy f € F satisfying

e}\.g*+)»hg* (x) > eAC(x,f(x)) pry(f(x))e)\.hg*(y)’ x €S, (311)
yeSs

and each stationary policy satisfying this condition is \-optimal.
(iv) IfgeRandh: S — R are such that

SO > min | ACEON"p (@) | xeSs, (312)
acA(x) Ves

then one of the following assertions (a) or (b) hold:
(@) g=>g%
(b) g=g"and h(-) — h(2) = hg«(").

Remark 3.1 (i) Using that the average criterion J¢(r, -) is additively homoge-
neous, that is,

Jeyp(m, ) =Jc(m,)+B, meP, BekR,
it is not difficult to verify that the conclusions in Theorem 3.2 remain valid if,

instead of the nonnegativity requirement in Assumption 2.1(i), it is supposed
that C(-, -) is just bounded below.
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(ii) Relation (3.9) establishes that the limit inferior average cost index in Remark 2.1
satisfies J¢ (T, x) > g*,foreachx € Sand 7 € P;thus g* < J*() <JEO) =
g*, and it follows that the limit superior an limit inferior average criteria have
the same optimal value function.

(iii) If a policy = is A-optimal, thatis J¢ (7w, -) = Jg(-) [see (2.1)—(2.3)], then (3.9)
implies thatlim,_, oo Jc » (77, -)/n = g*, extending the conclusion in the second
part of Lemma 2.1. In particular, Jc ,(f, -)/n — g* when f € Fisasin(3.11).

The proofs of Theorems 3.1 and 3.2 are rather technical and will be presented after
the auxiliary results on the relative value functions presented in the following two
sections. Essentially, Sect. 4 concerns general properties, which are valid for arbitrary
nonnegative costs, while Sect. 5 is dedicated to analyze the case of a a cost function
C(-, ) = 0 with compact support.

4 Basic properties of the relative value functions

In this section some general properties of the relative value functions are established in
the following three lemmas, whose conclusions can be roughly described as follows:

(a) Arelative value function /¢ is bounded below, it can be realized by using a station-
ary policy, and the dynamic programming equation satisfied by £, is determined;

(b) A sufficient criterion on a function H (-) is given so that it dominates a relative
value function hg(-), the finiteness of hg4(-) for g € G is established, and it is
shown that g* in (3.3) is an upper bound for the optimal average cost function
Jg(-); finally,

(¢) The inclusion g* € G is proved.

Lemma 4.1 Let g € R be arbitrary but fixed and suppose that Assumptions 2.1-2.4
hold. In this context, the following properties (1)—(iii) are satisfied by the relative value
Sfunction hg(-) in Definition 3.1.

(i) Foreachx € S
hg(x) > —N(z2)g +log(l — p(2)) /A =: My, 4.1

where N(z) € N\ {0} and p(z) € (0, 1) are as in Lemma 2.2.
(ii) The function hg(-) satisfies the following dynamic programming equation:

ekhg(X) — inf ek(C(x,a)—g) pxz(a) + Z pxy(a)ekhg(y) , XE€ S.
acA(x)
yesS\{z}
4.2)
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(iii) There exists a policy f, € F such that

ekhg(){) — e)»(C(X,.flg(X))_g) sz(fg(x)) + Z ny(fg(x))e)hhg(y) , X € S.
yes\{z}
(4.3)

Proof (i) Letx € S and w € P be arbitrary and notice that
T;-1 T -1
E? I:e)\szo (C(XuAt)*g):I > E? [612;:0 (C(Xt,Az)*g)I[TZ < N(Z)]:I
> e NOEPIT, < N(2)]

> e MNVEE(1 — p(2)),

where the condition C(-, -) > 0 in Assumption 2.1(i) was used to set the second
inequality and Lemma 2.2 was used in the last step. Now, the conclusion follows
combining the above display with Definition 3.1.

(i) Letm € Pandx € S be arbitrary. Using that [T, = 1] = [X| = z], the Markov
property yields that, for each a € A(x),

T;—1
E7 [+ 250 €0 T, > 1)] Ag = a, X, |
= HCCO-9 1, % EL" [eA ZZ&%C(th,)—g)]
> e”(c(x'“)_g)l[xl # Z]ekhg(xl)’

where the shifted p olicy 7 *®) is determined by n,(x’a) (-|hy) = w41 (lx, a, hy),
and (3.1) was used to set the inequality. Thus,

E;[ |:€)L ZZG](C(Xr,At)—g)I[TZ > 1]‘ AO — a]

> HCEDD 3 (@)t
ves\(z)

and combining this relation with
T;—1
E;T [6)\ 2o (C(X”A’)_g)I[TZ — 1]’ Ao = a] — EK(C(x,a)—g)pxz(a)
it follows that

E;[ I:ekZ[Tial(C(X[,Ar)*g)) AO = a:l

2 eA(C(x,a)—g) sz(a) + Z pxy(a)e)nhg(y)
yes\{z}

> igf HMCE.a)—g) prz(a) + Z pxy(a)e)‘hg(y)
acAt) ves\(z)
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integrating with respect to the distribution of Ap, it follows that

To-1
ET[¢* 20 (CXt,A0=8)] s larger than or equal to the infimum in the above
display, a fact that yields

e)uhg(x)z lnf eA(C(x,a)*g) pxz(a)+ Z pxy(a)e)\ho’) , XES,
acA(x)
yes\{z}
“4.4)

by Definition 3.1(i). To establish the reverse inequality, let ¢ > 0 be arbitrary
and notice that, for each y € §, (3.1) yields that there exists a policy 7 € P
such that

E™ [ex zf;gl(axt,A,)—g)] < M)+
T < .

Next, for each f € F, let the new policy )/f = {y,f } € P be specified as fol-
lows: vJ ({f (0)}Ix) = 1 for each x € S, while 3/}, (lh+1) = 7, Clay, .,
a, x;4+1) foreacht € Nandh; 1 € H; 1. A controller choosing actions accord-
ing to y/ operates as follows: At time r = 0 the action applied is selected using
f and, after observing X| = y, from time 1 onwards the actions are selected
using 7 as if the precess had started again. Using the Markov property and
Definition 3.1(i) it is not difficult to see that

M < g’ [exz,’;g‘(ax,,m)—g)]
— HMCEF)—)
v Iz—1 _
[ prz(F@) + D pay(FODET [exz,=o (X0 A) g)]
yes\(z)

and combining the two last displays it follows that, for each x € S,

e}»hg(X) < eSeA(C(X,f(X))_g) sz(f(x)) + Z pxy(f(x))ekhg(}')
yeS\{z}

since ¢ > 0 and f € [ are arbitrary, this relation implies that

M) < inf | HEEO=D N 5 (@) + Z pxy(a)ekhg(y) , X€ES,

T acA(x) vesviz)

a fact that, via (4.4), leads to (4.2).
(iii)) From Assumption 2.1 the term within brackets in (4.2) has a a minimizer
fe(x) € A(x), and (4.3) follows via (4.2); see Remark 2.2. O
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Lemmad4.2 Let H: S — (—00,00], f € F and g € R be such that the following
conditions (a) and (b) are satisfied:

(a) H(z) < oo, and
(b) For each x € 8, H0) > HCGEFE)-0) (pxz( FO) + 3 ez Pry(F ()

eAH(y)).
In this framework the following assertions (1)—(iv) hold.

(i) H(-) is a finite function , and
(i) W > E){ [e)‘ Ztrial(C(X”A’)_g)] > s for each state x.

Consequently,
(iii) If g € G, then the relative value function hg(-) is finite and

’

s — ple [exzfi?(ax,,m)—g)], ces

where the policy f, € Fis asin (4.3), and
(iv) g* = JE0).

Proof (i) Since H(-) > —o0, it is sufficient to show that H(-) < oo. To achieve
this goal observe that, since H (z) is finite, the inequality in condition (b) yields
that

H(x) <oo and pyy(f(x)) >0= H(y) < oo.

Now, let y € S be arbitrary and notice that Assumption 2.4 implies that there
exists a positive integer k as well as states xg, X1, ..., X; suchthat xg = z, xx =
y and

Pxiogxi (f(xiz1)) >0, i=1,2,... k.

Using that H(xg) = H(z) < oo, these two last displays together lead to
H(y) = H(xx) < 0o, and then H(-) < oo, since y € S is arbitrary.

(i) Recalling that A; = f(X;) under the action of policy f, condition (b) and
Definition 2.1(i) together yield that

MW > gl [ek(C(Xo,Ao)*g)I[Xl =7]
4 MCK0.A) =) L H (XD [ x| £ Z]]
_ E{ [eA(C(Xo,Ao)—g)][TZ =1]

+HCOA DO T 21|, xes.  @3)
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Next, observe that for every positive integer n and x € §, the Markov property
and condition (b) together imply that

E/ [I[Tz > n]et Xm0 (€Ki, A)=8) 1 H (Xn)

X5, 8 < n]
— [T, > n]e* Zino (C(Xi.AD=8) g H(Xn)

> [T, > njet Zim €Ki A)—g) (€K, An) =)

(PX,, (f(Xn) + Z PX, y(f(Xn))ekH(y)>

yes\{z}

=I[T, >n]ek Z?:o(C(X;,Ax)—g)E){ [I[Xn+1 =21+ 1[Xpt1 7éz]e)\H(Xn-H)

X5, sin]
= B{ [ Do COM DT, o [ X51 = 2] X5 < n]

+ E{ |:][Tz > [ Xpp1 # Z]elZTZO(C(Xxqu)—g)eKH(XnH)

Xs. s Sn]
- E,{ [eAZ?:Q(C(Xt,Az)*g)][TZ =n+ ]]‘ X,, 5 < l’l]

+E! [I[Tz > 1 4 1]e* Zieo(CXr, AN =g) rH (Xn+1)

XSssfn:I7

and then
Ef [I[Tz > nle* Z?;OI(C(X”A’)_g)e)‘H(X")]
> E){ [ekZ'fzo(C(Xr,At)—g)I[Tz =n4+ 1]]

+E! [I[Tz >4+ 1]exZ;’=0(C<x,,A,)—g>exH<xn+.>] ,

an inequality that, via an induction argument using (4.5), yields that for every
xeSandn=1,2,3,...

n
AHO > ZE{ [I[Tz = k]t zf;ol(axt,A,)—g)]
k=1

+Ef [I[Tz - n]exZ,”;&(C<X,,A,)fg)ew(xn>] ’

and then

n
W = Tim > B [1IT, = kje* Ze €t
n—oo
k=1
- k
=>"E! [I[TZ - k]ekz,;(}(C(x,,A»—g)]

k=1
— ! [ex Z,Tia‘(ax,,m)fg)] > M),
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where it was used that P)'Cf [T; < oo] = 1 to set the second equality, by Lemma
2.2(ii), and the second inequality follows from (3.1).

(iii) Let g € G be arbitrary so that 44(z) < 0, and let f, € I be as in (4.3). In this
case conditions (a) and (b) hold with /1, and f, instead of H and f, respectively,
and the conclusion follows from parts (i) and (ii).

(iv) Given g € G, let policy f, € F be such that (4.3) holds, and notice that
1 > e*:@ since hy(z) < 0, so that (4.3) immediately implies that e« >
eC Jet)=sg 2 yes Px ye*s0) for every state x. From this point, an induction
argument using the Markov property yields that, for each positive integer n and
xes,

Metihy () 5 ple [ S Y c<xt,A,>+hg(xn)] > Mo (fo ) +AMy
where (2.1) and the lower bound in (4.1) were used to set the second inequality.
Thus,

ho(x) — M 1
+ SR > ;JC,n(fgs Xx)

and, since hg(-) is finite, via (2.2) and (2.3) this leads to g > Jc(f,, -) > Jéf(-);
since g € G is arbitrary, it follows that inf G = g* > J(-).

O
Lemma 4.3 With the notation in (3.3), g* € G.
Proof Let {gr} C G be such that
g\ g as k /o0 (4.6)
and, applying Lemma 4.1 (iii), select a policy f,, € I such that
e)»hg/\r (x) — e)»(C(X,f;g/( (X))_gk) pxz(fgk(x))+ Z pxy(fgk(x))ekhg/" ()’) , XES;
yes\{z}
4.7)

using the fact that [F is a compact metric space, after taking a subsequence (if necessary)
it can be assumed that { fo, } converges to a policy f* € F:

klim fo(X) = f*(x), x€S8. (4.8)

Next, observe that the monotonicity property in Lemma 3.1 and (4.6) together yield
that there exists a function H*(-) defined on S such that

hg, (x) < lim hy, (x) = H*(x) < hg(x), x € 5. (4.9)
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Since hg, (-) is bounded below, by Lemma 4.1, the first inequality implies that H*(-) >
—oo while using that gx € G, so that hg (z) < 0, the above convergence yields
that

(@) H*(z) <0.
On the other hand, taking limit as k goes to co in both sides of (4.7), Assump-
tion 2.1(ii), (4.6), Fatou’s lemma and the two last displays together imply that

(b) HHT ) > MCO f*(0))—g")

< | pez(fX N+ D pey(ff@neT ) xes.

yes\iz)

These two facts (a) and (b) show that the conditions in Lemma 4.2 are satisfied with H*
and f* instead of H and f, respectively, and it follows that H*(-) is a finite function
as well as

AW 5 gL [eszial(ax,,m)—g*)] S e @ s,

This relation and (4.9) together lead to H (-) = hg+(-), and from this point the fact (a)
above yields that 4+ (z) < 0, so that g* € G; see (3.2). O

5 Nonnegative costs with compact support

In this section additional properties of the relative value functions are established under
the assumption that the cost function C(-, -) > 0 has compact support. In this context,
the main goals to be established can be described as follows: (a) The relative value
function A4+ (-) is bounded, and (b) the equality A4+ (z) = 0 holds; this latter property
is the backbone of the argument used in Sect. 6 to establish Theorem 3.1. Finally, the
exposition concludes with a result about (c) the uniqueness of solutions of the Poisson
equation associated with a stationary policy f; see Remark 2.2(iii).

Lemma 5.1 Suppose that Assumptions 2.1, 2.3 and 2.4 hold, and that the cost func-
tion C has compact support, that is, the condition (3.5) holds for some finite set F. In
this case the relative value function hg«(-) is bounded.

Proof Let the finite set F' be as in (3.5) and without loss of generality assume that
z € F, so that

T, > Tr; (5.1
see Definition 2.1(i). Now, set
M* =1+ max |hg«(y)| (5.2)
yeF
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and notice that M* is finite, since F is a finite set and h¢«(-) is a finite function; see
Lemmas 4.2(iii) and 4.3. Next, it will be shown that

he«(x) <M*, xeS\F. (5.3)

To achieve this goal, let fy+ € IF be as in Lemma 4.2(iii), so that
e 0) = gl [exzfiSHC(x,,A,)fg*)]’ yes. (5.4)
and let the initial state Xo = x € S\ F be arbitrary but fixed. Since X; ¢ F for

1 <t < Tr [see Definition 2.1(i)] and X¢ = x ¢ F, condition (3.5) yields that the
following equalities hold Pxfg " -almost surely:

T.—1
> (C(Xi. A) — g*) = —g"Tr onthe event [T; = Tr]
=0

and

I-1 T,—1

D (C(Xy. A —g") = —g"Tr + D (C(X;. A)) —g*) ontheevent [T, > Tr].
t=0 t=Tf
Thus, since g* > 0 [see (3.3)],
Tor [ o3l an—¢*) ppr — _ gl [ e Tr _
EL |e2iZo 1T, = Trl| = EX*" |e 1T, = TF]
< PI(T. = 17, (5.5)

while, usingthat I[T, > Tr = k] = I[Xs ¢ F,1 <s < k, X} € F\{z}], the Markov
property yields that for every positive integer k

* Tz—1 *
E){g [82,=0 (C(X;,Ap)—g )I[Tz > Tr = k]| X1, ..., Xk]
3 % Tz—-1 o
— E){%’ |:eg TF62'=TF(C(X"A’) 8 )I[Tz = TF — k]|X[, o Xk:I

— ¥ THT, > Tp = KEY [eZTi;Vaqun—g*)]

= e 8 TP [T, > Tr = k]t X0
<I[T, > Tr = kle"M”

where (5.4) was used to set the third equality and, since X; € F ontheevent [TF = k],
% ;-1 *
the inequality follows from (5.2). Therefore, E ,{”’ [ezt=0 (CXeAD=8I [T, > T F]] <
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Pxfg* [T, > Trle*M”, and combining this with (5.1) and (5.5) it follows that
e () _ et [ 35 e A9 < pler fex AME _ M*
e’ =E;° |e~=0 <P’ [T;=Tr]+P:° [T, > Trle <e ,

where (5.4) was used to set the equality; this implies (5.3), since x is an arbitrary state
in §\ F. Combining (5.2) with (5.3) it follows that /1¢+ (-) < M* < oo, and the desired
conclusion is obtained recalling that g« () > Mg+ > —o0, by Lemma 4.1(i). O

The main result of this section is the following.
Theorem 5.1 Under the conditions in Lemma 5.1, hg+(z) = 0.

The proof of this theorem relies on properties of the following matrix Q, which is
derived from a solution of the Poisson equation associated with a stationary policy;
see Remark 2.2(iii).

Definition 5.1 Let g € R, f € F and D, H: S — R be such that the following
Poisson equation holds:

) = PO p (Fa)HD), x e s, (5.6)
yes

In this context, on the space S define the matrix Q(f, g, D, H) = O = [gx ylx,yes as
follows:

AD(x)—Ag AH (y)
e ny(f(x))e
Gry = JLH . X,y€eS. (5.7)

Remark 5.1 Notice that (5.6) and the specification (5.7) immediately yield that the
matrix Q is stochastic. The distribution of the state process {X,} when Q is the one-
step transition matrix and Xo = x is the initial state is denoted by PXQ, with E xQ
standing for the corresponding expectation operator.

Lemma 5.2 In the context of Definition 5.1, suppose that H(-) € B(S) and that
Assumption 2.3 holds. In this situation, the assertions (1)—(iii) below hold:

i) D e B(S).

(i) Foreach y € S, the matrix Q in (5.7) satisfies the simultaneous Doeblin con-
dition at y. More precisely, if N(y) € N\ {0} and p(y) € (0, 1) are as in (2.7),
then

PEITy < NWI=1-4(y), xE€S,
where p(y) € (0, 1) is determined by

1—p(y)=(— p(y))ef)»N(y)HD(~)*g|\*2M|HII >0, yes.
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(iii) Foreache € (—oo, —log(p(y))/[AN(y)]) the function Hy: S — R defined by
Ho(y) =0, and Hy(x) = —log (EQ[eMT ]) L xeS\D) (58

is bounded and satisfies the following Poisson equation:

eAHg(x) — eks—ka(S)D},(x) quweng(w)’ = S, (59)
weSs
where
ale) = — log (EQ[eMT‘ ]) (5.10)

and Dy, is the indicator function of point y, that is
Dy(x) =0, if xeS\{y}, and D,(y) =1. 5.11)
Proof (i) From (5.6) it follows that e Ml < AH@X < ADE)=Ag AIHI gpq
HMHI > AHE) > ADE)=28 o =2IH for every x € S, sothat | D|| <2| H|+gl.

(i) From (5.7), for each integer k > 1 the following relations for the probability of
the event [T, = k] with respect to PxQ hold, where x = xg and x; = y:

POIT, = k]

k
Z qui—l xi

Xi#y i=1
i=1,2,....k—1

B Z ﬁ e/\D(xH)ngpxiil )Ci (f(xl._l))ekH(Xi)

A H (1)
Xi #y i=1
i=1,2,...,k—1
k
— HeAD(xi—l)—)vg
Xi#Y i=1

sonk—1

AH(x,

2
k )
X(pr, lx,(f(xl 1)))1_[ SAH(xi_1)
i=1

—kMID()—gl e H (i)
= ¢ 1P pri—lxi(f(xi—l)) ~SHGo)
Xi#y i=1 e

i=1,2,...,k—1
e krIDO—gl € M) £
‘ eMH (x) Z pr,elxl-(f(xi—l))

Xﬁﬁy i=1
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(iii)

and then
PQ[Ty =k] > e KAMIDC) —gll=22 HI| Pxf[Ty =k))
& > .
Also, it is not difficult to see that this inequality is also valid for k = 1, so that

N(y)
POIT, < N(y)l = > PIT, =]
k=1

N(®»)
> 2 e FMIDO) =gl =2AIH ] pr[Ty =k
k=1
N(y)
> e~ NOMDO)—glI=21IH]] Z pr[Ty = k]
k=1

— ¢~ NOAIDO)—gl=2AIH] Pxf[Ty <N

and the conclusion follows from (2.7).
An induction argument using the previous part yields that PXQ [Ty > kN(y)] <
p(y)¥ for each positive integer k and x € S, and this leads to

POIT, > nl < p()"NO=1 n=1,2,3,..., xeS;

thus, if ¢ < —1og(5())/[AN(y)], so that e*¢ 5(y)/NO) < 1, then

oo
EZ[MT] =" " Py[Ty = n]
n=1
oo o0
< D MRITy =l < Y ()N <00, xes,

1 n=1

3
I

and observing that the inequality EZ[e*T] > EZ[e*Ty [ [Ty < NIl =
e MEING (1 — 5(y)) is always valid, it follows that H,(-) in (5.8) is bounded.
On the other hand, via the Markov property, a conditioning argument yields that
foreachx € §

E2[MT] = { quy + D qrwEL[e"]
w#y

an equality that together with (5.8) and (5.11) shows that the Poisson equation
(5.9) holds if x # y. On the other hand, setting x = y the above display and
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(5.10) allow to write
O = gy, + Z aywES[M]
w#y
that is
1 — e)LS—)»C((S) qyy + Z qwag[e)»STy]
w#y
and a glance at (5.11) and (5.8) shows that the equality in (5.9) also holds for
X =y.
O

Proof of Theorem 5.1 Set
A= —hg(z) =0, (5.12)

where, using that g* € G—by Lemma 4.3—the inequality follows from (3.2). It will
be shown, by contradiction, that A is null.

Assume that A > 0. Recall that hg«(-) is bounded, by Lemma 5.1, while Lemma
4.1(iii) yields that there exists a policy fg+ € I such that

M) = HECT D= (e () + D pay(fer ()M ) | xes.

yes\{z}
(5.13)
Now define the function H € B(S) by
H(x) :=hg«(x) + AD,(x), x €S8, (5.14)
where D, is the indicator function of point z; see (5.11); since
H(z) =0, (5.15)

[see (5.12)] and H (x) = hg«(x) for x # z, it follows form (5.13) that

) — MC(x, for (X)) —g )pry(fg* )N xes \ {z}
yes

@ Springer



72 R. Cavazos-Cadena

whereas using the the notation in (5.12), the equality in (5.13) with x = z is equivalent
to

MM =1 = HOCTe DA (@) D pay(fer (DO
yes\iz}

= MO @ F =g Pzz(fg*(Z))ekH(z)‘l‘ Z sz(fg*(z))ekH(y) .

yes\{z}
These two last displays lead to
) = D=8 Z Pay(fer ) x e s, (5.16)
yes
where
D(x) = C(x, fgx(x)) + AD,(x), x€S. (5.17)

Therefore, defining the matrix [g, y] by

_ PO Dy (S ()M
4xy -= o H()

(5.18)

it follows from Lemma 5.2(iii) that for each ¢ > 0 small enough, there exists a bounded
function H, such that

He(z) =0 (5.19)
and
eA,Hg(x) — eka—ka(s)Dz(x) quye)qu(y)’ x € S, (520)
yesS

where a(¢) is given by (5.10) with y = z, so that a(e) \ 0 as ¢ N\ 0. Thus, without
loss of generality, it can be assumed that ¢ > 0 is chosen in such a way that

ale) < A. (5.21)
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Combining (5.18) and (5.20) it follows that for each x € S

M) phe—hra(e) Dz (x) Z quele(y)

yes

AD(x)—rg* . AH (y)
— pre—ha(e)D(x) Z e Pxy(fex(x))e oHHe ()

WH (x)
yesS ¢
A[D(x)—a(e) Dy (x)]—A(g*—&)
e M )
- S 2 ey fer (e IO

yeS
and then

ek[Hs(X)+H(X)] — e)\[D(x)—Ol(S)DZ(X)]—)\(g*_s) Z Px y(fg* (x))ek[H(y)+H£(y)];
yes
observing that (5.17) and (5.21) together yield that D (x) —a (&) D, (x) =C (x, fo+ (x))+
AD;(x) —a(e)D,(x) = C(x, fgx(x)), it follows that
e}»[Hs(X)‘l’H(X)] Z ekC(x,fg*(x))—)u(g*_g) Z ny(fg* (x))e)u[H(}‘)+Hg()’)]’ x € S
yes
Since H.(z) + H(z) = 0, by (5.15) and (5.19), conditions (a) and (b) in Lemma
4.2 are valid with Hy + H, f,+ and g* — ¢ instead of H, f and g, respectively, so
that conclusion (ii) of Lemma 4.2 yields that Hy(-) + H(-) > hg+_¢(-); in particular,

0= Hg(2)+ H(z) > hg«_¢(z),sothat g* —e € G, an inclusion that contradicts (3.3),
since ¢ > 0. Consequently, A = 0. O

The following result will be useful to establish the uniqueness of bounded solutions
of the A-sensitive optimality equation (2.4).

Lemma 5.3 Suppose that Assumption 2.3 holds, and let f € F, g € Rand H, Hy €
B(S) be such that

H(z) = Hi(z) =0.

Additionally, assume that for some functions D, D1: S — R, the following Poisson
equations equations hold:

JETHHD - FDO N (FNETD x e s,
yes

S — FDION p (Fa)O) e s
yeSs

In this context,

if D1(-) = D(), then D(-) = D1(-) and H(-) = Hy(").

@ Springer



74 R. Cavazos-Cadena

Proof Assume that D1(-) > D(-) and let the stochastic matrix Q0 = [gy ] be as in
(5.7). Next, observe that for each x € §

M) — AD1(x)—hg pry(f(x))e)»Hl(}')
yeSs

AD(x)—A AH
— JMH() DI (0)=AD(x) P28 p(f (x))eHH D) SHHIO)—H ()
- Z o H(x)

yeSs

— M (X) AD1(X)=2AD(x) Z Gx ye)»Hl MN—=H(y)

yeS
and then

eI () —1H (x) :ele(x)—AD(x)quyekm M—H(y) > Z G yekHl (y)—H(y)’ xes;
yeS yes
(5.22)

recall the D1(-) > D(-) for the inequality. From this point an induction argument
yields that that the inequality e*H1()=2H() > QoA H1(Xu)=1H ()] always holds, so
that

1 n
AH1(x)—AH (x) O MHi (X))—AH (x;)
e > — Ex|e
= E ol ]

t=1

1< .
=B 00X, e FY,  xeS. n=1,23,
n

=1

v

where F is a finite subset of S. Since the transition matrix O = [gx y] satisfies the simul-
taneous Doeblin condition at each state y, by Lemma 5.2(ii), it follows that Q that it is
communicating and positive recurrent (see Remark 2.3), and then there exists a unique
probability distribution () on S such that (x) > 0 and >, EXQ[R(XI)] /n —
Zye s m(Y)R(y) forevery x € S and R € B(S). Therefore, the above display yields
that M M—AH) > Zyeﬁ u(y)eWI=2AH®) and, since x € S and the finite set

F C S are arbitrary, it follows that the relations

HHOITHE) 5 32 () HIOIAH) > g FHIO)HHO)

es
yeS 7

hold for every x € S. After taking the infimum with respect to x, this implies that

Zu(y)eﬂ'll WM=AH®G) — jpf M1 ()‘)—)\H(Y)’

=N
yeSs Y
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and then e*1)=*H() 5 constant, since u(-) > 0. Thus, H(-) — H(-) = H|(z) —
H (z) = 0 which, via (5.22), yields that D{(-) — D(-) = 0. O

6 Proof of Theorems 3.1 and 3.2

In this section the main results of the paper stated in Sect. 3 will be finally established.

Proof of Theorem 3.1 Suppose that Assumptions 2.1, 2.3 and 2.4, as well as condition
(3.5) for some finite set ' C S hold.

(i) The inclusion g* € G was proved in Lemma 4.3, while the boundedness of
hg+(-) and the equality hg«(z) = 0 were established in Lemma 5.1 and Theo-
rem 5.1, respectively.

(ii) Since hg+(z) = 0, the dynamic programming equation (4.2) applied to the case
g = g™ is equivalent to

ekg*+khg*(x) — inf ekC(x,a) pry(a)ekhg*(y) x e S,
acA(x) Ves

so that the pair (g*, hg+(-)) satisfies the optimality equation (2.4).

(iii) Since hg+(-) is bounded, the previous part and Lemma 2.1(i) together imply
that Ji(-) = g*.

(iv) It will be shown that f € F is A-optimal if and only if (3.6) holds.
Assume that f is h-optimal, thatis g* = Jc(f, -). Inthis case, applying parts (i)
and (ii) above to the reduced MDP M ¢ obtained by restricting the set of admis-
sible actions at each state x to { f(x)}, it follows that there exists a bounded
function 4 y(x) such that 4 s (z) = 0 and

S = FEETO D pey(FeNe Y xS,
yes

On the other hand, from the optimality equation in part (ii) it follows that there
exists §: S — [0, oo) such that

e}‘g*""}‘hg* (X) — e)»C(x,f(x))—)LS(x) pr y(f(x))e)»hg*(y) x € S (61)
yesS

From this point, an application of Lemma 5.3 yields that §(-) = 0, so that (3.6)
holds.
Assume that (3.6) is valid. In this situation the A-optimality of f follows from
the second part of Lemma 2.1.

(v) Letg € Rand h € B(S) be such that (2.4) holds. In this case g = g*, by
Lemma 2.1(i), and there exists a policy f € [F such that

W SO S (f(1)eHO) x e s,
yeSs
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where fz(~) = h(-) — h(z); see Remark 2.2(i). For this policy f the optimal-
ity equation in part (ii) implies that (6.1) holds for some § > 0 and, since
hg«(z) = h(z) = 0, via Lemma 5.3 the above display and (6.1) together imply
that h*(-) = h(-) = h(-) — h(z). a]

The results in Theorem 3.2 will be derived from Theorem 3.1 by approximating an
arbitrary nonnegative cost function by functions with compact support.

Proof of Theorem 3.2 Suppose that Assumptions 2.1-2.4 hold.

(i) Let {Fy} be a sequence of finite subsets of S such that
Fr /S as k /oo, (6.2)

and define the sequence of cost functions {Cy: S — [0, 00)} as follows: for
each (x,a) € K,

Ci(x,a) =C(x,a), x€F, and Cr(x,a)=0, xe€S8\ Ft. (6.3)
so that optimal average cost associated with Cy is constant, say
JEO) = g (6.4)

see Theorem 3.1. Observe now that from (6.2) and (6.3) it follows that 0 <
Cr /' C, and then {Jgk (-)} is an increasing sequence which is bounded above
by J&(-); see (2.1)~(2.3). Since J /% (zo) is finite for some zg € S, by Assumption
2.2, from (6.4) it follows that there exists g € [0, co) such that

lim g =& < J&(). (6.5)
k—00
Now, it is claimed that
geaq. (6.6)

Assuming that this assertion holds, the conclusions in part (i) can be obtained
as follows: The specification of g* in (3.3) and the above display together yield
that g > g*; since g* > J§(~), by Lemma 4.2(v), it follows that

relations that together with (6.5) lead to
Ji() = lim g =¢" € G.
k—o00
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(ii)

On the other hand, for each positive integers n and k, form the inequality C > Cy
it follows that J¢ , (7, x) > Jc, n (7T, x) for every x € S and w € P, so that

1 1
liminf —Jc ,(m, x) > liminf —J¢, ,(, x) > gk,
n—o0 n n—-oo n

where, using that the A-optimality equation associated with Cy has a bounded
solution—by Theorem 3.1—the second inequality is due to Remark 2.2(ii);
letting k increase to oo it follows that

1
liminf —Jc , (7, x) > g%,
n—-oo n

as stipulated in part (i). To conclude, the inclusion in (6.6) will be established.
Since Cy has compact support, from Theorem 3.1 it follows that there exist a
function i € B(S) and a policy f; € FF such that

hip(z) =0 and ek T — AC(. fi(x) pry(fk(x))ekh"(y), xes.
yeSs
6.7)

On the other hand, since F and [—o0, oo] are compact metric spaces, taking a
subsequence, if necessary, it can be assumed that there exists a policy f € F
and h: § — [—00, oo] such that, for each x € S,

klim fie(x) = f(x) € A(x) and klim hi(x) = h(x) € [—o0, o0,

where /(z) = 0.

Taking the limit inferior as k goes to oo in both sides of the equality in (6.7),
the above display and the convergence in (6.5) together imply, via Assumption
2.1(ii) and Fatou’s lemma, that

A S ACK () pr y(];(x))exﬁ(y)’ xes:
yeSs

since /i(z) = 0, it follows from Lemma 4.2(ii) that 1 = @ > M@ and
then hg (z) <0, thatis, g € G; see (3.2).

By Lemma 4.1(i),
hgr(:) = Mg+ = —N(2)g" +log(1 — p(2)) /A, (6.8)
where the notation is as in Lemma 2.2. On the other hand, since 1 > ¢/¢*©—

by the inclusion g* € G in the part (i)—the inequality (3.10) follows from the
dynamic programming equation established in Lemma 4.1(ii).
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(iii)

(iv)

By Remark 2.2(ii), there exists a policy f € I such that, for each x € S, f(x)
minimizes the mapping

ar— e’ pry(a)ehg*(y), a € Ax),
yeSs

and then

o8 Hhhgr (x) > ekC(x,f(x))pry(f(x))ehg*(y)7 xes.
yeSs

by the previous part. Now, let f be an arbitrary stationary policy satisfying this
relation. Using an induction argument, it follows that the inequality

P e () > pf [exz';;(} C(X,,A,)th*(x,,)]

always holds, and then (6.8) yields that

-1
e ) > pf [exz,"zo C(Xf,Az)] IMer = Pen(fOHMe e g

’

see (2.1). Thus, g% 4 (hg(x) — Mg«)/n > Jc n(f, x)/n and, since hg+ is finite,
(2.1), (2.3) and the part (i) together yield that J5(-) = g* > Jc(f, ) = J5(),
so that f is A-optimal.

Letg €e Rand & : § — R be such that (3.12) holds and, using Remark 2.2(i),
select a policy f € IF such that

oM TAh(x) > AC@ () pry(f(x))e)‘h(y), xes.
yes

After multiplying both sides of this inequality by e *8~*@) and setting
h() =h() = h(),
it follows that

A0 5 ACG f)-g) > pas( f(x))erh
yes

= MCESO= [ MO S ()
ves\(z)

— MCEfD))=g) Pzt Z pxy(f(x))ekh(y) . xes.
yeS\{z}
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Since /() is a finite function, an application of Lemma 4.2(ii) yields that
h(x) > he(x), x€S. (6.9)
In particular, 0 = h(z) > hg(z), sothat g € G and then
g§>8%5

see (3.2) and (3.3). These two last displays show that one of the fgllowing alter-
natives hold: (a) g > g*, or (b) ¢ = g% and h(-) — h(z) = h(-) = hg ("),
completing the proof. O

7 An example on the optimality inequality and the optimality equation

As already mentioned, the main qualitative difference between Theorems 3.1 and 3.2
is that Theorem 3.1 ensures that the pair (g*, hg«(-)) satisfies the the optimality equa-
tion (2.4) when C (-, -) > 0 has compact support, while for a nonnegative cost function
satisfying Assumption 2.2, Theorem 3.2 asserts that the inequality (3.10) holds. The
objective of the section is to provide an example to show that,

(a) If the cost function is nonnegative but does not have compact support, then the
strict inequality in (3.10) may occur for each state x, even if C(-, -) is bounded,
and

(b) If the cost function has compact support but assumes negative values, then the
A-optimality equation (2.4) may fail at each state x, so that, in general, the nonneg-
ativity of the cost function is necessary to ensure that the conclusion of Theorem
3.1(iv) holds.

Example 7.1 On the state space S = N, consider the transition matrix P = [p, ]
determined by

x+1 2
Dxx41 = P, DPxoi=1l—pyxy1, x=0,1,2,3,... (7.1)
x+2

where

p <. 1)

is fixed. If C: § — R is bounded function, then the triple (S, P, C) is naturally iden-
tified with an MDP in which the action set A is a singleton, and Assumptions 2.1 and
2.2 automatically hold. Since

x+1
x+2

2
Px[T()Zl]:l—( ) p>1—p=>0,
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the simultaneous Doeblin condition at
z=0
is valid, and combining this fact with

Po[X1 =0]=1—-P[X;=1]=1-p/4
P()[ann]—P()[Xka k=1,2,...n]

k 2 p"
—Hpk lk_H|:(k+1) p:|=m, n=1,2,3,..., (7.2)

it is not difficult to see that Assumption 2.4 is also verified.

For the model in Example 7.1, (3.10) becomes
P () 5 A0 [pxoexhg*(x) n p”Hexhg*(xH)], xes. (1.3)

and in the following proposition a bounded cost function will be specified so that the
strict inequality always occurs in this relation.

Proposition 7.1 In the context of Example 7.1
(i) Ep [e—log(p)(To—l)] e (1, 00).
(i) Set

— log(Eo [e—l"g(l’)(TO—l)] € (0, 00), (7.4)

where the inclusion follows from part(i), and define C € B(S) by

—1 2
Cz)=C0):=0, C(k):= w, xeS\{0}. (1.5)
In this framework,
. 20 o
g = e and hg«(z) = hg=(0) = Y < 0. (7.6)
Consequently,
(iii) For the cost function in (7.5), the strict inequality holds in (7.3) for each
xes.
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Proof (i) For each n € N, Definition 2.1(i) and the specification of the transition law
together yield that Py[Ty > n] = Pp[X,, = n]. Using that

Po[T =n]l = Po[To > n — 1] — Po[To > n]l = Po[Xy—1 =n — 1] — Py[X,, = n]

for a positive integer n, it follows that

pn—l n 2
Po[Ty =n] = 1- , =1,2,3,...; 7.7
0[To = n] P (n—l—l) pl, n (1.7

see (7.2). Observe now that Ey [e_log(p)(To_l)] > 1, since Py[Ty = 1] < 1 and
—log(p) > 0. To show that the expectation is finite, notice that Py[Ty < co] = 1, by
Remark 2.3, so that

e 10g=D p7 — pJ

Mz

Eo [eflog@)(rofl)] —

3
I
—_

1

n—1

n 2
[1 - (n+ 1) p:| < oo. (7.8)

M

bS]

Py[Ty = n]

3
Il

I
Mz
:Nl —

3
I

(i1) Given g € R write

200 4+t
g= PR (7.9)

Since X, # 0 for 1 < n < Ty, using (7.5) it follows that

To—1 To—1
—1 2 2
A CE) - =2 ( og(p) 20 _ ““) = —(To — Dllog(p) +11.
n=1 n=l1

A A
Thus,
To—1
Xo=0= % > (C(X,)—g) =—rg — (To — Dllog(p) +1]
n=0
and then

e ® — Ey [EAZZ‘LOWC(X")—g)]

— Ep I:ef)ug*(Tofl)[log(P)thl:I — e M E, I:ef(Tofl)[log(p)th]:I
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o
— o8 Ze’(”’l)[log(p)th]Po[To =n]

n=1

—h <1)[1<)+]1”1 n )’
g —(n og(p)+t _
> -G

n=1

N e— (=11 n 2
—gz (n+l) rl. (7.10)

This relation and (7.9) show that

P
h(0)<oo<=>t>0<=>g>7a

and, since t = 0 corresponds to g = 2a/A, via (7.4) and (7.8), from (7.10) it follows
that

o0

2o 21 (0) —2a 1 n 2
= — & = [— 1_
£§=7 = ¢ zn2 n+1 p

n=1

— e 2, [eflog(p)(TO*l)] = e — oY <,

and (7.6) follows from these two last displays.
(iii) For the present example the relative value function is determined by

e = gy |:e}‘ =2 1(C<Xr>—g*>} , (7.11)
and Lemma 4.1(ii) yields that

e () _ MO —g) [ Mrgx (”1)], x€S;

Px0 + Pxx+1€

since hg+(0) < 0 and pyo > O for each x € S, by the previous part and (7.1),
respectively, it follows that

eMgr () o ME)—g") [pxoe)‘hg* O 4 pxx+1e)‘hg* (x“)] , xe8, (1.12)
completing the proof. O
Now, using the notation in (7.4)—(7.6) define the cost function C;: S — R by
log(p)

Ci(x):=0, xeS\{0}, and C;(z) = C(0):= %2‘” =8<0,
(7.13)
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so that
Ci()=C0) +8B, (7.14)
and then
g1 =Je()=Jc()+B=g"+8. (7.15)
Therefore, Ci(-) — g = C(-) — g* and the relative value function h;’T associated with

A, Ty—1 N Ty—1 N
Ci and g7 satisfies ¢ ® _ E e 2% CX0=sD] = E [+ X (CXD-g9] =
M) see (7.11). Thus,

Iy () = hge(-). (7.16)

Using the cost function C; above, via Proposition 7.1 it is shown below that the
A-optimality Equation (2.4) does not necessarily hold if the cost function takes a
negative value, and all the other conditions in Theorem 3.1 hold.

Proposition 7.2 In the context of Example 7.1, let the function C1(-) be as in (7.13),

so that Cy has compact support and takes a negative value. In this case, the optimal

average cost gf = Ja (), and the relative value function h;* (+) associated with C1(-)
1

and g7, satisfy the following relation:

RSy I P AN() M (x+1
SO i) |:17x0€ A0 4 peepie i )] xes. (117

Proof Using (7.14)—(7.16), it follows that the above relation is equivalent to the
inequality (7.12) established in Proposition 7.1. O
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