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Abstract A new smoothing approach was given for solving the mathematical
programs with complementarity constraints (MPCC) by using the aggregation tech-
nique. As the smoothing parameter tends to zero, if the KKT point sequence gen-
erated from the smoothed problems satisfies the second-order necessary condition,
then any accumulation point of the sequence is a B-stationary point of MPCC if
the linear independence constraint qualification (LICQ) and the upper level strict
complementarity (ULSC) condition hold at the limit point. The ULSC condition
is weaker than the lower level strict complementarity (LLSC) condition gener-
ally used in the literatures. Moreover, the method can be easily extended to the
mathematical programs with general vertical complementarity constraints.
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1 Introduction

We consider the mathematical programs with complementarity constraints (MPCC):

minimize f (z)
subject to G1(z) ≥ 0, G2(z) ≥ 0,

G1(z)T G2(z) = 0,
g(z) ≤ 0,
h(z) = 0,

(1)

where z ∈ Rn, f : Rn → R, G j : Rn → Rm( j = 1, 2), g : Rn → Rp, and
h : Rn → Rq are twice continuously differentiable functions. As an important
subclass of mathematical programs with equilibrium constrains (MPEC), MPCC
is very useful for the study of bilevel programming problems and a large number
of engineering design problems, see Luo et al. (1996a) and the references therein.
In the past two decades, optimal conditions and algorithms for MPEC were deeply
studied by some authors, and various stationarity concepts were introduced, see
Fukushima and Pang (1999), Luo et al. (1996a,b), Outrata et al. (1998), Pang
and Fukushima (1999), Scheel and Scholtes (2000), Scholtes (2001), Scholtes and
Stühr (1999, 2001), Ye and Ye (1997) and Ye (1999, 2000) for example. Among
them, Bouligand stationarity conditions (B-stationary) introduced by Luo et al.
(1996a) provides the strongest first-order optimality conditions for a local mini-
mizer of MPCC. Scheel and Scholtes (2000) made an excellent clarification on
these concepts and elucidated their connections. On the other hand, many efforts
have also been made to produce the robust algorithms for MPEC. As we known,
most of the methods are based on the non-smooth approach or the nonlinear pro-
gram relaxation approach (Fukushima and Tseng 2002; Liu and Sun 2004; Luo
et al. 1996a,b; Outrata et al. 1998; Outrata and Zowe 1995; Raghunathan and
Biegler 2005; Scholtes and Stühr 1999). Recently, the smoothing continuous func-
tion methods, which have been widely used for solving complementarity and var-
iational inequality problems, were also proposed for solving MPCC with some
special complementarity constraints, see Faccinei et al. (1999), Fukushima and
Pang (1999), Fukushima et al. (1998) and Jiang and Ralph (2000). However, some
of these methods require the nondegeneracy ( that is, the lower level strict comple-
mentarity ) condition at a limit point so as to guarantee the methods converge to a
B-stationary point, and some can only converge to a point satisfying some weak
stationarity conditions such as the Clarke stationarity condition. Fukushima and
Pang (1999) gave a smoothing continuation method for solving MPCC by using the
perturbed Fischer–Burmeister function. They proved that the second-order station-
ary point sequence of the smoothed problems converges to a B-stationary point of
the MPCC as the smoothing parameter tends to zero. The basic assumptions they
need are the linear independence constraint qualification (LICQ) and the asymp-
totic weak nondegeneracy at a limit point. The later condition means that for some
i ∈ {1, . . . , m}, if both G1i and G2i are equal to zero at the limit point, then G1i (z)
and G2i (z) tend to zero in the same order of magnitude. Jiang and Ralph (2000)
proposed two smooth SQP methods for MPCC. Global convergence of the methods
depend on the lower level strict complementarity condition amongst some other
conditions, such as the LICQ or the Mangasarian-Fromovitz constrained qualifi-
cation (MFCQ).
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In this paper, we propose a new smoothing approximation method for MPCC by
using the aggregation technique. Aggregation function is a well known smoothing
function for max-type functions. Let w : Rn → R, w(x) = max{w1(x), w2(x),
. . . , wm(x)}, where wi , i = 1, . . . , m, are continuously differentiable functions,
it is clear that w(·) is continuous in Rn but not differentiable everywhere. For any
t > 0, the aggregation function of w(x), noted as w(t, x) : Rn+1 → R, is defined
by

w(t, x) := t ln
m∑

i=1

exp(wi (x)/t). (2)

Function (2), viewed as the exponential penalty function, has been studied and
employed as the multiplier method for nonlinear programming (Goldstein 1997;
Kachiyan 1996; Tseng and Bertsekas 1993). According to Goldstein (1997), Chang
(1980) first introduced the function (2). Independently, Li (1991, 1992) studied (2)
and named it as the aggregation function. Recently, some authors investigated the
differentiable properties of the function, and used it to propose smoothing methods
for generalized (extended) linear complementarity problems and some nonlinear
complementarity problems (Peng and Lin 1999; Qi and Liao 1999; Qi et al. 2000).

Noticing that G1(z) ≥ 0, G2(z) ≥ 0 and G1(z)T G2(z) = 0 if and only if
G(z) = min{G1(z), G2(z)} = 0, we define

G(t, z) =

⎛

⎜⎜⎝

−t ln(exp(−G11(z)/t) + exp(−G21(z)/t))
−t ln(exp(−G12(z)/t) + exp(−G22(z))/t))

...
−t ln(exp(−G1m(z)/t) + exp(−G2m(z)/t))

⎞

⎟⎟⎠ (3)

for t > 0. It is easy to see that G(t, z) is continuously differentiable with respect
to t for all t > 0, and limt↓0 G(t, z) = G(z). As such, it is natural to define
G(0, z) = G(z). Then we produce the following parametric nonlinear program-
ming problems (Pt):

minimize f (z)
subject to G(t, z) = 0,

g(z) ≤ 0,
h(z) = 0.

(4)

For t > 0, (4) is said to be the smoothing approximation of MPCC (1). Obviously,
the solution of (Pt) tends to the solution of MPCC (1) as the smoothing parameter
t tends to 0. Under the LICQ and a condition called upper level strict comple-
mentarity (ULSC)(see section 2), we prove that any limit point of the sequence
generated from solving the smooth approximation problem (4) (as t → 0) must be
a B-stationary point of MPCC (1), if the sequence satisfies the second-order neces-
sary conditions. It is shown that ULSC condition is weaker than the generally used
lower level strict complementarity (LLSC) condition. Therefore, the convergence
condition of this paper is weaker than that of Jiang and Ralph (2000), and in some
sense, weaker than that of Fukushima and Pang (1999).

The paper is organized as follows. In section 2 we recall some concepts and
propositions about the MPCC and investigate the properties of the aggregation
function G(t, z) for establishing the relationship of a B-stationary point of MPCC
(1) with the solution of (Pt). Section 3 is devoted to the convergence analysis of
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our smooth approximation method. Further remarks on the extension of the method
will be drawn in section 4.

Some notations: denote R+ as the set of all nonnegative real numbers, R++ the
set of all positive real numbers. Let I and J be the subindex set of the inequality
constraints g(z) ≤ 0 and the subindex set of the equality constraints h(z) = 0,
respectively. |I| is the number of elements in the index set I. For a vector v ∈ Rm

and an index set α ⊆ {1, 2, . . . , m}, vα denotes the subvector of v with compo-
nents vi , i ∈ α.

2 Preliminaries

A feasible point z̄ of MPCC is a B-stationary point if � f (z̄)T d ≥ 0 for every d
satisfying

min{�G ji (z̄)T d| j : G j (z̄) = 0, j = 1, 2} = 0, i = 1, 2, . . . , m.

�gr (z̄)T d ≤ 0, r ∈ {r : gr (z̄) = 0, r ∈ I },
�h(z̄)T d = 0.

(5)

Clearly, any local optimal solution of MPCC (1) is a B-stationary point. Fur-
thermore, we define the following index sets at z̄:

ᾱ = {i | G1i (z̄) = 0 < G2i (z̄)},
β̄ = {i | G1i (z̄) = 0 = G2i (z̄)},
γ̄ = {i | G1i (z̄) > 0 = G2i (z̄)},
Ī = {r | gr (z̄) = 0}.

(6)

If the vectors {�G1i (z̄)|i ∈ ᾱ ∪ β̄} ∪ {�G2i (z̄)|i ∈ β̄ ∪ γ̄ } ∪ {�gr (z̄)|r ∈ Ī} ∪
{�hl(z̄)|l ∈ J } are linearly independent, we say the LICQ holds at z̄ . In particular,
we say that z̄ satisfies the lower level strict complementarity (LLSC) condition if
β̄ = ∅, i.e., G1i (z̄) + G2i (z̄) > 0 for all i = 1, . . . , m. In this case z̄ is also said to
be nondegenerate.

Proposition 2.1 Fukushima and Pang (1999) and Luo et al. (1996a) assume z̄ is
a feasible point of MPCC, and the LICQ holds at z̄. If there exist vectors ν̄ ∈
Rm, ω̄ ∈ Rm, λ̄ ∈ RĪ , μ̄ ∈ R J̄ such that z̄ satisfies the conditions:

� f (z̄) − ∑
i∈ᾱ

ν̄i � G1i (z̄) − ∑

i∈β̄

ν̄i � G1i (z̄) − ∑

i∈β̄

ω̄i � G2i (z̄)

− ∑
i∈γ̄

ω̄i � G2i (z̄) + ∑

r∈Ī
λ̄r � gr (z̄) + ∑

l∈J
μ̄l � hl(z̄) = 0,

G1ᾱ(z̄) = 0, G2γ̄ (z̄) = 0, h(z̄) = 0,

ν̄β̄ ≥ 0, G1β̄ (z̄) ≥ 0, ν̄T
β̄

G1β̄ (z̄) = 0,

ω̄β̄ ≥ 0, G2β̄ (z̄) ≥ 0, ω̄T
β̄

G2β̄ (z̄) = 0,

λ̄ ≥ 0, g(z̄) ≤ 0, λ̄T g(z̄) = 0,

(7)

then z̄ is a B-stationary point of MPCC.
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LICQ is a generic constraint qualification for MPCC, many optimal theories
and algorithms for MPCC are established under this condition. The point satis-
fying system (7) is called the Karush–Kuhn–Tucher (KKT) point of MPCC (1).
Moreover, according to Scheel and Scholtes (2000), a point z̄ is said to satisfy the
upper level strict complementarity condition (ULSC) if νi and ωi , the multipliers
correspondence to G1i and G2i respectively, satisfy νiωi �= 0 for all i ∈ β̄. It is
well known that a point z̄ satisfies the lower level strict complementarity condition
(LLSC) if G1i + G2i > 0 hold for all i ∈ {1, 2, . . . , m}. We can see from the
following example that the ULSC condition is considerably weaker than the LLSC
condition, and in practice, it may make more sense than the later one.

Example 2.1 Scheel and Scholtes (2000)

min (z1 − t)2 + (z2 − t)2

s.t. z1z2 = 0,
z1 ≥ 0,
z2 ≥ 0,

(8)

where z1, z2 ∈ R, t ≤ 0 is a parameter.
Obviously, (0, 0) is the optimal solution of (8). The LLSC condition is vio-

lated at (0, 0) for every t ≤ 0, while the ULSC condition is only violated at (0, 0)
for t = 0. From the KKT system for problem (8), it is not difficult to see that,
for (z1, z2) = (0, 0) and t < 0, we may take the multipliers ν and ω in (7) as
ν = ω = −2t . Hence, νω = 4t2, which means that the ULSC condition holds for
any t < 0.

In the next part of this section, we investigate the properties of aggregation
function G(t, z) in (3). From Proposition 3.2 in Qi and Liao (1999) and by simple
calculation, we can get the following properties of G(t, z) with respect to t and z,
respectively.

Lemma 2.1 (i) G(t, z) is a locally Lipschitz continuous function on R+ × Rn.
(ii) (G(t, z))i is a continuously differentiable decreasing and convex function

with respect to t ( t > 0), and for any i = 1, 2, . . . , m,

(G(z))i − t ln 2 ≤ (G(t, z))i ≤ (G(z))i , (9)

�t (G(t, z))i = − ln

(
exp(−G1i (z))

t

)
+ exp

(−G2i (z)

t

)

−1

t
[η1i (t, z)G1i (z) + η2i (t, z)G2i (z)], (10)

where

η1i (t, z) = exp(−G1i (z)/t)

exp(−G1i (z)/t) + exp(−G2i (z)/t)
∈ (0, 1),

η2i (t, z) = exp(−G2i (z)/t)

exp(−G1i (z)/t) + exp(−G2i (z)/t)
∈ (0, 1),

(11)

with η1i (t, z) + η2i (t, z) = 1.
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(iii) If G1(z) and G2(z) are twice continuously differentiable functions, then
G(t, z) is at least twice continuously differentiable on R++ × Rn, and for
all i = 1, 2, . . . , m,

�z(G(t, z))i = η1i (t, z) � G1i (z) + η2i (t, z) � G2i (z),

�2
z (G(t, z))i = η1i (t, z) � 2G1i (z) + η2i (t, z) � 2G2i (z)

−1

t
η1i (t, z)η2i (t, z)

[
�G1i (z)(�G1i (z))T

+ � G2i (z)(�G2i (z))T
]

+1

t
η1i (t, z)η2i (t, z)

[
�G1i (z)(�G2i (z))T

+ � G2i (z)(�G1i (z))T
]
,

(12)

and

lim
t→0

�z(G(t, z))i = 1

|Bi (z)|
∑

j∈Bi (z)

�G ji (z), (13)

where Bi (z) = { j |G ji (z) = Gi (z), j = 1, 2}, |Bi (z)| is the element number
of the index set Bi (z).

Since G(0, z) = G(z), we have the following lemma which is useful for estab-
lishing our convergence result in Section 3.

Lemma 2.2 Let z̄ ∈ Rn, zt → z̄ as t → 0. Then

(i)
Bi (zt ) ⊆ Bi (z̄) (i = 1, 2, . . . , m),

(ii)
I(zt ) ⊆ Ī, I(zt ) = {r | gr (zt ) = 0}

holds for all t sufficiently small.

Proof (i) We assume, by contradiction, that there exists a sequence {tk} ∈ R++
with tk → 0 as k → ∞ and an index j (k) ∈ Bi (ztk ) but j (k) /∈ Bi (z̄) for
some i ∈ {1, 2, . . . , m}. From the definition of Bi (z), there is at most two
elements in each Bi (z). We suppose that j (k) = j for all k without loss of
generality. Then we have G ji (ztk ) = Gi (ztk ). Noticing the continuity of G ji

and Gi , we obtain that G ji (z̄) = Gi (z̄) from the fact that ztk → z̄ as tk → 0.
Therefore, j ∈ Bi (z̄). This contradiction establishes (i).

(ii) Similar to the proof of (i). 
�
We now recall the Clarke generalized gradient/Jacobian.

Definition 2.1 Let the operator G : Rn → Rm be Lipschitz continuous near
z0 ∈ Rn and let σG denote the set of points at which G fails to be differentiable.
The generalized Jacobian of G at z0 is

∂G(z0) = conv { lim
k→∞ �G(zk)|zk → z0, zk /∈ σG}. (14)

For m = 1, ∂G(z0) is termed the generalized gradient of G at z0.
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The following theorem is important for deriving the global convergence of our
smoothing method for MPCC.

Theorem 2.1 Assume G1(z), G2(z) are continuously differentiable functions. Let
{tk} be a sequence of positive scalars tending to zero, {zk} be a sequence tending
to z̄. Then for all i = 1, 2, . . . , m,

lim
zk→z̄
t k→0

dist{�z(G(tk, zk))i , ∂(G(z̄))i } = 0. (15)

Proof From the definition of G(·) and ∂G(·), we have that, for all i = 1, 2, . . . , m,

∂(G(z̄))i = conv{limk→∞ �(G(zk))i |zk → z̄, G1i (zk) �= G2i (zk)}
= {

η̄1i � G1i (z̄) + η̄2i � G2i (z̄)| η̄1i , η̄2i ∈ [0, 1],
and η̄1i + η̄2i = 1

}
.

(16)

Since tk > 0, G(t, z) is continuously differentiable at (tk, zk), and

�z(G(tk, zk))i = η1i (t
k, zk) � G1i (z

k) + η2i (t
k, zk) � G2i (z

k), (17)

where

η1i (tk, zk) = exp(−G1i (zk)/tk)

exp(−G1i (zk)/tk) + exp(−G2i (zk)/tk)

= exp((G(zk))i − G1i (zk)/tk)

exp((G(zk))i − G1i (zk)/tk) + exp((G(zk))i − G2i (zk)/tk)
∈ (0, 1),

η2i (tk, zk) = exp(−G2i (zk)/tk)

exp(−G1i (zk)/tk) + exp(−G2i (zk)/tk)

= exp((G(zk))i − G2i (zk)/tk)

exp((G(zk))i − G1i (zk)/tk) + exp((G(zk))i − G2i (zk)/tk)
∈ (0, 1)

(18)

and
η1i (t

k, zk) + η2i (t
k, zk) = 1. (19)

Furthermore, for j ∈ {1, 2},
exp((G(zk))i − G ji (zk)/tk) = 1, if j ∈ B(zk),

lim
tk→0

exp((G(zk))i − G ji (z
k)/tk) = 0, if j /∈ B(zk).

(20)

If G1i (z̄) �= G2i (z̄), then (G(z))i = G1i (z) (or G2i (z)) near z̄. Hence, (G(z))i
is continuously differentiable near z̄, which implies that limzk→z̄ �(G(0, zk))i =
�(G(z̄))i . Since ‖Bi (z̄)‖ = 1, by Lemma 2.2 we have that Bi (zk) ⊂ Bi (z̄) for
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all k big enough. Hence, from (13), limtk→0 �z(G(tk, zk))i = �G ji (zk) for all
j ∈ Bi (zk). Therefore,

lim
zk→z̄
t k→0

dist{�z(G(tk, zk))i − ∂(G(z̄))i } = lim
zk→z̄
t k→0

‖ � z(G(tk, zk))i − �(G(z̄))i‖

≤ lim
zk→z̄
t k→0

{‖ � z(G(tk, zk))i − �(G(zk))i‖ + ‖ � (G(zk))i − �(G(z̄))i‖}

= 0.
(21)

If G1i (z̄) = G2i (z̄), from (17), (18), ( 19) and Lemma 2.2, we have that

lim
zk→z̄
t k→0

�(G(tk, zk))i ∈ ∂(G(z̄))i . (22)

Therefore, (15) is true for all i = 1, 2, . . . , m. The proof is complete. 
�

3 Global convergence of smoothing method for MPCC

Let zt be a local optimal solution of problem (Pt). Since (Pt) is an ordinary
nonlinear programming problem, under some constraint qualifications, there ex-
ist Lagrange multipliers νt ∈ Rm, λt ∈ Rp, and μt ∈ Rq such that the vector
(zt , νt , λt , μt ) satisfies the following KKT conditions for problem (Pt):

� f (zt ) −
m∑

i=1
(νt )i � (G(t, zt ))i + ∑

r∈It

(λt )r � gr (zt )

+ ∑
l∈J

(μt )l � hl(zt ) = 0,

G(t, zt ) = 0, h(zt ) = 0,
(λt )r ≥ 0, gr (zt ) ≤ 0, (λt )r gr (zt ) = 0.

(23)

Moreover, (zt , νt , λt , μt ) satisfies the inequalities

dT
t � 2

z Lt (zt , νt , λt , μt )dt ≥ 0 for all dt ∈ Tt (zt ), (24)

where

Lt (z, ν, λ, μ) = f (z) +
m∑

i=1

νi (G(t, z))i +
∑

r∈It

λr gr (z) +
∑

l∈J
μl hl(z), (25)

with It = {r |gr (zt ) = 0} and Tt (z) = {d ∈ Rn| � G(t, z)T d = 0,�gIt (z)
T d =

0,�h(z)T d = 0}.
Conditions (23) and (24) are called the second order necessary conditions of

problem (Pt). The next lemma shows the relationship of the feasibility between
MPCC (1) and problem (Pt) when t > 0 is sufficiently small, which is crucial for
proving our main result.
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Lemma 3.1 For each t > 0, let zt be a feasible point of problem (Pt). Suppose
that zt → z̄ as t → 0, then z̄ is a feasible point of MPCC (1). Moreover, if LICQ
holds at z̄, then the gradients

{�z(G(t, zt ))i |i = 1, 2, . . . , m} ∪ {�gr (zt )|r ∈ It } ∪ {�hl(zt )|l ∈ J } (26)

are linearly independent for all t > 0 small enough.

Proof From (9), (10) and the continuity of G(t, z), g(z) and h(z), it is easy to see
that z̄ is a feasible point of MPCC (1).

We now prove the second part of the lemma. By Lemma 2.1 (iii), �z(G(t, z))i
is continuously differentiable with respect to z for each t > 0 and any i ∈
{1, 2, . . . , m}, so there exists a constant L such that

‖ � z(G(t, zt ))i − �z(G(t, z̄))i‖ ≤ L‖zt − z̄‖ (27)

holds for all t > 0 and i ∈ {1, 2, . . . , m}. Since zt → z̄ as t → 0, we have

lim
t→0

‖ � z(G(t, zt ))i − �z(G(t, z̄))i‖ = 0. (28)

By Lemma 2.1(iii) we obtain that

lim
t→0

‖ � z(G(t, z̄))i −
∑

j∈Bi (z̄)

�G ji (z̄)

|Bi (z̄)| ‖ = 0. (29)

From (6), G1i (z̄) = 0 < G2i (z̄) for i ∈ ᾱ, which implies that Gi (z̄) = G1i (z̄),
Bi (z̄) = {1} and |Bi (z̄)| = 1. Hence, (28) and (29) imply that

lim
t→0

‖ � z(G(t, zt ))i − �G1i (z̄)‖
≤ lim

t→0
‖ � z(G(t, zt ))i − �z(G(t, z̄))i‖ + lim

t→0
‖ � z(G(t, z̄))i − �G1i (z̄)‖

= 0,
(30)

Similarly, we can prove that for i ∈ γ̄ ,

lim
t→0

�z(G(t, zt ))i = �G2i (z̄). (31)

For i ∈ β̄, by Theorem 2.1 we have

lim
t→0

dist{�z(G(t, zt ))i , ∂(G(z̄))i } = 0. (32)

From the continuous differentiability of functions g(z) and h(z), it is clear that

lim
t→0

�gr (zt ) = �gr (z̄), for r ∈ Ī, (33)

and
lim
t→0

�hl(zt ) = �hl(z̄), for l ∈ J . (34)
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Therefore, from (16) and the equations (30), (31), (31), (33) and (34) above we
have ∑

i∈ᾱ

ν̄i � G1i (z̄) +
∑

i∈β̄

δ̄i [η̄1i � G1i (z̄) + η̄2i � G2i (z̄)]

+
∑

i∈γ̄

ω̄i � G2i (z̄) +
∑

r∈Ī
λ̄r � gr (z̄) +

∑

l∈J
μ̄l � hl(z̄) = 0,

(35)

Since LICQ holds at z̄, (35) implies that ν̄i = ω̄i = δ̄i η̄1i = δ̄i η̄2i = λ̄r =
μ̄l = 0. From η̄1i ≥ 0, η̄2i ≥ 0 and η̄1i + η̄2i = 1, we have that δ̄i = 0. Therefore,
{�z(G(0, z̄))i | i = 1, 2, . . . , m} ∪ {�gr (z̄)| r ∈ Ī} ∪ {�hl(z̄)| l ∈ J } are linearly
independent. By Lemma 2.2, Īt ⊆ Ī for all t > 0 small enough. Furthermore, from
the twice continuous differentiability of G(t, z), g(z) and h(z), we deduce that the
gradients {�z(G(t, zt ))i |i = 1, 2, . . . , m} ∪ {�gr (zt )|r ∈ It } ∪ {�hl(zt )|l ∈ J }
are linearly independent for all t > 0 small enough. 
�

We now prove the global convergence of the smoothing method for MPCC (1).

Theorem 3.1 Let {tk} be a sequence of positive scalars tending to zero, (zk, νk, λk,
μk) satisfy the second-order necessary conditions (23) and (24) for problem (Ptk).
Suppose that (zk, νk, λk, μk) → (z̄, ν̄, λ̄, μ̄) as tk → 0. If LICQ and ULSC hold
at z̄, then z̄ is a B-stationary point of MPCC (1).

Proof Since (zk, νk, λk, μk) satisfy the second-order necessary conditions (23)
and (24) for problem (Ptk), then we have

� f (zk) −
m∑

i=1
νk

i � (G(tk, zk))i + ∑

r∈Ik

λk
r � gr (zk)

+ ∑
l∈J

μk
l � hl(zk) = 0,

G(tk, zk) = 0, h(zk) = 0,

λk
r ≥ 0, gr (zk) ≤ 0, λk

r
T

gr (zk) = 0.

(36)

and
dkT � 2

z Ltk (zk, νk, λk, μk)dk ≥ 0 for all dk ∈ Ttk (zk). (37)

By Lemma 2.2 we know that Bi (zk) ⊆ Bi (z̄) (i = 1, 2, . . . , m) and I(zk) ⊆ Ī
for all k sufficiently large. It is easy to verify that λ̄r ≥ 0 for r ∈ Ī and λ̄r = 0 for
r /∈ Ī.

From the proof of Lemma 3.1 we have that

(i) for i ∈ ᾱ, lim zk→z̄
t k→0

�(G(tk, zk))i = �G1i (z̄).

(ii) for i ∈ γ̄ , lim zk→z̄
t k→0

�(G(tk, zk))i = �G2i (z̄).

(iii) for i ∈ β̄, Let ūi = lim zk→z̄
t k→0

νkη1i (tk, zk), w̄i = lim zk→z̄
t k→0

νkη2i (tk, zk).

Then from (i), (ii), (iii), equality (17), by taking limit on system (36), we get

� f (z̄) − ∑
i∈ᾱ

ν̄i � G1i (z̄) − ∑
i∈γ̄

ν̄i � G2i (z̄) − ∑

i∈β̄

ūi � G1i (z̄)

− ∑

i∈β̄

w̄i � G2i (z̄) + ∑

r∈Ī
λ̄r � gr (z̄) + ∑

l∈J
μ̄l � hl(z̄) = 0,

G(z̄) = 0, h(z̄) = 0,

λ̄r ≥ 0, g(z̄) ≤ 0, λ̄rT g(z̄) = 0.

(38)



Convergence of smooth approximation method for MPCC 265

Now we need to prove ūi ≥ 0, w̄i ≥ 0 for i ∈ β̄. By contradiction, we assume that
ū j < 0 for some j ∈ β̄. Since LICQ holds at z̄, from Lemma 3.1 we may choose
a vector dk ∈ Rn such that, for k big enough,

�G1 j (zk)T dk = η2 j (tk, zk),

�G1i (zk)T dk = 0, i ∈ ᾱ ∪ β̄ \ { j},
�G2 j (zk)T dk = −η1 j (tk, zk),

�G2i (zk)T dk = 0, i ∈ γ̄ ∪ β̄ \ { j},
�gr (zk)T dk = 0, r ∈ Ik,

�hl(zk)T dk = 0, l ∈ J .

(39)

Therefore, �(G(zk)) j
T

dk = η1 j (tk, zk) � G1 j (zk)T dk + η2 j (tk, zk) � G2 j (zk)T

dk = 0, which implies that dk ∈ Ttk (zk). Furthermore,

dkT � 2
z L(zk, νk, λk, μk)dk

= dkT [�2 f (zk) +
∑

r∈I(zk)

λk
r � 2g(zk) +

∑

l∈J
μk

l � 2h(zk)

−
m∑

i=1

νk
i � 2

z (G(tk, zk))i ]dk . (40)

It follows from (12) that

dkT � 2
z (G(tk, zk))i dk

= η1i (tk, zk)dkT � 2G1i (zk)dk + η2i (tk, zk)dkT � 2G2i (zk)dk

− 1

tk
η1i (tk, zk)η2i (tk, zk)

[
dkT � G1i (zk)(�G1i (zk))T dk

+dkT � G2i (zk)(�G2i (zk))T dk
]

+ 1

tk
η1i (tk, zk)η2i (tk, zk)

[
dkT � G1i (zk)(�G2i (zk))T dk

+dkT � G2i (zk)(�G1i (zk))T dk
]
.

(41)

Hence, for i = j , from (39), (41) and Lemma 2.1 we have that

dkT � 2
z (G(tk, zk)) j dk

= λ1 j (tk, zk)dkT � 2G1 j (zk)dk + η2 j (tk, zk)dkT � 2G2 j (zk)dk

− 1

tk
η1 j (tk, zk)η2 j (tk, zk)[η2

2 j (t
k, zk) + (−η1 j (tk, zk))2]

+ 1

tk
η1 j (tk, zk)η2 j (tk, zk)

[
(−η1 j (tk, zk))η2 j (tk, zk)

+η2 j (tk, zk)(−λ1 j (tk, zk))

]

(42)
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= η1 j (tk, zk)dkT � 2G1 j (zk)dk + η2 j (tk, zk)dkT � 2G2 j (zk)dk

− 1

tk
η1 j (tk, zk)η2 j (tk, zk).

Similarly, for i �= j , we have

dkT � 2
z (G(tk, zk))i d

k = η1i (t
k, zk)dkT � 2G1i (z

k)dk

+η2i (t
k, zk)dkT � 2G2i (z

k)dk . (43)

Equations (40), (42) and (43) imply that

dkT � 2
z L(zk, νk, λk, μk)dk

= dkT � 2 f (zk)dk +
∑

r∈Ik

λk
r dkT � 2g(zk)dk +

∑

l∈J
μk

l dkT � 2h(zk)dk

−
m∑

i=1

νk
i [η1i (t

k, zk)dkT � 2G1i (z
k)dk + η2i (t

k, zk)dkT � 2G2i (z
k)dk]

+ 1

tk
νk

j η1 j (tk, zk)η2 j (tk, zk).

(44)
Since ULSC condition holds at z̄, i.e., ūi w̄i �= 0 for all i ∈ β̄, we have that

lim
tk→0

η1 j (t
k, zk)η2 j (t

k, zk) > 0. Moreover, ū j < 0 implies that lim
tk→0

νk
j = ν̄ j < 0.

Hence
1

tk
νk

j η1 j (t
k, zk)η2 j (t

k, zk) → −∞ as tk → 0.

Noticing the boundedness of dk , η1i (·) and η2i (·)(i = 1, . . . , m), we have dkT �2

f (zk)dk ,λk
r dkT �2g(zk)dk ,μk

l dkT �2h(zk)dk , and νk
i [η1i (tk, zk)dkT �2G1i (zk)dk

+η2i (tk, zk)dkT �2 G2i (zk)dk] (i = 1, . . . , m) are bounded as tk → 0. It follows
that

dkT �2
z Ltk (zk, νk, λk, μk)dk → −∞ as tk → 0, (45)

which contradicts the assumption that (zk, νk, λk, μk) satisfies the second-order
necessary conditions. Hence we proved that ūi ≥ 0 holds for all i ∈ β̄.

Similarly, wi ≥ 0 holds for all i ∈ β̄. By taking ν =
{

ν̄i , i ∈ ᾱ,

ūi , i ∈ β̄,
ω =

{
w̄i , i ∈ β̄,
ν̄i , i ∈ γ̄ ,

λr = λ̄r for r ∈ Ī and μl = μ̄l for l ∈ J̄ , we have the equation (7)

hold at z̄. That is, z̄ is a B-stationary point of MPCC (1). 
�
From (22) in the proof of Theorem 2.1, we know that, for each i ∈ β̄, any accu-
mulation point of {∇(G(tk, zk))i } (as zk → z̄, tk → 0) belongs to ∂G(z̄)i and has
the form of

r̄ = η̄1i � G1i (z̄) + η̄2i � G2i (z̄), (46)

where η̄1i , η̄2i ∈ [0, 1], and η̄1i + η̄2i = 1. Furthermore, from the last part of the
proof of Theorem 3.1, we can see that the ULSC condition can be replaced by a
much weaker condition.
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Corollary 3.1 Let {tk}be a sequence of positive scalars tending to zero, (zk, νk, λk,
μk) satisfy the second-order necessary conditions (23) and (24) for problem (Ptk).
Suppose that (zk, νk, λk, μk) → (z̄, ν̄, λ̄, μ̄) as tk → 0. If LICQ hold at z̄, and for
i ∈ β̄, the limitations of ηi1(tk, zk) and ηi1(tk, zk) in (18), denoted as η̄1i and η̄2i
respectively, satisfy η̄1i η̄2i �= 0, then z̄ is a B-stationary point of MPCC (1).

{zk} is saied to be asymptotically weakly nondegenerate if η̄1i η̄2i �= 0 for i ∈ β̄
in Fukushima and Pang (1999). For the smoothing technique used in Fukushima
and Pang (1999), this condition means that G1i (zk) and G2i (zk) approach to zero
in the same order of magnitude. However, from (18) we can easy to see that, by
using the aggregation technique, it is not necessary to request G1i (zk) and G2i (zk)
approaching to zero in the same order of magnitude for guaranteeing η̄1i η̄2i �= 0 for
i ∈ β̄. For example, let G1(z) = z and G2(z) = z2, and suppose that zk = tk , then
as tk → 0, G1(zk) → 0 and G2(zk) → 0, but in different order of magnitude. And
in this case, η1(zk) → exp(−1)/(exp(−1) + 1) and η2(zk) → 1/(exp(−1) + 1),
which implies that η̄1η̄2 �= 0. In this sense, the convergence condition in Corollary
3.1 is weaker than that in Fukushima and Pang (1999).

4 Further remarks

In this paper, we give a new smoothing method for solving MPCC. By using the
aggregation technique, we approximate the MPCC (1) with a sequence of para-
metric smooth nonlinear programming problem. Under some mild conditions, the
sequence generated from solving the smooth problems converges to a B-stationary
point of MPCC.

By defining

(G(t, z))i = −t ln(

k∑

j=1

exp(−Gi j (z)/t)), for i = 1, 2, . . . , m,

the method in this paper can be easily extended to solve the mathematical pro-
gramming with general vertical complementarity constraints (Scheel and Scholtes
2000):

minimize f (z)
s.t. min{Gi1(z), Gi2(z), . . . , Gik(z)} = 0, i = 1, 2, . . . , m,

g(z) ≤ 0,
h(z) = 0.

(47)

The concepts for MPCC in section 2, such as the B-stationary point, KKT point,
LICQ, ULSC condition etc., could be extended to problem (47) but would be much
complicated, see Scheel and Scholtes (2000) for reference. We also noticed that the
Fischer–Burmeister smoothing methods for MPCC Fukushima and Pang (1999) is
much difficult to be extended to handle this kind of problems.
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