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Abstract In this paper, a branch and bound approach is proposed for global
optimization problem (P) of the sum of generalized polynomial fractional functions
under generalized polynomial constraints, which arises in various practical prob-
lems. Due to its intrinsic difficulty, less work has been devoted to globally solving
this problem. By utilizing an equivalent problem and some linear underestimat-
ing approximations, a linear relaxation programming problem of the equivalent
form is obtained. Consequently, the initial non-convex nonlinear problem (P) is
reduced to a sequence of linear programming problems through successively refin-
ing the feasible region of linear relaxation problem. The proposed algorithm is
convergent to the global minimum of the primal problem by means of the solu-
tions to a series of linear programming problems. Numerical results show that the
proposed algorithm is feasible and can successfully be used to solve the present
problem (P).
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1 Introduction

Consider the following global optimization problem of the sum of generalized
polynomial fractional functions:

p
min h(x) = Zajz,;—gi
j=1

(P) s.t. gr(x) <0, k=1,..., M,

xeX={x|0<x;<x;<xi<o0,i=1,...,N},
where foreach j = 1,..., pandeachk =1,..., M,
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njey = b5 []x" djcy =2 05[] )= b []x"™"
t=1 i=1 t=1 i=1 t=1 i=1

and p, Tj', TIZ, Tk3 are all natural numbers; a;, b}.t,

constant coefficients; y jln" Vj21 ; and yk3”. are all nonzero real constant exponents.

So far, the global optimization problems of linear (or quadratic, polynomial)
fractional functions, as a special case of problem (P), have attracted the inter-
est of researchers and practitioners, and various specialized algorithms have been
reported for solving these special types (for example, see Konno and Fukaisi 2000;
Gotoh and Konno 2001). This is because, from a practical point of view, these
problems have spawn a wide variety of applications, specially in transportation
planning, government contracting, and finance and investment etc. (see Tuy et al.
2004; Phuong and Tuy 2003; Konno et al. 1997; Tuy 1998). In addition, from a
research point of view, these problems pose significant theoretical and computa-
tional challenges. This is mainly due to the fact that these problems are global
optimization problems, i.e., they are known to generally possess multiple local
optima that are not global optima.

Several algorithms have been proposed for globally solving optimization
problems of the nonlinear sum of fractional functions (Bensen 2002a,b). In the
most considered problems, the feasible regions are polyhedrons or convex sets, or
the considered problems have been limited to non-general problems (Phuong and
Tuy 2003; Konno et al. 1997; Tuy 1998; Bensen 2002a,b; Konno and Abe 1995;
Konno and Yamshita 1997). To our knowledge, there exist few algorithms for
globally solving problem (P), where the feasible region is nonconvex set, and the
objective function is the sum of ratios with real coefficients, and the expressions
of the objective and constrained functions involve in generalized multivariable
polynomials.

In this paper, we present a branch and bound algorithm for finding globally
optimal solution of problem (P). The proposed algorithm works by solving prob-
lem (P2), which is equivalent to problem (P). In the algorithm, we use a convenient
linearization techniques to systematically convert problem (P2) into a series of lin-
ear programming problems. The solutions of these converted problems can be as
close as possible to the global optimum of problem (P) by a successive refinement
process. The main computation involves in solving a series of linear programming

b?l and bzl are all nonzero real
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problems over the partitioned subsets, for which some efficient and known methods
are available. Numerical results show that the proposed algorithm is feasible.
This paper is organized as follows. In Sect. 2, by using Bernstein Algorithm
(Nataray and Kotecha 2004; Berz and Hoffstatter 1998) and an exponential trans-
formation, problem (P2) is derived that is equivalent to problem (P). Then a linear
relaxation programming (LRP) is given by a linearization technique. In Sect. 3,
we present a branch and bound algorithm for globally solving Problem (P2) and
prove its convergence property. In Sect. 4, we show that the algorithm is feasible
via several numerical examples. And finally, the summary of this paper is given.

2 Equivalent problem and its linear relaxation
2.1 Equivalent nonconvex program

In this subsection, we show how to convert problem (P) into an equivalent noncon-
vex programming problem. For convenience of the following discussions, without
loss of generality, weleta; > 0(j =1,...,K)anda; <0(j =K +1,...,p)
in (P).

In order to introduce an equivalent form of problem (P), we require that problem
(P) satisfies the following additional assumption.

Assumption 1 Foreach j =1, ..., p, suppose that
njx)>0, dij(x) >0, VxelX.

Based on Assumption 1, by using Bernstein Algorithm (Nataray and Kotecha
2004; Berz and Hoffstatter 1998) for each j = 1, ..., p, we can obtain positive
scalars [, uj, L and U; such that

O0<lj<nj(x)<u;, 0<L;j=<djx)<U;, VxeX.

Next,let H = {(t,s) e R?’ | l; <tj <uj, Ly <s; <Uj, j=1,2,..., p}
Then we can get the following equivalent problem (P1):

K P
min Zajtjs;1+ Z ajtjsfl

j=1 j=K+1
(P1): st. nj(x)—1;<0, s; —d;j(x) <0, j=1,...,K,
tj—nj(x) <0, di(x)—s; <0, j=K+1,...,p,
gr(x) <0, k=1,..., M,
xeX, (t,s) e H.

The key equivalence result for problems (P) and (P1) is given by the following
theorem.

Theorem 1 x* is a global optimal solution of problem (P) if and only if (x*, t*, s*)
is a global optimal solution of problem (P1), where t;‘ =n;(x*) and s;‘ =d;(x*)
foreach j =1,...,p.



448 S. Pei-Ping and Y. Gui-Xia

Proof Let x* be a global optimal solution of problem (P), and let t;‘.‘ =nj(x*)and
sj =d;(x*), j =1,..., p. Then (x*,t*, 5*) is a feasible solution of problem
(P1) with objective function value 4 (x*). Let (x, ¢, s) be any feasible solution of
problem (P1), it is obvious that

a]nj(X)<Cljt_j» ]=1,,K,K+1,vp
dj(x) 5j

This means that

p

K
n (x) P nj (x) t t
hx) = Zf’ Z 400 = 2% ot X et O
=K+ j=1 j=K+1 5
By the optimality of x*, we must have
Zp: i =h(x*) <h(x) < Zp:wi (2)
i=1 s - O b5y

Therefore, by x* € X and (t*, s*) € H, it follows that (x*, t*, s*) is a global
solution of problem (P1).

Conversely, suppose that (x*, ¢*
(P1), then we have

, 5%) is a global optimal solution for problem

O<nj(x*)§tl;‘.‘§uj,0<s;’.‘§dj(x*)§Uj, j=1,...,K;
0<I; §t;‘§nj(x*), 0<L; §dj(x*)§s;‘, j=K+1,...,p
This implies that

* *
nj(x*) t; nj(x*) 1

d;(x%) 55 forj=1,...,K, and WZE forj=K+1,...,p,
and so,
h(x*):ajwfajg forj=1,...,p. 3)
dj(x*) 55
Foreach j =1,...,p,lett; = n;(x*), §; = d;(x*), then (x*, 7, 5) is a feasible

solution for problem (P1) with objective function value A(x*). Since (x*, *, s*)
is a global optimal solution for problem (P1), we get that

p
h(x )—Zaj_—j z

“

\*l\*

Combining (3) with (4), we have

h(x* )_Za] ’*- 5)
J
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By definition of & (x), since

nj(x*)y 15 .
m < i* 0<nj(x*) <15, 0<st <dj(x), j=1,...,K;
5j

nj(x*) _ 1 .

dj(x*) > ’* ()<t;5< <nj(x*), 0 <d;(x") §s;~‘, j=K+1,...,p
which implies that t* =n;(x*) and s* =dj(x*) foreach j = 1,..., p, then for
any feasible solutlon x for problem (P) if wesetthatt; =n;(x),ands; =d;(x),
j=1,..., p,then (x, ¢, s) is a feasible solution for problem (P1) with objectlve

function value 4 (x). By the optimality (x*, t*, s*) and feasibility of x, we have
)4 *
i
h(x) = Z et
= S

Since x* € X, it follows from the above inequality that x* is a global optimal
solution for problem (P), and the proof is complete. O

For the problem (P1), since it possesses some particular structure, we can uti-
lize an exponential variable transformation to obtain an equivalent problem (P2)
of (P1). Let y = (y', y%,y?) € R??*N with y! € RN and y2, y? € R?, and let
X; = exp(yil) foreachi =1,...,Nands; = exp(yjz-), tj = exp(y]3-) for each
j =1,..., p. Then, without loss of generalization, we can rewrite the problem
(P1) to the following problem:

min ®o(y)
st. &,(») <0, m=1,....2p+ M,
(P2) : yeQ ={yly, <yn<?n,n—1 ..2p+ N}
= {lnyx; <y <lnx;,i=1,...,N,
Inl; <yj <lIlnuj, InL; <y <InUj;, j=1,...,p},
where
T 2P+N T

D () =D cmieXp| D YY) 2 D Cmifui(y), m=0,1,....2p+ M,

=1 n=1 t=1

(6)

and for each m, t and n, corresponding with problem (P1), ¢;,; is a real constant
coefficient; y,,;, 1s a real constant exponent; I', is a index set.

From Theorem 1, notice that, to search for a global solution for problem (P),
we may globally solving problem (P1) instead, and it is easy to see that the global
optimal values of problems (P1) and (P2) are equal. Hence, the branch and bound
algorithm to be presented can be applied to problem (P2).
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2.2 Linear relaxation programming

In the development of a solution procedure for solving problem (P2), the prin-
cipal structure is how to construct the linear relaxation programming of problem
(P2), which can provide the lower bounds of optimal value of problem (P2) in
the branch and bound method to be presented. This linear relaxation programming
can be obtained by using a linear underestimating function L% (y) of the nonlinear
function ®,,(y) foreachm =0, 1, ..., 2p + M. Henceforth, for convenience, for
any y € €2 some notations are first introduced as follows:

2p+N
Q .
Yo = Z YmtnYns
n=1

2p+N

12; = Z min(ymtnzn, YmmYn):
n=1
2p+N

sz = Z max(thnznv thnyn),
n=1

wherem =0,1,....2p+M,t=1,...,T.

To illustrate how the function L% (y) can be derived to obtain the linear relaxa-

tion problem, we consider the function f,,;;(y) = exp(Zii TN VminYn) = exp(Yngft

as defined in (6), for any y € Q.

It is known that exponential function exp(Y’) is a monotone increasing, convex
function about the single variable Y. Let F,izl (y) (H,ff, (v)) denote a linear overes-
timating (underestimating) function of f;,;(y) over Q2. Then, by the convexity of

. -Q
exp(Y,$1) on the interval [YS,, Y, ], we can formulate F(y) as follows:

2p+N
Fa ) =Ag 4+ By | D Yoy | » (7a)
n=1

where
A% =V exp(Y2) = Y8, exp (Vo) /(¥ — Y2,
B = (exp(V,n) — exp(Y 5/ (Vo = Y.
Moreover, let H,f,}t (y) be a an affine function corresponding to a tangent hyperplane

of the graph of f,;(y), which is parallel to Fn% (y). Then the point of tangential

support will occur at Y = In Bngft, thus, by computing, Hn% (y) can be given as
follows:

2p+N
Hey () = B(L=nB3) + By [ D viwnyn | - (7b)
n=1

Consequently, combining (7a) with (7b), it follows that

HE ) < fiu () < F2(y), YyeQ.
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Next, by using the above results, we can give the following linear relaxation
programming of problem (P2). Letting €24 = [y7, y9] C , and denoting the lin-

ear underestimating function of each nonlinear function ¢, exp(Zi‘”= TN Ymin Yn)
Q
as L,,! (y), forany y € ©, we have
Q. .
sy Q cmemtq (), ifcme >0,
Cmt €XP Z Ymin Yn | = Lml‘ (y) = Ym, t.

" Cont Ff (), 1f Cns < 0.

Thus, summing it over all the terms 7 (t = 1, ..., I';;) and denoting the result-

ing right-hand side Zg’l L,i? () in this sum as L,gnzq (), we easily see that

I,
Q Q
O (¥) = L' () =D Lyt (), VyeQy m=0,1,....2p+M. (8)

t=1

Consequently, We construct the corresponding linear relaxation programming
(LRP) of the problem (P2) on £2, as follows:

min Lo (y)
(LRP(Qg): {st. Ly'(y) <0, m=1,....2p+ M
y € Qq.

Notice that it follows immediately from (8) that every feasible point of problem
(P2) in subdomain €2, is feasible for problem LPR(£2,), and the objective func-
tion value of (LPR) is less than or equal to that of problem (P2) for all points in
24. Moreover, it should be noted that problem (LPR) contains only the necessary
constraints to guarantee convergence of the algorithm.

Lemma 1 The minimum of problem LPR(Q2,) provides a lower bound of the global
optimal value of problem (P2) over the partition set Q2.

Proof This is obvious by the above construction method. O

Lemma 2 Let {Q,} be any subsequence of rectangles such that Q41 C 24 C

R*P*N for any g and Ng=1 ¢ = {(¥*}. Consider the functions fou(y), Fnith )

and H,iz," (y) for any y € Q4. Then it holds that

Q Q
max | Fy/' (y) = fne D] = max [Hy () = fue (D] = 0, as g — oo,
YEQ, YEQ,

wherem =0,1,...,2p+Mandt =1,...,T,.

Proof Let Q, = [X‘I ,y1] C R2ZPtN Then, by assumption of this Lemma, there
exists a corresponding sequence {(X", y9)} with X‘f = (XZ)(2P+N)X1 and y? =

(V) 2p+N)x1 such that

01,y = (v, y"), asqg — oo, )
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For any m, t, let w,, = 72? - anz‘,’ for each Q. Then, by the definitions of

?2? and X,Z? , we get that from (9)

2p+N
Ofy = D Ymnl5h = y1) > 0 asq — oo, (10)
n=1

Now, we consider two differences F,f,q ) — fur () & AS;’ (y) and fi: (y) —
H (y) 2 A4 (y) for any y € . Then it follows from (6), (7a) and (7b) that

o 9 o 2p+N 2p+N
Am;{ ) = Am;] + Bm;[ Z YmtnYn | — €Xp Z YmtnYn
n=1 n=1

Q Q2 Q
= Am? + Bm;{ Ymtq - exp(Ymtq >

Q 2p+N 9 9 9 2p+N
At =exp | D Ymmyn | = Bt (1 =By = Byt | D Yintnyn
n=1 n=1

— exp(Yyp!) — Byt (1 —In Byt + Y.
. Q% . . . Qq =Q
Since A,,{ (Y,,; ) is a concave function of the single variable Y,/ over [V, 7, Y /],

A ! (Y, ) can attain its maximum A, at the point In B,,/, and through comput-

ing we can obtain that

A4

Q Q Q Q
— q q q q
max — Amt - Bmt + Bmt In Bmt

Q Q
= exp(Yy,) — By (Y5, +1 —In B, ) =exp(Y;y, ) (1 — uy, + uyy, Inug,,),
where ul,, = (exp(w,) — 1)/},
q

On the other hand, since A,,;(Y,,/) is a convex function of Y,,/, for any
Q =9, ,9Q
Yol €Yl Yol

mt » Yomi 15 it follows that its maximum, denoted by A?nax, will occur at

.= Q
the point Y,/ or Y,,{. Note that

At (V1) = exp(¥!) = Byyf (1= In B! 4+ Y1) = Ay,
A (Vi) = exp(Ypt) = Bont (1= In Bt + ¥
=exp(Y? A —ul, +ul Inul ).
Therefore, we have

A4

max

= A4

max — eXp(Z?nt)(l - u;jnt + ”;Int In ”Zn)-

Together with (10), from the above results we can follow that u?, — 1 and
Afax = Abax — 0,as ¢ — oo. This means that

Q Q
max |F,,/ (v) = fne (V)| = max |H,/ (y) = fm ()] = 0 as g — oo,
YEQ, YEQ,

and the proof is complete. O
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Lemma 3 Assumption as in Lemma 2. Then

max |L2q(y) —®,(»)| =0 asqg — o0,
YEQq

wherem =0,1...,2p + M.

Proof 1t follows immediately from Lemma 2 and the definitions of L,g,,z" (y) and
Dy (y). O

3 Branch and bound algorithm and its convergence

To globally solve the problem (P2) which is equivalent to the primal problem (P),
a branch and bound algorithm is developed based on the former linear relaxation
programming. This algorithm needs to solve a sequence of linear programming
over the initial rectangle 2 or partitioned subrectangle Q4% in order to search a
global optimal solution of (P2). The basic idea of this method is to generate nonin-
creasing upper bounds and nondecreasing lower bounds until they approximate to
enough closely each other. The proposed algorithm is based on partitioning €2 into
subrectangles, and each is associated with a node of the branch and bound tree,
and each node is associated with a LRP on the corresponding subrectangle. At any
stage k (k > 1) of the algorithm, suppose that we have a collection of active nodes
indexed by Qy, say, each is associated with a rectangle Q¢® C Q,V ¢ (k) € Ox.
For each such node g (k), we will have computed a lower bound L By () via solution

of LRP(94®), so that the lower bound of optimal value of problem (P2) at the
stage k is given by LB (k) = min{L B, ), g(k) € Q}. We now select an active
node g (k) such that L B(k) = LBy, for further considering. Then we partition
the selected rectangles into two subrectangles according to the following branch-
ing rules. For these two subrectangles the feasibility checking are applied, in order
to identify whether the subrectangles should be eliminated. Computing the lower
bounds for each new undeleted nodes by solving the corresponding LRP as before.
If necessary and possible, we will update the upper bound of incumbent solution
V*. Then, the active nodes collection Qy will satisty LBy < V*,V g (k) € O,
for each stage k. Upon fathoming any nonimproving nodes, we obtain a collection
of active nodes for the next stage, and this process is repeated until convergence is
obtained.

The critical element in guaranteeing convergence to a global minimum is the
choice of a suitable branching rule. In this paper, we choose a simple and standard
bisection rule. This method is sufficient to ensure convergence since it drives all
the intervals to zero for the variables that are associated with the term that yields
the greatest discrepancy in the employed approximation along any infinite branch
of the branch and bound tree.

Branching rule:

AssumethatarectangleQq(k) ={y| yz < yZ < ﬁ, n=1,...,2p+N} CQ
is going to be partitioned. Then the selection of the branching variable y;, which
possesses the maximum length in ¢ and the partitioning of ©2¢*) is done using
the following rule. Let A = arg max{ﬁ — yZ, n=1,...,2p+ N}, and partition
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Qa®) by bisecting the interval [ X?\’ iz] into the subintervals | XZ’ ( XK +¥,)/2] and
[0 +5D/2, V1.

After these preparations we can now formulate our branch and bound algorithm.
The basic steps of the algorithm are summarized in the following.
Algorithm statement:

Step 0 A convergence tolerance € is selected, and the iteration counter k is set to
zero, Qi = {1}, q(k) = 1, Q7% = Q! = Q. Set the initial upper V* = oco. Solve
LRP(24®) and denote the corresponding optimal solution and optimal value by
(5(Q2%), LBy ), and let the initial lower bound LB(k) = LBy). If $(Q15))
is feasible for (P2), then update upper V*. If V* — LB(k) < €, then stop with
$(Q9®)) as the prescribed solution to problem (P2). Otherwise, proceed to Step 1.

Step 1 Choose a branching variable y; to partition 9% to get two subrectangles
Q2" and Q4®)2 according to the selected branching rule. Replace ¢ (k) by these
two new node indices g (k) - 1 and g (k) - 2 in Q.

Step 2 For each new node index g (k) - v where v = 1, 2, compute

L
Qak)v

@, 0= > cmexpi )

t=1, ¢y >0

Lr —qat
+ z cmexp(Y,, ) form=1,....2p+M,
t=1, ¢ <0

Q) —Qa k) A
where ¢y, Y., and Y, have been defined in Sect. 2.2. If &, (v) > 0
for some m € {1,2,...,2p + M}, that is, the problem (P2) is infeasible for
Q4™ then the corresponding index g(k) - v will be eliminated from Qy. If
Qak)-v (v = 1, 2) are all been eliminated, then go to Step 4.

Q4 k)-v
m

Step 3 For undeleted subrectangle update the corresponding parameters Ay,

N v —qa® ,
By and Y ;zt as defined in Sect. 2.2. Solve problem LRP(Q7%) ")

where v =1 orv =2 orv = 1, 2, and denote the obtained optimal solutions and
optimal values by ($(Q9%), LB, ).,). Then if $(Q4®) is feasible for (P2),
update the upper bound V* = min{V*, ®q(3(QI©V))}. If LBgy).» > V*, then
delete the corresponding node.

Step 4 Fathom any nonimproving nodes by setting Qx4+1 = Qr — {g(k) € O |
LBy = V* —€}. If Qrq1 = 9 then stop, and V* is the optimal value, y* (k)
with ¥ € kg is a global optimal solution, where ko = {x | V* = ®g(y*(k))}.
Otherwise, k = k + 1.

Step 5 Set the lower bound LB(k) = min{LByx) | g(k) € Ok}, then select an
active node ¢ (k) € argmin{L B, )} for further considering, and go to Step 1.

Next, we will give the convergence of the algorithm.

Theorem 2 Suppose that problem (P2) has a global optimal solution, and let ®;
be the global optimal value of (P2). Then:
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(i) (For the case € > 0): The algorithm always terminates after finitely many
iterations yielding a global e-optimal solution y* and a global €-optimal
value V* for problem (P2) in the sense that

Y EQ, V'—e<df<ViwithV* = &o(y");

and

(i1) (For the case € = 0): If the algorithm does not terminate after finitely many
iterations, then every accumulation point of a infinite sequence {y*} generated
by the algorithm is a global optimal solution for problem (P2).

Proof (1) If the algorithm is finite, then it terminates after finitely many iterations
k, k > 0. Upon termination, by solving problem LPR(Q7®)) for some Q4% C Q,
we can find a feasible solution y* and a upper bound V* of @ for problem (P2)
satisfying y* € Q, V* = ®p(y*) and

LBq(k) > V* — €, Vq(k) € Q.

By Lemma 1, it is easy to show by standard arguments for branch and bound
algorithm that

LBy < @;.
Since y* is a feasible solution for problem (P2),
V* = @p(y*) = .
Taken together, the three previous statements imply that
V¥ —€e <LByy) <Py <V*.

Therefore, V* — e < &f < V*.

(i1) Suppose that the algorithm is infinite. Then, since the bisection of rectangles
is exhaustive [see Horst and Tuy 2003], by the branching rule the proposed branch
and bound algorithm can always generate an infinite rectangle sequence {€2;} with
Q= [y, Y1 such that Q41 € Qi € R?PTN and N = {y*} with Q) = Q.
Let {y¥} be a infinite sequence satisfying y* € Q; for any k, then we clearly have
limg_— oo yk = y*. Note that Q is a compact set, and so, without loss of general-
ity, there exists a subsequence {y'} of {y} such that y is the optimal solution of
RLP(Q,) with LB() = L(?’ (y') and lim;_, o, y' = y*. Since the nondecreasing
sequence {LB(/)} is bounded from above by H‘él]l‘:l ®o(y) = @, where F denotes

y

the feasible region of problem (P2), then there exists a limit such that

lim LB() £ LB < ®. (11)
[—o0

In addition, for any given [, by y/ € ©; we have

O () = L 01) = max [ @ () = L/, m=1.....2p+ M. (12)
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Letting {y*} = Q*, and using Lemma 3, by taking the limit as / — oo the above
inequality (12) implies that

(") < LY (y*) <0, form=1,....2p+N,

and hence, y* is feasible for problem (P2). Moreover, by Lemma 3 and (11) it is
clear that

®o(y*) = lim dp(y) = lim L' (y)) = lim LB() < &}
[— o0 [—00 [—00

Therefore, y* is a global optimization solution for problem (2), and the proof is
complete. O

4 Numerical experiment

To verify the performance of the proposed global optimization algorithm, there
exist at least two computational issues to be considered in the following.

The first one involves in computing the scalars /;, u;, L; and U; under
Assumption 1. The Bernstein Algorithm (Nataray and Kotecha 2004; Berz and
Hoffstatter 1998) has established an important tool for finding bounds on the range
of multivariate polynomials, and so, these scalars /;, u;, L; and U; can be ob-
tained on the given initial box X via Bernstein Algorithm such that 0 < n;(x) <
uj, 0 < Lj < dj(x) < UJ'.

The second one concerns the lower bound computing process which is obtained
by solving the linear relaxation programming (LRP) from Sect. 2. This linear pro-
gramming can be solved by some existing efficient and known methods. Here we
adopt the simplex algorithm to solve the linear relaxation programming, and so the
complement of the proposed global optimization algorithm will depend upon the
simplex algorithm.

The algorithm is coded with C++ and some test problems are implemented on a
Celeron IV (1693 MHz) microcomputer. Numerical results show that the proposed
algorithm can globally solve the problem (P).

Below we only describe some of these sample problems and the corresponding
computational results.

Example 1
( min h(x) = — —x12 + 3x; — x% + 3xp + 3.5
o x;+1
X2
P) xl2 —2x1 + x22 — 8x3 + 20

s.t. 2x; +xp <6,
3x1 4+ x2 <8,
—Xx1 +x2 > —1,
X={x:1<x1<3,1<x<3},

For solving this problem, we firstly give the upper and lower bounds of 1 (x),
na(x), di(x) and da(x). Clearly, the upper and lower bounds of n,(x) and dj(x)
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areup = 3, Ip = land Uy = 4, Ly = 2, respectively. For all x € X, by using
the (3, 3)th Bernstein polynomial, U> = 16 and L, = 4 can be obtained, and by
using the (5, 5)th Bernstein polynomial, we have u; = 8.3, [ =3.5.

Secondly, with € = 1.0E-8, the algorithm found a global e-optimal mini-
mum V* = —4.060819161 after 2638 iterations at the global e-optimal solution
(x1,x2)T = (1.0, 1.743823132), and the CPU time of the algorithm is 16.23s.

Example 2
—x? 4 3x; +2x3 +3 3.5
min h(x) = aj X7+ 3x1 +2x5 + 3x2 +
x;+1
X2
—2x1 + x5 — 8x2 + 20
P)

s.t. 3x1+x2 <8,
x1—x; ' <1,
2x1x,  +x2 <6,
={x:1=<x =<3, 1=<x=<3},

where a; = 0.25, ap = —1.75.

Similar to Example 1, for this problem, the upper and lower bounds of n,(x),
di(x) and d>(x) are the same as Example 1. By using the (3, 3)th Bernstein poly-
nomial, for n1(x) we can obtain u; = 33.1666667 and /| = 8.5 for all x € X.

With € = 1.0E-8, the algorithm found the global e¢-optimal minimum V* =
0.883868686 after 420 iterations at the global e-optimal solution

(x1,x2)T = (1.618033989, 1.0),
and the CPU time of the algorithm is 3.52s.

Example 3

min 1) =138 +

S.t. 2X1 + x1x3 < 4,
(P) X1+ 3x];1x2 <5,
x12 —3x; <2,
={x:1<x1 <3, 1=<x <3},
where a; = —1.35, ap = 12.99, and

nl(x)_x x2 2x1x2 +x2—28x1 xz+75
di(x) = x1x2 S4+1,
na(x) = x + 0.1,
dy(x) = x%x;l — 3xl + 2x1x2 9x2 + 12.
For this problem, we firstly apply to the equivalence transformation

nj(x) xlxz(x%xg's — 2x1x2_1 + x22 —2. 8x1_1x2 +7.5)
di(x) X100 (x1x° + 1)
x?xz 2x1 +x1x2 28x2 + 7.5x1x2 s n’ (x)

X xz S+ xix dj(x)
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Similarly,

ny(x) x1x22+0.1x1x2 » 15 (x)

dr(x) X3 = 3x2 + 2x3x3 — 9x + 12x1x2 - d(x)

Then, for the upper and lower bounds of dj(x) and n}(x), we can easily obtain
Up = 149.2961148, Ly = 2, and up = 27.9, I, = 1.1. For n)(x), by using the
(4, 4)th Bernstein polynomial, we have U, = 601 and L, = 3. In order to get u;
and /1, we let xg'S = Xy, then the given box X = [1, 3] x [1, 3] is transformed into

[1,3] x [1, «/§], consequently, u; = 246.113037 and /; = 4.7 are given by using
the (4, 7)th Bernstein polynomial.

With € = 1.0E — 7, the algorithm found the global e-optimal minimum V* =
—1.96149893 after 15243 iterations at the global e-optimal solution

(x1, x2)T = (2.698690670, 1.20758556),

and the CPU time of the algorithm is 130.62s.

5 Concluding remarks

In this paper, a global optimization algorithm is presented for solving the sum of
generalized polynomial ratios problem (P) on a nonconvex feasible region, which
arises in various engineering design problems. In the algorithm an equivalent prob-
lem (P2) is introduced firstly, then a linear relaxation programming is presented
based on linear underestimating functions of the objective and constraint functions
of problem (P2). Hence the lower bounding subproblems are linear programming
problems that can be solved by some existing efficient and known methods. These
characteristics offer computational advantages that can enhance the efficiencies of
the proposed algorithm. The algorithm was applied to several test problems, the
convergence of the global minimum was achieved in all case.

It is hoped in practice, the proposed algorithm and the ideas used in this paper
will offer some valuable tools for solving the sum of nonlinear ratios problems on
a nonconvex feasible region.
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