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Abstract. Characterization and construction of optimal designs using the
familiar optimality criteria, for example A-, D- and E-optimality are well
studied in the literature. However the study of the Distance Optimality (DS-)
criterion introduced by Sinha (1970) has very recently drawn attention of
researchers. In the present article, we consider the singularly estimable full
rank problem of estimating the full set of elementary treatment contrasts using
the DS optimality criterion in the set up of a one way ANOVA model. Using
a limit argument it turns out that a CRD in which difference between any two
allocation numbers is at the most unity is uniquely DS-optimal.
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1 Introduction

The problem of characterization and construction of optimal designs
under both discrete and continuous set up using the well known A-, D- and
E-optimality criteria has been extensively studied in the literature. See for
example, Shah and Sinha (1989), Pukelsheim (1993). However, the study of
the distance optimality criterion put forward by Sinha (1970) has received
relatively less attention. Recently there has been a growing interest in this
direction (cf. Liski, Luoma, Mandal and Sinha (1998); Liski, Luoma and
Zaigraev (1999); Mandal, Shah and Sinha (2000)).
We start with a classical linear model

Y ~ N(XB,0°Iy),
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where the N x 1 response vector Y = (Y1,..., Yy)" follows a multivariate
normal distribution, X = (Xi,..., Xy)' is the N x k design matrix, and § =
(By,-..,B) is the kx 1 pdrameter vector. E(Y) = Xf, and D(Y) = 6°Iy are
respectively the expectation vector and the dispersion matrix of Y. Since o2 is
irrelevant to the results derived in this paper, for the sake of simplicity, in the
remaining part of the paper we assume that > = 1.

Let nix1 = LixiPrx1 be the vector of the linear parametric functions of
interest to us. We confine only to the class % of the designs d (i.e. the so called
design matrix X;) under which all the components of # are estimable. Let the

Best Linear Unbiased Estimator (BLUE) of # using the design d be denoted
by 7a, )

fla = Lpa,

where ﬂd is a Least Squares Estimator (LSE) of § using the design d. We

are interested in characterizing an experimental design d, which maximises the
probability

PE:Pr[Hﬁd—lyH <eg Ve>0 (L.1)

over the class ¥ of all competing designs d where ||fjs—7n| =
[(7a — 17)'( fa — 1)) 12 the Euclidian norm of # #a — 1. As this criterion aims at
minimising the dlstance between the true parameter value and its estimate in a
stochastic sense, it is abbreviated as the DS-optimality criterion in the litera-
ture. A design d, is said to be DS(¢) optimal for the LSE of # if for a given
¢ > 0, it maximizes the probability Pr{||fs — 7|| < €. When d, is DS(¢) optimal
for all ¢ > 0, we say that d, is DS-optimal. Sinha (1970) introduced this crite-
rion for optimal allocation of observations with a given total in a CRD model:

Yj=pu+t+e, i=1,...,v,j=1,...,n, (1.2)
where 7 = (rl,...,rv)/ is the vector of treatment effects, the ith treatment
being allocated n; times, n; > 1, 1 <i<wv, >,/ ,n; =n. In that paper, the
parametric vector of interest is the mean vector # = (u+ 11,..., 4+ 7,)" and

the ‘symmetrical allocation’ with n; = n/v, Vi is shown to be uniquely DS-
optimal when 7 is divisible by v. In this context, the general case when # is
not divisible by v is implicitly resolved in a recent work (Liski et al. (1998)). B
repeated application of Lemma 2 in that paper it can be shown that whenever
allocation numbers for a pair of treatments differ by more than 1, successively
reducing thier difference by 2, but keeping the total fixed, a better design can
be obtained and finally, a most symmetrical allocation with |n; —n;| <1,
Vi # j, turns out to be DS-optimal as is expected. Mandal, Shah and Sinha
(2000) considers the problem of comparison of one test treatment with a set
of v control treatments using this optimality criterion in both the CRD and
the Block design settings. All the problems considered so far are nonsingularly
estimable full rank problem. Our purpose in this paper is to take up the sin-
gularly estimable full rank problem of estimating the full set of elementary
treatment contrasts which is of practical interest in a one-way ANOVA model
and characterize a DS-optimal design. We organise our paper as follows.
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In Section 2 we elaborate the distance optimality criterion in the context of
the problem just mentioned and quote relevant results on majorization and
matrix theory which are useful in deriving the main result. In Section 3 DS-
optimal designs are characterized for all v.

2 Preliminaries

We assume the one way ANOVA model (1.2). The set of all elementary con-
trasts of the form 7; — 7, i < j viz.

7= (T =T, T = Ty T — Ty)
is of interest to us. For a design d € ¥ let ny;; denote the allocation number
of the ith treatment, i = 1,...,v with Y. | ns = n. However, in the sequel,
we sometimes skip the suffix d to avoid the notational complexity. Let y; =
> vig/nai stand for the mean of all observations receiving the ith treat-
ment, i = 1,...,v under the design d. Then 7, = (¥, —Vo,.... V1. = Ppr---»
P(-1). — ¥,.) is the BLUE of " using the design d under the model (1.2).

Let P be a v — 1 x v submatrix of an orthogonal v x v matrix such that

PotaiPlyy = Ity P'P=(I—J/v), (2.1)
D = Diag(1/ng1,...,1/ng),
(2.2)
and D2 = Diag(1/\/nai, ..., 1/ /@)
?lei)ting n = Lz, so that #j; = Li,4, where i, = (y,,...,¥,), we have from
P, = Pr((fa — ) (fa — ) < &°]
= Prl(tq —7)'L'L(ts — 1) <&
= Pr{(ts —7)(I - J/v)(ta — 1) <& /]
= Prl(ts —1)'P'P(t4 — 1) < &°/1]
= Pr((£'¢) <&/, (2.3)

where £ = P(14 — 1) ~ Ny—1(0,2) with X' = PDP’.

It is not hard to verify that for any d € 4, 2 = PDP’ is nonsingular.
Let 2g = (Zat, .-, a, (v_l))' denote the vector of ordered eigenvalues of PDP’
where 1g1 < Agp < -+ < Ag (p—1)- Let TAT' = X be the spectral decomposition
of X, the dispersion matrix of &, where T is an orthogonal (v —1) x (v—1)
matrix and A4 = Diag(Za1, - - -, Aq,(.—1)) 1s the diagonal matrix of the eigenvalues
of 2, in other words of PDP’. Define

Z — A*l/ZT/g,
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so that

Z ~ Ny1(0,1,-1).
Then from (2.3),

Pr(la —nll <& = PrlZz'AZ < 82/1)]

=Pr {Z raiZ} < 52} (2.4)

for 6% = &2 /.

Thus ¥o> > 0, the DS(¢) optimality criterion Pr{||i7; — || < &] depend on
the design d with allocation numbers ng, i = 1,...,v only through the eigen-
values Ag1, . . ., A4, (1—1) of the matrix (PDP’) where D is as given in (2.2).

Remark 1. Instead of #’ if we had considered the set of all contrasts of the
form 7; — 7;, i # j, the problem would have remained the same except that 52
in (2.4) would change to a scalar multiple of it, viz 6% /2.

We define the DS(¢) criterion function ¥, or equivalently ¥5(1,) as

Ys(4a) = Pr

i=1

v—1
> haZ} < (52] : (2.5)

A design d, € % is said to be DS-optimal if
Ys(ha) = P5(4a), Yo >0andVde®. (2.6)

In order to characterize a DS-optimal design in the case when 7 is a multiple
of v we make use of the following Lemma due to Okamoto (1970), proof of
which can be found in Marshall & Olkin (1979, p. 303).

Lemma 2.1. Let Z?,. ..,Zlf be independent random variables and suppose
that Z? has a y? distribution with n; degrees freedom, i =1,...,p. If 2; >0,
i=1,...,pthen

Pr (Z MZE < 52) < Pr(1Z < &%),

where 7. = (TT, A") n p = P niand Z has a y* distribution with n degrees
of freedom.

In the case when 7 is not divisible by v, the notion of majorization proves very
useful in the study of the function ¥;(44). Majorization concerns the diversity
of the components of a vector (cf. Marshall & Olkin (1979, p. 5)). For a ready
reference we quote below the relevant definitions and results on majorization
used in this paper.

Let a = (aj,...,a,)', and b= (by,...,b,)" be two px 1 vectors and
any < -+ < agp), bay < -+ < by, be the ordered components.
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Definition 2.2: For a,b € R?, a is said to majorize b, written a = b if

k k
Zamﬁ Zb([) k=1,....,p—1,
i=1

i=1

(2.7)

Z%*Z

Definition 2.3: For a,b € R?, a is said to weakly supermajorize b, written a"= b

i
k

dap <Y by k=1,....p. (2.8)
i=1

i=1

Definition 2.4: A function f(x) : R — R is said to be a Schur Concave func-
tion if for x, y € R? the relation x = y implies f(x) < f(y). Thus the value of

f(x) becomes greater when the components of x become less diverse.
Let i;l denote the vector of reciprocals of the elements of A;=
(Zdts- -+ Aa,w—1)) . For any two designs d and dy € € let a = 2! and b = A,/

denote respectively the vectors of eigenvalues of (PD,P')"" and (PD,P')""
Using Proposition 7.4.2 of Tong (1990), the following theorem regarding
Schur concavity of the DS-optimality criterion is proved in Liski, Luoma &
Zaigraev (1999).

Theorem 2.5. If a = b and Z ~ N,_1(0,1,_1), then

Z; _ o Z _ o

1

The following result (Marshall & Olkin p. 11) plays a crucial role in the
determination of main results of this paper.

Theorem 2.6. If a"'~ b, then there exists a vector ay such that ay > a and
ap = b.

The next theorem is an immediate consequence of the above two theorems.

Theorem 2.7. If a¥>~b and Z ~ N,_1(0,1,1)

z; zZ; o
Prza <o) < Pr ZFS(S Yo > 0.

1
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The first inequality follows from the fact that the event
E: {Z : ZZT',Z 352} implies the event E; : {Z : Z% 352} as ay = aj,
Vi=1

,.-.,0— 1. The last inequality now follows from Theorem 2.5.

The following result involving the eigenvalues of a matrix will be used in
the course of derivation of main results.

Result 2.1. If 4 is an m x n matrix and B is an n X m matrix where m < n,
then the n eigenvalues of BA are the m eigenvalues of AB together with n — m
ZETOS.

The proof of the following theorem on the comparisons of eigenvalues can
be found in Marshall Olkin (1979, p. 245).

Theorem 2.8. If A and B are m x m complex matrices such that aA + bB has
real eigenvalues for all a,b € R then

(1(A+B), ... don(A + B) < (ia(A) + 21(B),.... in(A) + 7n(B)).
In particular, for any real number 0 < o < 1,

(a(eA+ (1= a)B), ... Jm(aA + (1 — 2)B))

< (@01 (A) + (1 — )2 (B), .., adm(A) + (1 — @) 2m(B)).

Using the fact that the eigenvalues depend continuously on the entries of a
matrix, the following theorem is immediate.

Theorem 2.9. For any two m x m positive semidefinite matrices A and B

3 Main results

In this section we present main results concerning the characterization of a
DS-optimal design for estimation of # in a one way ANOVA model.

It is interesting to note that for any design d € %, the positive eigenvalues
of (PDP'), denoted by A4, i =1,...,v— 1 do not depend on the choice of the
P matrix where P'P =1 —J/vand PP’ =1, . Define A = PD'/?> and B= 4'.
Noting that AB = PDP’ is nonsingular but BA is singular, the following the-
orem is immediate as an application of Result 2.1.

Theorem 3.1. The +ve eigenvalues of PDP' and D'/>(I — J /v)D'/? are equal.

Furthermore, using Lemma 2.2 of Bischoff (1995) it directly follows that
|PDP'| = |D|.|*21'D7'1], and hence the next theorem.
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v—1
Theorem 3.2. |PDP’'| = [] Au = —

i=1 v | na

In the sequel, we first deal with the case when 7 is divisible by v.
Theorem 3.3. When n is divisible by v, the CRD d, € € with symmetrical allo-
cation viz. ng,; = n/v, Vi =1,...v is DS-optimal for estimating 1, the vector of

elementary contrasts of treatment effects.

Proof: For any design d € 4, from (2.4) using Lemma 2.1 and Theorem 3.2 we
get

v—1 [ v—1 1/(v-1)
Pr (Z laiZ?} < 52> <Pr (H idl) x2 <67

i=1
B v 1/v—1
<n/ (UHndl)) K2, <6’
i=1

Let d, € € correspond to the design with n;; =n/v, Vi=1,...v. Then the
elgenvalues of PD.P' =21 are all equal. Now using the condition that

=P

~

Z ng = n and the well known inequality between the Arithmetic Mean (A.M)

and the Geometric Mean (G.M) of a set of positive quantities, viz A.M > G.M
we get

Hnd, < (an,/v) (n/v)" (H”d ,)

So
1}71 B v 1/1)71
Pr (Z /ld,-Z,-2 $52> < Pr (n/ (and,)) Xil < 5?2
i=1 i=1
M " 1/v—1
< Pr (n/ (and*,)) )(f_l <62
i=1

(follows by implication of events)
v—1 1/(v-1)
<H ld*l‘> ){Lz_l < 52
i=1

v—1
= Pr( raiZ} < (52> (as A4,/’s are all equal).
=1
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Thus whenever # is divisible by v, the design d. with symmetrical allocation
turns out to be DS-optimal.

The case when 7 is not divisible by v is dealt below. From now onwards
we assume that n = vk + ¢, t > 1, where k = [n/v] denotes the greatest integer
less than or equal to n/v. In this case, it needs a close argument to reveal
that a most symmetrical allocation viz. the design d, €% with n, =
(k,....k,k+1,...,k+1)", k occuring v — ¢ times is DS-optimal.

Let

D, = Diag(1/k, ... 1/k,1/(k+1),...,1/(k + 1)),

v—t times t times

and A=PP=(1-J)v).

We start with the comparison of the vector of eigenvalues of D~1(4 + &*I) and
D;'(A+¢&I) where ¢ e R, & # 0 and —1.

Theorem 3.4. (D' (A +&1)) = A(D;' (A4 + 1)), Ve* e R, &* # 0 and —1.

Proof: We first note that, for any ¢ € R, ¢ # 0 and —1, 4 + ¢l is a nonsingular
matrix. Writing D~'/2 = Diag(\/na1, - .., /fa), as an application of Result
2.1, we observe that the eigenvalues of D~'/?(4 + &I)D~'/? and D~'(4 + &)
are identical. It is clear that for any design d (#d.) € €, there exists at least
one pair of treatment symbols i and ;' such that (ng — ngy) > 2and ) ng = n.

We permute i’ and j’ treatment symbols, keeping others fixed and obtain
de ¥ as

. YA
ng=ng ViF#I,]
gy = Ny
n(i" = Ngj’

7

and hence D~' = OD'Q’, where Q represents the corresponding permutation
matrix. In view of the relation Q'Q = QQ’' =1, and Q(A4 + ¢ 1)Q' = A + ¢*1,

MDA +eT) = ADN (A + D)
as
D' (A+eT)=0D"'0'(A+¢1)=0D"'0'0(4 +&1)0'
= 0D Y (4+¢&1)Q. (3.1)
Now it is easy to see that for some 0 < a < 1, (ng — 1,n40 + 1) can be repre-

sented as a convex combination of (ng,ng) and (ng, ng). Choosing this «, it
follows that
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AD N A+eT) =ak(DH A+ D))+ (1 —)AQD (A +£1)Q)
= a)(D7 (A + 1) + (1 - (D (A +&1)
= AaD N (A+eT)+ (1 —a)D ' (4 +¢))
(using Theorem 2.8)
= A(@D™' + (1 —a)D)(4 +£1)

— UDy (4 + 1)), (3.2)

where
D' =aD' + (1 —a)D7!

= Diag(na, - .., nagr—1y; nair — 1, nagirstys - - -5 Ragjr—1), R + L agjny -« - Raw)-

Thus when the pair of allocation numbers (ng,ng) is transferred to a
pair (ng — 1,ngy + 1), reducing their mutual difference by two, but keeping
the total fixed, we get the above result (3.2) on majorization of the eigenvalues
of D'(4 + &*I). Note that starting from D~! successive averaging by taking
convex combination of any two co-ordinates of n = (ng1, . ..ng)" in the above
sense, while keeping the rest of the co-ordinates fixed, we will eventually get
D! or Q.D;'Q! where Q. is a permutation matrix and similar successive steps
of majorization will yield

AD N A+eD) = ADy' (A+eT) == AD (A +ET)). (3.3)
Remark 3.1. The convex coefficient o may change at different steps.

Remark 3.2. The condition of Theorem 2.8 that for any two real numbers a
and b (aD~'(A 4 &*I) + bD~' (A4 + &*I)) has real eigenvalues is trivially satisfied
as the required matrix has the same set of eigenvalues as that of the real sym-
metric matrix ((/(1+e&)4++eJ/v)(@aD™' +bD~ ") ((/(1+&) A+ Ve T Jv).

In the remainig portion of the paper, using Theorem 3.4 we establish the
required result on weak supermajorization and characterize the DS-optimal
design whenever 7 is not a multiple of v.

Theorem 3.5. Let n=vk+t and d.€% be a CRD with nyg =
(k,....k,k+1,...,k+1), k occuring v — t times. Then d, is DS-optimal.

Proof: In order to establish d. to be DS-optimal, in view of (2.4) and Theorem
2.7, it suffices to show that

i?{l w>_ i:]}

where 4! and i;} denote respectively the vectors of eigenvalues of (PDP’ )71
and (PD,P')"". Not to obscure the essential steps, we first note that (3.3) yields

MDA+ eD™Y = 27N DA+ D)7, (3.4)
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It is easy to check thatas 4 =T — J /v,

A+ :lig* <A+1;8 J/u>, FeR,e #0and —1. (3.5

Call 2 = 0. Thus for any 0 > 0, (3.4) can be rewritten as
JHD(A+ 07 /v)) = A1 (D.(A4 + 07 /v)). (3.6)
Applying Theorem 2.9
LE?) A(D(A+0J/v)) =0,

and lim 4,(D(4 + 07 /v) = 2(DA), i #1.

Recalling 4 = P’'P and Result 2.3, we note that A;(DA) = 1,_;(PDP’), Vi =
2,...,v. Thus from (3.6) using the first (v — 1) inequalilties discussed in (2.7),
and taking limit we conclude that

g =kt  daeen) "= (W has -  daomry) = 2! (3.7)
and hence the theorem.
Remark 3.3. Using similar arguments as given in (3.1) A(D;'(4 +¢&*1)) =
AMQ.D;'Q!(A +&1)) and hence d, as well as any permutation of d, is DS-

optimal.

Remark 3.4. The design d, upto permutation, is uniquely DS-optimal since if
any other DS-optimal design dj, exists

E(Y 22ai) = E(Y ZPani)-

But clearly

E(szid*i) =D ai= (1 _%) ) 1

nq. i
1 1 :
< (1 - ;) > o= E(YZ2a)

for any other design d € .
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