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Abstract We consider the codifference and the normalized codifference function as
dependence measures for stationary processes. Based on the empirical characteristic
function, we propose estimators of the codifference and the normalized codifference
function. We show consistency of the proposed estimators, where the underlying model
is the ARMA with symmetric «-stable innovations, 0 < o < 2. In addition, we derive
their limiting distribution. We present a simulation study showing the dependence of
the estimator on certain design parameters. Finally, we provide an empirical example
using some stocks from Indonesia Stock Exchange.

Keywords ARMA - Infinite variance - Codifference - Empirical characteristic
function

1 Introduction

In many cases, the assumption of normality for the observations seems to be reason-
able. On the other hand, in a number of applications, such as in signal processing,
telecommunications, finance, physics and chemistry, the leptokurtic distribution, i.e.,
the distribution which is heavy-tailed and peaked around the center, seems to be more
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appropriate (e.g., Rachev and Mittnik 2000; Nikias and Shao 1995). An important class
of distributions in this context is the stable distribution, which is a flexible class for
data modeling and contains normal distributions as its special case. The importance of
this class of distributions is strongly supported by generalized central limit theorems,
which indicate that the stable distributions are the only possible limiting distributions
for normed sums of independent and identically distributed random variables. For
information on stable distribution, the reader is referred to, e.g., Samorodnitsky and
Taqqu (1994).

In this paper, we consider univariate strictly stationary linear processes {X;, t € Z},
where Z denotes the integers, given by

o0

X, = zcjet_,- (1)

J=0

where the following holds

(C1) The coefficients c; are real-valued and satisfy |c;| < cQ~/ for some ¢ > 0,
0>1

(C2) ¢ isii.d. symmetric o stable (SaS) distributed, i.e., €; has a characteristic
function of the form

E exp(ise;) = exp(—a® |s|%) (2)

where o denotes the index of stability (0 < o < 2), and o > 0 denotes the
scale parameter.

Under conditions C1 and C2, Z?io lcj|* < oo holds, and the infinite sum (1) is well
defined in the sense of a.s. convergence. Moreover, the process { X;} will be a strictly
stationary SaS process with the same index of stability o and with scale parameter
ox =0 (Z?io |c; o)1/ (Samorodnitsky and Taqqu 1994, Theorem 7.12.2). Consider
the ARMA(p, q) system

P ()X = 02 3
for t € Z, where the polynomials ® and ® are given as

D) =1—p1z—doz* — - — ¢pp2’,
O@) =1 +0iz+602% + -+ 6,29,

with the real coefficients ¢1, ¢2, ..., ¢, and 01, ..., 6,, when z denotes backward-
shift operator (z(X;) = (X;—1)) as well as the complex variable and when ¢, fulfils
the condition C2. We assume that the polynomial ®(z) has no roots in the closed unit
disk {z : |z| < 1} and then the system (3) has a unique stationary solution of the form
(1) which fulfils condition C1. In addition, it is assumed that the polynomials ©® (z)
and ®(z) have no common zeros.
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Here notice that if @ = 2, then ¢ is i.i.d. Gaussian with var(¢;) = 202. When
a <2,E|le|P =ocofor p>aand Ele|P < ocofor0 < p < a. The second moments
of ¢; (and X;) exist only for ¢ = 2, and for ¢ < 2, one can not use the covariance
function to describe the dependence structure of the process {X;}. Some generaliza-
tions of the autocovariance function as dependence measures of stationary process
with infinite variance have been proposed in the literature, e.g., the autocovariation
(see, e.g., Samorodnitsky and Taqqu 1994), the codifference function (e.g., Kokoszka
and Taqqu 1994; Samorodnitsky and Taqqu 1994) and the dynamical function Janicki
and Weron (1994). In this paper, we consider the codifference function and analyze
the properties of its estimator, both by an analytical investigation and a simulation
study.

The rest of this paper is organized as follows. In Sect. 2, we present the main results
of this paper. In this section, we give the definition of the codifference and the nor-
malized codifference function, and also propose their estimators. Furthermore, for a
class of linear processes, we show consistency of the sample codifference function,
and further establish the limiting distribution of the proposed estimator. In Sect. 3, we
present several simulation studies for the estimation of the normalized codifference
function of pure moving average processes. Finally, in Sect. 4 we provide an empirical
example using some stocks from Indonesia Stock Exchange (IDX).

2 Dependence structure of linear time series model with infinite variance
2.1 Definition of the codifference function and its estimator

We consider the codifference function as proposed in Kokoszka and Taqqu (1994) and
Yang et al. (2001)

(k) =1(s, —s;k) = —InEexp(is(X;+x — Xr)) + nEexp(is X;4x)
+InEexp(—isX;) @)

where s € R and k € Z. Because the characteristic function always exists, the co-
difference function requires no moment conditions for the original process {X;}. In
the Gaussian case, the codifference function is proportional to the covariance func-
tion, i.e., T(s, —s; k) = —szy(k), where y (-) denotes the covariance function of the
stationary process {X;}. Moreover, by defining the normalized codifference function
1(k) as

B (s, —s; k)
"= =0 ®

one directly obtains / (k) = p(k) in the Gaussian case and it does not depend on s,
where p (k) denotes the correlation function.

Note that in general 7(—k) = t(k)*, where t (k)* denotes the conjugate of 7 (k). In
particular, under the assumptions C1 and C2, we obtain that the codifference function
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T (k) of the linear process (1) is of the form (see Kokoszka and Taqqu 1994)
o0
T(k) = oIs|* | D (i =PI = [ejan]* = [=¢j| |, k=0 (6
=0

Note that under conditions C1 and C2, the normalized codifference function (5) is
independent of the choice of s. In what follows, we consider Sa S processes { X;, t € Z}
(see, e.g., Samorodnitsky and Taqqu 1994). For these processes, t(1, —1; k) is iden-
tical to the codifference function u (k) as given in Samorodnitsky and Taqqu (1994),
eq. (4.7.1), where for a given (strictly) stationary SaS process {X;,t € Z}, u(k) is
defined as

u(k) =2(ox,)* — (0x,,,—x,)" )

where oz denotes a scale parameters of Z.

Notice that if X;’s are independent, then for k # 0, u(k) = 0, and clearly, (k) = 0
for all s. Conversely, if u(k) = 0,k # 0 and 0 < o < 1, then X; are indepen-
dent. When 1 < @ < 2, u(k) = 0 does not imply that X, and X, are independent
Samorodnitsky and Taqqu (1994).

Using Property 2.10.5 in Samorodnitsky and Taqqu (1994), we obtain that the
normalized codifference I (k) has the following property

0<Ik)<1 if0<a<l 8)
-2 "<Jth)y <1 ifl <a<?2 )

when o = 2, (9) becomes —1 < p(k) < 1, where p(-) denotes the autocorrelation
function. Further theoretical properties of the codifference function were studied in
Kokoszka and Tagqu (1994), Samorodnitsky and Taqqu (1994), Nowicka (1997) and
Nowicka and Weron (1997), Rosadi (2005).

As the codifference function is defined via characteristic functions (cf), it can be
estimated by empirical characteristic functions (ecf) (see, e.g., Yu 2004 for a review
on ecf). Given a sample X1, X», ..., Xy, an estimator for the codifference function
atlag k € Z can be defined as (s € R)

(s, —s;k) = (N —k)/N x [—In¢(s, —s; k) +In¢p(s, 0; k)

+1n¢ (0, —s: k)] (10)
where foru, v € R
N—k
(N —k)~1 > exp(i X, 41 +vX;)) whenk >0
. _ =1
du, v k) = ik (11)

(N+k)~1 > expli(uX,— +vX,)) whenk <0

t=1
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Accordingly, I(s, —s; k) = ;Ei ‘:ifg; can be used as the estimator of the normalized

codifference I (k). Here we consider a discrete estimation procedure, i.e., we evaluate
the codifference function at  points 51 < --- < s, fors; e R,s; #0,i =1,...,r.
We define the vectors s = [sq, ..., s,]T,

2(s, k) = [£(s1, —s13 k), T(s2, =525 k), .., T(sp, —s5,3 k)17
and
[(s, k) = [I(s1, —s1: k), [(s2, =52 k), ..., I (57, —s,3 k)]T

We similarly denote t(s, k) and I(s, k) as the vectors of the codifference and nor-
malized codifference function, respectively. Note that one can replace the factor
V(N —k)/N in (10) by unity, and also the divisor (N — k) in (11) by N without
changing the asymptotic properties of the estimator, however, the choices in (10)
and (11) will give a better finite sample performance than the alternative. Note that
7(—k) = (k) such one can restrict the analysis to the case of k > 0. Two similar
estimators for the codifference function have been proposed in Yang et al. (2001) and
in Hong (1999).

2.2 The asymptotic properties of the estimator

The asymptotic properties of the sample codifference are summarized in the following
theorems.

Theorem 1 Let {X;,t € Z} be a stationary linear process (1) satisfying conditions
Cland C2. Fors e R",s; #0,i = 1,...,r, k € {0, 1,2, ...} its sample codiffer-
ence (s, k) and the sample normalized codifference I (s, k) are (weakly) consistent
estimators for T (s, k) and I (s, k), respectively.

The proof is given in Appendix A.

The asymptotic distribution of the sample codifference function (and the sample
normalized codifference function) of the linear process (1) can be derived using a
central limit theorem for empirical characteristic functions (Hesse 1990, Theorem 1
and Remark 2.6.). For convenience, we split T into its real and imaginary parts. We
write

Re (s, k) = [Re T(s1, —s1; k), Re T(s2, —s2; k), ..., Re T(s;-, —s; k)]T
and
Im 7 (s, k) = [Im T(s1, —=s1; k), Im T(s2, —s2; k), ..., Im T (s, —5;; k)]T

Here, Re(z) and Im(z), z € C denote the real and imaginary parts of z. As 7 (s, —s, 0)
by definition is a real function, we therefore obtain
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[ReT(s1, —s1; k) /T(s1, —s1;0) ]
. Re T(s2, —s2; k) /T (s2, —52: 0)
Re I (s, k) = } ,
| Re T(sy, —s,: k) /T(sr, =573 0) |
[ Im T (s1, —s1; k) /T(s1, —s1; 0) |
. Im 7 (s2, —s2; k)/T(s2, —52; 0)
Im (s, k) = . (12)
_Im f(sra —Sr; k)/f(sh —s5r;0) ]

In the following theorem, a result regarding the asymptotic distribution of the sam-
ple normalized codifference is given. The proof is given in Appendix B.

Theorem 2 Let {X;,t € Z} be a stationary linear process (1), satisfying conditions
Cl and C2. Then for h € {1,2, ...},

Rei(s, 1)\ (Rei(s,2) Reis, )\
Imigs,1)) \Imi(s,2)) " \Imis,h)

LI (112 LI\
AN([( 10 )( Lo )( 10 )} N W) (13)

The matrix variance-covariance W is given in (43) and I, = [1, 1, ..., 117 e R,

Applying this theorem to the special case of i.i.d. observations, we obtain:

Corollary 1 Let {X;,t € Z} be an i.i.d. sequence satisfying the condition C2. Then
fork e {1,2,...},

Re (s, k) is AN, N~ 'W) (14)
and
Im I (s, k) is AN(O, N~ 'W5) (15)

where the (i, j)th elements of matrix W1 and W, are,

Wl(i,j)=fl and Wi, j) =L Ji,j=1,...,r (16)
ij gij
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with
1
fij — O Usil®Hlsj 1% =lsi=sj1%) ) Z joUsil*Hls; 1" =lsi=s;1%) _
2
+eUQ(L“i‘a+|5j|a*|5i+sj|a) leaa(b‘i‘a+‘5j|a*|3i+5j|a) —1t 41
2
1
hij — O UsilHlsj 1 =lsi=sj1%) ) _ o Usil*+lsj1*=lsi=s;1*) _
+e(f”(lsi\"+|Sj|‘x—|Si+Sj|“) 1— leﬁ"(\si|“+|Sj|“—lsi+5jI“)
2
and

g,-j 240.20: |S,’|a |Sj|a .

The proof is given in Appendix C.

3 Simulation evidence

In this section, we present a simulation study for investigating the small sample prop-
erties of the sample normalized codifference function.

3.1 Practical considerations

Before we proceed, we make a remark about the sample and the population codiffer-
ence function. From (6) and the fact that all ¢;’s are real, we see that the population
codifference function is a real valued function. On the other hand, its estimator (10)
is complex valued. Because the estimator we propose is consistent, one possibility is
to use only the real part of the estimator.

In what follows, we are only considering with the sample normalized codifference
1 (k). We note that unlike the population, the sample normalized codifference function
depends on s = {s1, ..., s;}. Apparently i (+) is defined for all s > 0. However, in a
finite sample, the accuracy of the estimator of the population values depends on the
choice of s. Therefore, for estimation, s is a design parameter, which has to be chosen
appropriately. In other words, 1(-) should be calculated from those values of s which
give the most accurate estimates of the true function 7 (-).

To be more precise, in practice the number of grid points » and more importantly,
the location of 51, . .., 5, have to be chosen. As the normalized codifference function
is defined based on the ecf, we can apply here the known results for the ecf. For a fixed
r, Koutrouvelis (1980) and Kogon and Williams (1998) showed that for calculating
the ecf, the location of the grid points s1, . . ., 5., should be chosen close, but not equal
to zero, since then the ecf will give accurate estimates of the characteristic function.
Such a choice of grid points seems to be reasonable for calculating 1(-) too, see Fig. 1.
To determine the location of s;’s, we suggest to plot Re f(s, k) for 0.01 < s < 2,
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Fig.1 Plots of Re f(l) for several simulation runs. Here « = 2 (1a-1b) , @ = 1.5(2a-2b), @ = 1(3a-3b)
and @ = 0.5(4a—4b) and 0 = 1, s € [0.01, 1.55]. Data are generated from experiment I that is MA(2)
process with cg = 1, ¢ = 2 and ¢ = 1.111. The straight lines denote the true values of 7(1)

for some values of lag k > 0. These graphs will show ranges for s where the bias is
small. The best choice for range of s clearly depends on the data itself and in general
also on the lag k. However, we suggest to use s, = 0.01 as the left bound of range,
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where the best choice for the right bound should be determined from the graphs, i.e.,
as the threshold of s = s, where the graphs of Re I (k), for some lag k, are still rela-
tively flat. The individual choices for s;’s can be chosen in one of the following two
ways:

1. If we wish to use equal spacing of s;’s, we can set s = {s; = 0.01,0.01 +
=, sp},i = 1,...,r — 2. Here we choose s;’s by plotting the sample codif-
ference for given values of s; as given in Fig. 1. Figure 1 indicates these sample
codifferences apparently depend on the sample size N and additionally on «.
From our simulation studies, we observe that the sample codifference has a strong
dependency on «, less dependence on lag k. For o = 2, (k) is relatively smooth,
where for o < 2, I (k) has an erratic behavior, and this behavior is stronger for
smaller «v. This result suggests that when o = 2, there is no benefit by choosing
the s;’s very close to each other. When « is getting smaller, then we need to choose
s;’s sufficiently close to each other. Here, we propose to use s;’s with distance
d=001fora <1,00l <d <005forl <o <1.5,0.05 <d < 0.1 for
1.5 <a <2andd = 0.1 or larger for « = 2. Especially in the i.i.d. case we can
show that these choices are sufficient, in the sense that for given «, choosing a
smaller distance between grid points will not significantly decrease the determi-
nant of the covariance matrix (14). However, as the erratic behavior of the sample
codifference is typical for given «, in practice it is not necessary to know « in
advance.

2. Incase of unequal spacing, when r has been fixed, the choice of s;’s can be chosen
using a similar consideration as above, i.e., we choose the s;’s sufficiently close,
depending on the erratic behavior of the estimates Re 1¢).

Finally we have to choose the number of points r. For » > 1, the final estimate i (k)
can be defined as the weighted average of the estimates at the grid points s1, ..., Sy,
i.e., we define 7 (k) = > w; I (si, —si; k) with > i_, w; = 1. For instance, we can
use a simple average with w; = 1/r or a negative exponentially weighted average
with w; = exp(—siz)/ 23:1 exp(—sjz.). In i.i.d. case, we obtain that by simply aver-
aging the estimates at different points, the asymptotic variance of the estimator will
be smaller or equal to the variance of the estimator obtained at a single point, which
can be seen directly from Fig. 2. Figure 2 shows that for @ = 2, there is no difference
in terms of the asymptotic variance between estimating [(-) either at a single point or
at more points, whereas for o < 2, the difference is significant, especially when « is
small. Furthermore, Fig. 2 also shows that the smaller « is, the smaller is the covari-
ance between the grid points. For the finite sample case, this fact is consistent with
the typical erratic behavior of the plot Re 1(-) of some non i.i.d. samples, as shown
in Fig. 1. Based on these results and from our simulations, we suggest the choice of
the number of grid points r as follows. For @ = 2 (i.e., for smooth graphs of Re 1),
k > 0), we observe that r = 1 is sufficient, whereas for « < 2 (i.e., for erratic graphs
of Re [ (k), k > 0), at least two points should be chosen, and the number of points
should be larger for smaller « (i.e., for more erratic graphs of Re I k), k > 0). Itis
important to note that from our simulation experience, the accuracy of the estimator
is more sensitive to the location of the grid points than to their number.
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Fig. 2 Plots of W1 (i, j) [see eq. (16)], for s;, sj €1[0.01, 1], and some a’s

In the following subsection, we will investigate the choice of grids points through

monte carlo simulations.

3.2 Simulation results

To investigate the finite sample behavior of the sample codifference, in particular
its dependence on the choice of s, we run several monte-carlo simulations using
R/GNU-S version 2.7.0 R Development Core Team (2008) (available on the Web at
http://www.r-project.org), where we use function rstable in the extension package
stable (available on the Web at http://alpha.luc.ac.be/~jlindsey/rcode.html), to gen-
erate the unit symmetric « stable innovations (based on the method presented in
Chambers et al. 1976) and function arima.sim in the package stats to generate
X; =€ + c1€:-1 + cr€:_p where (c1, ¢2) are

I.(2,1.111) I1.(-1,0.5) I11.(0.55,0.05) 1V.(-0.4,0.7) (17)

and from now on we refer to these as experiment [-experiment IV, respectively.
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In the Gaussian framework, the models correspond to the experiments I, II and III
are examined in Bhansali (1983). The roots of the polynomial 1 + ¢1z + 72 =0
are as follows. In experiment I, the roots are —0.9 £ 0.3i, close to the invertibility
region. In experiment II and IV, the roots are 0.5 £ 0.5, and —0.2857 - 0.247i, so the
absolute values of the roots are 0.71, and 0.378, respectively. In these experiments,
the models have similar roots properties which are neither too close to 1 nor to 0. In
experiment III, the roots are real-valued, equal to —0.435 and —0.115, one close to
0.5 and the other close to 0.

For o = 2, the true values of the normalized population codifference (equal to the
correlation function) at lag k = 1,2, (1(1), 1(2)) = (p(1), p(2)) in experiments
I-1V are:

(I).(0.677,0.178), (I1).(—=0.667,0.222), (I11).(0.443,0.038),
(IV).(—0.412,0.424)

In experiments I and II, the values of I(k) are closer to 1 at lag 1 and not too close to
0 at lag 2 while for experiment III, at lag 1 close to 0.5 but almost O at lag 2. For the
last experiment, at lag 1 it is negative but it is positive at lag 2, with absolute values
near 0.5.

In order to see the performance of the estimator, we simulate the time series in
experiments I-IV for several values of o with 0 = 1 and two sample sizes, the
“small” one is N = 100 and the “large” one is N = 1,000. All experiments are
replicated 7 = 1,000times. The sample normalized codifferences are calculated for
lags 1 to 10. Figure 1 suggests that in the interval 0.01 < s < 0.5, Re 1(-) is rela-
tively less biased, although the best range for s depends on the index «. For checking
the impact of the choice of grid points s, we choose several different sets of s; =
{s1,...,s-},i =1,2,...,28. Here we consider equidistant as well as non equidistant
grid points. The complete list of the choices is as follows: s; = {0.01}, s = {0.1},
s3 = {0.2}, s4 = {0.3}, s5 = {0.5}, s¢ = {1}, s; = {0.01,0.1}, ss = {0.01, 0.2},
so = {0.01,0.5}, s;jo = {0.01,1}, s;3 = {0.1,0.2}, s;o = {0.1,0.5}, s;3 =
{0.1, 1}, s;a = {0.5,1}, s;5 = {0.01,0.1,0.2}, s;¢ = {0.01,0.1,0.5}, s;7 =
{0.01,0.1, 1}, s13 = {0.1,0.2,0.3}, s;9 = {0.1,0.3,0.5}, spo = {0.01,0.5, 1},
so1 = {0.1,0.5, 1}, soo = {0.1,0.2,0.3,0.4, 0.5}, so3 = {0.1,0.2,..., 1}, sp4 =
{0.01, 0.06, 0.11, 0.16, 0.21},s25 ={0.01, 0.02, ..., 0.2}, 526 ={0.01, 0.02, ..., 0.1},
sp7 = {0.11,0.12, ..., 0.2} and spg = {0.5, 0.55, ..., 1}. For each choice of s; in run
h,h=1,...,T,the final estimates are calculated as the weighted value of estimates
corresponding to the choices of grid points s;;, j = 1,...,r;. They are denoted by

Rel()ip = Z;f:l wij Re f(sij, —Sij, )n, Where Re f(sij, —sij, -)n denotes the real
part of the sample normalized codifference in run £ at a certain lag, calculated at
sij»J = 1,...,r;. Here we consider two methods for weighting the estimates, first
we use a simple average of the estimates and second, we use a negative exponential
weighted average. To save space, we only present the result of experiment I, which is
summarized in Table 1, but the results in the other experiments are similar. In the table,
we also record the best choices of s, which are defined as the values of grid points
which minimize the sum of mean absolute deviation (MAD) of estimates at lag 1 and

lag 2, among all considered choices of grid points above. Here, MAD at lag k and
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for grid s; is defined as MADy = + >/ |Re I(k)ip — I (k)], k = 1,2. We also
calculated mean square error (MSE) of estimates, but the results are very similar to
MAD. For the sake of comparison, when o = 2 we also record the estimates of the
sample (central) ACF.

As expected, we observe that the estimation accuracy will be improved when the
sample size is increased. Furthermore, throughout the simulation studies, the results
indicate that the accuracy of the estimates of the normalized codifference function
depends on the choice of grid points s, where the optimal choices of grids depend on
the index « and the sample size N. When « = 2, surprisingly under suitable choices of
grid points, we find in some cases that the sample normalized codifference can provide
a better estimate (in terms of total MAD for the first two lags) for the true values (of
the normalized codifference, which is equal to ACF) than the estimates given by the
sample ACF. When o < 2, it seems that there is a great benefit by evaluating Re 1()
at several points of s, that is r > 1, where under the appropriate choice of grid points
s, the performance of the weighting methods (the simple average and the exponential
weight) are approximately the same. For MA(2) models, in all cases we consider here,
we also find that the estimation accuracies are significantly better if we choose the
grids point in 0.01 < s < 0.5. In general, there is a benefit in terms of the estimation
accuracy if we include a point close to zero. We further observe that when o < 1.5,
the choice of equidistant grids with a distance between 0.01 and 0.05 seems to be
adequate. For ¢ > 1.5, a distance 0.1 seems to be adequate, a smaller grid distance
does not really improve the accuracy of the estimates. As a general conclusion, from
this simulation studies, we may conclude that the optimal choice of grid points s will
follow the lines of our proposed choice of grid points s described in Sect. 3.1.

4 Application

For the practical application, we collected some daily closing price data of stocks
INDF and the composite index IHSG in Indonesia Stock Exchange (IDX) during the
period January 1, 2003 until December 31, 2007. The data are transformed into daily
returns using Y; = In(X;41/Xy),t=1,..., N — 1.

For checking stability of these return series, we estimate the index « of the data over
different time horizons (e.g., over daily, weekly and monthly aggregate levels. See for
instance, Paolella 2001). For each time horizon, we informally compare whether the
confidence intervals of estimates of « (i.e., the average of estimates plus or minus two
standard errors of the estimates) are below the threshold 2.0 and reject the possibility of
using stable distribution if they are above 2.0. For this purpose, we estimate the param-
eters of the stable distribution using Nolan’s numerical maximum likelihood method
(Nolan 1999a), implemented in package fBasics in Rmetrics. The time horizons used
in the study are j = 1,2, ..., 10 days, where for j > 1, we calculate the aggregates
as the average of the data over non-overlapping j-length segments of the data. Our
choice of maximum time horizon j = 10 days here is only restricted by the length of
the data available in the study. The fitting results using non-normal stable distribution
for the stocks returns are given in Table?2.
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Table 2 Estimated of o

Frequency (days) 1 2 3 4 5 6 7 8 9 10 &+2x SE(&@)
Sample size 1,211 605 403 302 242 201 173 151 134 121
Stocks

IHSG composite index 1.62 1.56 1.57 1.49 1.61 1.72 1.80 1.87 1.75 1.80 1.68 £0.08
Indofood sukses (INDF) 1.74 1.78 1.70 1.68 1.80 1.64 1.73 1.77 1.68 1.70 1.72+0.031

Estimated of a-values for samples defined with respect to the time intervals of different sizes. The last
column denotes the mean plus or minus two standard error of @ over all time frequencies considered here

Time span = 1 day Time span = 3 days
8 8
—— data |
4 stable ; o |
~~~~~ - normal; @
o | i/ n
8 —
o — o -
T T T T T T T
-0.05 0.00 0.05 -0.04 -0.02 0.00 0.02
Time Time
Time span = 6 days Time span = 9 days
Y o | .
@
o
©
o
<
o
o
T T T T T T T T T T T T T T
-0.04 -0.02 0.00 001 0.02 -0.04 -0.02 0.00 001 0.02
Time Time

Fig. 3 Density plots for the composite index IHSG returns over different time horizons

We further obtain that based on the density plot (see also Nolan 1999b), the non-nor-
mal stable distributions show a better shape to the data than the fitting result obtained
using the normal distribution (where the sample mean and the sample variance are
used as the estimated parameters). An example for the density plot over different time
horizons is given in Fig. 3. The similar results can also be obtained for INDFR stocks.

To obtain the estimates of the normalized codifference with a good accuracy, we plot
Re [ (k) within the interval s € [0.01, 2], for lag k = 1 (see Fig.4). These graphs are
smooth, which indicate that ¢ is closer to 2, as confirmed from Table 2. Therefore, we
may choose the grid points in the interval 0 < s < 0.5 with a relatively large distance
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Series ihsgr Series indfr

Estimator Re(l)
-0.1594 -0.1590 —0.1586
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Fig. 4 Plots of Re i (1) for INDFR and IHSGR
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Fig.5 Plots of the sample acf and the sample codifference function. In 4a and 4d, the sample codifference
is evaluated at grids s = 0.01, where in 4b and 4e, we consider grids s = {0.01, 0.1, 0.5}

between the grid points. In Fig. 5, we plot Re [(k)ats = 0.01 ands = (0.01, 0.1, 0.5)
using a simple average as the weighting method. The confidence interval of estimates
is calculated using Corollary 1 [see Egs. (14) and (16)]. For comparison purpose, we
also plot the sample ACF of the data. These results indicate that the data will follow
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a moving average process with order 1. A further discussion on the identification of
moving average process with infinite variance process is given in Rosadi (2007).

5 Conclusion

In this paper, we propose estimators of the codifference and the normalized codiffer-
ence function, where for the linear processes with geometrically bounded coefficients
and SaS innovations, we established the asymptotic properties of the proposed
estimators. Notice that unlike the ACF estimator, we obtain that there is no dis-
continuity in either the normalization or the limiting distribution of the proposed
estimators when @ — 2. Moreover, we note that unlike the sample ACF which has
an unfamiliar limiting distribution when o < 2 and relatively difficult to obtain the
quantiles of the limit distribution, estimators of the codifference and the normalized
codifference will be asymptotically normally distributed at the same rate as the sam-
ple ACF in the classical case although the asymptotic variance is different. We also
present a simulation study to observe the small sample properties of the normalized
codifference estimator.

In the practical situation, to obtain the estimates of the normalized codifference with
a good accuracy for the real data, first we suggest to plot Re [ (k) within the interval
s € [0.01, 2], for some values of lag k > 0. These graphs will show two important
things. First, they suggest the interval of s near zero which has a small bias (i.e., the
interval 0.01 < s < sp, s, denotes the threshold point of s where the graphs Re k),
for some k, are still relatively flat), as the best location for evaluating i (+). Secondly, it
reveals the erratic behavior of the estimates. When the graphs are smooth, the choice
of one point s = 0.01 is sufficient for estimating Re [ (k). If the graphs are erratic,
at least two points are required and more points are better for more erratic graphs. If
the equidistant points sy, ..., s, are considered, when the graphs are highly erratic,
we can use a small distance between points, e.g., 0.01, where for less erratic graphs,
we can use a bigger distance, such as 0.05 or 0.1. If the non equidistant points are
used, we should include one point close to zero in the choice of s;’s and the chosen
points are sufficiently close to each other. Finally, we define the final estimate as the
weighted average of the estimates at sq, .. ., s,.

Notice that in this paper we have considered a method for calculating the
codifference and the normalized codifference “directly” from the data. As an obvious
alternative, once one knows the estimated parameters and the orders of the estimated
models, one may directly estimate the codifference and the normalized codifference
using equation (6). The methods for estimating the parameters of stable ARMA models
have been reviewed in, e.g., Embrechts et al. (1997), Chapter 7. Notice that for small
order MA and AR processes, the tail index « can be well estimated using a quantile
based estimator (i.e McCulloch’s method), see, e.g., Adler et al. (1998) for simulation
evidences. In our opinion, for identification purpose (see, e.g., Rosadi 2006, 2007) or
other purposes, the “direct” estimation method is more preferable than estimating the
codifference function via estimated parameters.
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Appendix A: Proof of Theorem 1

Before we give the lemmas which are necessary for the consistency proof of the codif-
ference estimator, a related result from Kokoszka and Taqqu (1994) will be presented,
which shows the codifference function in ARMA case is bounded by an exponentially
decaying function just like the covariance function in the classical case. Kokoszka
and Taqqu (1994) consider more general definition of the codifference function (for
01,6, € R)

1G(01,02; k) = —InEexp(i (01 X4k + 02X;)) + InE exp(i01 X¢44)
+InEexp(if,X;) (18)
but contain (4) as the special case (61 = s, 0, = —s).

Theorem 3 (Kokoszka and Tagqu (1994), Theorem 2.1.) If the coefficients c’s of the
linear process (1), satisfying conditions CI and {€;} satisfying C2 then (01,0, € R)

limsup Q% |z (k)| <2(1 — Q)Y |11 for0 <a <1 (19)
k— 00
and
a—1
OO o
limsup Q% [t (M) < | D" ej]* | (1= 07V [ail16a*"" forl <a <2
k—o00 =0
(20)

To show consistency of the codifference estimator, the following two lemmas are
necessary.

Lemma 1 Let X,, t € Z be the stationary linear process (1), satisfying conditions C1
and C2, and let ®(s) = Eexp(isX;) denote its first order characteristic function. For
ke{0,1,2...}ands e R,s #0

N—k
Ing(s, k) =In ((N — k! Z exp(isx,))

t=1
is a consistent estimator of In @ (s).

Proof Lety; = exp(is X;). Apparently, the magnitude of y; is equal to one, and there-
fore it is a second order stationary process. For the notation simplicity, instead of
working with ¢ (s, k), we first show consistency of ¢*(s, k) = N1 Z?’:l exp(isX;).
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Here, ¢*(s, k) is an unbiased estimator for ®(s) = E(y;). To show the weak consis-
tency of this estimator, we show that y; is amean ergodic process. A sufficient condition
for y, to be mean ergodic, i.e., ¢*(s, k) — E(y;) in the mean square sense, is that
its covariance function tends to zero as time lags tends to oo (e.g., Theorem 7.1.1 in
Brockwell and Davis 1987). The covariance function of y, at lag k can be expressed as

E(exp(is X;+k))E(exp(—is X;))
=D (s)[* (exp(—1(k)) — 1) (21)

From Theorem 3, we see that c(k) — 0 when k — oo exponentially fast. As mean

square convergence entails convergence in probability, ¢* (s, k) L ®(s). Moreover,
under assumptions C1 and C2, we have ®(s) = exp(— Z?":O ¥ |scj]a), a real-

valued function. Therefore we can conclude Re ¢*(s, k) 2 Re ®O(s) = d(s) and
Im ¢* (s, k) 2 Im & (s) = 0.

By taking the principal value of In(-) function in the complex domain, we can
see that In(-) is a continuous and well-defined function on C minus the negative
real line. Because |cj| < cQ’j for some ¢ > 0, Q > 1, we conclude Re ®(s)
always strictly greater than 0, which implies with the probability converging to O,
Re ¢*(s, k) will be less than or equal to 0. Therefore, without loss of generality,
we can restrict the definition of the real and imaginary parts of In ¢*(s, k) only on
the right half plane where Re ¢*(s, k) > 0, and equal to O on the other case. From
this consideration, we obtain Re In ¢* (s, k) = L In((Re ¢*(s, k))> + (Im ¢*(s, k))%)

and ImIn ¢*(s, k) = arctan(glelgig’g

). From the continuity of the logarithm func-

tion in the considered domain, we can deduce that Re In ¢* (s, k) 2 Reln D(s) =
In ®(s) and ImInp*(s, k) = argp™(s, k) L 0, when N — oo. In other words,
we obtain In ¢*(s, k) 2 ®(s). To complete our proof, it is sufficient to show
¢*(s, k) — ¢ (s, k) 2 o By assumption of the model, Re ®(s) > 0, thus
E |Re¢p™(s, k) —Rep(s, k)| < 2ﬁ and E [Im ¢*(s, k) —Im ¢ (s, k)| < 2%, and
therefore we can conclude ¢*(s, k) — ¢ (s, k) = 0, (1). O

Lemma 2 Let X,,t € 7Z be the stationary linear process (1), satisfying conditions
Cl and C2, and for k € {0,1,2,...} and s € R,s # 0, let O(s,—s;k) = E
exp(is(Xt+k — Xt)) be its second-order characteristic function evaluated at (s, —s).
Then as N — oo

Ing (s, —s; k) LS In ®(s, —s; k)
where ¢ (s, —s; k) is as given in (11).

Proof For the proof, we can proceed in a similar way as the previous lemma. For
simplicity, instead of working with ¢ (s, —s; k), we first show the consistency of
¢ (s, —s; k) = N-! Zﬁvzl expis(X;yr — Xt). A sufficient condition for y; to be
autocovariance ergodic (Proakis and Manolakis 1996, p.A10), i.e., ¢*(s, —s, k) —
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® (s, —s; k), in the mean square sense is that
Eexp(is(X; = Xitk — Xogn + Xeann)) = (s, =53 b

as n — oo where the index n denotes the lag of covariance among the sample
autocovariance function. Hence, we have

Eexp(is(X; — X4k — Xon + Xin+k))

Eexp(is((X: — Xi4x) — (Xi4n — Xi4n+41)))
Eexp(is(X; — X;41)E exp(is (X nrk — Xi4n))
= | (s, —s: k)|* exp(—Cy)

=D (s, —s; k)|

where

Co = —InEexp(s((X; = Xy 1) = Xin — Xignth))) (22)
+InEexp(is(X: — Xi 1)) + InEexp(is(Xipnik — Xiq0))  (23)

Applying the similar technique as obtaining (6), one can write C,, as

o0

Cp=0" Z Is(cj — Cjtk — Cj4n + Cj+n+k)|a — Is(¢jtnt+k — Cj+n)|a
Jj=0

—ls(cj —cjrl*

o0
= 0 | Dolstky — kel — | = skjeal = Isk;[°
j=0

where kj = ¢;j — c¢j1k. This expression is the codifference function 7¢ (n) for coeffi-
cients k;’s and parameters 01 = —s, 6, = s. Because |¢;| < cQ~/ for some ¢ > 0,
Q > 1, then |k;j| < c;Q7/ for some ¢; = 2¢ > 0, Q > 1. Therefore, by (20) and
(19), we can conclude that exp(—C,) will converge to 1 exponentially fast. In other
words, Eexp(is(X; — Xi+k — Xi4n + Xegntk)) = |P(s, —s; k)|2 for n — oo, and
we obtain the mean square convergence of ¢*(s, —s; k) to ® (s, —s; k) and therefore
¢ (s, —s; k) 2z ® (s, —s; k). For the rest of the proof, we can proceed similarly to
the proof of previous lemma, as we have ®(s, —s; k) = exp(—a“(zl;;(l) |sc(,~ |a -

Z?io |s(c.,~+k —cj) |a)) also a real-valued function, strictly greater than 0. O

Proof (Proof of Theorem 1) As for finite k and N — oo we obtain /1 —k/N — 1,
then using the results in lemma 1 and lemma 2, we have as N — oo, fori = 1,...,r

T(s;, —si; k) 2 n DO(si, —si3 k) +InD(s;) + In P(—s;) = t(s;, —sis k) (24)
O
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Appendix B: The limit distribution of the sample codifference function

In this part, we will derive the asymptotic distribution of the sample codifference
function of linear processes. The proof will be given as a series of propositions, where
the main results are presented in Theorem 4 and also the proof of Theorem 2 at the
end of this part. The proof will follow closely an approach for obtaining the limiting
distribution of the sample ACF in the classical case, e.g., Theorem 7.2.1 in Brockwell
and Davis (1987).

For notational simplicity, instead of working with T(s;, —s;; k), i = 1,...,r, in
the following first we will consider the similar estimator £*(s;, —s;; k),

T5(si, —si; k) = —Inp*(s;, —si; k) +In¢*(s;, 0; k) + Ingp™(0, —s;; k) (25)

where ¢*(u, v; k) = N1 Zﬁvzl exp(i(uX;+x +vXy)), u, v € R. The required result
will be presented in Theorem 4.

Proposition 1 Let X,, t € Z be the stationary linear process (1), satisfying conditions
Cland C2. Thenif p > 0and g > 0,

) Re t*(s, p) Re7*(s,¢)\\ _,,» q,T
;}ElooNC"V((lmms,p) Nim s, q) ) ) = 2 Vol

where the matrices A, Lé, k= p,qand ¥V, are given in (27), (34) and (36) below.
Here cov(X, Y) denotes the covariance between X and Y.

Proof To obtain a complete variance-covariance structure of the estimator, we con-
sider the following representation of T*(s, k)

Re ‘E*(Slv —S1, k)
Re 7% (s2, —s2, k)

(Ref*(s,k))z Re T*(sy, —sr, k) :A(Y) 26)

Im T*(s, k) Im T*(s1, —s1, k)
Im 7% (s2, —s2, k)

Im T%(s,, —s,, k)

where

I @ A1 @D

>
1
VN
<

I, ® M 0 )
A =(1 1 —1)
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and
Reln Ylk ImIn Ylk
Reln Y¥ ImIn Y§
= . . X= .
Reln Y* ImIn Y¥

Here I, denotes the matrix identity of size r, where we denote

¢*(0, —s;; k) o1(si, k)
vE=|{ ¢*Gi,000) | = ¢a(si, k)
O*(si, —sis k) ¢3(si, k)

and the logarithm function is defined componentwise, i.e., we have

ReIn ¢ (s;, k)
Reln Y} = [ Relnga(s;, k)
Reln ¢3(s;, k)

and similarly for the imaginary part. Let us denote

E¢1(s;i, k) Dy (si, k)
EY} = | Ega(si, k) | = | @251, k)
E3(si, k) D3(s;, k)

Notice that ®(u, v; k) = E(exp(i(uX;4+x + vX;))), u, v € R. Using mean value
theorem, we can expand the codifference function into

(iﬁig: g) = {L’f n E’gz’;v} (28)
where
L = (ReLE)’ 7k (ReZiN) _ (Re<p§’§, -~ Rewi\,)
ImLj ImZ), Img,, — Reyry
with
RelnEY} ReY?f ReEYf
ReLk — Rﬂgwg’ Regl, — R§§7 Rey = ReEYS
Reh;EYf R;Yf Reﬁyf
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Jacobian of (26), which is evaluated at c(||c — 1/f]’f, H < ||gojl§, — 1//1’§, H) From the assump-
tion C2, we obtain

k—1 o0
D3(si, k) = P(si, —sis k) =exp | — ZU“ |s,~c(,~|a - ZU“ |s,~(c.,~+k - cj)|a
=0 =0

(29)

and Cbl(s,-, k) = <I>2(s,~, k), i.e.,
o0
D(s;, 0:k) = @0, —s;: k) =exp [ — Do [sic;|* (30)
j=0

From identities (29)—(30) and further applying the assumption C1, we obtain that the
elements of Re 1/;1]§, are always strictly greater than 0. Therefore, with a probability
convergent to 0, the elements of Re <p§‘\, will be less than or equal to 0. Hence, without
changing the limiting distribution of the estimator, we can restrict the definition of the

real and the imaginary components of (;{(

the elements of Re(gof‘v) > 0, and equal to O in the other case. Thus, we can conclude
that the Jacobian matrix I:g is well defined here. By Theorem 1, I:é will converge in
probability to LX, where

) in (26) only in the right half plane where

k k
L} = VLt

Here Vg denotes the Jacobian of g. From (29), (30), we have the following identities

Re @ (si, —si; k) = Ecos(si (Xi4x — X)) = @(si, —si, k) (31
Re @ (s, 0; k) = Ecos(si X;4x) = @(si, 0, k) (32)
Re ®(0, —s;; k) = Ecos(—s; X;) = ®(0, —s;, k) (33)

and Im ©(s;, —s;; k) = Esin(s; (X;+4 — X;)) = 0, Im @ (s;, 0; k) = Esin(s; X;44) =
0and Im @ (0, —s;; k) = Esin(—s; X;) = 0. Using these identities, after some algebra
we directly obtain

v (Ld5 0
LZ_( 0 Irdk (34)
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418 D. Rosadi, M. Deistler

where (dk)T = [dk, d’2‘, R d’,‘], and the elements ofdf, i=1,...rare

df(1,1) = (Re ®(0, —s;; k)) !
d¥(2,2) = Re ®(s;, 0; k)~
d*(3,3) = Re ®(s;, —si3 k)~

and equal to 0, otherwise. The asymptotic variance-covariance matrix is obtained from
(28) as

. Re T*(s, —s; p) Re T*(s, —s; q) P g.T
N C"V((Imf*(s, —sip) ) \im#ss, —s: gy ) ) =12 Vpalar O

where

VER VI cov(Re Z§, Re Z%)) cov(Re Z§, Im Z%))
Vg = = lim N
" Vi Vog N=o0 cov(Im ZY,, Re Z%)) cov(ImZ%,, Im Z¥)

(36)

The matrix V,, can be obtained by applying Theorem 1 and Remark 2.6 in Hesse
(1990). Its elements can be derived in a similar way as obtaining variance-covariance
matrix in Theorem 1 of Hesse (1990). This is possible, because it can be shown that all
elements of V ,, (in the form of sum of the absolute components) are finite. Therefore,
one can apply the property of the sample mean of ergodic processes (e.g., Theorem
7.1.1 in Brockwell and Davis 1987). Notice that here in particular, we obtain all ele-
ments of V ,,, with respect to cov(Re Z4,, Im Z%) and cov(Im Z},, Re Z) are zeros.
The elements of V ,, with respect to cov(Re ZY,, Re Z%) and cov(Im Z5,, Im Z%)) can
be shown to be finite using identities (29)—(30) and applying a similar approach as
obtaining eq. (21) and (23), and further applying Theorem 3, or sometimes, eq.(2.7) in
Kokoszka and Taqqu (1994) together with the similar steps as the proof of Theorem 3.
However, we omit details. 0O

Proposition 2 Let X;,t € 7 be the moving average process of order m, X; =
Z';’:O cj€—j, satisfying conditions CI and C2. Thenforh € {1,2,...},s e R,s #0

Re % (s, 0) Ret*(s, 1)\~
Im7*(s,0) )7 "7 \ImT*(s, h)

T
isAN([(I(S(;O)),...,(T(séh))} ,N_IM)

where M is the covariance matrix
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M = [ALLV,, LS

AT]
p,q=0,....h

and the matrices A, Lé, k = p,q andV 4 are as given in Proposition 1 above.

Proof To show this relation, define vectors {Y;} by

Y =i Zisr o Losn)
where
X
k
Lty = X'z
X}
wherefor j =1,...,r

exp(—is;X;)

X5 = exp(is; Xi+k)
exp(is;(Xi4x — X))

By definition, {Z;+x} is m + k-dependent sequence and therefore {Y;} is m + h-

dependent sequence. Next define

¢ = (& &,

where

U] §I+h)

N

Re(InN~'> Z,4))

§z+j =

and

N
Re(In N~ Z Ziyj) =

t=1

t=1

N
Im(nN~'Y Z,1))

t=1

N .

Re(In N~! zlx{)
1=

1 N .

Re(In N~ Y XJ)

=1

N .
Re(In N~ > X/))

=1
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420 D. Rosadi, M. Deistler

wherel =1,...,r

N
Re(In N~' > exp(—is;X,))

t=1

N N
Re(In N1 ZXIJ) = Re(In N1 > exp(is; X;+;)
=1

N
Re(In N1 Y exp(isi(Xi+; — X))

t=1

t=1

(similarly for the imaginary part. Note that the summation and the principal value of
In(-) are defined component-wise), then we have

N
—1
Reln (N ZIYr) AT I:(Re-[—*(s’ 0)) (Ref*(s, h))y
~ — T = A* e
i (V- Ly, Im T*(s, 0) Im7%(s, h)

t=1

where X is as given in (27). We therefore need to show that when N — oo

T
al (21T is AN (aT((Re tés’ 0)) Sl (Re t(()s’ h))) ,N_laTMa) 37)

for all vectors a = (ag, ..., ap)! € R"*! such that a’ Ma > 0. For any such a, the
sequence {a’ (;;AT)T} is (m + h)-dependent and since by Proposition 1

lim N var(a’ (;A")T)=a’Ma > 0
N—o0
where M is the covariance matrix

P q.T
M = [ALszquk ]MZO ¥

and the vectors A, L; , Lg, matrix V,, are as given in Proposition 1 above. We
can conclude that {a’ (;;AT)T} satisfies the conditions of central limit theorem for
m-dependent processes (e.g., Brockwell and Davis 1987 Theorem 6.4.2), and there-
fore by this theorem, for N — oo, we obtain the required result (37). The relation
Imz(s,j)=0,j=0,1,...,hcan be obtained directly from identities (29)—(30).

O

Proposition 3 Proposition 2 remains true for X;,t € Z being a stationary linear
process (1), satisfying conditions C1 and C2.

Proof For the proof, we will apply the result of Proposition 2 to the truncated sequence
Xim = Z;":O cj€—j and then derive the result for X; by letting m — oo. For
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0 < p < h, we define
(s, —s; p) = —Ingk (s, —s; p) +In g} (s,0; p) +Ing’ (0, —s; p)  (38)

where ¢ (u, v; p) = N1 Zf;l exp( (X4 pym + vXim)). Then by Proposition 2

2k A T
N2 [(Rerm(s, 0) — Re 7, (s, 0)) L (Rerm(s, h) — Re 1, (s, h))} Sy,

Im 7 (s, 0) — Im 7, (s, 0) Im 7% (s, h) — Im 7, (s, 1)

where Y,,, ~ N(0, M,,). Here M, is the covariance matrix

M (COV(Re 7,,(s, p), Re 7 (s, q)) cov(Re 7, (s, p), Im 7, (s, q)) )
m
p’q:(),...,h

cov(Im 7, (s, p),Re 7, (s, q)) cov(Im 7,5 (s, p), Im 7,5 (s, q))
_ [ng(m)V;qug (m)AT]
p.q

where X is defined as (27) and the Jacobian matrix Lg (m) and matrix ng are defined
for X, as in (34) and (36), respectively. Now, as m — oo,

M, - M
where M is defined like M,,, by replacing X;,, by X,. Hence
Y,y = Y where Y ~ N(0, M)

The proof now can be completed by applying Proposition 6.3.9 in Brockwell and
Davis (1987) provided we can show that

lim lim sup P(N'/?|Re £ (s, p) — Re 1, (s, p) — Re % (s, p)

m—00 N—o0

+Re1(s, p)| >€)=0 (39)

for p =0, 1,..., & (and similarly for the imaginary part). The probability in (39) is
bounded by

€ 2N var(Re t¥ (s, p) — Re %(s, p))
=€ [N var(Re £ (s, p)) + N var(Re £*(s, p))
—2Ncov(Re (s, p), Ret*(s, p))]

From the calculation of Proposition 1 and further noting that Theorem 1 and Remark
2.6 in Hesse (1990) can be applied for the finite moving average process by setting
some of the coefficients c;’s to be zero, we obtain

RR

lim lim N var(Rez, (s, p)) = Nli_r)nooN var(Re (s, p)) = m,,,

m—oON — 00
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where m® pq R denotes the covariance between the real elements in (p, ¢)- block of

covariance matrix M. Moreover, using the same steps to that given in the proof of
Proposition 1, it can be shown that

lim ZJiiancov(Re i (s. p).Ret*(s, p) = mh ¥
Thus
lim limsupe 2N var(Re 7, (s, p) —ReT¥(s, p)) =0
Mm—=00 N 00
Similar results can be obtained for the imaginary part. This established (39). O

Theorem 4 Let X;,t € Z be the stationary linear process (1), satisfying conditions
Cland C2. Thenforh € {1,2,...},s e R, s 20

~ A T T
(m28) ()] oo (57 ()]

where M is as given in Proposition 2 above.

Proof To show the convergence of the estimator Re 7 (s, j) and Im 7 (s, j) to the same
limit as Re T*(s, j) and Im £*(s, j), respectively, with 0 < j < h, it suffices to show
that as N — oo

Re ¢* (sk, —sks /) Re ¢ (sk, —sk; J)
N2 1o [ Reg* (s, 0:) | —=ha| Red(si,0:)) |t =o0p(1)
Re ¢*(0, —sk; /) Re ¢ (0, —sk; j)
(and similarly for the imaginary part) where ¢*(u,v; j) =N"! Zﬁv 1expX,yj+

vX), ¢, v; j) = (N—j)~! zr ) exp(i(uXi4j+vX;))and Ay = [—111].The
required result then follows from Slutzky’s theorem (e.g., Theorem 5.1.1 in Lehmann

1999).
Simple algebra gives, for 0 < j < h,

Re ¢™* (sg, —sk; ) Re ¢ (s, —sk: /)
N'ZE |1 [ Re¢™(sr.0:j) | =22 | Red(se.0:))
Re ¢™(0, —s¢; /) Re ¢ (0, —si; /)
N
Zcm(zsk(x,+ ,X[)),; > coslis(Xp4j — X1)
(N HN ! N— : J
t=N—j+1
. N
=N/2 X1 i) — S(isk Xryj
N/<E Ay (N J)NZcos(zsk t+j) —Jt Nz cos(isg X¢j)
—j+l1
1 N
Zcos( iseX0) = > cos(—isgXr)
(N DN T =N"j+1

_ N
<6j(N =) 1/2<N—_j)1/2
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The required result is obtained from 3j(N — j)™'/2 — 0 and N/(N — j) — 1 as
N — oo. Using the same arguments, similar results can be obtained for the imaginary
part. The conclusion of the theorem then follows from Proposition 3 above. O

Proof (Proof of Theorem 2) Let g(-) be the function from R+D*2" to R"*2" defined

by
25,00\ (Rei(s, 1) Rez(s,h)\]"
g 0 ) \im#es, 1)) \ImiGs, h)
_[(Rei(s, 1)) (Rei(s,z)) (Rei(s,h))T
" \Umie, 1)) \Imis,2)) 7 \Umis, h)

where for 0 < j < h and £(0) # 0, we have Re I (s;, —s;; j) = Set@i=%ii) anqg

7(si,—s$;:0)
Im [ (si, —si; j) = %, fori = 1,...,r. By applying delta method and
Theorem 4 above, we can show that

[(Rei(s, 1)) (Rei(s,z)) (Rei(s,h))T
Imis, 1)) \Imis,2)) "~ \Imi,h)

is asymptotically normal distributed with mean

7(s,0)\ (t(s 1) s, )\
g 0 ’ 0 Y 0
(LI (L1 L1\
o LO )\ Lo )\ L0
and variance N ~'DMDT. Here the matrix M is as given in Proposition 2, D is the
Jacobian matrix of g(-) and I, = [1,1,..., l]T € R’". To obtain the elements of
matrix D, we proceed as follows. First, note that the codifference function at lag 0 is
a real-valued function. Therefore, for 0 < j < h, and t(0) # 0, we obtain Re I (j) =
Re7(j)

0, = I(j)andIm I (j) = I“g (T()(ji ) = 0.1tis straightforward to obtain the Jacobian
matrix D as

Dy Dip 0 ... 0

Dy; 0 D3 0
D= . . (40)

Dpr 0 0 ... Dyt
where
Do

Dhp=| """ 41
I [Or 0r:| 41D
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and
Dll 0r
Digyny = | o'V (42)
0” Dl(l-H)
forl =1, ..h, where
T
pll 1 —1(0) —1(0) —1(0)
M LrGn, =s1:0) T(s2, =52:0) 7 T (s, —5r5 0)
and
1 1 1 r
Dll}l =Ir ) 3 ey
-+ T(s1, —s150) " T(s2, —52; 0) (s, —s,3 0)
Here I, denotes the matrix identity of size r. Let’s denote w;;, fori, j =1,..., A,

the (i, j)th block element of DMD” and m;j,fori, j =0,1,..., h,the (i, j)thblock
element of M. We find that

cov(Re (s, i), Re (s, j)) cov(Re i (s, i), Im i (s, j))

v |:cov(1m I(s,i),Re (s, j)) cov(Im (s, i), Im I (s, j)):|
= DiimooDj1 + Di+nymioDj1 + Diimoj Djjv1y + Di+ymijDjcj+1y
[Dilllnl(l)?ORD}} + Di](li+])miI§)RD]l'{ + Dilllm(l)?jRDll ) + D]] RRD]l

B i+t T Didenymi" D 0

11 11 nll
ii+n™ij D+

(43)

0, D

Here m[X and m]] denote the partitions of m;; which correspond to the real and the

imaginary components, respectively. O

Appendix C: Proof of Corollary 1

Proof (Proof of Corollary 1) As MA(0) is a special case of the linear process (1), by
applying Theorem 2, one can conclude the asymptotic normality of

(Rei(s, 1)) (Rei(s,z)) (Rei(s,h)) ’
Imies, 1)) \Imi(s,2)) "~ \Imis,h)

for h € {1, 2, ...}. The true codifference function of i.i.d. process X; is
(s, —s; k) = —InEexp(is(X;+r — X¢)) + InEexp(is X;+x) + InEexp(—isX;)

) —20%|s|* fork=0
- 0 fork > 0
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which enables us to conclude that the real and the imaginary parts of I(k) = 0
whenever k > 0.
From (43), we obtain that wy, k > 0 is reduced to

Wik = Dre+1ymik Drk+1) 44)

where matrix Dy 1) is as given in (42), with

1 1 17
Dljy =1
i+ =1 [—ZG“IS1 @ 205yl —2oa|sr|a}
and where
Mip = XLngkLé)LT (45)

with A is as given as (27), and the elements of the matrix L’E and the covariance matrix
Vi will be given below. Let us denote

VER(, j) = [cov(Re ¢, (si, k), Re dy (57, k)N p.g=1.23

and

Vil, j) = [cov(Im ¢, (si, k), Im g (57, k)] p.g=1.2.3

as the (7, j)th block elements of kaR and V,{,{ respectively. Using identities (31)—
(33) (and the identities for imaginary part afterwards) in p.417, we can obtain their
components as follows

cov(Re(e1(si, p)), Re(p1(s), q))) = cov(cos(—s; X;), cos(—s; X;))
— %{e*U"‘\SHrsj\“ +e*5a|~"i*»¥j|a}

= sl s 1)

cov(Re(¢1(si, p)), Re(da(sj, g))) = cov(Re(da(si, p)), Re(¢i(sj, q)))
= cov(Re(¢1(si, p)), Re(d1(s;, 9)))
cov(Re(da(si, p)), Re(¢a(s), ¢))) = cov(Re(¢1(si, p)), Re(i(sj, q)))
cov(Re(¢i(si, p)), Re(¢3(s;, g))) = cov(cos(—s; X;), cos(sj(Xi+q — X1)))
+ cov(cos(—s; X11¢), cos(s; (Xi1g — X))
— o0 s Hlsi=5j1%) 4 om0 (s 1" Hsi+s1%)
=0 (Isi|*+12s1%)
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cov(Re(¢3(si, p)), Re(p1(s}, q))) = cov(cos(—s;X;), cos(s; (X;4p — X1)))
+ cov(cos(—s; X1 p), cos(s; (Xr4p — X1)))
e il +lsi—s;1%) + o0 Usil*+lsi+s;1%)

0= (sl +25i1%)

cov(Re(ga(si, p)), Re(p3(s;, q))) = cov(cos(s; Xi+q), c08(sj (Xi+q — X1)))
+cov(cos(si Xi4p), cos(sj (Xi4p+q — Xr4p)))
= 0 Usjl*Hlsi=s;1*) 4 o0 Is;I* +lsi+s;1*)
— 2o~ (si|*+12s5;1%)
cov(Re(ps(si, k), Re(pa(s;, k))) = cov(cos(s; Xitx), cos(si (Xi+x — X1)))
+ cov(cos(s; Xr+k), cos(si (Xr+ok — Xr+k)))

— e il Hsi=sj1%) 4 p=0 (Isi[“HIsis;1%)

e (s 1“2
cov(Re(gs(si, p)), Re(#3(s;, q))) = cov(cos(s; (Xi+p — X1)), c0s(s;(Xr+q — X1)))
+cov(cos(si (X4 p+g — Xitq))s
cos(s; (Xi+q — X1)))
+ cov(cos(si (X+p — X1)),

cos(8j (Xi44prq — Xi4p)) + e

where
0 ifp=gq
Rl =1 cov(cos(s;(Xi+g — Xi4q—p)), c0s(5;(Xr4g — X1))) if g >p

cov(cos(s; (Xr4p — X)) cos(5j (Xitp — Xixp-q)) if p>q
yielding for p = ¢
1

1 5 et e
cov(Re(¢3(si, p)), Re(@3(s), 9)) = Se 20" Isi+sjl +5
— 30" Qlsil*+12s5;1%)

8—20“ [si—=s;|*

4 o0 Uil 1% Hlsi—s;1%)

+ e 0 (sl 1% +lsi+s;1%)

and for p # g
cov(Re(¢3(si. p)). Re(d3(sj q))) = 2¢ " il sl =il

+ 20" Usil*+lsj1*+lsi+s;1%)
— 40" Qlsil“+12s5;1%)
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cov(Im(ei (s, p)), Im(e1(s;, g))) = cov(sin(—s; X;), sin(—s; X;))
1

= E{e_

cov(Im(¢i (si, p)), Im(¢2(s;, g))) = covIm(g2(si, p)), Im(d1 (s, ¢)))
= —cov(Im(¢i(s;, p)), Im(¢1(s;, q)))

cov(Im(g2(si, p)), Im(e2(s;, q))) = cov(Im(1(s;, p)), Im(P1(sj, q)))
cov(Im(es(si, p)), Im(¢3(sj, q))) = cov(sin(s; (Xs+p — X1)), sin(s; (Xi+4 — X1)))

+ cov(sin(s; (Xi+p+g — Xi44))s

sin(sj (Xt — X1)))

“+cov(sin(s; (Xi4prg — Xiap))s

sin(s; (X¢4p — X)) + cl”n?

o%Isi—sj|* _

e—a“|s,-+sj-|”‘}

where

0 if p=gq
P4 = 1 cov(sin(s; (Xi4g — Xi4q—p)), sin(s;(Xr4q — X)) if ¢ > p
cov(sin(s; (X,4p — X0)), sin(s; (X4 p — Xip—q))) if p>gq
yielding for p = ¢

l — o PPN o

cov(Im(@3(si. k). Im(3(s;, k) = e 207 1si=s;
1 _
——e

2

— =0 Usil*+lsj % +lsi=s;1%)

20%|si+s;1* + e 0 (sl s 1% +lsi+s;1%)

and cov(Im(¢3(s;, k)), Im(¢3(s;, k))) = O for p # q. The other elements are all
zeros. The elements of Lé are as given in (34), where the elements of dg‘, i=1,...r
are

d¥(1, 1) = Re D0, —s;: k)~ = ¢ 191"
d(2,2) = (Re d(s;, 0; k) "} = 711"
d{((3, 3) = (Re ®(s;, —si; k))_l _ 620"‘|s,-\"‘)

As from (45) we obtain

mRR = cov(Re £(s, k), Re £(s, k)) = (I, ® A))d* VERZ* (1, @ A7)
and

mii = cov(Im (s, k), Im 2(s, k)) = (I ® A)d*VERa @, @ A1)
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428 D. Rosadi, M. Deistler

then the (i,j)th element of m ,fkR and m ,i,g is obtained from
miR G, j) = mdf ViER G, pHasr]
and
mip G, j) = mdf VI G, dia]
which therefore after a simple algebra, we obtain
MR, j) = oo (sl 418 —lsi=s;1%) {%eoa(si|a+|é‘j|asi$ja) _ 1]

+eU"‘(ISi|°‘+|Sj|°‘—|Si+Sj|'1) ’leva(lsz'l"‘-HSjI"—ISf+Sj|°‘) _ 1] +1

o o o o 1 o o o o
I - oy L o%(sil®+sj | =Isi—s; %) | Z 0% si|“+Is; 1% —[si—s;| )_1
m (i, j) =c¢e e
AU HZ ]
+eﬂa(lsi|°‘+|X_/|°‘—|S1+Sj|“) [1 _ lea“(|s[|“+|sj°‘—s,~+sj0‘)]
2
The required result follows directly from (44). O
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