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Abstract Several generalizations of the Hahn-Banach extension theorem to
K -convex multifunctions were stated recently in the literature. In this note we provide
an easy direct proof for the multifunction version of the Hahn—Banach—Kantorovich
theorem and show that in a quite general situation it can be obtained from existing
results. Then we derive the Yang extension theorem using a similar proof as well
as a stronger version of it using a classical separation theorem. Moreover, we give
counterexamples to several extension theorems stated in the literature.
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1 Introduction

It is well known the importance of the Hahn—Banach theorem in Functional Analy-
sis. It was not a surprise that the generalization of this theorem to the case when R
is replaced by an ordered linear space having the least upper bound property, the so
called Hahn—Banach—Kantorovich theorem, interested many mathematicians. In the
last period working with set-valued functions instead of functions became an important
tool in analysis, mainly in non-smooth analysis. In this context the interest for hav-
ing versions of the Hahn—Banach—Kantorovich theorem with the sublinear or convex
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494 C. Zilinescu

operators replaced by convex processes or convex multifunctions increased. On the
other hand, in R the logic propositions « <  and « # f are equivalent, which is not
the case when the order relation < on the linear space Z is defined by a convex cone K
with non-empty algebraic interior. So having extension results not only for the relation
<, but also for the relation # is natural (and maybe more useful). The scope of this
paper is to discuss Hahn—Banach type extension theorems involving multifunctions.
We point out that several recent results concerning extension theorems of Kantorovich
type for convex and affine (like) multifunctions follow easily from known (now clas-
sic) results; for this we extend slightly the version of the Hahn—Banach—Kantorovich
theorem for multifunctions. Then we reinforce the conclusion of Yang’s Hahn—Banach
type theorem (Yang 1992) providing two proofs.

In the sequel X, Y, Z are real linear spaces. The class of linear operators from X
into Z is denoted by L(X, Z); we set X’ := L(X, R). We consider K C Z a proper
(i.e. {0} # K # Z), convex cone containing 0. The cone K induces a partial order
on Z, denoted <g or simply < if there is no risk of confusion. So, for z1, z; € Z one
has 71 < z; (or equivalently zo > z1) if z0 — z1 € K. We denote by A’ the algebraic
interior (or core) of A C X and by /A the relative algebraic interior (or intrinsic core)
of A, thatis ’ A is the algebraic interior of A with respect to the affine hull aff A of A.
Recall that for A a convex set one has

ac’As[Vxe A, eP:(1+Na—ix €Al (D)

where P := 10, 00[ € R. When Ky := K’ # @, weuse z1 < zo (or zo > z1)
when z2 — z1 € Ko, and z1 £ z2 (or 22 # z1) if 20 — 71 ¢ Ko. We extend Z
to Z°® := Z U {—o0, 400}, £oo ¢ Z, and consider that —oo < z < 400 (even
—00 < 7 < +o0if Kg # @) forall z € Z; moreover, z+ (£00) := +00,0- (+00) :=
400, 0 - (—00) := 0,1 - (+o0) := Foo forall z € Z and r € P. For a function
f X — Z° its domain is dom f := {x € X | f(x) € Z} and its epigraph is
epi f :={(x,2) € X x Z | f(x) < z}; f is proper if dom f # ( and it does not
take the value —oo, while f is convex if epi f is convex. We say that f : X — Z°
is sublinear if f is proper, f(0) =0, f(tx) = tf(x) and f(x +x') < f(x) + f(x)
for all x, x’ € X and r € IP; hence epi f is a convex cone containing the origin when
f is sublinear.

In the sequel we identify a multifunction I : £ = F (thatis, a functionI" : £ —
2F) with its graph gphT" := {(x,y) € E x F | y € I'(x)}. So, several times in the
sequel, having a subset A of E x F we interpret A as the graph of a multifunction
from E to F,and so A(x) :={y € F | (x,y) € A}. Of course, for the multifunction
' E= FwehavedomI’ = Pr(I') and ImI" = Pr(I"), where Pg : E x F — E,
Pr(x,y) := x and similarly for Pr. The multifunction I' : X = Z is said to be
K—convex if its epigraph epi I' := gphI" 4+ ({0} x K) is convex, that is, the graph of
the multifunction 'k : X = Z defined by 'k (x) := I'(x) 4+ K is convex. Of course,
forA,BC X, xe X,ACRandaea e Rweset A+B:={a+b|acA,be B},
x+A:={x}+A AA ={Ax |2 € Aja € A} and ¢A := {a¢}A (s0o A+ 0 =
D+A=0,a0 =0).
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Hahn-Banach extension theorems for multifunctions revisited 495

2 The Hahn-Banach—-Kantorovich theorem

In this section the proper convex cone K C Z is pointed (i.e. K N (—K) = {0}) and
(Z, K) has the least upper bound property, i.e. every non-empty and upper bounded
set has a least upper bound; of course, in this situation every non-empty and lower
bounded set has a greatest lower bound. If the non-empty set B C Z is bounded from
below (resp. above), we denote by inf B (sup B) the greatest lower (resp. least upper)
bound of Bj; if B is not bounded below (resp. above) we set inf B := —oo (resp.
sup B := +00). We also use the notation inf J := 400 and sup ¥ := —oo0.

We first give an extension theorem for convex multifunctions. As we shall see below,
the result is equivalent to the classical Hahn—Banach—Kantorovich theorem when the
relative algebraic interior of the domain of the involved multifunction is non-empty.

Theorem 1 Let I' : X = Z be a K—convex multifunction, Xo C X a linear sub-
space and Ty € L(Xo, Z). Suppose that 0 € ' (domT" — Xo) and Tox < z for all
(x,z) e TN (Xg X Z). Then there exists T € L(X, Z) such that T |X0 = Ty and
Tx <zforall (x,z) €Tl.

Proof Consider X := aff (dom T — Xj). Because 0 €  (domI" — Xp), X is a linear
space.

The case X = X. Hence 0 € (dom " — Xg)'. Note that if X is a linear subspace
of X such that Xo C X, then 0 € (domTI" — Xl)i, too. Also note that it is sufficient
to show that, if x € X \ X then there exists 77 : X1 — Z, with X| := X+ RX, such
that T ‘Xn = Tpand T1x < zforall (x,z) € I' N (X1 x Z). If so, by using Zorn’s
lemma, as in the standard proof of the Hahn—Banach theorem, one gets a maximal 7
defined on the entire space X.

Let ¥ and X be as above. Since 0 € (dom " — Xg)', there exists A € P such that
+Ax € domI" — X, and so there exist x; € Xpandz; € Z suchthat (x;+Ax,z1) € T
and xo» € Xp and zo € Z such that (x; — AXx, z2) € I'. Set A := epi[". It follows that
the sets

A

= {z1 —Tox1 | x1 € Xo,z1 € Z: (x1 +X,21) € PA},

x1 € Xo,z1€Z, A €P:(x1 + MiX,21) EA]

and

T —
A2

= {Toxa—z22|x2€ Xo,22€ Z: (x2 —X,22) € PA},

xzEXo,ZzEZ,)»QEP:(xz—)QY,Zz)EA]

are non-empty (and convex) sets. Moreover,
Vby € B1,Yby € By : by > b».

Indeed,letb| € By and by € By;thenby = z1—Tpx1 and by = Topxp —zo wWithxy, xp €
X0,21,22 € Zand (x; +X, z1), (xp —X, z2) € PA. It follows that (x| +x2, 21 +22) €
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PA (because this set is a convex cone), and x| + x2 € Xg. From the hypothesis, we
have that To(x1 + x2) < z1 + 22, which is equivalent to b, < by. It follows that B> is
bounded from above, B; is bounded from below, and sup B, < inf B;. Takingz € Z
such that sup B, < z < inf By, and defining 71 by T1(x + XX) := Tpx + Az (for
x € Xogand A € R), we have that 71 : X; — Z is linear, T} }Xo = Topand T1x < zfor
all (x, z) € 'N (X1 x Z). Letus prove the last assertion. So, take (x, z) € I such that
x = xo+Ax withxg € Xgand A € R.If A = O then (x, 2) = (x0,2) € 'N (X x Z),
and so T1x = Toxg < z.If . < Othen X := —A > 0 and T1x = Tpxo — A2Z. Setting
by = AQ_I (Toxg — z) we have that by € B;. But

_ Toxo—2z  _ _
TIXSZ<:>Tox()—)Lzz§z<:>szﬁbziz.
Hence our assertion is true in this case by the choice of z. The case A > 0 is proven
similarly.

The case X # X. Of course, domI" C X. Taking xg € Xo Ndom I, we have that
Xo = x0— Xo C X. Applying the first case we find T : X — Z a linear operator such
that T |x, = Ty and Tx < zforall (x,z) € I' C X x Z. Taking Y a linear subspace
of Xsuchthat X = X @Y (thatis X = X +Yand XNY = {0)and T : X — Z
defined by T(x +7) := T(¥) forx € X,y € Y, T verifies the conclusion. O

Remark 1 In the proof of Theorem 1 we used only the fact that P- epiI" is a convex
cone and not that epi I itself is convex.

Note that it is possible to have convex sets A, B C X with A or ' B empty but
(A — B) non-empty. For this take A := B := €3 or A := {(xp)n=1 € €2 | x1 = x2}
and B = E;‘ (in the second case A is a linear space, and so ‘A = A). The fact
that ! (E; ) = ¢ follows from the equality £, = E; — E;; hence aff E; = £, and so
i(ﬁ;‘ ) = (Z;’ )! = ¢. Related to operations with the intrinsic core we mention the fol-
lowing result which is well known in finite dimensional spaces. We provide its proof
for reader’s convenience.

Lemma2 (i) Let A C X be a convex set and T € L(X,Y). If' A is non-empty
then (T (A)) = T (' A).
(i) Let A C X and B C Y be non-empty sets. Then ‘(Ax B)='A x'B.
(iii) Let A, C C X be convex sets such that ' A and ' C are non-empty. Then ' (A —
C)y='A-"'C.

Proof (i) Let first a € 'A and take z € T(A); then z = Tx with x € A. Because
a € 'A, by (1) there exists A > 0 such that (I + A)a — Ax € A. It follows that
(1+A)Ta—Az € T(A). Since T (A) is convex, using again (1), we get Ta € (T (A)).
Conversely, fix a € A and take z € (T (A)). By (2) we get A > 0 such that
7 :=(0+MNz—ATa € T(A),and so 7/ = Tx' with x’ € A. Then z = Tx” with
x" = ﬁx/ + ﬁa. Since A is convex, a € ‘A, x’ € Aand 1/(1 + 1) € 10, 1[ we
have that x” € A, and so z € T (' A).

(i1) It is clear (and known) that aff (A x B) = aff A x aff B. Doing a translation
we may assume that 0 € A and O € B. In this way, replacing if necessary X by aff A

and Y by aff B, the conclusion reduces to (A x B)i = A’ x B!, which is immediate.
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Hahn-Banach extension theorems for multifunctions revisited 497

(iii) Consider T € L(X x X, X) defined by T (x, x’) := x + x’. Applying (ii) to A
and C, then (i) to 7 and A x C we get the conclusion. O

Corollary 3 Let p : X — Z°® be a sublinear operator, X be a linear subspace of
X and Ty € L(Xo, Z). Suppose that Tox < p(x) for every x € Xg. If Xo + dom p
is a linear subspace of X then there exists T € L(X, Z) such that T | xo = To and
Tx < p(x) forevery x € X.

Proof Because dom p is a convex cone, the condition X +dom p is a linear subspace
is equivalent to 0 € ' (dom p — X¢). In Theorem 1 take gph " = epi p; of course, the
hypotheses of the theorem hold, so that there exists 7 € £(X, Z) suchthat T |x, = Tp
and (x, y) € I implies Tx < y. Taking y = p(x), the conclusion follows. O

When dom p = X the preceding corollary is the well-known Kantorovich’ general-
ization of the Hahn—Banach extension theorem. Corollary 3 is equivalent to Theorem
3(3) in Malivert et al. (1978), which, at its turn covers Theorem 3(1) in Malivert et
al. (1978). It is possible to state a version of Theorem 1 which, when applied to the
epigraph of a sublinear operator, yields Theorem 3(2) in Malivert et al. (1978).

We emphasize the importance of the condition “Xo + dom p is a linear subspace
of X” in Corollary 3. Without this condition the conclusion of Corollary 3 could be
false even for Z = R and dim X < oo; see Simons (1968) and Anger and Lembcke
(1974) for interesting (counter) examples.

Before stating the next result recall that the subdifferential df (xg) of the proper
operator f : X — Z°® at xg € dom f is the set of those T € L(X, Z) such that

VxeX:Tx—Txo < f(x)— f(x0).

Corollary 4 Let f : X — Z°® be a proper convex operator and consider xo €
Y(dom f). Then df (xo) is non-empty.

Proof Consider g : X — Z°, g(x) = f(xo+x)— f(x0). Then g is a convex operator
with 0 € /(dom g). Consider now gphT" = epi g, Xo = {0} and Tp(0) := 0; 'is a
convex multifunction. As dom I' = dom g, we have that 0 € I(dom T — Xj), and of
course (x,z) € I' N (Xo x Z) implies Tox = 0 < z. Applying Theorem 1 we get
T € L(X, Z) such that Tx < z for every (x, z) € I'. In particular, if x € dom f then
(x — x0, f(x) — f(x0)) € epig, whence T (x — xg9) < f(x) — f(x0). The proof is
complete. O

Note that Corollary 4 can be viewed as a particular case of the next result; just take
g : X — Z° defined by g(xo) := —f(x0) and g(x) := +oo forx € X \ {xo}. The
next result is the sandwich theorem proved by Zowe (1978, Theorem 3.1) (see also
Zdlinescu 1983, Corollary 2.6).

CorollaryS Let f, g : X — Z°® be proper convex operators. Suppose that 0 €
‘(dom f — dom g) and that f(x) > —g(x) for all x € dom f N dom g. Then there
exists T € L(X, Z) and zy € Z such that

VxeX:—gkx)<Tx+z0 < f(x).
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498 C. Zilinescu

Proof Consider I' : X = Z with
gphlM:={(x,2) e X x Z | f(x) <z} +{(—x,2) e X x Z | g(x') < Z'}.

Then I' is convex and dom I' = dom f — dom g. The hypotheses of Theorem 1 hold
for X¢ = {0} and Tp(0) := 0. Indeed, if (0, z) € T then (0,z2) = (x,7') + (—x,7"),
with f(x) < z'and g(x) < ;itfollowsthat To(0) = 0 < f(x)+g(x) <7/+7" =z
Therefore, there exists T € L(X, Z) such that Tx < z for (x, z) € I'. In particular,
for x; € dom f and x; € dom g we get T (x; — x2) < f(x1) + g(x2), which yields
—g(x2) = Txy < f(x1) — Tx; forall x; € dom f and x € dom g. It follows that

sup (—g(x2) —Tx2) < inf (f(x1) — Txp).
x1€dom f

xpedom g
Taking zo between these two values, we get the desired conclusion. O

Note that Theorem 1 follows from Corollary 5 when ’ (dom I') is non-empty. Indeed,
in this case there exists xg € XoN!(dom I'). Setting f(x) := inf{z | (x,z) € '} € Z°,
To(xo) < f(x0) < +o00, and so f(xg) € Z. Using Proposition 1.5(i) in Zdlinescu
(1983) we get f(x) € Z for every x € domTI. (Indeed, take x € domI'. Since
xo € {(dom '), there exists x’ € dom " and A € ]0, 1[ such that xy = (1 — A)x’ + Ax.
Take 7’ € Z with (x/, z’) € T'. Then for every z with (x, z) € T we have (xg, (1 —
Mz +rz) € T,and so z > A7 (f(x0) — (1 — A)Z').) Taking g(x) := —Tox for
x € Xg, g(x) :=4ooforx € X\ Xg and applying Corollary 5 we get the conclusion
of Theorem 1.

The preceding discussion shows that only the case when the intrinsic core of dom I
is empty in Theorem 1 is not covered by known results (however see Malivert et al.
1978, Theorem 3). It is worth of observing that under the hypotheses of Theorem 1 we
have that f(x) :=inf {z | (x,z) € '} € Z forevery x € domI" and Tyx < f(x) for
every x € Xo Ndom I'. For this use the conclusion of Theorem 1. However a direct
proof is not so obvious as that in the case Xo N’ (dom ") # .

Recently several papers appeared which deal with the Hahn—Banach extension the-
orem for multifunctions; we envisage mainly Peng et al. (2005a,b), where instead
of Z one uses a topological linear space Y ordered by the pointed convex cone K
such that (Y, K) has the least upper bound property. For example, Theorem 3.1 in
Peng et al. (2005b) follows immediately from Theorem 1, applying this for Z := Y,
I' =epi F — (0, yo) and Tp = h — yo where yg := h(0); because in Theorem 3.1
of Peng et al. (2005b) X9 N (dom F )i Z# (J, as seen above, this result follows from
the Hahn—Banach—Kantorovich theorem; note that the topology of Y is not used at
all. Note also that it is not possible to deduce Theorems 2 and 3 in Chen and Craven
(1990) from Theorem 3.1 of Peng et al. (2005b)) (as claimed in Peng et al. 2005b,
Remark 3.1(a)) because the affine mapping provided by Theorem 3.1 in Peng et al.
(2005b) is not continuous (see Remark 3).

Let us point out the following consequence of Theorem 1. Similar to Definition 1.3
in Peng et al. (2005a), we say that H : X =2 Z is affinelike if there exist T € L(X, Z)
and a non-empty convex set M C Y such that H(x) = T'(x) + M for every x € X.
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Hahn-Banach extension theorems for multifunctions revisited 499

Corollary 6 Let F : X = Z be a convex multifunction, Xo C X a linear subspace
and Hy : Xo = Z an affinelike multifunction. Suppose that 0 € ' (dom F — X)
and F(x) — Hyo(x) C K for every x € Xo Ndom F. Then there exists H : X = Z
an affinelike multifunction such that H \ xo = Ho and F(x) — H(x) C K for every
x € XNdom F.

Proof Let Ty € L(Xo,Z) and M C Y a non-empty convex set such that Hy(x) =
To(x) + M for every x € X. Consider I' : X = Z with

gphT :={(x,z—m+k)|z€e Fx),me M,k € K} =epi F — {0} x M.

One obtains immediately that I' is convex, dom " = dom F and Ty(x) < z for all
(x,2) e 'N(Xo x Z). Applying Theorem 1 we get T € L(X, Z) suchthat T|x, = T
and T (x) < zforall (x,z) € I'. Setting H(x) := T (x) + M, the conclusion follows.

O

Asking, furthermore, X and Z to be topological vector spaces and the operator 7" in
the definition of an affinelike multifunction to be in L(X, Z), thatis, T : X — Z be
linear and continuous, the statement of the preceding corollary becomes Theorem 2.1
in Peng et al. (2005a). However, we have the following remark concerning Theorem
2.1 in Peng et al. (2005a).

Remark 2 (i) The conclusion of in Theorem 2.1 in Peng et al. (2005a) can be false
even if M = {0} and Y = R. For this take ¥ = R, K = R4, X a nontrivial
separated topological vector space with topological dual X* reducing to {0},
Xo = {0}, H0) = {0}, F(x) = {p(x)} forx € C := X, where ¢ : X — Ris
a non-null linear functional. It is clear that Xg N core C = Xy N X = {0} and
F(x) — H(x) = {px)} = {0} C K for x € Xo = {0}. The conclusion has to
be the existence of f € X* and ¥ £ M C R such that for L(x) := f(x) + M
to have L(x) = H(x) forevery x € Xo N C and F(x) — L(x) C K for every
x € C. This means that L(0) = M = H(0) = {0} and ¢(x) — f(x) > O for
every x € X. Of course, the last relation yields the contradiction 0 # ¢ = f €
X* ={0}.

(i) The proof of Theorem 2.1 in Peng et al. 2005a is not convincing even for the
algebraic case. Indeed, the set Y must be exactly the set M in the definition of
the affinelikeness of H.

Remark 3 Taking Y, K, X, X0, ¢ as in Remark 2(i) and F = ¢ we have a counterex-
ample for Theorems 2 and 3 in Chen and Craven (1990).

We do not treat here the continuous versions of the preceding results. This can be
done as in Sect. 4 of Zilinescu (1983).

3 Yang’s generalization of the Hahn—-Banach theorem

In this section the proper (that is, {0} # K # Z) convex cone K has non-empty
algebraic interior K'. Of course 0 ¢ K', K + K' = K' + K' = K' and PK' = K.
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Theorem 7 Let I' : X = Z be a K—convex multifunction, Xo C X a linear sub-
space and Ty € L(Xo, Z). Suppose that 0 € ‘(domT" — Xo) and Tox # z for all
(x,z) € TN (Xo x Z). Then there exists T € L(X, Z) such that T |Xo = Ty and
Tx # zforall (x,z) €T.

Proof As in the proof of Theorem 1, assume first that 0 € (dom I — X o)i. Let By and
B> be defined as in the proof of Theorem 1. These sets are non-empty. We claim that

(Bi+KHN(By— K" =0.

In the contrary case there exist k1, ky € K, x1,x2 € Xo, 21,22 € Z such that
(x1 +x,21), (x2 —X,22) € PA and k1 + z1 — Tox; = Toxp — 22 — kp, whence
To(x1 + x2) > z1 + z2- But (x1 + x2, 21 + z2) € PA and x| + x» € X, contradicting
the hypothesis.

Assume that (Bj + K')U(B, — K') = Z. Then B C B+ K’ and B, C B, — K'.
Indeed, if by € By \ (B; + K'), then by € B, — K, whence by = by — k, with
by € By and k € K'.In this situation we get the contradiction by +k/2 = by —k/2 €
(B1 + KN (By — K') = @. Fix now b; € By and b € B, and consider

¥ :=sup{y € [0,1]| (1 —0)by +1tby € B + K* V¢t €[0,y]}.

Set b := (1 — V)b +_7b2 _and sllppose_ﬁrst that b e_Bl —i—‘K"; of c_ourse,‘in this
situation y < 1. Then_b = by + k, with b] € By and k € K'. Since k € K', there
exists § € P such that k + w(by — by) € K* for u € [, 8]. It follows that

b+ulby—b)=bi+k+pulbr—b))eB +K Vuel[-838]
Taking & = min{8, 1 — ¥}, we get

[l-F+0D]bi+F+0bye Bi+K' Vtel,pul,

contradicting the choice of . Suppose now _thatE_ € B —K i of course 7 > 0. In
this situati_on b=>by—k, With‘bz € By andk € K'. Since k € K*, there exists § € P
such that k + u(by — by) € K' for u € [, 8]. It follows that

b—plby—b1) =by—k—plbr—b1) € By —K' Vyue[=535]
Taking 1 = min{$, ¥}, we get the contradiction

[1 - @ —w]bi+F —wbr € Bi+ K.

Therefore (B) + K') U (B, — K') # Z. Takingz € Z \ [(B1 + K') U (B, — K]
and X1 = X + RX, then defining 771 by T1(x + tx) = Tox +tz, 71 : X1 — Zisa
prolongation of Ty and (x, z) € I' N (X1 x Z) implies T1x # z.

Continuing by the standard argument, we obtain a maximal linear operator 7" which
is the desired operator.
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When aff (domI" — Xo) # X, proceeding as in the second case of the proof of
Theorem 1 we get the desired conclusion. O

Remark 4 In the proof of Theorem 7 we used only the fact that P-epi " is a convex
cone and not that epi I itself is convex.

Corollary 8 Let p : X — Z°® be a sublinear operator, X( be a linear subspace of X
and Ty € L(Xo, Z). Suppose that Tox # p(x) for every x € Xo. If Xo +dom p isa
linear subspace then there exists T € L(X, Z) such that T |X0 =Toand Tx # p(x)
forevery x € X.

Proof In Theorem 7 take I' : X =% Z with gph I = epi p; of course, the hypotheses
of the theorem hold, so that there exists 7 € L(X, Z) such that T | X, = To and
(x,y) € I'implies Tx # y.Taking y = p(x), the conclusion follows. O

Before stating the next result recall that the weak subdifferential 0" f(xg) of the
proper operator f : X — Z® atxo € dom f is the set of those T € L(X, Z) such that

VxeX:Tx —Txg # f(x)— f(xp).

Corollary9 Let f : X — Z°® be a proper convex operator and consider xo €
"(dom f). Then 3" f (xg) is non-empty.

Proof Take g(x) = f(xo +x) — f(x), gphT’ = epig, Xg = {0} and Ty := 0 €
L(Xo, Z). Of course, if (x,z) € TN (X9 x Z), then x = 0 and z € K, whence
Tox # z. Using the preceding theorem we obtain 7' € L£(X, Z) such that Tx # z for
(x,z) € I'. Taking x € dom f, we have that (x — xg, f(x) — f(x0)) € T, so that
T(x —x0) # f(x) — f(x0). m|

Corollary 10 Let f, g : X — Z°® be proper convex operators. Suppose that 0 €
'(dom f — dom g) and that f(x) + g(x) £ O forall x € dom f Ndom g. Then there
exists T € L(X, Z) such that

Vx; edom f,Vx; edomg: f(x1) — Tx; £ —g(x2) — Txs.
Proof Consider I' : X = Z with
gphTi={(x,0) e X x Z | f(0) =} +{(=x",2) e X x Z | g(x") =2}

Then I' is convex and domI" = dom f — dom g. Take Xg = {0} and Ty := 0 €
L(Xo, Z). The hypotheses of the preceding theorem hold. Indeed, if (0, z) € I" then
0,2) = (x,2)+(—x, "), with f(x) < 7' and g(x) < z”;assuming that0 = Ty(0) >
z, from f(x) 4+ g(x) < 7/ + 7’ = z and the known relation K + K’ = K' we get the
contradiction f(x)+g(x) < 0.Hence Tp(0) # z. Therefore, thereexists T € L(X, Z)
such that Tx # z for (x, z) € T'. In particular, for x; € dom f and x, € dom g we
get T(x1 —x2) # f(x1)+ g(x2), which yields —g(x2) — Tx> # f(x1) — Tx; forall
x1 € dom f and x, € dom g. m|
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Note that applying Corollary 10 for f = p and g(x) = —Tpx for x € Xo, g(x) =
~+o00 for x ¢ Xo, where p : X — Z° is a sublinear operator and Ty € L(Xo, Z) we
get a weaker variant of Corollary 8.

As mentioned by Yang (1992, Lemma 1), Wang (1986) obtained Theorem 7 for
Xo = {0}, To = 0 and T a K—convex multifunction with (epiT")’ # @ and 0 €
(F’l(zo))l for some zp € Z (compare also with Lemma 12), that is, a separation
theorem; based on results in Wang (1986), Yang (1992, Theorem 1) obtained a weaker
form of Theorem 7: the interiority hypothesis is stronger [more precisely, (epi I')! # ¢
and Xo N (dom I')! # () instead of 0 € {(domT — X¢)] and the conclusion is weaker
[more precisely O £ (T — Tp)(x) # O for all x € Xg instead of T |X0 = Top]. Of
course, applying Theorem 7 we can obtain other results of Yang (1992) under weaker
interiority conditions.

Asinthe case Z = R, the extension theorems can be used for separating convex sets
in product spaces. For example, from Theorem 7 we can deduce the next separation
result.

Proposition 11 Let A, B C X X Z be convex sets. Assume that 0 € I(Px(A)—Px(B))
and z1 £ za forall x € Px(A) N Px(B) and z1 € A(x), z2 € B(x). Then there exists
T € L(X, Z) such that

21 —=Tx1 £22—Txy VY(x1,21) € A, VY(x2,22) € B. (2)

Proof Considertheset C := A— B C X x Z.Then Px(C) = Px(A)— Px(B) and if
(0,z) € Cthenz = z1 —zp withz; € A(x), z2 € B(x) forsome x € Px(A)N Px(B);
hence z # 0. Taking X¢ := {0} and 7p(0) := 0, we can apply Theorem 7 for
gphI' := C and Tp. Therefore, there exists T € L£(X, Z) such that z £ Tx for every
(x,z) € C. Hence (2) holds. O

Note that Thierfelder (1991a,b) says that A and B are separable by an affine map-
ping if there exist 7 € £(X, Z) and zo € Z such that

21 —=Tx1 £z0 £z22—Txz Y(x1,21) € A,VY(x2,22) € B. 3)

One can ask which is the relationship between (2) and (3). Setting Ag := {z1 —
Txi | (x1,z1) € A}, By := {z0 — Txp | (x2,22) € B}, condition (2) becomes
BoN(Ag+ K%) = @, or equivalently, (By — K')N(Ag+ K') = @, while condition (3)
becomes zg ¢ (By — KU (Ag+ KY). So, it is quite clear that (3) does not imply (2).
(Onecantake X := R, Z := R%, K :=R%, A :={(0, (-1, —1)}, B := {(0, (1, )},
T :=0andzp:=(-2,2).)

However, when A, B C X x Z are convex and K’ # () (which is the case in
Proposition 11) we have that (2) implies (3). Indeed, taking Ag and By as above we
have seen that condition (2) becomes By N (Ag + K') = @. Since A and By are
convex sets and Ag + K’ is algebraically open, by the classic (algebraic) separation
theorem we get z* € Z', z* # 0, and y € R such that (b, z*) <y < (a +k, z*) for
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alla € Ao, b € By, k € K. It follows that

(k,z2*)>0Vk e K" and
(21 = Tx1,2%) = ¥ = (20 — Tx2, 2%)V(x1, 21) € A, V(x2, 22) € B.

Taking zog € Z such that (zg, z*) = y we have that (3) holds.

The previous discussion shows that (2) is more adequate as separation property
than (3). Another argument is the fact that taking x| = x> in (2) we recover a part of
the hypothesis of Proposition 11, which is not the case for (3).

However, using directly the classic separation theorem we obtain a stronger conclu-
sion than that of Theorem 7 under the same hypotheses. To prove this we need the next
lemma which is probably known; in fact assertion (ii) for X and Z finite dimensional
linear spaces is just (Rockafellar 1970, Theorem 6.8).

Lemma 12 Let A C X X Z be a convex set (multifunction) and (xo, z0) € X X Z.
Then:

(i) the following statements are equivalent: ) (xo, 20) € Al b) xo € (Px(A))
and zp € (A(x0))’, ) x0 € (A™1(z0))" and zo € (A(x0))';

(i1) the following statements are equivalent: a) (xo, Z0) € TA, b) xo € {(Px(A))
and zp € '(A(xp)).

Proof First observe that, doing a translation, we may (and we do) suppose that
(x0, z0) = (0, 0). Let us first prove (i).

(a) = (c) Let x € X; since (0,0) € A, there exists A > 0 such that A(x, 0) € A,
whence Ax € A™!(0). Therefore 0 € (A~'(0))". Similarly, 0 € (A(0))'.

(c) = (b) is obvious (because A~1(0) C Px(A)).

(b) = (a) Let (x,z) € X x Z. Since 0 € (Px(A))’, there exists A > 0 such that
Ax € Px(A), and so there exists z € Z such that (Ax, z’) € A. Since 0 € (A(0)),
there exists i > 0 such that (0, u(Az — 7)) € A. Since A is convex, it follows that

pA 1 / Iz /
,2) = — (0, u(rz — — (A, Z A.
+M(XZ) 1+M( p(rz Z))+1+M(xz)e

1

Therefore (0, 0) € A.

(i) (a) = (b) Assume that (0, 0) € ' A. Consider first x € Px(A). Then (x, z) € A
for some z € Z. It follows that (x’,7") := —A(x,z) € A for some A > 0, and so
x' = —ix € Px(A). Hence 0 € {(Px(A)). Let now z € A(0), that is, (0, z) € A. As
before, —A(0, z) € A for some A > 0, whence —Az € A(0). Hence 0 € (A(0)).

(b)= (a)Let (x, z) € A. Thenx € Px(A). Since 0 € ! (Px(A)), there exists A > 0
such that x’ := —Ax € Px(A) for some A > 0, and so (x’, 7’) € A for some 7 € Z.
Then

0, 4 )= Wt (oA
T T ) Tt [ ’
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andsoz” := Hﬁz/+li—kz € A(0).Because 0 € ! (A(0)), there exists i > 0 such that
7" := —uz” € A(0). Taking n := u/(1+A+u) € 10, 1[ we obtain that nx’ = —nix
and

u(l —mn) Ap(l —m) A
’ 1— mo_ .5 _ r _
e A=zt =nz = = T+2 7 T+atu°

= —niz.

Hence —nA(x, z) = n(x’,z') + (1 — n)(0, Z”) € A, which proves that (0,0) € 'A. 0O

Note that the implications (a) = (c) and (c) = (b) in (i) are valid for arbitrary sets
A, but generally (c) = (a) [and so (b) = (a)] is not valid if A is not convex; take for
example A := ([—1, 1] x {0}) U ({0} x [—1, 1]). Also note that even for A convex the
fact that 0 € (A~1(0)) and 0 € ' (A(0)) do not imply that (0, 0) € ?A; for this take
A := {(x,x) | x € R;}. Moreover, the assertion (ii) of the preceding lemma cannot
be obtained from (i) because, even for (0, 0) € A, span A is not the product of two
linear spaces.

In Thierfelder (1991a, Lemma 2.1) and Thierfelder (1991b) the implication (b) =
(a) of (i) is given in a weaker form: if (PX(A))i # ¢ and (A(x))i # () for every
x € (Px(A))" then A" # §.

Theorem 13 Let T : X = Z be a K—convex multifunction, Xo C X a linear sub-
space and Ty € L(Xo, Z). Suppose that 0 € '(dom " — Xq) and Tox # z for all
(x,2) € TN (Xg X Z). Then there exists z* € Z' and T € L(X, Z) such that

Tlxy =T, (2,2")>0VzeK' and (Tx,z*)<(z,2*) V(x,2) eT.

In particular Tx # z for very (x,z) € I'. Moreover, T can be defined by Tx =
Toxo — (x1,x*)Z, where 7 € Z, x* € X' and the linear subspace X; C X with
X = Xo ® X are fixed, and x = xo + x1 with xg € Xo, x1 € X].

Proof Assume firstthat0 € (dom I’ — X¢)'. Let B = epi I' —gph Tp. It is obvious that
Px(B) = domT — X, andso0 € (Px(B))". Then B(0) # #and z € B(0) = 0 # z.
Indeed, if z € B(0) then (0, z) = (x, z/) — (xo, Toxo) + (0, k') for some (x, 7)) € T,
X0 € Xo and k' € K. It follows that x = xg and z = 2/ + k' — Toxo # 0. Since
K +# @, it is clear that (B(0))' # @. Therefore, by Lemma 12(i), B # . Moreover,
(0,0) ¢ B'.In the contrary case, again by Lemma 12(i), 0 € (B(0))’, contradicting
the fact observed above that z £ 0 for every z € B(0).

Using an algebraic separation theorem, we get (x*, z*) € X’ x Z’\ {(0, 0)} such
that

(x —x0, x*)+{z = Toxo + k,z2*) = 0 V(x,2) €T, Vxg € Xo, Vke K. (4

First notice that, because 0 € (dom I — Xg)’, if z* = 0 then x* = 0, a contradiction;
therefore, z* # 0. Next, from (4), it follows that (k, z*) > O for every k € K,

(x0, x™) + (Toxo, 2*) = 0 Vxo € Xo. 5)
(x,x*)+(z,2*) =0 V(x,2) eT. (6)
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Of course, (k, z*) > 0 for every k € K!.FixZ € Zsuchthat (z,z*) = 1, X; C X
a linear subspace such that Xo @ X1 = X and 7 : X — Z defined by Tx :=
Toxo — {(x1,x*)7Z for x = xo + x1 with x9 € X and x; € X;. Then, of course,
T \Xo = Tp and for (x, z) € I, taking xo € X¢ and x| € X with x = xo + x1, we
have

(Tx, z*) = (Toxo — (x1, x*)Z, %) = (Toxo. 2*) — {x1, x*) = — (x, x*) < (2, 2¥).

If X := aff(dom " — Xo) = span(dom " — X) # X we find first x* € £(X, R)
and z* € Z’ as above and then extend x* to an element of X’. The proof is complete.
O

Notice that using the same hypotheses as in Theorem 7, the conclusion of Theo-
rem 13 is stronger, not only because (Tx, z*) < (z,z*) implies Tx # z, but also
because we have a very special expression for 7'. This is quite surprising because in
the proof of Theorem 13 we utilized the usual separation theorem from the scalar case
which is equivalent to the classical Hahn—Banach theorem, while in the proof of The-
orem 7 we utilized a similar technique to that used in the proof of Theorem 1, that is,
for the proof of the Hahn—Banach—Kantorovich theorem. Furthermore, the technique
utilized in the proof of Theorem 13 is more adequate for obtaining continuous versions
of this theorem. However, we hope the technique used in the proof of Theorem 7 could
be useful in other situations.

A continuous version of Theorem 13 is the next result in which, as mentioned before
Remark 2, L(X, Z) denotes the linear space of continuous linear operators from X
into Z and X* denotes the topological dual of X, that is, L(X, R).

Theorem 14 Let X, Z be separated locally convex spaces, ' : X == Z be a
K—convex multifunction, Xo C X a linear subspace and Ty € L(Xo, Z). Suppose
that int(epi I') # ¥, XoNint(dom I') # @, and Tox # zforall (x,z) € T'N(Xg X Z).
If either (a) Xo has a topological supplement, or (b) Tox = (x, x; ) z0 for every x € X
with fixed x§ € X* and zo € Z, then there exists z* € Z* and T € L(X, Z) such that

T|x,=T. (z.2)>0Vzek' and (Tx,z*)<(z.2*) V(x,2)€T.

In particular Tx # z for very (x, z) € I'. Moreover, in case (a) T can be defined by
Tx = Toxo—{x1,x™)Z, where 7 € Z, x* € X* arefixed and x = xo+x| withxg € Xy,
x1 € Xy, while in case (b) T can be defined by Tx := (x, x(’)‘)(z() —(z0,2%) z1) —
(x, x*) z1 for x € X with fixed x* € X* and 71 € Z such that (z1,7*) = 1.

Proof In the proof of Theorem 13, because int(epi [') # @, we have that int B (= BY)
is non-empty; it follows that x* € X* and z* € Z*. In case (a), because the projections
on X and X are continuous, taking into account the construction of 7" we obtain that
T is continuous.

Assume now that Tox = (x, x;)zo for every x € Xo with fixed x € X* and
z0 € Z. From (5) we obtain that <x, x* 4+ (z0, z%) x()") = 0 for every x € Xj. Taking
z1 € Zwith (z1,z*) =land Tx := <x,x6‘)(10 —(z0,2%)z1) — (x, x™*) zy forx € X,
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we have that T is continuous and Tx = Tpx for x € Xo. Moreover, for (x,z) € I we
have

(Tx, 2%) = {fx, x5) 20 = ({z0. ") (x, x5) — [, x7)) 21, 27)
= (¥, x5)(z0, 2") = {20, ") x, x5) = (x, x7)
= —(x,x") < (z.2%),

the last inequality being obtained using (6). O

Thierfelder (1991b, Theorem 2.5) obtains similar conclusions for Theorem 13 in
the following two situations: (1) there exists z* strictly positive on K \ {0} such
that (z,z*) > (Toxo, z*) for (x,z) € ' N (Xp x Z) and (2) there exists an alge-
braically open convex cone P such that K\{O} C P and I'(0) + P C I'(0). Taking
P ={ze€Z](z,z*) > 0}incase 1), in each situation we have that ' (0) N (—P) = 0,
and so the conclusion is obtained applying Theorem 13 for K replaced by P U {0}.

Remark 5 Meng (1998, Theorem 2.1) obtained Theorem 14 for T as in (b) with
zo € int K without the condition X N int(dom I') # . (Note that when zg € K'
we can take z1 := (zo, z”‘)71 z0.) However, the hypothesis X N int(dom ") # @ is
essential. For this take X := Z =R, I" = {(x,z) eXxZ|x>0,z> —ﬁ},
K =Ry, Xo := {0}, Ty := 0; in this case all the hypotheses of Theorem 14, but
Xo Nint(dom ') # @, are verified. However, the conclusion of Theorem 14 (and of
Theorem 2.2 in Meng (1998)) does not hold. Note also that Theorem 2.2 in Meng
(1998) is false; for this take X := R?, Z := R, K := Ry, ¥ (x) := {—+/v2 — u?}
for x := (u,v) withv € Ry and u € [—v,v], ¥ (x) := @ otherwise. Then ¢ is
K -sublinear (that is ¥ (Ax) = Ay (x), ¥ (x) + ¥ (x") C ¥ (x +x') + K forx,x’ € X,
A € P) and int(epi ) # @. The hypothesis of (Meng 1998, Theorem 2.2) is verified
for xg := (1, 1) and q(’)" := 1, but for p := 1 € int K the conclusion does not hold for
any x* € X* = R%.

Note that if I' : X = Z is upper semicontinuous at xo € int(domI'), int K # ¢
and I (xp) is bounded above then int(epi ') # @. Concerning the affine and affinelike
multifunctions we mention the following result. The equivalence of (a), (b”) and (¢)
(in an slightly different form) is mentioned in Thierfelder (1991a,b).

Proposition 15 Let A C X x Z. Consider the following assertions.

(a) A is an affine manifold;

b) AMAX)+ (1 —-MAE)CA (Ax + (1 - A)x/)forallx,x’ € Xand ) € R;

b)) AMAX)+ (1 —-VDAX) C A ()»x + (1 = A)x') forall x,x’ € Px(A) and ) € R;

b M)+ A —-VDAK)=A (Ax + (1 = A)x') forall x,x’ € Px(A) and ) € R;

(c) there exist linear subspaces Xo C X, Zo C Z, a linear map Ty : Xo — Z and
(x0, z0) € X X Z such that Px(A) = xo+ X9 and A(x) = To(x — x0) + 20+ Zo
forevery x € Px(A);

(d) A is an affinelike multifunction on a linear subspace Xo C X.

Then (a) & (b) & (b)) & (b") & (¢); if Xo := Px(A) is a linear space then (a) =
).
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Proof We may (and we do) assume that (0, 0) € A;otherwisereplace A by A—(xo, z0)
with (xg, zg) € A.

The fact that (a) < (b) & (b') < (b”) is simple verification, (b) being a rewriting
of (b") taking into account the fact that B+ @ =@+ B =@ for B C Z.

(a) = (c) Because A is a linear subspace, Xo := Px(A) and Zy := A(0) =
Pz (AN ({0} x Z)) are linear spaces. Take Z1 C Z a linear subspace such that Z =
Zo ® Z;. Observe first that for (x, z), (x,z’) € A we have (0,z —7') € A, and so
z—7 € Zy. Hence, taking Ty : Xg — Z defined by To(x) := z, where z = zg+2z1 €
A(x) with zg € Zo, 21 € Z1, Ty is well defined. Since A is a linear subspace it follows
immediately that T is a linear operator and A(x) = Ty(x) + Z for every x € Xp.

(¢c) = (b”) follows by a simple verification.

(c) = (d) is obvious when X := Px(A) is a linear space. O

Observe that (d) = (a) if and only if the set M in the definition of an affinelike
multifunction is an affine set.

Note also that the spaces X and Zg are uniquely determined by A; in fact X is
the parallel subspace of Px(A) and Zj is the parallel subspace of A(x() for some
xo € Px(A). The equivalences of (a), (b”) and (c) (the last one presented in the form
there exist an affine mapping 7y : Px(A) — Z and alinear subspace Z of Z such that
A(x) = To(x) + Zg for every x € Px(A)) are provided in Thierfelder (1991b). Note
that when Z is ordered by the convex cone K, in Thierfelder (1991b) one says that
the affine multifunction A C X x Z is non-vertical when every two distinct elements
from A(x) are not comparable for each x € X, which is equivalent, by Lemma 3.1 in
Thierfelder (1991b), to Zop N K = {0} where Z is provided by Proposition 15(d).
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