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Abstract. This paper applies Kim and Warde’s (2004) stratified Warner’s
randomized response model to Mangat and Singh’s (1990) two-stage ran-
domized response model. The proposed stratified randomized response model
has an optimal allocation and a large gain in precision. Hence, the estimator
based on the proposed method is more efficient than Kim and Warde’s (2004)
and Mangat and Singh’s (1990) estimators under the conditions presented in
both the case of completely truthful reporting and that of not completely
truthful reporting by the respondents.
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1. Introduction

Warner (1965) introduced the randomized response (RR) model as an
alternative survey technique for socially undesirable or incriminating
behavior questions in order to reduce response error, protect a respondent’s
privacy, and increase response rates. Warner’s model draws respondents
using simple random sampling with replacement from the population. It
requires the interviewee to give a “Yes” or “No”” answer either to the sensitive
question or to its negative depending on the outcome of a randomizing device
not reported to the interviewer.

Greenberg et al. (1969) derived results for Warner’s model in the case of
less than completely truthful reporting. Mangat and Singh (1990) proposed a
two-stage RR model in which each interviewee (who is selected using simple
random sampling with replacement) is provided with two randomization
devices. The first one consists of two statements: 1) “I belong to the sensitive
trait group” and 2) “Go to the second randomization device”. The second
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randomization device also consists of two statements, which are “I belong to
the sensitive group” and “I do not belong to the sensitive group”.Hong et al.
(1994) suggested a stratified RR technique using a proportional allocation. A
problem with the Hong et al. model is that it may cause a high cost because of
the difficulty in obtaining a proportional sample from each stratum. To rectify
this problem, Kim and Warde (2004) presented a stratified RR technique using
an optimal allocation which is more efficient than that using a proportional
allocation.

In this paper, we apply Kim and Warde’s (2004) stratified Warner’s RR
model to Mangat and Singh’s (1990) two-stage RR model. It is shown that
the estimator resulting from the proposed model is more efficient than those
for its component models under the conditions presented in the cases of
completely and not completlely truthful reporting. It should be noted that
Chaudhuri and Mukerjee (1988) and Singh and Mangat (1996) provide more
comprehensive reviews of the RR literature.

2. Proposed model

In the proposed model, the population is partitioned into strata, and a sample
is selected by simple random sampling with replacement from each stratum.
To get the full benefit from stratification, we assume that the number of units
in each stratum is known. In the first stage of the survey interview, an indi-
vidual respondent in the sample from stratum i is instructed to use the ran-
domization device R;; which consists of a sensitive question (S) card with
probability M; and a ““Go to the randomization device Ry; in the second stage”
direction card with probability 1 — M;. The respondents in the second stage of
stratum i are instructed to use the randomization device R,; which consists of a
sensitive question (§) card with probability P; and its negative question (S)
card with probability 1 — P.. The respondent should answer the question with
a “Yes” or a “No” without reporting which question card he or she has in
order to protect the respondent’s privacy. Let n; denote the number of units in
the sample from stratum i/ and » denote the total number of units in the
samples from all strata so that n= Zf:] n;. Under the assumption that
the “Yes” and “No” reports are made truthfully and M; and P, are set by the
researcher, the probability of a “Yes’ answer in stratum i for this procedure is:

Y, = Mins, + (1 = My)[Pns, + (1 = P)(1 —=mg,)] fori=1,2,...;k (2.1

where Y; is the proportion of “Yes” responses and g, is the proportion of
respondents with the sensitive trait in the sample from stratum ;. The maxi-
mum likelihood estimate of g, is:

Y- —(1-M)(1-P)

g =
S5 TP — 1+ 2M:(1 - P)
where ¥; is the estimate of the proportion of “Yes” answers in the sample

from stratum i. Since each ¥; has a binomial distribution B(n;, Y;), #s, is an
unbiased estimate for ng,. The variance of 7g, is:

fori=1,2,...,k (2.2)

sy msl—ms)  (1=M)(1 =Pl - (1 -M)(1 = P))]

var(7g, ) = 2.3
(#s) n; m2P — 1+ 2M;(1 — P, 23)
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It should be noted that by removing the subscript i, (2.1)—(2.3) reduce to Mangat
and Singh’s (1990) equations (2.1)—(2.3) (with some differences in notation)).

Since the selections in different strata are made independently, the
estimators for individual strata can be added together to obtain an estimator
for the whole population. The maximum likelihood estimator of mg, the
proportion of respondents with the sensitive trait, is:

k k v
. . Yi— (1 -M)(1 - P)
= : = 2.4
s Zi:l Yt Z,»:l i [23 —1+2M,(1 - P) @4

where N is the number of units in the whole population, N; is the total number
of uni]'gs in stratum i, and w; = (N;/N) for i=1,2,...,k, so that
w=> . ,w=L

Theorem 2.1. The proposed estimator Tis is an unbiased estimate for the pop-
ulation proportion.

Proof. This follows from taking the expected value of (2.4). |

Theorem 2.2. The variance of the estimator T is:

2

k
var(ftg) = Z% {ng,.(l —7s,) +
=1

(I =M;)(1 =P)[1 = (1 = M)(1 = P)]
2P —1+2M;(1 — B) '
(2.5)

Proof. This follows from taking the variance of (2.4) and from corollary 1 in
Sec. 5.9 of Cochran (1977).

Information on g, is usually unavailable. But if prior information on g, is
available from past experience then we may derive the following optimal
allocation formula. |

Theorem 2.3. The optimal allocation of n to ny,ny, - - -, ng_1 and ny, to derive the
minimum variance of Tts subject to n =Y ,;_, n; is approximately given by:

1/2
s (1 ) (MBI}
o [2P—-1+2M;(1-P)] (2.6)

n k 12°
) _ (I=M)(1-P)[1-(1-M;)(1-P,)]
,;1 W’{ns"(l ms) + [2P—1+2M;(1-P)] }

Proof. Follows from Sec. 5.9 of Cochran (1977).
The minimal variance of the estimator 7y is given by:

1/27 2
(1—M)(1—R)[1—(1—Mi)(1—Pf)]} |

1 k
var(ftg) =— wis 7s, (1 —ms,) +
hr)® {S( T an (R

(2.7)



4 J.-M. Kim and M. E. Elam

By substituting n; — 1 for n; in (2.5), the unbiased minimal variance of the
estimator 7tg can be derived. [ |

3. Efficiency comparison with variations of the Warner model

We will do an efficiency comparison of our stratified randomized response
technique and the two-stage randomized response technique that was pre-
sented by Mangat and Singh (1990) by comparing variances.

Theorem 3.1. Suppose that there are two strata in the population, n = ny + na,
P =P, =P, #0.5 (P is the probability of selecting the sensitive question in the
second stage), M = M|, = M, (M is the probability of selecting the sensitive
question in the first stage), and ts = wiTts, + wats,. The proposed estimator g
is more efficient than the Mangat and Singh (1990) estimator s where
s, # TS,

The following theorem shows that our proposed estimator is more efficient
than that of Kim and Warde (2004).

Theorem 3.2. Assume that there are two strata in the population, n = ny + na,
P=P =P, #0.5 and M = My = M,. The proposed estimator 7ts will be more
efficient than the Kim and Warde (2004) estimator fty,, when ms, # ms, under
the following condition:

M>(1-2P)/(1-P). (3.1)

If prior information on zg, , s, , wi, wa, and ncan be obtained and M = M| = M,
and P = P, = P, # 0.5 are chosen by the researcher, then we can check the
relative efficiency of var () /var(7is). We do this in Table 1 (which is available
at http://tables.20m.com) for two strata in the population by setting seven
different P’s and three different M’s which, in the appropriate combination,
satisfy condition (3.1). The results show that the proposed estimator g is more
efficient than the Kim and Warde (2004) estimator 7,,. When M = 0.6, Fig. 1
shows that the relative efficiency of 7y with respect to 7y, increases as P
increases, and that there is little reduction of the relative efficiency as ng in-
creases. If we set M = 0 in the proposed stratified RR model, then the model
reduces to the Kim and Warde (2004) stratified RR model.

4. Less than completely truthful reporting

We denote T; to be the weighted probability 77 = Zf:] w; Ty, where Ty, is the
probability that a respondent with the sensitive trait will report truthfully at
the first stage in a sample from stratum . Additionally, we denote 7> to be the
weighted probability 7, = Zf:] w;T>,, where 15, is the probability that a
respondent with the sensitive trait will report truthfully at the second stage in
a sample from stratum i. We assume that the respondents with the non-
sensitive trait will report truthfully.

The probability of a “Yes” answer in stratum 7 for this procedure is given
by:
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Fig. 1. The relative efficiency of var(7,)/var(s) when M = 0.6

Y, = M5, Ty + (1 = Mi){rs,P,T + ms,(1 = P)(1 = To) + (1 = P)(1 — 75;)}
(4.1
where i = 1,2,... k.
Therefore, a biased estimator 75 of ms in the population has the following
bias and variance:

Bias(itg = E(fly — #is) = > wiE (ns - ng)
i=1
B M(T, — T»)
_;wns(zp_l_i_zM(l_ ')+T2 1) (4.2)

Using equation (3.3) in Mangat and Singh (1990) and (2.7), we can derive the
variance of 75 as follows:
(1=M;)(A1-P){1-(1-M;)(1-P)}
s h(1-75, T
var(ns l:Zw {ns A (1—ms,T5)+4 {2131—1+2M(1—13i)}2
772

T, Mi(T) =) [1=2(1=M;) (1= P) — 75, {M;(T — T2) +4M; To (1 - B)+2 T2 (2P, —1)}] 1/
{2P—1+2M;(1-P)} .

(4.3)
The mean square error of 7§ is given by:

S, L (=M)(=P){1=(1=M)(1=P)}
MSE(HS)n[;W,{T[SITQ(l TCS,T2)‘ {2})1_1+2M,(1_P1)}2

s M1~ T2)[1-2(1-M;) (1-P) ~ s {(My(Ty ~To) +4M,T5(1-P) 42732 1)} | 2
: (2P —1+2M;(1-P)}?

2
(h-Ty)
{Zw’”s (2P—l+21M(1 -P)" Tz_l)}‘

(44)
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Using equation (3.3) in Mangat and Singh (1990) and (4.4), the efficiency
of the proposed estimator 75 and the Mangat and Singh (1990) estimator 7/,
in a situation of less than completely truthful reporting can be derived.
Suppose there are two strata in the population and P=P =P, and
M =M, =M, = 0. MSE(7t}) and MSE(#,,,) reduce to MSE(#},,) and MSE(7,),
respectfully. In the case where M = M| = M, # 0, we perform an empirical
analysis. Using equation (3.3) in Mangat and Singh (1990), we get the mean
square error of 7/, from Mangat and Singh (1990):

‘ n n[2P—142M(1—-P)]

+1sM (T —T,)[1+7s(n—1){M(T—T,)+4MT,(1—P)+2T,(2P—1)}

—2(1-M)(1=P)—2mn{2M(1—P)+2P—1}] [n{2P—1+2M(1—P)}2 o

where T and 7, are the probabilities that a respondent with the sensitive trait
will report truthfully at the first and second stages, respectfully. Assume that
there are two strata in the population, 7 =1}, 7, =T), M = M) = M, # 0,
and P= P, =P, #0.5. If a researcher could obtain prior information on
s, Tsy, Wi, wa,n, M, P, T1, and T, then he or she can check the relative effi-
ciency of MSE(#,,.)/MSE (7). We do this in Table 2 (which is available at
http://tables.20m.com) for differing levels of »n, P, T} and 7. Table 2 shows
that the values of the relative efficiency are more than one. Therefore, we can
say that the proposed estimator 75 is more efficient than the Mangat and
Singh (1990) estimator 7, in the case of two strata in terms of the relative
efficiency MSE(#,.)/MSE(7).

We now perform an empirical analysis to compare the MSE of the pro-
posed estimator 7 (see Equ. (4.4)) to that of the Kim and Warde (2004)
estimator 7}, in the case of two strata in the population, ' =T;, 7, = D,
1 >0, M=M =M, #0,and P =P, = P, > 0.5. Under prior information
on 7, ms,, w1, w2, M, and differing levels of P, T}, and 7>, Table 3 (which is
also available at http://tables.20m.com) shows that the values of the relative
efficiencies MSE(7;,,)/MSE(7s) are more than one. Therefore, we can say that
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Fig. 2. The relative efficiency of MSE(7,,)/MSE(7g) when T7 =0.8, T» =0.7, M = 0.6, and
n = 1000
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the proposed estimator 7§ is more efficient than the Kim and Warde (2004)
estimator 7, in the case of two strata in the population. Fig. 2 shows results
from Table 3 for 7} = 0.8, T = 0.7, M = 0.6, and n = 1000. The value of the
relative efficiency is decreasing as P increases. Likewise, the relative efficiency
decreases as mg increases.

5. Discussion

This paper presented a new stratified randomized response model using the
Mangat and Singh (1990) model. In the situations of completely truthful
reporting and less than completely truthful reporting, we showed that the
proposed randomized response model is more efficient than the Kim and
Warde (2004) stratified randomized response model and the original Mangat
and Singh (1990) model with the conditions presented. In addition to the gain
in precision, the proposed method is more useful than the previous methods
in that a stratified randomized response method helps to solve the limitation
of randomized response that is the loss of the individual characteristics of the
respondents. In future research, we will apply the stratified RR method to
Mangat’s (1994a) RR strategy and Mangat’s (1994b) optional RR sampling
technique. Researchers can apply the proposed method to medical- or crim-
inal-related research topics with these advantages.
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