Metrika (2011) 74:349-360
DOI 10.1007/s00184-010-0306-8

Asymptotic properties of maximum likelihood
estimators based on progressive Type-II censoring

Chien-Tai Lin - N. Balakrishnan

Received: 5 March 2008 / Published online: 26 March 2010
© Springer-Verlag 2010

Abstract Hoadley (Ann Math Stat 42:1977-1991, 1971) studied the weak law of
large numbers for independent and non-identically distributed random variables. Using
that result along with the missing information principle, we establish the consistency
and asymptotic normality of maximum likelihood estimators based on progressively
Type-II censored samples.
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1 Introduction

In a life-testing experiment, suppose n identical units are put on a life-test under
the progressive censoring scheme (R, Ra,...,Ry), where 1| < m < n and
lim,_, o m/n = t is pre-fixed. Here, the censoring numbers R;’s, though fixed, as n
tends to infinity, are assumed to be fixed in proportion which means that R; /n tends
to a proportion 7; as n tends to infinity. Then, as n — oo, these proportions are such
that >, 7; goes to 1 — 7, where 7 is the overall proportion of observations and there-
fore 1 — 7 is the overall proportion of censoring. Let f(x; 6) and F(x; 6) denote,
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350 C.-T. Lin, N. Balakrishnan

respectively, the probability density function and the distribution function of the life
time of the unit, where —0o < x < oo and 6 is a single parameter of interest. Then,
the likelihood function of the observed sample x1.-, - - - » Xppemen 18

m
LO; xtmns - Xmmen) = C [ | f Gizmens 0) {11 = F Ceiomens O,
i=1

Xlmm < - < Xpmum:win» (nH

where C=nn—R;—1)---n— Ry — Ry, —---— R,;,_1 —m + 1); see for exam-
ple, Balakrishnan and Aggarwala (2000) and Balakrishnan (2007). Under a variety
of conditions, the asymptotic properties of the maximum likelihood estimator of 6
have been studied for different types of data including complete data and also Type-I,
Type-II, multiply Type-II, random, and progressive censoring schemes; see for exam-
ple, Cramér (1946), Halperin (1952), Hoadley (1971), Sen (1976), Bhattacharyya
(1985), and Kong and Fei (1996), and the references contained therein. Based on
martingales and functional central limit theorems (see Sen 1976), the derivation of
these results in the context of random censoring and progressive censoring involves
tedious manipulations as well as stronger regularity conditions than what are really
necessary. Bhattacharyya (1985) used a result of Sethuraman (1961) concerning the
conditional and joint distribution of random vectors to establish the asymptotic prop-
erties of maximum likelihood estimators (MLE) and some modified MLEs based on
Type-II censored data. Unfortunately, these results do not extend readily to the case of
progressive censoring. In this paper, we use the weak law of large numbers for inde-
pendent and non-identically distributed (i.ni.d.) random variables derived by Hoadley
(1971) along with the missing information principle to establish the consistency and
asymptotic normality of the MLE of 6 based on progressively Type-II censored sam-
ples. This result may be further generalized to the case of several unknown parameters
by suitably modifying the conditions on which it has been established.

2 Consistency

The approach to consistency will follow the same lines as in Cramér (1946). The
conditions are:

Al Foralmostallx, the derivatives - In f (x; 6), 205 In f (x: 6), and 25 In f (x; )
all exist for every 0 belonging to a non-degenerate interval /;

A2: Forevery 0 in I, we have

9 92 93
%f(x;e) <Gy, Wf(x;e) < Gy, ﬁf(x;e) < Gs,

where
/G,-(x)du(x) <oo fori=1,2,3,
and p is taken to be Lebesgue measure;
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A3: Forevery 6 in [ and positive constants § and K, we have

3

In f(x;0)] < G3,

82
‘—lnf(x;G)'f 1, 'aezlnf(x )

d
S P

/|G;"(x)|l+8f(x;9)du(x) <K fori=1,2,3;

A4: For every 0 in I and positive constant M, #(x-e) is bounded by 7n(x), where

/n(x)f(x; Ndu(x) < M;

AS5: Forevery 6 in I, the integral

9 2
y?= / [ﬁlnf(x;e)} f(x;0)du(x)

is finite and positive.

In addition to these conditions, the following lemma and theorem are needed for
establishing the consistency.

Lemma 1 Assume conditions A2 — A4 are valid, and there exists a measurable and
integrable function T with f T(X1:mns -« s Xmemen)d (X)) < 00, and Q is a positive
constant independent of 6. Then, we have

InLO:; Xtummns - Xmemen) | < T Ctomens -+ o5 Ximomen)

33
’893

and E[T (X1unns - s Xmemen)] < 0.
Proof For simplicity, we replace x;.;,., by x; throughout the proof. From the likelihood

function in (1), we have

InLO;x1,...,x0)| <

lnf(xlﬁ)‘

203

1 93
963

=1
ln[l F(x,,@)]'

+ZR

Under conditions A3 and A4, we have

In f(x;;0)| < G5(x),

‘ 363

@ Springer



352 C.-T. Lin, N. Balakrishnan

and
53
53 In[1 — F(x;,6)]

2 (#511- Fe o)’
dpll = PG 0] g5l = Pl = P o) (G i
1= F(.0) (1= Fxi, ) (1= Flxi, 0)P

3

o F(xl,e)

IA

F(x;,0) (x,)+2‘ aF(xl,Q)' 3 (xi)

d
(xz)+3‘ F(x;,

82
= 393 / [, 0)dp(x)| n(x;)+3 /f(x 0)d (x) W/f(X,Q)d,LL(X) r)z(xi)
A Aj Aj
3

0
2| / £ 0| 1), @)

where A; = {x : —oco < x < x;}fori=1,...,m.
By Lebesgue dominated convergence theorem, condition A2 ensures that

/83911 fx,0)dp(x) = ell. /f(x,@)du(x) fori =1,2,3. 3)

Therefore, the expression on the RHS of Eq. (2) can be further simplified as

93 9 92
/wf(x,é)du(x) n(x;) +3 3—9f(x,9)du(x) /@f(x,O)du(X) > (x;)
A; Ai Aj
3

?
+2/£f(x,9)du(x) 7 (xi)

Ai
< /G3(X)du(x) n(Xi)+3'/G1(x)du(x) ‘/ G2 (x)dp(x)| n*(x;)
3
+2 /Gl(X)dM(X) ) = v,
Let
1 m
T(x1,.. =;§ G3(x) + Riv(x)]-
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It is clear that f v(x) f(x; 0)du(x) < M*, where M* is a positive constant indepen-
dent of 6, and thus the lemma follows. O

The next theorem is the result of Hoadley (1971) which is a weak law of large
numbers for i.ni.d. random variables.

Theorem 1 (Theorem A.5 of Hoadley 1971) Let{Yy : k = 1,2, ...} be independent

random variables, which are defined on the probability space (2, F, Py), and take

on values in a measure space (Y, A, ). Let H, : Y x § — R, where S C RP is

compact, and let hi(s) = E Hy (Y, s). Assume:

(a) Foreachs € S, Hi(-, s) is A measurable;

(b) Hy (Y, -) is continuous on S, uniformly in k, a.s. [P];

(¢c) There exist measurable By, : Y — R! for which |Hy (-, 8)| < Bx(-) foralls € S
and E|B/<(Yk)|l+‘S < K, where K and § are positive constant.

Then:

(1) hk(-) is continuous on S, uniformly in k;

(ii)
sup HZZZI Hi(Ye,s) D0 hu(s)
n

n

:seS]—p>0,

. p . o
where the notation — denotes convergence in probability.

We are now ready to prove the following theorem. Note that we shall only consider
the case 1 < m < n in the proof since m = n is simply the complete sample case.

Theorem 2 [f conditions A1 — AS are satisfied, then the likelihood equation

m

—1 L( m:mn nmn) - E ( m 6)
n ‘9;)( s - e Xmem: ln J Xi:m:n,
39 ! ' ! ’ 80 ’ ! o

i=1

0
+Ri£ In[1 — F(ximns 9)]] =0 4

has a solution, é;, which converges in probability to the true value of the parameter
0, say 6.

Proof From the Taylor expansion and Lemma 1, we can write

10
;% InLO; Xtmens -+ - s Xmzmen) = ; % In L(O; X1mns - -+ 5 Ximzmin)

0 —6y) 92
W InLO; Xt:mens -+ - s Xmemen)
6=06)

6=0y

1
+5A0 - 00)*T (Xtamens - - - » X))

1
= Bo+ Bi(0 = 60) + 5 A6 - 60)* B, ®)
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where |A| < 1, and

B_lzm alf( 9)+R81[1 F( 0]
= — —1In f(Ximn; i— In[1 — F(Xj:mn;
0 n < 20 i:m:n 189 im:n

6=06y
1 m 2 32
Bi=-2, [ﬁ In f Gizmens 0) + Rizz In1 = F (tiomon e)]] :
i=l1 6=06y
By =T Xtumms -+ » Xmemen) -

We shall prove, in probability, that By BN 0, B; LN —{12 and B; BN £2, where &1
and ¢, are constants that will be defined later.

Given a progressively Type-II censored sample X115 - - - s X2, We Use the miss-
ing information principle (see e.g., Louis 1982; Tanner 1993; Ng et al. 2002) to write
the observed information through the fact

m R;

DI f imens 0) = D In f(wis 0) = D D" In £ (3ijs 01 Xizmn = Ximn), (6)

i=1 i=1 i=1j=1

where wi, ..., w, can be considered as a complete random sample of size n from
F(x;0) and y;1, ..., yir, can be considered as a complete random sample of size
R;,i =1,..., m, from the left-truncated population with density function
Sy 0)
i(y;0) = ———————, > Ximen-
VOO = T e 0y 7

Moreover, the sequences of random variables W’s and Y’s are independent. For sim-
plicity in notation, we use 6 and f(y;j; 0lXiznn),i = 1,...,mand j =1,..., R;,
instead of 6p and f (yij; 01Xim:n = Xi:m:n) in what follows.

Thus, By can be reexpressed as

n

| 5 m  R; 9
Bo=- Z@lnf(w";e) - ZZ@IH £ Gijis O1Ximn)

i=1 i=1 j=1

m

a
+ 2 Rioz Inll = F(imns 0)]
i=1

1
= (Bo1 — Bp2) ,
n

where

n

d
Bor = oo In f(wi;0)

i=1
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and

By = ZZ 25 1 f Qs O ximen) — ZR —1n 1= F (Ximns 0)].

i=1 j=I

From the result of Cramér (1946), we have By /n 50. 1t now suffices to show

that By /n 7, 0. Since we can write By as

a
By = ZZ 96 In f(yij; O1Xizmn) — ZRE[B_elnf(Yil;9|xi:m:n):|

11]1

m

+ZR E |: In f(Yi1; 9|x1mn):| ZRZ In[1 — F(xim:n: 0)]

and that Eq. (3) implies that

9 . _[2 gy SO0
E [@ lnf(Yll,9|xz:m:n)i| = / EY: In f(y; 9)1 — F(X[;m;n;e)du(y)
B;

m/ 89f(y,9)dli(y)

2 f fo; 9)du(y)

I — F(Xi:mm; 0)
[ = F (i 0)]
I — F(Ximn; 0)
0
= a_eln[l — F(Ximmn; 0)], (7)
where B; = {y : Xjuyn <y < oo} fori =1,...,m, Theorem 1 implies that
B Zl 12] 130 ]nf(ylj96|-xlmn)
sup :0 el =sup
n—m n—m
" RE In £ (Yi1; 0|x
z =1 [ f(l |lmn)] EI]—P>O;
n—m

S0, Boa/n 0. Consequently, by Slutsky’s theorem, By converges to zero in prob-
ability.

Similar arguments can be used to establish the convergence of By and B;. First,
consider By = (B11 — B12)/n, where
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n 82
By = Zﬁlnf(wiﬁ)
i=1

and

m | R 2 2

ad d
Bio= 2120 555 I 01 0ximn) = Rz Inl1 = F (s 0)]

i=1 | j=1

From the result of Cramér (1946) once again, we have

Bii p 9* ) 2
LNy [Wlnf(X, 9)] — 2

n

The term Bz /n can be rewritten as

nom [ S B iy Olvim) S RiE [ 0 (Y Bl

n n—m n—m

32
_*ZR [ — F(Xjymm; 0)] — [892 lnf(Yil;mxi:m:n)i“- ()

It follows from Theorem 1 that the first term in (8) converges in probability to zero as
n — oo. Equations (7) and (3), respectively, lead to

2
iln[l — Fin: 0)] = 3%[1 — Ftmni O] [iln[l — F(xim: -9)]]2
962 immns F(xi:m:n§ Q) ) itm:mn>s
3 392[1 F (Xizm:n: 0)] —[E[il . )“2
= = PG 0) g "/ (ins Obiann
and
82
|:302 hlf(Yll 9|xtmn):|
82 . 2
_ [ |2 fO:0) f(y:0)
‘/ £ 60) (ael s 9)) T Fxmm )1

i

92 . 2
S0 f(yi0) f(y;6)
902 S

f3;0) 1=Fimn; 6 dp() /|: In 7 9):| 1= F (Ximn; Q)dﬂ(y)

i

32 ) 5
1 — F(Xiumn; 0)] 9 f(y:6)
_ 22 [T . L fee
- I = F(Ximn: 0) / |:89 707 9):| I — F(Xjmm; 0) An(y).

i
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and hence the difference of these two terms can be further simplified as

2

E[il (Yi1; 0)x;i )T—[E[il (Yi1; 0)x; )“
90 nf i1y Ol Xi-man 39 nf ils Ul Xizm:n
~ Var [% In f (Vi 0|xizm;n)} ,

which, from the conditions A4 and A3, is clearly bounded and independent of 6. Thus,

- 92 92
— ; R, [ﬁ In[1 — F(Ximin: )] — E [W In f (¥in: 9|x,~:m:n)i”

m

1 Ri 9
= > > var [a_e In f(Yij; 9|x,»:,,,:,,)} )

i=1 j=1

converges to a bounded value, say A. Combining these results and setting % + (1 —

A = {12, we obtain Bj AN —{12. Finally, following the same lines as for the con-
vergence of By, we have that B, converges in probability to a bounded value, say ¢».
The argument given in Cramér (1946) can then be employed to show that (4) has a
solution, ,, which converges in probability to 6. O

It should be noted that Theorem 2 is established only for a solution of the likelihood
equation, and this solution need not be the unique MLE (see e.g., Ferguson 1996).

3 Asymptotic normality

The approach to asymptotic normality of the MLE of 6 is related to the result of
Hoadley (1971) and Slutsky’s theorem in the multivariate case (see e.g., Serfling
1980). Hoadley (1971) gave the Liapounov form of the multivariate central limit the-
orem which plays an important role in establishing that MLEs are asymptotically
normal in the i.ni.d. case.

Theorem 3 (Theorem A.6 of Hoadley 1971) Let{Xy : k = 1, 2, ...} be independent
p-dimensional random vectors with EXy = 0, Cov(X}y) = I'y. Assume:

@ >i; Ti/n —> T, where T is positive definite;
(b) Forsomes >0,>, EINX|*"/n?*t9/2 — 0 forall . € RP.

Then, Zk X/ /n —d> N (0, f), where i) denotes convergence in distribution.

The following result allows the convergence of univariate distribution functions to
be extendable to that of convergence of multivariate distribution functions.

Theorem 4 (Slutsky’s Theorem) Let (X,,Y,),n = 1,2,..., and (X,Y) be two

random vectors defined on a probability space. Suppose that X, N XandY, —d> Y.
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If X,, and Y,, are independent for each n, then

d
(Xn7 Yn) —>(X*a Y*)7
where X* ~ X, Y* ~ Y, and X* and Y* are independent in the same space.

The above two results are needed in the following proof of the asymptotic normality
of the MLE of 6.

Theorem 5 Under regularity conditions A1 — AS, the likelihood equation in (4) has
a solution, 0, which is asymptotically normally distributed.

Proof From (5), we have

Vi@ — b) o
v —6p) = —p—¢
_ﬁ 2§115’2(9 o)
o it g I S (izmens 0) + Rigig In[1 — F (i 6)1}

—B_ AB@- ’
p 7 20 — 6o)

(10)

where {12 = 24+ (1 — 1) A. The denominator of the right-hand side of (10) converges
in probability to 1, so that we only need to show that the numerator is asymptotically
normal with zero mean and unit variance.

From Egs. (6) and (7), we have

Z [%lnf(xlmn’ 0) + R 0 ln[l - F(xi:m:n;e)]]
i=1

—Z—lnf(w,,e) 22 In £ (vij3 61 Xizmn)

lljl

R; n

i d
+Z EI:—lnf(Yz/,9|xlmn)j| Z£lnf(wue)
i=1 j=1
m Rz 3
— z {—ln f(y,‘j; O\xim:n) — E [3_9 In f(Yij§ 9|xi:m:n)i” .
i=1 j=1

It follows from the result of Cramér (1946) that — [ Zl 1 39 In f(w;; 0) is asymptot-

ically normal with mean 0 and variance 2.
Conditions A3 and A4 imply that E|%In f(Yij; 0lximn) — E[Z5 In f(¥ij:
0 |x,>;m;,,)]|3 is bounded and independent of 0, say K*, which leads to
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3
i=1 j=1

3/2 ZZE ‘ In f(Y ijs Olxizmn) — E |: In (Y, ijs 9|xi:m:n)]

n—m.__.

Combining this result with Eq. (9) that
1 m Rl'

d
p— ZZV(J}’ [@ lnf(Yij;9|xi:m:n)] — A,

i=1 j=I

it then follows from Theorem 3 that

m R;
1 a
MZZ[ lnf(yz],9|xtmn) E|:8_1nf( l]velxi:m:n):”i)N(o, A).

i=1j

Applying Slutsky’s theorem, we obtain

m R;
1 9 P
ﬁ ;; [9 nf(Yij;9|Xi;m;n) —E |:39 lnf(Yij;ebCi:m:n)]]

Ji=m m Ri 9
n\ﬁ ;g[ lnf(YI],9|xzmn) |:89 hlf(Yz],@lemn)”

NGO, (1= 1)A).

Theorem 4 can now be applied to yield

%Z%lnf(wi;é?) ZZ[ In f (yijs 01%i:m:n)
i=1

11]1

[ ) In f(Y;;; elxi:m:n):| ] _d>(X*’ Y,

where X* ~ N (0, y2), Y* ~ N(0, (1 —t)A), and X* and Y* are independent. From
the property of continuous mapping, we then have

1 R

n ZZ [_ lnf(yij; O1Ximn)

i=1 j=I

[ i In f( 11’0|xi:m:n):“ —d>X* —Y*

l — 9
ﬁl;%lnf(wi,e)
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Therefore,

Z I% In f(Xiymem; 0) + Ri% In[1 — F(Xjmen; 9)]] _d> N (0, 7/2 + (1 =1)A)
i=1

=N@©, &)
which completes the proof of Theorem 5. O
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