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Abstract. Expressions for marginal distribution functions of sequential order
statistics and generalized order statistics are presented without any restric-
tions imposed on the model parameters. The results are related to the rele-
vation transform, to the distribution of the product of Beta distributed
random variables, and to Meijer’s G-functions. Some selected applications in
the areas of moments, conditional distributions, recurrence relations, and
reliability properties are shown.
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1 Introduction

Sequential order statistics have been introduced in Kamps (1995a) as an
extension of (ordinary) order statistics. They serve as a model for k-out-of-n
structures, which takes into account effects of failures of components on the
remaining working units. These influences may be due to damages caused by
failures or to an increased stress on the active components. In contrast to the
commonly used model of (ordinary) order statistics, this approach enables a
more flexible description of such effects, since the lifetime distribution of the
remaining components may change after the failure of some component.

In order to illustrate the notion of sequential order statistics we introduce
them first intuitively by means of a triangular scheme of random variables. In
line » we consider n — r + 1 random variables indicating that » — 1 compo-
nents previously failed. A formal definition of sequential order statistics is
given in Section 2.
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Let F,...,F, be continuous distribution functions and let
A

(7

the minimum

,Z_ 5,2—1 <. <z("2_ " be real numbers. Consider a triangular scheme
A% )i<i<ni<j<n—ir1 Of random variables. The i-th failure time is modelled by

X0 =min{z,... Z0 }, 1<i<n

where Z() . Z,S)l 41 are ?ssumed to be conditionally independent given the
previous failure time XD = 25121)1
Zf ... Z,(l’)l 41 are supposed to be distributed according to the left trun-
cated distribution function
(i—1)
F () —F(z
0= (”’”X 1<i<n 2% =-o,
(i—1) 1
1 -F ( Z1n— t+2)

which is given by F; truncated at the occurrence time z%’n 11 -1, of the (i — 1)-th
failure in the system.

Ordinary order statistics describing (ordinary) k-out-of-n systems are
contained in the model of sequential order statistics by the specific choice
Fy =...=F,. In this sense ordinary k-out-of-n systems can be viewed as
particular sequential k-out-of-n systems. For more details we refer to Kamps
(1995a, Chap. 1.1) and Cramer and Kamps (1996, 2001b).

The model of sequential order statistics is closely connected to several
other models of ordered random variables (see Table 1.1). In its general form
the model coincides with Pfeifer’s record model (cf. Pfeifer 1982a, b) in the
distribution theoretical sense [cf. Kamps (1995a), p. 29]. The specific choice of
distribution functions

FE)=1-(1-F@)", teR, 1<i<n,

with a distribution function F and positive real numbers oy, ..., o,, leads to
the model of generalized order statistics with parameters y, = (n —r + 1)a,,

Table 1.1. Models of ordered random variables and their correspondence (for details see Cramer
and Kamps 2001b).

Tn =k Vr my
(I<r<n-1) (I<r<n-1)
sequential order Oy (n—r+ 1o, (n—r+ 1o — (n—r)opy — 1
statistics e
generalized order k k+n—r+3 m my,
statistics j=r
ordinary order 1 n—r+1 0
statistics 1
progressive type I~ R, + 1 N—-r+1-3%R R, (e Ny)
i=1
censored order =n—r+1+>R
statistics i=r
record values 1 1 -1
Pfeifer’s record B B, pr— By — 1

values
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1 < r < n. They serve as a unified approach to a variety of models of ordered
random variables (see Kamps, 1995a,b, 1999), such as ordinary order sta-
tistics, order statistics with nonintegral sample size (i.e., fractional order
statistics, cf. Stigler 1977, Rohatgi and Saleh 1988), progressively type II
censored order statistics (cf. Balakrishnan and Aggarwala 2000), record
values (cf. Arnold et al. 1998), kth record values (cf. Dziubdziela and Kop-
ocinski 1976), and k, records from nonidentical distributions.

The concept of generalized order statistics enables a common approach to
structural similarities and analogies. Known results in submodels can be sub-
sumed, generalized, and integrated within a general framework. Well-known
distributional and inferential properties of ordinary order statistics and record
values turn out to remain valid for generalized order statistics (cf. Kamps 1995a,
Cramer and Kamps 2001b). Thus, the concept of generalized order statistics
provides a large class of models with many interesting and useful properties for
both the description and the analysis of practical problems.

Due to this reason, the question arises whether the distribution theory of
sequential order statistics as well as their properties can be obtained by
analogy with ordinary order statistics, which have been extensively investi-
gated in the literature (cf. David 1981; Arnold et al. 1992, Balakrishnan and
Rao, 1998a,b, Goldie and Maller 1999).

Although some work has been done in this area, representations for the
marginal distributions of generalized order statistics (and of sequential order
statistics) are only available in particular cases. For instance, results for or-
dinary order statistics and record values are well-known. Moreover, Nasri-
Roudsari (1996) proved that the marginal distribution of fractional order
statistics can be written in terms of the incomplete Beta function ratio. In
terms of generalized order statistics we may choose the positive parameters 7;,
1 <i < n,according to y; — y;41 — 1 = m; with m; = --- = m,_; w.r.t. the r-th
marginal distribution to obtain useful results (see Kamps 1995a). Supposing
that the parameters y, = (n — r + 1)o,, 1 < r <n, are pairwise different, i.e.,

Ay forall 1<i, j<n, i#]j, (1)

Kamps and Cramer (2001) present explicit expressions. They can be applied,
e.g., in the model of progressive type II censoring.

In this paper, we present in Section 2 a simple iterative, modified defini-
tion of sequential order statistics. This leads to expressions for marginal
distributions of sequential order statistics in terms of the so-called relevation
transform (cf. Krakowski, 1973). In Section 3, these results are applied to
derive marginal distributions of generalized order statistics. It turns out that
generalized order statistics are related to the product of independent Beta
random variables. This observation enables us to obtain a representation of
the distribution function in terms of a so-called Meijer’s G-function. Section 4
contains applications of the results in the areas of recurrence relations,
bounds on moments, and reliability properties.

2 Sequential order statistics

Let F be a distribution function and let its quantile function F~!:[0,1] — R
be defined by
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F'(y) =inf{x: F(x) >y}, ye(0,1),

and F71(0) = limy_o; F~'(»), F1(1) = lim,— - F~1(p).
Sequential order statistics have been introduced as follows (cf. Kamps,
1995a, Chap. 1.1):

Deﬁmtlon. 2.1 Let Fy,...,F, be distribution functions with F'(1) <---
<(1;7 (1), and let ( /-( ))1 <r<ni<j<n—r41 bE independent random variables with
YA ~F 1<j<n—r+1,1<r<n.

Let Xj(l) = I/j(1>, 1<j<n, xV = min{Xl(l) ...,X,,(l)}, and, for 2 <r <n,
let '
X" = FHEX)1 - X)) + F(X)),

J * *
X = min x".
* 1<j<n—r+1

Then, the random variables X*(l), ..

(based on Fi,...,F,).

Formally, there is no necessity of imposing further assumptions on
Fi,...,F,. However, in view of interpretation and handling, continuity of the
distribution functions is useful.

The definition of sequential order statistics simplifies due to the fact that
the function F. and its quantile function F-! are increasing. Let
F_ =F'(1-")and F, = 1 — F, be the survival function of the distribution

f
function F,. For r > 2, we obtain

X0 = min  FHEE) = R 4+ F(x)

1<j<n—r+1

. ,X*(") are called sequential order statistics

= F7HA(_min v - RO+ E(0)

= F-UE(ZY)]1 - EXU)] + B(XD))

*

= F Y1 = F.(Z")F.(xD)}
=F, {FZ")F.(x)},

*

where Z0) = l<rzlin 1)’/-("). The distribution function of Z(") is given by
n r _j._nfr+' A . AN . . . . .
1 — 1 and, if £, is continuous, F,(Z")) is distributed as Uj ,_,11 which is

the mlnimum of n—r+1 iid random variables with a standard uniform
distribution. Hence, F,.(Z")) is distributed as Uj—r+14—r+1 Which is Beta dis-
tributed with parameters n — r 4+ 1 and 1.

Defining X" via

X0 =F Yy F.x" )}, V.~Beta(n—r+1,1),2<r<n, (2)

one may drop the continuity assumption to obtain a modified definition of
sequential order statistics. In the case of continuity of Fi, ..., F;, it coincides
with Definition 2.1.

Definition 2.2. Let Fi,...,F, be distribution functions with £ (1) <---
<F7Y(1), and let ¥,...,¥, be independent random varlables with
V, ~Beta(ln—r+1,1), 1 §r§n
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Then the random variables

XD =F1(X") withXx") =1-VF, X", 1<r<n, X9 =—c0,

are called sequential order statistics (based on Fi, ..., F,).

Other classes of random variables may be introduced by applying the
defining equation of Definition 2.2 to random variables V7, ..., ¥, with other
distributions.

The preceding recursion can be visualized as in Figure 1, where F, is
assumed to be strictly increasing and continuous such that F-1(1 — ) is the
inverse function of F, (F,  is just a notation otherwise).

By the recursive definition of sequential order statistics it is directly seen
that X" ,...,X,"” form a Markov chain with transition probabilities (» > 2)

=1 n—r+1
F,
PXD <XV =x)=1- (= (t) , x<t F(x)<1
F,(x)
(cf. Kamps, 1995a, p. 29).
This knowledge enables us to establish a formula for the joint distribution

of the first r sequential order statistics.

Theorem 2.3. Let )(;(1)7 . ,X*(") be sequential order statistics based on abso-
lutely continuous distribution functions Fy,...,F, with density functions
fla cee afn~

Then, the joint density of the r first sequential order statistics X", ..., x\"
is given by

A
Fr(x)
FuxrD) e
v, Fr(X£r—l)) Y »
Yy >
X

X £r -1) X ’Er)

Fig. 1. Recursive construction of sequential order statistics.
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ﬁ(xj) < Fj(xj) )n_j x1< - <x 1<}"<}’l
Fj(xj1) \F;(xj-1) - T

where H}ZZ[ =1

Proof. Let r > 2. From the Markov chair} property we conclude by an
induction argument and the definition of xV that

Ty xo (X100 0Xr) =fyw__xt-n (X1 5 )fX£r> oD (¢ |xr—1)

: Jr(xr) Frlx) \""
=30 e (X1seeXp1 )= (n—r+1)| = :
X Fr(xrfl) Fr(xrfl)
]
By choosing F; = --- = F. = F, say, we obtain the joint density of ordinary

order statistics X ,,...,X,, based on F.

2.1 Representations of marginal distribution functions

Applying Definition 2.2 we obtain the following recursion formula for the
mﬁgginal distribution functions F i, ..., F,, of the sequential order statistics
XX,

Lemma 2.4.

Fo()=1-(1-F ()",
Fo () =F O [ =L dF., \(2), if F(1)<],
Fo=1" () —F, ()ffooFr i 1(2) (1) r<r<n
1 if F.(5)=1,

)

Proof. The representation of F,; is obvious. The derivation of the distribu-
tion functions for » > 2 proceeds as follows. Let € R with F,(z) > 0 such
that F,(z) > 0 for z < ¢.

F..(t) = P(X") < 1)
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LGy

_ _—n—r+l ! 1 .
—F () - F [ g e

r

For F,(t) = 0 we obtain F. () = P(F,(X")) > 0) = 1. n

Remark 2.5. From the preceding lemma we conclude that the corresponding
distribution functions of sequential order statistics can be viewed as relevation
transforms _which were introduced by Krakowski (1973). The relevation
transform F#G of survival functions F and G is defined by the Lebesgue-
Stieltjes integral .

_ _ t G(t) —

FHo)0) =F) - [ Z0dFw. reR

—0o G(u)

(¢f. Lau and Prakasa Rao 1990). In view of Lemma 2.4, we obtain the repre-
sentation

—=n—r+1

Folt) = Fopr (1) — /_ ’ ;7“8 dFvr(z), tER.

Hence, we can write the survival function of the r-th sequential order statistic
as relevation transform

F*,r = F*‘r71#7117r+1 (3)

r .

Lemma 2.4. leads to a simple representation of the density function of the
r-th sequential order statistic.

Corollary 2.6. Let F, be an absolutely continuous distribution function with
density function f,. The distribution function of the (r — 1)-th sequential order
statistic F, ,_; is assumed to be absolutely continuous with density function

f*,r—] .
Then, the density function of the r-th sequential order statistic is given by

forlt)= (= r+ 1)112((‘3)@,,@) “Foa0), teR 4)

The above relation is well known in the case of ordinary order statistics (see
David and Shu, 1978).

3 Generalized order statistics

In this section we consider a particular choice of the distribution functions F,.
Namely, let

Fi(t)=1—=(1=F@)"" 0 r=1, . n, (5)
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with a continuous distribution function F and positive numbers y;,...,7,. In
this specific setup sequential order statistics can be viewed as generalized order
statistics and vice versa (cf. Kamps, 1995a, p. 56). Many well known models of
ordered random variables are included (see Table 1.1) Let 9, =y, /(n —r + 1).
Then the quantile function ! of F, can be written in terms of F~! as

Fl'z)=F'(1=(1-2)"".

r

In the situation of the preceding definition and by using the representation for
F~1, sequential order statistics based on distribution functions (5) are defined
as follows (r > 2):

x :F’l[l — V,F (X))
U= B
‘1[1 — R
=F B FCD)).

Hence, sequential order statistics based on a distribution function F and

numbers 7y,,...,7, are iteratively defined by (r > 2)
X =F [ FxeD)). (6)
In terms of the relevation transform we obtain the recurrence relation
Fo=F", F.,=F, , #F " =F., #F", r>2. (7)
for the marginal distribution functions of generalized order statistics. If we
choose ,=Lj=1,....n, the recursion reads F,, = F, ,_ \#F. This result is

well-known in the settlng of record values. In the case of ordinary order
statistics, the _parameters are given by y,=n—r+1, 1 <r<n, so that
F oy = =F e 1#F + . Hence, the survival function F o of an ordmary order
statistic can be Vlewed as a relevation transform, too.

In case of an underlying exponential distribution F(t) =1 — exp(—t¢),
t > 0, we obtain the representation

x» — - 70)

of sequential order statistics (cf. Cramer and Kamps, 2001a), where
ZW ... Z") are independent and ZU) has an exponential distribution with
parameter y;, 1 < j <r. Hence, generalized order statistics from exponential
distributions are sums of independent random variables with possibly non-
1dentlcal exponential distributions. The distribution of (z(,z0+

s D i ZU)) is the same as that of order statistics from a Weinman
multlvarlate exponentlal distribution (cf. Cramer and Kamps, 1997).

Applying recursion (6), we obtain the following theorem.

Theorem 3.1. Let X,Sl),...,Xf") be sequential order statistics based on a
continuous distribution function F and positive numbers v,...,y,. Let

m = Vll/y" and, for r > 2, W, = Vrl/?rf(X*(r_l)) withy, =y,/(n—r+1) and V,
as in (2) and (6).
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Then, W, = HB r>1, x = —00, and

o (i)

where B, = Vrl/ 1 <r<n, are independent power-function distributed ran-
dom variables with parameters y,,...,7, and 1.

Proof. Since V, ~ Beta(n —r+ 1,1) the random variable B, is power-func-
tion distributed with parameter y,, | <r <n. X

With the notations of the theorem, relation (6) yields X =F (W,).
Since F' is supposed to be continuous we obtain directly from (6)

We=BW_y, r=1, W=1,
with B, = V!/7 ~ Beta(y,, ). This leads directly to the representation

m:]ij, 1’21 L

Remark 3.2. Theorem 3.1 in combination with (7) shows that the distribution of
the product of Beta random variables can be seen as relevation trans{orm.
Moreover, this product representation illustrates that the distribution of X*(r does
not depend on the ordering of the parameters v, ...,7, (see also (8)). This can
also be deduced from a result for the relevation transform given by Krakowski
(1973, p. 110), stating that F#G = G#F iff G = F" for some positive number a.

Theorem 3.1 allows us to derive directly a result concerning the behaviour
of normalized spacings from generalized order statistics if the underlying
distribution is an exponential one. From (8) we obtain the equation
x = > i—1(=InB;) leading to

yr(X*(l) _X*(ril)) == lnBr ~ EXp(l)

(see Kamps, 1995a, Theorem 3.3.5). References in particular cases, e.g., or-
dinary order statistics and record values, are provided by Kamps (1995a,
p- 80/1) and Sukhatme (1937) (cf. Rényi, 1953).

Example 3.3. Subsequently, we consider two particular cases of Theorem 3.1.

1. Inthecasey; =k, j=1,...,n, generalized order statistics coincide in the
distribution theoretical sense with k-records introduced by Dziubdziela
and Kopocinski (1976) (see also Kamps, 1995a, p. 52). If we assume that
F belongs to a standard uniform distribution, the preceding theorem
yields that

1—x" =]]B; with B; ~ Beta(k, 1).

Jj=1

This result is similar to the one derived by Rider (1955) and Rahman (1 964)
They illustrate that the probability density function of the product X, k.
XM ofr independent random variables which are maxima of & mdependent
and standard uniformly distributed random variables is given by
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Sit) = F]Err)

(see also David, 1981, p. 27). Hence, a simple linear transformation of
sequential order statistics from rectangular distributions, i.e., 1 — X,
can be seen as such a product. The density function of the r-th k-record
from a rectangular distribution is given by

r

Fe(®) :W(l 0N =m@1 =)', 1e€(0,1).

Applying the quantile transformation, we arrive at the result of
Dziubdziela and Kopocinski (1976).

2. Nasri-Roudsari (1996) presents a representation for the distribution
function of the r-th generalized order statistic X,”, 1 < » < n, when the
numbers yy,...,7, have a specific structure, i.e., y; =k + (n — j)(m + 1),
k>0,m>—1,j=1,...,n In order to prove this result Nasri-Roudsari
(1996) makes use of some identities of hypergeometric functions. We
obtain the result directly from Theorem 3.1 which yields in this particular
setting

=)™, re(0,1),

W.=][B;. Bj~Beta(k+(n—j)(m+1),1).
=1

Introducing the notations x = k/(m + 1) and C; = B;”“, we obtain
- 1/(m+1)

W, = L G
=1

, Cj~Beta(k+n—j,1).
Using a result of Rao (1949) (see also Jambunathan 1954, Kotlarski 1962,
Fan 1991, and Johnson etal. 1995  p.257) we get
H 1 Cj~ Betd(K+n —r,r). Hence, the distribution function of W, is
given by the incomplete Beta function ratio
Fy(t) =Ipa(k+n—rr)=1—L_p(r,k+n—r)

1

1
r—1 k+n—r—1
= 11— dz, te(0,1).

B(r,k+n—r) /1,,m+1z (1-2) 2, te(0)

Applying the quantile transformation F~! to 1 — ., we obtain the repre-
sentation derived in Nasri-Roudsari (1996).

Mathai and Saxena (1973, Section 5.2 and Chapter VI) point out the
appearance of products of independent Beta variates in a number of statis-
tical problems. The respective density function can be expressed in terms of a
particular Meijer’s G-function (see also Mathai, 1993, Section 2.3.4).

Thus, Theorem 3.1 allows us to derive the distribution function of the »-th
generalized order statistic via some Meijer’s G-function which is defined by
the Mellin-Barnes type integral

Gmn|: at,.. ap:| / Hj lr )Hj lr( a]-f—Z)
bi,...sbg | 2mi H —mt T b—l—z) = 1 T(a;—2)

sidz, |s| < 1.

©)
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where L is an appropriately chosen integration path. For detailed accounts on
Meijer’s G-functions, we refer to Erdélyi et al. (1953, Chapters 5.3-5.6), Luke
(1969, Chapters V/VI), Mathai and Saxena (1973) and Mathai (1993). The
relation to products of Beta distributed random variables is discussed in
Springer (1979) and Mathai (1993). In our setup, the integrand of the Meijer’s
G-function cancels down and we obtain

Grﬁ0|:s ))17"" :| / 7d2. 10
CARETE NP k) A e 1o

Since ¢g(z) = 5%, z € C, is a holomorphic function on the complex plane the
preceding integral can be evaluated by summing up the residues at y;, — 1,
j=1,...,r, where two or more of these values may coincide. '

From these results and relation 8, an integral representation of the dis-
tribution function F, , results

o1 (Hyj>/ s

If the underlying distribution function F is absolutely continuous the density
function of the r-th generalized order statistic is given by

for(t) <Hyj> G”’[

Although the preceding representation is useful to derive some properties of the
distribution function F, , (see next section), it contains complex integration with
respect to an integration path. Applying (11), a closed form representation for
the distribution function of the r-th generalized order statistic can be derived.
The proof is carried out similar to the one given in Springer and Thompson
(1970) for Beta distributions with integral parameters a; and b;, and is therefore
omitted. In order to simplify the notation let, without loss of generality,

ACRRRE N/
yll,...,yrl}ds’ teR. (11)

'))1*1,...7')),,*

AERERE N 1:|f(t), teR.

1= =0 <Va+1= " = Vaj+dr < ' <Vditdottdp 1 +1 = """ = Vi tdot+d,

with an integer € {l,...,7} and 6; =74 4.1q» j=1,...,¢. Then,
01 < -+ < dgand d; denotes the multlphclty of &; in the sequence (yl, e V)

Theorem 3.4 1. Let { =1, ie., )y, = =7,
Then,
1 —_
F () =1- mr(ﬂ 1 InF(1)),

where

[(r,z) = / ¥ lexp(—y)dy

denotes the incomplete gamma function.
2. Let £ > 2. The distribution function F., of the r-th generalized order
statistic is given by
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r { d,—1
- (HVj) Zzéd ] F(db 7j7 *5011’1?(0)7

=1/ =1 =0 1—1)'/'
Where KL‘O = H§71 q?éu(é — 5U)7d1/’
j—1 4 . Id
:Z Z P+l<] 1)Ij.qp+]KL‘.j1p; jZ 1 (12)
=0 g=1gv P (04 — Ov)

Remark 3.5. 1. Considering the transformation — In W,, we obtain that
.

—InW,=—-In ﬁBj = Z(—lnB_,-)

J=1 J=1

is the sum of independent and exponentially distributed random variables
with parameters vy, ...,7, > 0. Supposing that all parameters y,, ...y, are
different, the following representation of the distribution function of
X =F (W) holds:

F*,r(t)=1—(—1)’1<ﬁ7f>i7fl< H (v,-—“/v)l>7”'(t)7 teR

=) A v=1v£]

(cf. Likes, 1967, Kamps, 1990, Kamps and Cramer, 2001). This type of
distribution is called hyperexponential distribution. A review on this topic
including various applications of hyperexponential distributions is provided
by Botta et al. (1987). If some of the y's are equal, the distribution of
—In W, can be found in Scheuer (1988) who proves the result by Laplace
transforms.

2. Similar distributional problems arise in the study of the likelihood ratio
criterion for testing regression coefficients under a normal distribution
assumption (cf. Anderson, 1984, pp. 298-308).

3. Representations for the distribution of the product of independent Beta
random variables were derived by Lomnicki (1969). For recent results on
closed form expressions of the cumulative distribution function as well as the
density function for general parameters we refer to Dennis III (1994).

4 Applications

Some selected applications of the above theory are shown in this section. The
results are well known in particular submodels of generalized order statistics.

4.1 Moments and conditional distributions of generalized order statistics

The first result is an immediate consequence of Theorem 3.1. It can be utilized
to obtain lower (upper) bounds for the expectation of the r-th generalized
order statistic (cf. Cramer et al., 2002a, b).

Theorem 4.1. The moments of order o. of the r-th generalized order statistic are
given by
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() [ -

where (F~'(s))*, s € (0, 1), is assumed to be well defined.

The following theorem extends and simplifies a result for generalized order
statistics given by Kamps (1995a, p. 159). In case of ordinary order statistics,
the result is given in Blom (1958, p. 68) and Arnold and Balakrishnan (1989,
p- 58). The result for progressively type II censored order statistics can be
found in Balakrishnan et al. (2001).

))17"'a/r
p— 1y 1|98

Theorem 4.2. Let o> 0, F ' (0) >0, and (F')* be convex (concave) on
(0,1). Then, the lower (upper) bound

—1 (YT 7
F
<;Hfff+ 1)

Proof. From (8), we obtain by Jensen’s inequality

()] = ()]

Since the random variables B;, 1 < j <r, are 1ndependent and Beta(y;, 1)-
dlstrlbuted the right hand s1de simplifies to E([])_, B;) = []- 1E(B )

'I

J Ly+1°
Another application of Theorem 3.1 leads to a generalization of a result

which is well known for ordinary order statistics (cf. Arnold et al., 1992,
Theorem 2.4.1, p. 23).

o

(<)
EX!)* >

holds.

, (<)
E(x")* = >

*

Theorem 4.3 Let x € R, 1 < s < r and let X*m, X*(S) be generalized order sta-
tistics based on a continuous distribution function F and parameters y,,...,7,.

. OOy . . T
Then, the distribution PX- X-"=* coincides with the distribution of a gener-
alized order statistic based on a distribution function F, and parameters

Vsrls- -+ Yy The distribution function Fy is obtained from F by truncation on the
left at x, i.e.,
Fo=(1-E9Y1 0. ier
X - F(X) [x,00)\t)5 .

4.2 Recurrence relations for distribution functions of generalized order statistics

First we deduce a recurrence relation for distribution functions of generalized
order statistics, and, thus, for density functions and for moments as well. In
the particular case of order statistics (y; =n — j+ 1, 1 < j < n) the relation is
well-known and is nothing but a recurrence relation for the incomplete Beta
function (cf. David 1981, p. 46/7). For specific choices of the parameters, we
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refer to Kamps (1995a, Chap. 1.3) and to Kamps and Cramer (2001). For-
mulae for the derivative of a G-function (Mathai, 1993, Properties 2.14 and
2.15, p. 94) together with a formula on dimension reduction (Mathai 1993,
Property 2.2) imply

m—mm$F

Vl,"';yr :| :Gr—l‘O |:Z

V1_17-~~;Vr_1 b

Yoo Vrm1 }

n—L.n -1
Y20V }

Yo—1,...,y,—1 '

r—1,r—1

_ Grfl.() |:Z

Applying (11), we obtain

Theorem 4.4 Let F) denote the distribution function of a generalized or-
der statistic based on a continuous distribution function F and positive param-
eters Vi, ..., Y-

Then,

(= OFGE () = 3, FO 00 =y FO277 (1), te R

*,1 *,r—1

4.3 Reliability properties of generalized order statistics

A well-known result for ordinary order statistics states that the IFR-property
(increasing failure rate) is preserved under the ordering operation (cf. Barlow
and Proschan, 1965, p. 38). We extend this result to the case of generalized
order statistics.

Let F be a distribution function with F(0) = 0. Then, F is said to have the
IFR-property iff the ratio

F(t+x)—F(t)
F(1)
is increasing in ¢ for x > 0, # > 0 such that F(¢) < 1.
It should be mentioned that IFR distribution functions are absolutely
continuous and, thus, continuous on the set {t € R: F(¢) < 1 (cf. Barlow and

Proschan, 1975, p. 77). If the right endpoint w(F) of the support of F is finite
then the distribution function F may have a jump at o(F).

Theorem 4.5. Let F be an IFR-distribution function and let F, be the distri-
bution function of the r-th generalized order statistic based on F and parameters

'YI7 M ’y}’"
Then, F, , is an IFR-distribution.

Proof. Let F") denote the distribution function of the convolution of
independent, exponentially distributed random variables with parameters
Y1,--+,7 > 0. The exponential distribution has the IFR-property, and, thus,
F) is IFR (cf. Barlow and Proschan, 1965, p. 36). From (8), we obtain

F.,=F" o (—InF).
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According to Theorem 4.1 of Barlow and Proschan (1965, p. 25), F,, is an
IFR distribution iff InF,, is concave on 7= {t > 0: F,,(r) < 1}.

A Meijer’s G-function is a nonnegative analytic function (cf. Erdélyi et al.,
1953, p. 208), and, thus, it is a continuous function. Equation (11) and the
continuity yield F.,(f) <1 provided that F(r) <1. Hence, 7T={t>0:

(1) < 1),

By assumption, F is IFR so that IPF is concave on 7, i.e., H = —InF is
convex on 7. Moreover, H, = —InF"’ is convex and i 1ncreasmg Summing
up, H, o H is a convex function on g" (see Rockafellar, 1970, Theorem 5.1,
p. 32). Therefore, —H, o H = lnF —InF)=1InF., is concave on T
proving that F, , is an IFR-dlstrlbutlon u

Remark 4.6. As mentioned before, the result of Theorem 4.5 has been proved
by Barlow and Proschan (1965) in the case of ordinary order statistics. Gupta
and Kirmani (1988) establish the result for record values. Kamps (1995a,
Remark 1.6, p. 172) points out that the result remains true for generalized
order statistics with a certain restriction imposed on the parameters y;, v, ...

The IFR-property is often given in terms of the hazard rate

At) = %

with some distribution function G and its density function g, i.e., 4 is an
increasing function in ¢.

Remark 4.7. The hazard rate ., of the r-th generalized order statistic X*(r)
based on an absolutely continuous distribution function F with density function f
is given by

Jap(t) =

(
where A(t) = L0 denotes the hazard rate function of F. h, is defined by

Pis-es ¥ :|
/1_17"~7Vr_1

Yooy Vr :|dS7

Hh(F(t)), teR,

ZGV"O I:Z

izl

h(z) =

z € (0,1).

—-1,...y,—1

From Theorem 4.5 we know that the r-th generalized order statistic is IFR if the
underlying distribution is a standard exponential one. In this setting, we have
At) =1 and A.,(t) = h.(e™") which is increasing in t because of the IFR-
property. Hence, h,(z) is decreasing in z.

The next theorem proves that the hazard rates of the r-th and the (» — 1)-
th generalized order statistics are ordered according to A.,_i(f) > A..(¢). It
extends a result of Baxter (1982, p. 326) who has considered record values in
terms of the relevation transform.

Theorem 4.8. Let X\ and X"~V be generalized order statistics based on an
absolutely continuous distribution function F with density function f and
parameters Yi,...,7,.
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The hazard rates of the r-th and the (r — 1)-th generalized order statistics
are ordered according 10 J.,—1(t) > A,(t), 0 <t < F7I(1).

Proof. By applying relation (4) and noticing that F,(f) = ! ('HH)(I), we
find

A (8) = f*’r‘(t) =n—-r+ 1)5(0 <1 _Fip 1(t)>

F.,(1) F,(t) F. (1)
r—1 ylv"'??rfl
G Y { }ds
f 1 : '))1_1,.--7)),71_1
F(

Pis-es P :|dS
—=1...,7 -1

On the other hand, we have the relation Z,,(¢) = A(¢)h,(F(t)). Moreover, h, is
a decreasing function such that #/.(z) < 0, z € (0, 1). Hence, we conclude from
the above alternative representation of 4, that

GrlO |: Vs V=1 :|/ZGV,0[S Vis-sVr :|dS
r=lr—1 1_17...7'})14_1_1 0 rr "/1_1,...7"/’4_1
—Gr’(_)|:Z ACRRREN :| r]O |:S Vs Vo1 :|dS>0
" yl_l?"'7yr_1 rlrl Vl_la"'a'})rfl_l o
or, equivalently, A,_;(z) > h,(z). Subsuming the preceding results, we obtain
Ay () = 2(Oh:(F(£)) < 2t)hp1 (F (1)) = Ay (1). .
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