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Abstract We consider the codifference and the normalized codifference function as
dependence measures for stationary processes. Based on the empirical characteristic
function, we propose estimators of the codifference and the normalized codifference
function. We show consistency of the proposed estimators, where the underlying model
is the ARMA with symmetric α-stable innovations, 0 < α ≤ 2. In addition, we derive
their limiting distribution. We present a simulation study showing the dependence of
the estimator on certain design parameters. Finally, we provide an empirical example
using some stocks from Indonesia Stock Exchange.

Keywords ARMA · Infinite variance · Codifference · Empirical characteristic
function

1 Introduction

In many cases, the assumption of normality for the observations seems to be reason-
able. On the other hand, in a number of applications, such as in signal processing,
telecommunications, finance, physics and chemistry, the leptokurtic distribution, i.e.,
the distribution which is heavy-tailed and peaked around the center, seems to be more

D. Rosadi (B)
Department of Mathematics, Gadjah Mada University,
Sekip Utara, Yogyakarta, Indonesia
e-mail: dedirosadi@ugm.ac.id

M. Deistler
Institute for Mathematical Methods in Economics,
Research Unit Econometrics and System Theory, Vienna University of Technology,
Argentinierstrasse 8, A1040 Vienna, Austria
e-mail: manfred.deistler@tuwien.ac.at

123



396 D. Rosadi, M. Deistler

appropriate (e.g., Rachev and Mittnik 2000; Nikias and Shao 1995). An important class
of distributions in this context is the stable distribution, which is a flexible class for
data modeling and contains normal distributions as its special case. The importance of
this class of distributions is strongly supported by generalized central limit theorems,
which indicate that the stable distributions are the only possible limiting distributions
for normed sums of independent and identically distributed random variables. For
information on stable distribution, the reader is referred to, e.g., Samorodnitsky and
Taqqu (1994).

In this paper, we consider univariate strictly stationary linear processes {Xt , t ∈ Z},
where Z denotes the integers, given by

Xt =
∞∑

j=0

c jεt− j (1)

where the following holds

(C1) The coefficients c j are real-valued and satisfy |c j | < cQ− j for some c > 0,
Q > 1

(C2) εt is i.i.d. symmetric α stable (SαS) distributed, i.e., εt has a characteristic
function of the form

E exp(isεt ) = exp(−σα |s|α) (2)

where α denotes the index of stability (0 < α ≤ 2), and σ ≥ 0 denotes the
scale parameter.

Under conditions C1 and C2,
∑∞

j=0 |c j |α < ∞ holds, and the infinite sum (1) is well
defined in the sense of a.s. convergence. Moreover, the process {Xt } will be a strictly
stationary SαS process with the same index of stability α and with scale parameter
σX = σ(

∑∞
j=0 |c j |α)1/α (Samorodnitsky and Taqqu 1994, Theorem 7.12.2). Consider

the ARM A(p, q) system

�(z)Xt = �(z)εt (3)

for t ∈ Z, where the polynomials � and � are given as

�(z) = 1 − φ1z − φ2z2 − · · · − φpz p,

�(z) = 1 + θ1z + θ2z2 + · · · + θq zq ,

with the real coefficients φ1, φ2, . . . , φp and θ1, . . . , θq , when z denotes backward-
shift operator (z(Xt ) = (Xt−1)) as well as the complex variable and when εt fulfils
the condition C2. We assume that the polynomial�(z) has no roots in the closed unit
disk {z : |z| ≤ 1} and then the system (3) has a unique stationary solution of the form
(1) which fulfils condition C1. In addition, it is assumed that the polynomials �(z)
and �(z) have no common zeros.
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Estimating the codifference function of linear time series models with infinite variance 397

Here notice that if α = 2, then εt is i.i.d. Gaussian with var(εt ) = 2σ 2. When
α < 2, E |εt |p = ∞ for p ≥ α and E |εt |p < ∞ for 0 < p < α. The second moments
of εt (and Xt ) exist only for α = 2, and for α < 2, one can not use the covariance
function to describe the dependence structure of the process {Xt }. Some generaliza-
tions of the autocovariance function as dependence measures of stationary process
with infinite variance have been proposed in the literature, e.g., the autocovariation
(see, e.g., Samorodnitsky and Taqqu 1994), the codifference function (e.g., Kokoszka
and Taqqu 1994; Samorodnitsky and Taqqu 1994) and the dynamical function Janicki
and Weron (1994). In this paper, we consider the codifference function and analyze
the properties of its estimator, both by an analytical investigation and a simulation
study.

The rest of this paper is organized as follows. In Sect. 2, we present the main results
of this paper. In this section, we give the definition of the codifference and the nor-
malized codifference function, and also propose their estimators. Furthermore, for a
class of linear processes, we show consistency of the sample codifference function,
and further establish the limiting distribution of the proposed estimator. In Sect. 3, we
present several simulation studies for the estimation of the normalized codifference
function of pure moving average processes. Finally, in Sect. 4 we provide an empirical
example using some stocks from Indonesia Stock Exchange (IDX).

2 Dependence structure of linear time series model with infinite variance

2.1 Definition of the codifference function and its estimator

We consider the codifference function as proposed in Kokoszka and Taqqu (1994) and
Yang et al. (2001)

τ(k) = τ(s,−s; k) = − ln E exp(is(Xt+k − Xt ))+ ln E exp(is Xt+k)

+ ln E exp(−is Xt ) (4)

where s ∈ R and k ∈ Z. Because the characteristic function always exists, the co-
difference function requires no moment conditions for the original process {Xt }. In
the Gaussian case, the codifference function is proportional to the covariance func-
tion, i.e., τ(s,−s; k) = −s2γ (k), where γ (·) denotes the covariance function of the
stationary process {Xt }. Moreover, by defining the normalized codifference function
I (k) as

I (k) = τ(s,−s; k)

τ (s,−s; 0)
(5)

one directly obtains I (k) = ρ(k) in the Gaussian case and it does not depend on s,
where ρ(k) denotes the correlation function.

Note that in general τ(−k) = τ(k)∗, where τ(k)∗ denotes the conjugate of τ(k). In
particular, under the assumptions C1 and C2, we obtain that the codifference function

123



398 D. Rosadi, M. Deistler

τ(k) of the linear process (1) is of the form (see Kokoszka and Taqqu 1994)

τ(k) = σα|s|α
⎡

⎣
∞∑

j=0

(
∣∣(c j+k − c j )

∣∣α − ∣∣c j+k
∣∣α − ∣∣−c j

∣∣α)

⎤

⎦, k ≥ 0 (6)

Note that under conditions C1 and C2, the normalized codifference function (5) is
independent of the choice of s. In what follows, we consider SαS processes {Xt , t ∈ Z}
(see, e.g., Samorodnitsky and Taqqu 1994). For these processes, τ(1,−1; k) is iden-
tical to the codifference function u(k) as given in Samorodnitsky and Taqqu (1994),
eq. (4.7.1), where for a given (strictly) stationary SαS process {Xt , t ∈ Z}, u(k) is
defined as

u(k) = 2(σXt )
α − (σXt+k−Xt )

α (7)

where σZ denotes a scale parameters of Z .
Notice that if Xt ’s are independent, then for k �= 0, u(k) = 0, and clearly, τ(k) = 0

for all s. Conversely, if u(k) = 0, k �= 0 and 0 < α < 1, then Xt are indepen-
dent. When 1 ≤ α < 2, u(k) = 0 does not imply that Xt+k and Xt are independent
Samorodnitsky and Taqqu (1994).

Using Property 2.10.5 in Samorodnitsky and Taqqu (1994), we obtain that the
normalized codifference I (k) has the following property

0 ≤ I (k) ≤ 1 if 0 < α ≤ 1 (8)

1 − 2α−1 ≤ I (k) ≤ 1 if 1 ≤ α ≤ 2 (9)

when α = 2, (9) becomes −1 ≤ ρ(k) ≤ 1, where ρ(·) denotes the autocorrelation
function. Further theoretical properties of the codifference function were studied in
Kokoszka and Taqqu (1994), Samorodnitsky and Taqqu (1994), Nowicka (1997) and
Nowicka and Weron (1997), Rosadi (2005).

As the codifference function is defined via characteristic functions (cf ), it can be
estimated by empirical characteristic functions (ecf ) (see, e.g., Yu 2004 for a review
on ecf ). Given a sample X1, X2, . . . , X N , an estimator for the codifference function
at lag k ∈ Z can be defined as (s ∈ R)

τ̂ (s,−s; k) = √
(N − k)/N × [− ln φ(s,−s; k)+ ln φ(s, 0; k)

+ ln φ(0,−s; k)] (10)

where for u, v ∈ R

φ(u, v; k) =

⎧
⎪⎪⎨

⎪⎪⎩

(N − k)−1
N−k∑
t=1

exp(i(u Xt+k + vXt )) when k ≥ 0

(N + k)−1
N+k∑
t=1

exp(i(u Xt−k + vXt )) when k < 0
(11)
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Estimating the codifference function of linear time series models with infinite variance 399

Accordingly, Î (s,−s; k) = τ̂ (s,−s;k)
τ̂ (s,−s;0) can be used as the estimator of the normalized

codifference I (k). Here we consider a discrete estimation procedure, i.e., we evaluate
the codifference function at r points s1 < · · · < sr , for si ∈ R, si �= 0, i = 1, . . . , r .
We define the vectors s = [s1, . . . , sr ]T ,

τ̂ (s, k) = [τ̂ (s1,−s1; k), τ̂ (s2,−s2; k), . . . , τ̂ (sr ,−sr ; k)]T

and

Î (s, k) = [ Î (s1,−s1; k), Î (s2,−s2; k), . . . , Î (sr ,−sr ; k)]T

We similarly denote τ(s, k) and I (s, k) as the vectors of the codifference and nor-
malized codifference function, respectively. Note that one can replace the factor√
(N − k)/N in (10) by unity, and also the divisor (N − k) in (11) by N without

changing the asymptotic properties of the estimator, however, the choices in (10)
and (11) will give a better finite sample performance than the alternative. Note that
τ̂ (−k) = τ̂ (k) such one can restrict the analysis to the case of k ≥ 0. Two similar
estimators for the codifference function have been proposed in Yang et al. (2001) and
in Hong (1999).

2.2 The asymptotic properties of the estimator

The asymptotic properties of the sample codifference are summarized in the following
theorems.

Theorem 1 Let {Xt , t ∈ Z} be a stationary linear process (1) satisfying conditions
C1 and C2. For s ∈ R

r , si �= 0, i = 1, . . . , r , k ∈ {0, 1, 2, . . .} its sample codiffer-
ence τ̂ (s, k) and the sample normalized codifference Î (s, k) are (weakly) consistent
estimators for τ(s, k) and I (s, k), respectively.

The proof is given in Appendix A.
The asymptotic distribution of the sample codifference function (and the sample

normalized codifference function) of the linear process (1) can be derived using a
central limit theorem for empirical characteristic functions (Hesse 1990, Theorem 1
and Remark 2.6.). For convenience, we split τ̂ into its real and imaginary parts. We
write

Re τ̂ (s, k) = [
Re τ̂ (s1,−s1; k),Re τ̂ (s2,−s2; k), . . . ,Re τ̂ (sr ,−sr ; k)

]T

and

Im τ̂ (s, k) = [
Im τ̂ (s1,−s1; k), Im τ̂ (s2,−s2; k), . . . , Im τ̂ (sr ,−sr ; k)

]T

Here, Re(z) and Im(z), z ∈ C denote the real and imaginary parts of z. As τ̂ (s,−s, 0)
by definition is a real function, we therefore obtain
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Re Î (s, k) =

⎡

⎢⎢⎢⎣

Re τ̂ (s1,−s1; k)/τ̂ (s1,−s1; 0)
Re τ̂ (s2,−s2; k)/τ̂ (s2,−s2; 0)

...

Re τ̂ (sr ,−sr ; k)/τ̂ (sr ,−sr ; 0)

⎤

⎥⎥⎥⎦ ,

Im Î (s, k) =

⎡

⎢⎢⎢⎣

Im τ̂ (s1,−s1; k)/τ̂ (s1,−s1; 0)
Im τ̂ (s2,−s2; k)/τ̂ (s2,−s2; 0)

...

Im τ̂ (sr ,−sr ; k)/τ̂ (sr ,−sr ; 0)

⎤

⎥⎥⎥⎦ (12)

In the following theorem, a result regarding the asymptotic distribution of the sam-
ple normalized codifference is given. The proof is given in Appendix B.

Theorem 2 Let {Xt , t ∈ Z} be a stationary linear process (1), satisfying conditions
C1 and C2. Then for h ∈ {1, 2, . . .},

[(
Re Î (s, 1)
Im Î (s, 1)

)
,

(
Re Î (s, 2)
Im Î (s, 2)

)
, . . . ,

(
Re Î (s, h)
Im Î (s, h)

)]T

is

AN

([(
lr I (1)

lr 0

)
,

(
lr I (2)

lr 0

)
. . . ,

(
lr I (h)

lr 0

)]T

, N−1W

)
(13)

The matrix variance-covariance W is given in (43) and lr = [1, 1, . . . , 1]T ∈ R
r .

Applying this theorem to the special case of i.i.d. observations, we obtain:

Corollary 1 Let {Xt , t ∈ Z} be an i.i.d. sequence satisfying the condition C2. Then
for k ∈ {1, 2, . . .},

Re Î (s, k) is AN (0, N−1W1) (14)

and

Im Î (s, k) is AN (0, N−1W2) (15)

where the (i, j)th elements of matrix W1 and W2 are,

W1(i, j) = fi j

gi j
and W2(i, j) = hi j

gi j
, i, j = 1, . . . , r (16)
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with

fi j = eσ
α(|si |α+|s j |α−|si −s j |α)

{
1

2
eσ

α(|si |α+|s j |α−|si −s j |α) − 1

}

+ eσ
α(|si |α+|s j |α−|si +s j |α)

{
1

2
eσ

α(|si |α+|s j |α−|si +s j |α) − 1

}
+ 1

hi j = eσ
α(|si |α+|s j |α−|si −s j |α)

{
1

2
eσ

α(|si |α+|s j |α−|si −s j |α) − 1

}

+ eσ
α(|si |α+|s j |α−|si +s j |α)

{
1 − 1

2
eσ

α(|si |α+|s j |α−|si +s j |α)
}

and

gi j = 4σ 2α |si |α
∣∣s j

∣∣α .

The proof is given in Appendix C.

3 Simulation evidence

In this section, we present a simulation study for investigating the small sample prop-
erties of the sample normalized codifference function.

3.1 Practical considerations

Before we proceed, we make a remark about the sample and the population codiffer-
ence function. From (6) and the fact that all c j ’s are real, we see that the population
codifference function is a real valued function. On the other hand, its estimator (10)
is complex valued. Because the estimator we propose is consistent, one possibility is
to use only the real part of the estimator.

In what follows, we are only considering with the sample normalized codifference
Î (k). We note that unlike the population, the sample normalized codifference function
depends on s = {s1, . . . , sr }. Apparently Î (·) is defined for all s > 0. However, in a
finite sample, the accuracy of the estimator of the population values depends on the
choice of s. Therefore, for estimation, s is a design parameter, which has to be chosen
appropriately. In other words, Î (·) should be calculated from those values of s which
give the most accurate estimates of the true function I (·).

To be more precise, in practice the number of grid points r and more importantly,
the location of s1, . . . , sr , have to be chosen. As the normalized codifference function
is defined based on the ecf, we can apply here the known results for the ecf. For a fixed
r , Koutrouvelis (1980) and Kogon and Williams (1998) showed that for calculating
the ecf, the location of the grid points s1, . . . , sr , should be chosen close, but not equal
to zero, since then the ecf will give accurate estimates of the characteristic function.
Such a choice of grid points seems to be reasonable for calculating Î (·) too, see Fig. 1.
To determine the location of si ’s, we suggest to plot Re Î (s, k) for 0.01 ≤ s ≤ 2,
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Fig. 1 Plots of Re Î (1) for several simulation runs. Here α = 2 (1a–1b) , α = 1.5 (2a–2b), α = 1 (3a–3b)
and α = 0.5 (4a–4b) and σ = 1, s ∈ [0.01, 1.55]. Data are generated from experiment I that is MA(2)
process with c0 = 1, c1 = 2 and c2 = 1.111. The straight lines denote the true values of I (1)

for some values of lag k > 0. These graphs will show ranges for s where the bias is
small. The best choice for range of s clearly depends on the data itself and in general
also on the lag k. However, we suggest to use sa = 0.01 as the left bound of range,
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where the best choice for the right bound should be determined from the graphs, i.e.,
as the threshold of s = sb where the graphs of Re Î (k), for some lag k, are still rela-
tively flat. The individual choices for si ’s can be chosen in one of the following two
ways:

1. If we wish to use equal spacing of si ’s, we can set s = {s1 = 0.01, 0.01 +
i sb−sa

r−1 , sb}, i = 1, . . . , r − 2. Here we choose si ’s by plotting the sample codif-
ference for given values of si as given in Fig. 1. Figure 1 indicates these sample
codifferences apparently depend on the sample size N and additionally on α.
From our simulation studies, we observe that the sample codifference has a strong
dependency on α, less dependence on lag k. For α = 2, Î (k) is relatively smooth,
where for α < 2, Î (k) has an erratic behavior, and this behavior is stronger for
smaller α. This result suggests that when α = 2, there is no benefit by choosing
the si ’s very close to each other. When α is getting smaller, then we need to choose
si ’s sufficiently close to each other. Here, we propose to use si ’s with distance
d = 0.01 for α ≤ 1, 0.01 < d ≤ 0.05 for 1 < α ≤ 1.5, 0.05 < d ≤ 0.1 for
1.5 < α < 2 and d = 0.1 or larger for α = 2. Especially in the i.i.d. case we can
show that these choices are sufficient, in the sense that for given α, choosing a
smaller distance between grid points will not significantly decrease the determi-
nant of the covariance matrix (14). However, as the erratic behavior of the sample
codifference is typical for given α, in practice it is not necessary to know α in
advance.

2. In case of unequal spacing, when r has been fixed, the choice of si ’s can be chosen
using a similar consideration as above, i.e., we choose the si ’s sufficiently close,
depending on the erratic behavior of the estimates Re Î (·).

Finally we have to choose the number of points r . For r ≥ 1, the final estimate Î (k)
can be defined as the weighted average of the estimates at the grid points s1, . . . , sr ,
i.e., we define Î (k) = ∑r

i=1wi Î (si ,−si ; k) with
∑r

i=1wi = 1. For instance, we can
use a simple average with wi = 1/r or a negative exponentially weighted average
with wi = exp(−s2

i )/
∑r

j=1 exp(−s2
j ). In i.i.d. case, we obtain that by simply aver-

aging the estimates at different points, the asymptotic variance of the estimator will
be smaller or equal to the variance of the estimator obtained at a single point, which
can be seen directly from Fig. 2. Figure 2 shows that for α = 2, there is no difference
in terms of the asymptotic variance between estimating Î (·) either at a single point or
at more points, whereas for α < 2, the difference is significant, especially when α is
small. Furthermore, Fig. 2 also shows that the smaller α is, the smaller is the covari-
ance between the grid points. For the finite sample case, this fact is consistent with
the typical erratic behavior of the plot Re Î (·) of some non i.i.d. samples, as shown
in Fig. 1. Based on these results and from our simulations, we suggest the choice of
the number of grid points r as follows. For α = 2 (i.e., for smooth graphs of Re Î (k),
k > 0), we observe that r = 1 is sufficient, whereas for α < 2 (i.e., for erratic graphs
of Re Î (k), k > 0), at least two points should be chosen, and the number of points
should be larger for smaller α (i.e., for more erratic graphs of Re Î (k), k > 0). It is
important to note that from our simulation experience, the accuracy of the estimator
is more sensitive to the location of the grid points than to their number.
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Fig. 2 Plots of W1(i, j) [see eq. (16)], for si , s j ∈ [0.01, 1], and some α’s

In the following subsection, we will investigate the choice of grids points through
monte carlo simulations.

3.2 Simulation results

To investigate the finite sample behavior of the sample codifference, in particular
its dependence on the choice of s, we run several monte-carlo simulations using
R/GNU-S version 2.7.0 R Development Core Team (2008) (available on the Web at
http://www.r-project.org), where we use function rstable in the extension package
stable (available on the Web at http://alpha.luc.ac.be/~jlindsey/rcode.html), to gen-
erate the unit symmetric α stable innovations (based on the method presented in
Chambers et al. 1976) and function arima.sim in the package stats to generate
Xt = εt + c1εt−1 + c2εt−2 where (c1, c2) are

I. (2, 1.111) I I. (−1, 0.5) I I I. (0.55, 0.05) I V . (−0.4, 0.7) (17)

and from now on we refer to these as experiment I–experiment IV, respectively.
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In the Gaussian framework, the models correspond to the experiments I, II and III
are examined in Bhansali (1983). The roots of the polynomial 1 + c1z + c2z2 = 0
are as follows. In experiment I, the roots are −0.9 ± 0.3i , close to the invertibility
region. In experiment II and IV, the roots are 0.5±0.5i , and −0.2857±0.247i , so the
absolute values of the roots are 0.71, and 0.378, respectively. In these experiments,
the models have similar roots properties which are neither too close to 1 nor to 0. In
experiment III, the roots are real-valued, equal to −0.435 and −0.115, one close to
0.5 and the other close to 0.

For α = 2, the true values of the normalized population codifference (equal to the
correlation function) at lag k = 1, 2 , (I (1), I (2)) = (ρ(1), ρ(2)) in experiments
I–IV are:

(I ). (0.677, 0.178), (I I ). (−0.667, 0.222), (I I I ). (0.443, 0.038),

(I V ). (−0.412, 0.424)

In experiments I and II, the values of I(k) are closer to 1 at lag 1 and not too close to
0 at lag 2 while for experiment III, at lag 1 close to 0.5 but almost 0 at lag 2. For the
last experiment, at lag 1 it is negative but it is positive at lag 2, with absolute values
near 0.5.

In order to see the performance of the estimator, we simulate the time series in
experiments I–IV for several values of α with σ = 1 and two sample sizes, the
“small” one is N = 100 and the “large” one is N = 1,000. All experiments are
replicated T = 1,000 times. The sample normalized codifferences are calculated for
lags 1 to 10. Figure 1 suggests that in the interval 0.01 ≤ s ≤ 0.5, Re Î (·) is rela-
tively less biased, although the best range for s depends on the index α. For checking
the impact of the choice of grid points s, we choose several different sets of si =
{s1, . . . , sr }, i = 1, 2, . . . , 28. Here we consider equidistant as well as non equidistant
grid points. The complete list of the choices is as follows: s1 = {0.01}, s2 = {0.1},
s3 = {0.2}, s4 = {0.3}, s5 = {0.5}, s6 = {1}, s7 = {0.01, 0.1}, s8 = {0.01, 0.2},
s9 = {0.01, 0.5}, s10 = {0.01, 1}, s11 = {0.1, 0.2}, s12 = {0.1, 0.5}, s13 =
{0.1, 1}, s14 = {0.5, 1}, s15 = {0.01, 0.1, 0.2}, s16 = {0.01, 0.1, 0.5}, s17 =
{0.01, 0.1, 1}, s18 = {0.1, 0.2, 0.3}, s19 = {0.1, 0.3, 0.5}, s20 = {0.01, 0.5, 1},
s21 = {0.1, 0.5, 1}, s22 = {0.1, 0.2, 0.3, 0.4, 0.5}, s23 = {0.1, 0.2, . . . , 1}, s24 =
{0.01, 0.06, 0.11, 0.16, 0.21}, s25 ={0.01, 0.02, . . . , 0.2}, s26 ={0.01, 0.02, . . . , 0.1},
s27 = {0.11, 0.12, . . . , 0.2} and s28 = {0.5, 0.55, . . . , 1}. For each choice of si in run
h, h = 1, . . . , T , the final estimates are calculated as the weighted value of estimates
corresponding to the choices of grid points si j , j = 1, . . . , ri . They are denoted by
Re Î (·)ih = ∑ri

j=1wi j Re Î (si j ,−si j , ·)h , where Re Î (si j ,−si j , ·)h denotes the real
part of the sample normalized codifference in run h at a certain lag, calculated at
si j , j = 1, . . . , ri . Here we consider two methods for weighting the estimates, first
we use a simple average of the estimates and second, we use a negative exponential
weighted average. To save space, we only present the result of experiment I, which is
summarized in Table 1, but the results in the other experiments are similar. In the table,
we also record the best choices of s, which are defined as the values of grid points
which minimize the sum of mean absolute deviation (MAD) of estimates at lag 1 and
lag 2, among all considered choices of grid points above. Here, MAD at lag k and
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for grid si is defined as M ADik = 1
T

∑T
h=1 | Re Î (k)ih − I (k)|, k = 1, 2. We also

calculated mean square error (MSE) of estimates, but the results are very similar to
MAD. For the sake of comparison, when α = 2 we also record the estimates of the
sample (central) ACF.

As expected, we observe that the estimation accuracy will be improved when the
sample size is increased. Furthermore, throughout the simulation studies, the results
indicate that the accuracy of the estimates of the normalized codifference function
depends on the choice of grid points s, where the optimal choices of grids depend on
the index α and the sample size N . When α = 2, surprisingly under suitable choices of
grid points, we find in some cases that the sample normalized codifference can provide
a better estimate (in terms of total MAD for the first two lags) for the true values (of
the normalized codifference, which is equal to ACF) than the estimates given by the
sample ACF. When α < 2, it seems that there is a great benefit by evaluating Re Î (·)
at several points of s, that is r > 1, where under the appropriate choice of grid points
s, the performance of the weighting methods (the simple average and the exponential
weight) are approximately the same. For MA(2) models, in all cases we consider here,
we also find that the estimation accuracies are significantly better if we choose the
grids point in 0.01 ≤ s < 0.5. In general, there is a benefit in terms of the estimation
accuracy if we include a point close to zero. We further observe that when α < 1.5,
the choice of equidistant grids with a distance between 0.01 and 0.05 seems to be
adequate. For α ≥ 1.5, a distance 0.1 seems to be adequate, a smaller grid distance
does not really improve the accuracy of the estimates. As a general conclusion, from
this simulation studies, we may conclude that the optimal choice of grid points s will
follow the lines of our proposed choice of grid points s described in Sect. 3.1.

4 Application

For the practical application, we collected some daily closing price data of stocks
INDF and the composite index IHSG in Indonesia Stock Exchange (IDX) during the
period January 1, 2003 until December 31, 2007. The data are transformed into daily
returns using Yt = ln(Xt+1/Xt ), t = 1, . . . , N − 1.

For checking stability of these return series, we estimate the index α of the data over
different time horizons (e.g., over daily, weekly and monthly aggregate levels. See for
instance, Paolella 2001). For each time horizon, we informally compare whether the
confidence intervals of estimates of α (i.e., the average of estimates plus or minus two
standard errors of the estimates) are below the threshold 2.0 and reject the possibility of
using stable distribution if they are above 2.0. For this purpose, we estimate the param-
eters of the stable distribution using Nolan’s numerical maximum likelihood method
(Nolan 1999a), implemented in package fBasics in Rmetrics. The time horizons used
in the study are j = 1, 2, . . . , 10 days, where for j > 1, we calculate the aggregates
as the average of the data over non-overlapping j-length segments of the data. Our
choice of maximum time horizon j = 10 days here is only restricted by the length of
the data available in the study. The fitting results using non-normal stable distribution
for the stocks returns are given in Table 2.
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Table 2 Estimated of α

Frequency (days) 1 2 3 4 5 6 7 8 9 10 ¯̂α ± 2 × SE(α̂)

Sample size 1,211 605 403 302 242 201 173 151 134 121

Stocks

IHSG composite index 1.62 1.56 1.57 1.49 1.61 1.72 1.80 1.87 1.75 1.80 1.68 ± 0.08

Indofood sukses (INDF) 1.74 1.78 1.70 1.68 1.80 1.64 1.73 1.77 1.68 1.70 1.72±0.031

Estimated of α-values for samples defined with respect to the time intervals of different sizes. The last
column denotes the mean plus or minus two standard error of α̂ over all time frequencies considered here
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Fig. 3 Density plots for the composite index IHSG returns over different time horizons

We further obtain that based on the density plot (see also Nolan 1999b), the non-nor-
mal stable distributions show a better shape to the data than the fitting result obtained
using the normal distribution (where the sample mean and the sample variance are
used as the estimated parameters). An example for the density plot over different time
horizons is given in Fig. 3. The similar results can also be obtained for INDFR stocks.

To obtain the estimates of the normalized codifference with a good accuracy, we plot
Re Î (k) within the interval s ∈ [0.01, 2], for lag k = 1 (see Fig. 4). These graphs are
smooth, which indicate that α̂ is closer to 2, as confirmed from Table 2. Therefore, we
may choose the grid points in the interval 0 < s < 0.5 with a relatively large distance
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Fig. 5 Plots of the sample acf and the sample codifference function. In 4a and 4d, the sample codifference
is evaluated at grids s = 0.01, where in 4b and 4e, we consider grids s = {0.01, 0.1, 0.5}

between the grid points. In Fig. 5, we plot Re Î (k) at s = 0.01 and s = (0.01, 0.1, 0.5)
using a simple average as the weighting method. The confidence interval of estimates
is calculated using Corollary 1 [see Eqs. (14) and (16)]. For comparison purpose, we
also plot the sample ACF of the data. These results indicate that the data will follow
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a moving average process with order 1. A further discussion on the identification of
moving average process with infinite variance process is given in Rosadi (2007).

5 Conclusion

In this paper, we propose estimators of the codifference and the normalized codiffer-
ence function, where for the linear processes with geometrically bounded coefficients
and SαS innovations, we established the asymptotic properties of the proposed
estimators. Notice that unlike the ACF estimator, we obtain that there is no dis-
continuity in either the normalization or the limiting distribution of the proposed
estimators when α → 2. Moreover, we note that unlike the sample ACF which has
an unfamiliar limiting distribution when α < 2 and relatively difficult to obtain the
quantiles of the limit distribution, estimators of the codifference and the normalized
codifference will be asymptotically normally distributed at the same rate as the sam-
ple ACF in the classical case although the asymptotic variance is different. We also
present a simulation study to observe the small sample properties of the normalized
codifference estimator.

In the practical situation, to obtain the estimates of the normalized codifference with
a good accuracy for the real data, first we suggest to plot Re Î (k) within the interval
s ∈ [0.01, 2], for some values of lag k > 0. These graphs will show two important
things. First, they suggest the interval of s near zero which has a small bias (i.e., the
interval 0.01 < s < sb, sb denotes the threshold point of s where the graphs Re Î (k),
for some k, are still relatively flat), as the best location for evaluating Î (·). Secondly, it
reveals the erratic behavior of the estimates. When the graphs are smooth, the choice
of one point s = 0.01 is sufficient for estimating Re Î (k). If the graphs are erratic,
at least two points are required and more points are better for more erratic graphs. If
the equidistant points s1, . . . , sr are considered, when the graphs are highly erratic,
we can use a small distance between points, e.g., 0.01, where for less erratic graphs,
we can use a bigger distance, such as 0.05 or 0.1. If the non equidistant points are
used, we should include one point close to zero in the choice of si ’s and the chosen
points are sufficiently close to each other. Finally, we define the final estimate as the
weighted average of the estimates at s1, . . . , sr .

Notice that in this paper we have considered a method for calculating the
codifference and the normalized codifference “directly” from the data. As an obvious
alternative, once one knows the estimated parameters and the orders of the estimated
models, one may directly estimate the codifference and the normalized codifference
using equation (6). The methods for estimating the parameters of stable ARMA models
have been reviewed in, e.g., Embrechts et al. (1997), Chapter 7. Notice that for small
order MA and AR processes, the tail index α can be well estimated using a quantile
based estimator (i.e McCulloch’s method), see, e.g., Adler et al. (1998) for simulation
evidences. In our opinion, for identification purpose (see, e.g., Rosadi 2006, 2007) or
other purposes, the “direct” estimation method is more preferable than estimating the
codifference function via estimated parameters.
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Appendix A: Proof of Theorem 1

Before we give the lemmas which are necessary for the consistency proof of the codif-
ference estimator, a related result from Kokoszka and Taqqu (1994) will be presented,
which shows the codifference function in ARMA case is bounded by an exponentially
decaying function just like the covariance function in the classical case. Kokoszka
and Taqqu (1994) consider more general definition of the codifference function (for
θ1, θ2 ∈ R)

τG(θ1, θ2; k) = − ln E exp(i(θ1 Xt+k + θ2 Xt ))+ ln E exp(iθ1 Xt+k)

+ ln E exp(iθ2 Xt ) (18)

but contain (4) as the special case (θ1 = s, θ2 = −s).

Theorem 3 (Kokoszka and Taqqu (1994), Theorem 2.1.) If the coefficients c j ’s of the
linear process (1), satisfying conditions C1 and {εt } satisfying C2 then (θ1, θ2 ∈ R)

lim sup
k→∞

Qαk |τG(k)| ≤ 2(1 − Qα)−1/α |θ1|α for 0 < α ≤ 1 (19)

and

lim sup
k→∞

Qk |τG(k)| ≤ α

⎛

⎝
∞∑

j=0

∣∣c j
∣∣α

⎞

⎠

α−1
α

(1 − Qα)−1/α |θ1| |θ2|α−1 for 1 < α ≤ 2

(20)

To show consistency of the codifference estimator, the following two lemmas are
necessary.

Lemma 1 Let Xt , t ∈ Z be the stationary linear process (1), satisfying conditions C1
and C2, and let�(s) = E exp(is Xt ) denote its first order characteristic function. For
k ∈ {0, 1, 2 . . .} and s ∈ R, s �= 0

ln φ(s, k) = ln

(
(N − k)−1

N−k∑

t=1

exp(is Xt )

)

is a consistent estimator of ln�(s).

Proof Let yt = exp(is Xt ). Apparently, the magnitude of yt is equal to one, and there-
fore it is a second order stationary process. For the notation simplicity, instead of
working with φ(s, k), we first show consistency of φ∗(s, k) = N−1 ∑N

t=1 exp(is Xt ).
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Estimating the codifference function of linear time series models with infinite variance 413

Here, φ∗(s, k) is an unbiased estimator for �(s) = E(yt ). To show the weak consis-
tency of this estimator, we show that yt is a mean ergodic process. A sufficient condition
for yt to be mean ergodic, i.e., φ∗(s, k) → E(yt ) in the mean square sense, is that
its covariance function tends to zero as time lags tends to ∞ (e.g., Theorem 7.1.1 in
Brockwell and Davis 1987). The covariance function of yt at lag k can be expressed as

c(k) = |�(s)|2
(

E(exp(is(Xt+k − Xt )))

E(exp(is Xt+k))E(exp(−is Xt ))
− 1

)

= |�(s)|2 (exp(−τ(k))− 1) (21)

From Theorem 3, we see that c(k) → 0 when k → ∞ exponentially fast. As mean

square convergence entails convergence in probability, φ∗(s, k)
p−→ �(s). Moreover,

under assumptions C1 and C2, we have �(s) = exp(−∑∞
j=0 σ

α
∣∣sc j

∣∣α), a real-

valued function. Therefore we can conclude Re φ∗(s, k)
p−→ Re�(s) = �(s) and

Im φ∗(s, k)
p−→ Im�(s) = 0.

By taking the principal value of ln(·) function in the complex domain, we can
see that ln(·) is a continuous and well-defined function on C minus the negative
real line. Because |c j | < cQ− j for some c > 0, Q > 1, we conclude Re�(s)
always strictly greater than 0, which implies with the probability converging to 0,
Re φ∗(s, k) will be less than or equal to 0. Therefore, without loss of generality,
we can restrict the definition of the real and imaginary parts of ln φ∗(s, k) only on
the right half plane where Re φ∗(s, k) > 0, and equal to 0 on the other case. From
this consideration, we obtain Re ln φ∗(s, k) = 1

2 ln((Re φ∗(s, k))2 + (Im φ∗(s, k))2)

and Im ln φ∗(s, k) = arctan( Im φ∗(s,k)
Re φ∗(s,k) ). From the continuity of the logarithm func-

tion in the considered domain, we can deduce that Re ln φ∗(s, k)
p−→ Re ln�(s) =

ln�(s) and Im ln φ∗(s, k) = argφ∗(s, k)
p−→ 0, when N → ∞. In other words,

we obtain ln φ∗(s, k)
p−→ ln�(s). To complete our proof, it is sufficient to show

φ∗(s, k) − φ(s, k)
p−→ 0. By assumption of the model, Re�(s) > 0, thus

E |Re φ∗(s, k)− Re φ(s, k)|< 2 k
N−k and E |Im φ∗(s, k)− Im φ(s, k)| < 2 k

N−k , and
therefore we can conclude φ∗(s, k)− φ(s, k) = op(1). 
�
Lemma 2 Let Xt , t ∈ Z be the stationary linear process (1), satisfying conditions
C1 and C2, and for k ∈ {0, 1, 2, . . .} and s ∈ R, s �= 0, let �(s,−s; k) = E
exp(is(Xt+k − Xt )) be its second-order characteristic function evaluated at (s,−s).
Then as N → ∞

ln φ(s,−s; k)
p−→ ln�(s,−s; k)

where φ(s,−s; k) is as given in (11).

Proof For the proof, we can proceed in a similar way as the previous lemma. For
simplicity, instead of working with φ(s,−s; k), we first show the consistency of
φ∗(s,−s; k) = N−1 ∑N

t=1 exp is(Xt+k − Xt ). A sufficient condition for yt to be
autocovariance ergodic (Proakis and Manolakis 1996, p.A10), i.e., φ∗(s,−s, k) →
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�(s,−s; k), in the mean square sense is that

E exp(is(Xt − Xt+k − Xt+n + Xt+n+k)) → |�(s,−s; k)|2

as n → ∞ where the index n denotes the lag of covariance among the sample
autocovariance function. Hence, we have

E exp(is(Xt − Xt+k − Xt+n + Xt+n+k))

= |�(s,−s; k)|2 E exp(is((Xt − Xt+k)− (Xt+n − Xt+n+k)))

E exp(is(Xt − Xt+k))E exp(is(Xt+n+k − Xt+n))

= |�(s,−s; k)|2 exp(−Cn)

where

Cn = − ln E exp(is((Xt − Xt+k)− (Xt+n − Xt+n+k))) (22)

+ ln E exp(is(Xt − Xt+k))+ ln E exp(is(Xt+n+k − Xt+n)) (23)

Applying the similar technique as obtaining (6), one can write Cn as

Cn = σα

⎡

⎣
∞∑

j=0

|s(c j − c j+k − c j+n + c j+n+k)|α − |s(c j+n+k − c j+n)|α

−|s(c j − c j+k)|α
⎤

⎦

= σα

⎡

⎣
∞∑

j=0

|s(k j − k j+n)|α − | − sk j+n|α − |sk j |α
⎤

⎦

where k j = c j − c j+k . This expression is the codifference function τG(n) for coeffi-
cients k j ’s and parameters θ1 = −s, θ2 = s. Because |c j | < cQ− j for some c > 0,
Q > 1, then |k j | < c1 Q− j for some c1 = 2c > 0, Q > 1. Therefore, by (20) and
(19), we can conclude that exp(−Cn) will converge to 1 exponentially fast. In other
words, E exp(is(Xt − Xt+k − Xt+n + Xt+n+k)) → |�(s,−s; k)|2 for n → ∞, and
we obtain the mean square convergence of φ∗(s,−s; k) to �(s,−s; k) and therefore

φ∗(s,−s; k)
p−→ �(s,−s; k). For the rest of the proof, we can proceed similarly to

the proof of previous lemma, as we have �(s,−s; k) = exp(−σα(∑k−1
j=0

∣∣sc j
∣∣α −∑∞

j=0

∣∣s(c j+k − c j )
∣∣α)) also a real-valued function, strictly greater than 0. 
�

Proof (Proof of Theorem 1) As for finite k and N → ∞ we obtain
√

1 − k/N → 1,
then using the results in lemma 1 and lemma 2, we have as N → ∞, for i = 1, . . . , r

τ̂ (si ,−si ; k)
p−→ − ln�(si ,−si ; k)+ ln�(si )+ ln�(−si ) = τ(si ,−si ; k) (24)


�
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Appendix B: The limit distribution of the sample codifference function

In this part, we will derive the asymptotic distribution of the sample codifference
function of linear processes. The proof will be given as a series of propositions, where
the main results are presented in Theorem 4 and also the proof of Theorem 2 at the
end of this part. The proof will follow closely an approach for obtaining the limiting
distribution of the sample ACF in the classical case, e.g., Theorem 7.2.1 in Brockwell
and Davis (1987).

For notational simplicity, instead of working with τ̂ (si ,−si ; k), i = 1, . . . , r , in
the following first we will consider the similar estimator τ̂ ∗(si ,−si ; k),

τ̂ ∗(si ,−si ; k) = − ln φ∗(si ,−si ; k)+ ln φ∗(si , 0; k)+ ln φ∗(0,−si ; k) (25)

where φ∗(u, v; k) = N−1 ∑N
t=1 exp(i(u Xt+k + vXt )), u, v ∈ R. The required result

will be presented in Theorem 4.

Proposition 1 Let Xt , t ∈ Z be the stationary linear process (1), satisfying conditions
C1 and C2. Then if p ≥ 0 and q ≥ 0,

lim
N→∞Ncov

((
Re τ̂ ∗(s, p)
Im τ̂ ∗(s, p)

)
,

(
Re τ̂ ∗(s, q)
Im τ̂ ∗(s, q)

))
= λLp

2 VpqLq
2λ

T

where the matrices λ,Lk
2, k = p, q and Vpq are given in (27), (34) and (36) below.

Here cov(X,Y ) denotes the covariance between X and Y .

Proof To obtain a complete variance-covariance structure of the estimator, we con-
sider the following representation of τ̂ ∗(s, k)

(
Re τ̂ ∗(s, k)
Im τ̂ ∗(s, k)

)
=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Re τ̂ ∗(s1,−s1, k)
Re τ̂ ∗(s2,−s2, k)

...

Re τ̂ ∗(sr ,−sr , k)
Im τ̂ ∗(s1,−s1, k)
Im τ̂ ∗(s2,−s2, k)

...

Im τ̂ ∗(sr ,−sr , k)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= λ

(
Y
X

)
(26)

where

λ =
(

Ir ⊗ λ1 0
0 Ir ⊗ λ1

)
(27)

λ1 = (
1 1 −1

)
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and

Y =

⎛

⎜⎜⎜⎝

Re ln Y k
1

Re ln Y k
2

...

Re ln Y k
r

⎞

⎟⎟⎟⎠ , X =

⎛

⎜⎜⎜⎝

Im ln Y k
1

Im ln Y k
2

...

Im ln Y k
r

⎞

⎟⎟⎟⎠

Here Ir denotes the matrix identity of size r , where we denote

Y k
i =

⎛

⎝
φ∗(0,−si ; k)
φ∗(si , 0; k)
φ∗(si ,−si ; k)

⎞

⎠ =
⎛

⎝
φ1(si , k)
φ2(si , k)
φ3(si , k)

⎞

⎠

and the logarithm function is defined componentwise, i.e., we have

Re ln Y k
i =

⎛

⎝
Re ln φ1(si , k)
Re ln φ2(si , k)
Re ln φ3(si , k)

⎞

⎠

and similarly for the imaginary part. Let us denote

EY k
i =

⎛

⎝
Eφ1(si , k)
Eφ2(si , k)
Eφ3(si , k)

⎞

⎠ =
⎛

⎝
�1(si , k)
�2(si , k)
�3(si , k)

⎞

⎠

Notice that �(u, v; k) = E(exp(i(u Xt+k + vXt ))), u, v ∈ R. Using mean value
theorem, we can expand the codifference function into

(
Re τ̂ ∗(s, k)

Im τ̂ ∗(s, k)

)
= λ

{
Lk

1 + L̄k
2Zk

N

}
(28)

where

Lk
1 =

(
Re Lk

1

Im Lk
1

)
, Zk

N =
(

Re Zk
N

Im Zk
N

)
=

(
Reϕk

N − Reψk
N

Imϕk
N − Reψk

N

)

with

Re Lk
1 =

⎛

⎜⎜⎜⎜⎝

Re ln EY k
1

Re ln EY k
2

...

Re ln EY k
r

⎞

⎟⎟⎟⎟⎠
, Reϕk

N =

⎛

⎜⎜⎜⎜⎝

ReY k
1

ReY k
2
...

ReY k
r

⎞

⎟⎟⎟⎟⎠
, Reψk

N =

⎛

⎜⎜⎜⎜⎝

ReEY k
1

ReEY k
2

...

ReEY k
r

⎞

⎟⎟⎟⎟⎠
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and similarly for the imaginary parts, and where and L̄k
2 = (d̄k

i j )i, j=1,...,6 denotes

Jacobian of (26), which is evaluated at c(
∥∥c − ψk

N

∥∥ <
∥∥ϕk

N − ψk
N

∥∥). From the assump-
tion C2, we obtain

�3(si , k) = �(si ,−si ; k) = exp

⎛

⎝−
k−1∑

j=0

σα
∣∣si c j

∣∣α −
∞∑

j=0

σα
∣∣si (c j+k − c j )

∣∣α
⎞

⎠

(29)

and �1(si , k) = �2(si , k), i.e.,

�(si , 0; k) = �(0,−si ; k) = exp

⎛

⎝−
∞∑

j=0

σα
∣∣si c j

∣∣α
⎞

⎠ (30)

From identities (29)–(30) and further applying the assumption C1, we obtain that the
elements of Reψk

N are always strictly greater than 0. Therefore, with a probability
convergent to 0, the elements of Re ϕk

N will be less than or equal to 0. Hence, without
changing the limiting distribution of the estimator, we can restrict the definition of the

real and the imaginary components of

(
Y
X

)
in (26) only in the right half plane where

the elements of Re(ϕk
N ) > 0, and equal to 0 in the other case. Thus, we can conclude

that the Jacobian matrix L̄k
2 is well defined here. By Theorem 1, L̄k

2 will converge in
probability to Lk

2, where

Lk
2 = ∇Lk

1

Here ∇g denotes the Jacobian of g. From (29), (30), we have the following identities

Re�(si ,−si ; k) = E cos(si (Xt+k − Xt )) = �(si ,−si , k) (31)

Re�(si , 0; k) = E cos(si Xt+k) = �(si , 0, k) (32)

Re�(0,−si ; k) = E cos(−si Xt ) = �(0,−si , k) (33)

and Im�(si ,−si ; k) = E sin(si (Xt+k − Xt )) = 0, Im�(si , 0; k) = E sin(si Xt+k) =
0 and Im�(0,−si ; k) = E sin(−si Xt ) = 0. Using these identities, after some algebra
we directly obtain

Lk
2 =

(
Ir dk 0

0 Ir dk

)
(34)
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where (dk)T = [dk
1,dk

2, . . . ,dk
r ], and the elements of dk

i , i = 1, . . . r are

dk
i (1, 1) = (Re�(0,−si ; k))−1

dk
i (2, 2) = (Re�(si , 0; k))−1

dk
i (3, 3) = (Re�(si ,−si ; k))−1)

and equal to 0, otherwise. The asymptotic variance-covariance matrix is obtained from
(28) as

lim
N→∞N cov

((
Re τ̂ ∗(s,−s; p)
Im τ̂ ∗(s,−s; p)

)
,

(
Re τ̂ ∗(s,−s; q)
Im τ̂ ∗(s,−s; q)

))
= λLp

2 VpqLq
2λ

T (35)

where

Vpq =
(

VR R
pq VRI

pq

VI R
pq VI I

pq

)
= lim

N→∞N

(
cov(Re Zp

N ,Re Zq
N ) cov(Re Zp

N , Im Zq
N )

cov(Im Zp
N ,Re Zq

N ) cov(Im Zp
N , Im Zq

N )

)

(36)

The matrix Vpq can be obtained by applying Theorem 1 and Remark 2.6 in Hesse
(1990). Its elements can be derived in a similar way as obtaining variance-covariance
matrix in Theorem 1 of Hesse (1990). This is possible, because it can be shown that all
elements of Vpq (in the form of sum of the absolute components) are finite. Therefore,
one can apply the property of the sample mean of ergodic processes (e.g., Theorem
7.1.1 in Brockwell and Davis 1987). Notice that here in particular, we obtain all ele-
ments of Vpq with respect to cov(Re Zp

N , Im Zq
N ) and cov(Im Zp

N ,Re Zq
N ) are zeros.

The elements of Vpq with respect to cov(Re Zp
N ,Re Zq

N ) and cov(Im Zp
N , Im Zq

N ) can
be shown to be finite using identities (29)–(30) and applying a similar approach as
obtaining eq. (21) and (23), and further applying Theorem 3, or sometimes, eq.(2.7) in
Kokoszka and Taqqu (1994) together with the similar steps as the proof of Theorem 3.
However, we omit details. 
�

Proposition 2 Let Xt , t ∈ Z be the moving average process of order m, Xt =∑m
j=0 c jεt− j , satisfying conditions C1 and C2. Then for h ∈ {1, 2, . . .}, s ∈ R, s �= 0

[(
Re τ̂ ∗(s, 0)
Im τ̂ ∗(s, 0)

)
, . . . ,

(
Re τ̂ ∗(s, h)
Im τ̂ ∗(s, h)

)]T

is AN

([(
τ(s, 0)

0

)
, . . . ,

(
τ(s, h)

0

)]T

, N−1 M

)

where M is the covariance matrix
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M =
[
λLp

2 VpqLq
2λ

T
]

p,q=0,...,h

and the matrices λ,Lk
2, k = p, q and Vpq are as given in Proposition 1 above.

Proof To show this relation, define vectors {Yt } by

YT
t = (Zt ,Zt+1, . . . ,Zt+h)

where

Zt+k =

⎛

⎜⎜⎜⎝

Xk
1

Xk
2
...

Xk
r

⎞

⎟⎟⎟⎠

where for j = 1, . . . , r

Xk
j =

⎛

⎜⎝
exp(−is j Xt )

exp(is j Xt+k)

exp(is j (Xt+k − Xt ))

⎞

⎟⎠

By definition, {Zt+k} is m + k-dependent sequence and therefore {Yt } is m + h-
dependent sequence. Next define

ζ T
t = (ξt , ξt+1, . . . , ξt+h)

where

ξt+ j =

⎛

⎜⎜⎝
Re(ln N−1

N∑
t=1

Zt+ j )

Im(ln N−1
N∑

t=1
Zt+ j )

⎞

⎟⎟⎠

and

Re(ln N−1
N∑

t=1

Zt+ j ) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Re(ln N−1
N∑

t=1
X j

1)

Re(ln N−1
N∑

t=1
X j

2)

...

Re(ln N−1
N∑

t=1
X j

r ))

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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where l = 1, . . . , r

Re(ln N−1
N∑

t=1

X j
l ) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

Re(ln N−1
N∑

t=1
exp(−isl Xt ))

Re(ln N−1
N∑

t=1
exp(isl Xt+ j )

Re(ln N−1
N∑

t=1
exp(isl(Xt+ j − Xt )))

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

(similarly for the imaginary part. Note that the summation and the principal value of
ln(·) are defined component-wise), then we have

⎛

⎜⎜⎝
Re ln (N−1

N∑
t=1

Yt )

Im ln (N−1
N∑

t=1
Yt )

⎞

⎟⎟⎠λ
T = ζtλ

T =
[(

Re τ̂ ∗(s, 0)
Im τ̂ ∗(s, 0)

)
, . . . ,

(
Re τ̂ ∗(s, h)
Im τ̂ ∗(s, h)

)]T

where λ is as given in (27). We therefore need to show that when N → ∞

aT (ζtλ
T )T is AN

(
aT

((
Re τ(s, 0)

0

)
, . . . ,

(
Re τ(s, h)

0

))T

, N−1aT Ma

)
(37)

for all vectors a = (a0, . . . , ah)
T ∈ R

h+1 such that aT Ma > 0. For any such a, the
sequence {aT (ζtλ

T )T } is (m + h)-dependent and since by Proposition 1

lim
N→∞N var(aT (ζtλ

T )T ) = aT Ma > 0

where M is the covariance matrix

M =
[
λLp

2 VpqLq
2λ

T
]

p,q=0,...,h

and the vectors λ,Lp
2 ,Lq

2 , matrix Vpq are as given in Proposition 1 above. We
can conclude that {aT (ζtλ

T )T } satisfies the conditions of central limit theorem for
m-dependent processes (e.g., Brockwell and Davis 1987 Theorem 6.4.2), and there-
fore by this theorem, for N → ∞, we obtain the required result (37). The relation
Im τ(s, j) = 0, j = 0, 1, . . . , h can be obtained directly from identities (29)–(30).


�
Proposition 3 Proposition 2 remains true for Xt , t ∈ Z being a stationary linear
process (1), satisfying conditions C1 and C2.

Proof For the proof, we will apply the result of Proposition 2 to the truncated sequence
Xtm = ∑m

j=0 c jεt− j and then derive the result for Xt by letting m → ∞. For
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0 ≤ p ≤ h, we define

τ̂ ∗
m(s,−s; p) = − ln φ∗

m(s,−s; p)+ ln φ∗
m(s, 0; p)+ ln φ∗

m(0,−s; p) (38)

where φ∗
m(u, v; p) = N−1 ∑N

t=1 exp(i(u X(t+p)m + vXtm)). Then by Proposition 2

N 1/2
[(

Re τ̂ ∗
m(s, 0)− Re τm(s, 0)

Im τ̂ ∗
m(s, 0)− Im τm(s, 0)

)
, . . . ,

(
Re τ̂ ∗

m(s, h)− Re τm(s, h)

Im τ̂ ∗
m(s, h)− Im τm(s, h)

)]T

⇒ Ym

where Ym ∼ N (0,Mm). Here Mm is the covariance matrix

Mm =
(

cov(Re τ̂ ∗
m(s, p),Re τ̂ ∗

m(s, q)) cov(Re τ̂ ∗
m(s, p), Im τ̂ ∗

m(s, q))

cov(Im τ̂ ∗
m(s, p),Re τ̂ ∗

m(s, q)) cov(Im τ̂ ∗
m(s, p), Im τ̂ ∗

m(s, q))

)

p,q=0,...,h

=
[
λLp

2 (m)V
m
pqLq

2(m)λ
T
]

p,q=0,...,h

where λ is defined as (27) and the Jacobian matrix Lk
2(m) and matrix Vm

pq are defined
for Xtm as in (34) and (36), respectively. Now, as m → ∞,

Mm → M

where M is defined like Mm by replacing Xtm by Xt . Hence

Ym ⇒ Y where Y ∼ N (0,M)

The proof now can be completed by applying Proposition 6.3.9 in Brockwell and
Davis (1987) provided we can show that

lim
m→∞lim sup

N→∞
P(N 1/2| Re τ̂ ∗

m(s, p)− Re τm(s, p)− Re τ̂ ∗(s, p)

+ Re τ(s, p)| > ε) = 0 (39)

for p = 0, 1, . . . , h (and similarly for the imaginary part). The probability in (39) is
bounded by

ε−2 N var(Re τ̂ ∗
m(s, p)− Re τ̂ ∗(s, p))

= ε−2 [
N var(Re τ̂ ∗

m(s, p))+ N var(Re τ̂ ∗(s, p))

−2Ncov(Re τ̂ ∗
m(s, p),Re τ̂ ∗(s, p))

]

From the calculation of Proposition 1 and further noting that Theorem 1 and Remark
2.6 in Hesse (1990) can be applied for the finite moving average process by setting
some of the coefficients c j ’s to be zero, we obtain

lim
m→∞ lim

N→∞N var(Re τ̂ ∗
m(s, p)) = lim

N→∞N var(Re τ̂ ∗(s, p)) = m R R
pp
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where m R R
pq denotes the covariance between the real elements in (p, q)- block of

covariance matrix M. Moreover, using the same steps to that given in the proof of
Proposition 1, it can be shown that

lim
m→∞ lim

N→∞Ncov(Re τ̂ ∗
m(s, p),Re τ̂ ∗(s, p) = m R R

pp

Thus

lim
m→∞lim sup

N→∞
ε−2 N var(Re τ̂ ∗

m(s, p)− Re τ̂ ∗(s, p)) = 0

Similar results can be obtained for the imaginary part. This established (39). 
�
Theorem 4 Let Xt , t ∈ Z be the stationary linear process (1), satisfying conditions
C1 and C2. Then for h ∈ {1, 2, . . .}, s ∈ R, s �= 0

[(
Re τ̂ (s, 0)
Im τ̂ (s, 0)

)
, . . . ,

(
Re τ̂ (s, h)
Im τ̂ (s, h)

)]T
is AN

([(
τ(s, 0)

0

)
, . . . ,

(
τ(s, h)

0

)]T
, N−1 M

)

where M is as given in Proposition 2 above.

Proof To show the convergence of the estimator Re τ̂ (s, j) and Im τ̂ (s, j) to the same
limit as Re τ̂ ∗(s, j) and Im τ̂ ∗(s, j), respectively, with 0 ≤ j ≤ h, it suffices to show
that as N → ∞

N 1/2

⎧
⎨

⎩λ2

⎛

⎝
Re φ∗(sk,−sk; j)

Re φ∗(sk, 0; j)
Re φ∗(0,−sk; j)

⎞

⎠ − λ2

⎛

⎝
Re φ(sk,−sk; j)

Re φ(sk, 0; j)
Re φ(0,−sk; j)

⎞

⎠

⎫
⎬

⎭ = op(1)

(and similarly for the imaginary part), whereφ∗(u, v; j) = N−1 ∑N
t=1 exp(i(u Xt+ j +

vXt )), φ(u, v; j) = (N − j)−1 ∑N− j
t=1 exp(i(u Xt+ j +vXt )) and λ2 = [−1 1 1

]
. The

required result then follows from Slutzky’s theorem (e.g., Theorem 5.1.1 in Lehmann
1999).

Simple algebra gives, for 0 ≤ j ≤ h,

N 1/2E

∣∣∣∣∣∣∣
λ2

⎛

⎝
Re φ∗(sk ,−sk ; j)

Re φ∗(sk , 0; j)
Re φ∗(0,−sk ; j)

⎞

⎠ − λ2

⎛

⎜⎝
Re φ(sk ,−sk ; j)

Re φ(sk , 0; j)

Re φ(0,−sk ; j)

⎞

⎟⎠

∣∣∣∣∣∣∣

= N 1/2E

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

j

(N − j)

1

N

N∑

t=1

cos(isk (Xt+ j − Xt ))− 1

N − j

N∑

t=N− j+1

cos(is(Xt+ j − Xt ))

j

(N − j)

1

N

N∑

t=1

cos(isk Xt+ j )− 1

N − j

N∑

t=N− j+1

cos(isk Xt+ j )

j

(N − j)

1

N

N∑

t=1

cos(−isk Xt ))− 1

N − j

N∑

t=N− j+1

cos(−isk Xt )

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

≤ 6 j (N − j)−1/2(
N

N − j
)1/2
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The required result is obtained from 3 j (N − j)−1/2 → 0 and N/(N − j) → 1 as
N → ∞. Using the same arguments, similar results can be obtained for the imaginary
part. The conclusion of the theorem then follows from Proposition 3 above. 
�
Proof (Proof of Theorem 2) Let g(·) be the function from R

(h+1)×2r to R
h×2r defined

by

g

([(
τ̂ (s, 0)

0

)
,

(
Re τ̂ (s, 1)
Im τ̂ (s, 1)

)
, . . . ,

(
Re τ̂ (s, h)
Im τ̂ (s, h)

)]T
)

=
[(

Re Î (s, 1)
Im Î (s, 1)

)
,

(
Re Î (s, 2)
Im Î (s, 2)

)
, . . . ,

(
Re Î (s, h)
Im Î (s, h)

)]T

where for 0 < j ≤ h and τ̂ (0) �= 0, we have Re Î (si ,−si ; j) = Re τ̂ (si ,−si ; j)
τ̂ (si ,−si ;0) and

Im Î (si ,−si ; j) = Im τ̂ (si ,−si ; j)
τ̂ (si ,−si ;0) , for i = 1, . . . , r . By applying delta method and

Theorem 4 above, we can show that

[(
Re Î (s, 1)
Im Î (s, 1)

)
,

(
Re Î (s, 2)
Im Î (s, 2)

)
, . . . ,

(
Re Î (s, h)
Im Î (s, h)

)]T

is asymptotically normal distributed with mean

g

([(
τ(s, 0)

0

)
,

(
τ(s, 1)

0

)
, . . . ,

(
τ(s, h)

0

)]T
)

=
[(

lr I (1)
lr 0

)
,

(
lr I (2)

lr 0

)
, . . . ,

(
lr I (h)

lr 0

)]T

and variance N−1DMDT. Here the matrix M is as given in Proposition 2, D is the
Jacobian matrix of g(·) and lr = [1, 1, . . . , 1]T ∈ R

r . To obtain the elements of
matrix D, we proceed as follows. First, note that the codifference function at lag 0 is
a real-valued function. Therefore, for 0 ≤ j ≤ h, and τ(0) �= 0, we obtain Re I ( j) =
Re τ( j)
τ (0) = I ( j) and Im I ( j) = Im τ( j)

τ (0) = 0. It is straightforward to obtain the Jacobian
matrix D as

D =

⎡

⎢⎢⎢⎣

D11 D12 0 . . . 0
D21 0 D23 0
...

...
...
. . .

...

Dh1 0 0 . . . Dh(h+1)

⎤

⎥⎥⎥⎦ (40)

where

Dl1 =
[

D11
l1 0r

0r 0r

]
(41)
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and

Dl(l+1) =
[

D11
l(l+1) 0r

0r D11
l(l+1)

]
(42)

for l = 1, ..h, where

D11
l1 = Ir

[ −I (l)

τ (s1,−s1; 0)
,

−I (l)

τ (s2,−s2; 0)
, . . . ,

−I (l)

τ (sr ,−sr ; 0)

]T

and

D11
l(l+1) = Ir

[
1

τ(s1,−s1; 0)
,

1

τ(s2,−s2; 0)
, . . . ,

1

τ(sr ,−sr ; 0)

]T

Here Ir denotes the matrix identity of size r . Let’s denote wi j , for i, j = 1, . . . , h,
the (i, j)th block element of DMDT and mi j , for i, j = 0, 1, . . . , h, the (i, j)th block
element of M. We find that

wi j =
[

cov(Re Î (s, i),Re Î (s, j)) cov(Re Î (s, i), Im Î (s, j))

cov(Im Î (s, i),Re Î (s, j)) cov(Im Î (s, i), Im Î (s, j))

]

= Di1m00 D j1 + Di(i+1)mi0 D j1 + Di1m0 j D j ( j+1) + Di(i+1)mi j D j ( j+1)

=
⎡

⎣
D11

i1 m R R
00 D11

j1 + D11
i(i+1)m

R R
i0 D11

j1 + D11
i1 m R R

0 j D11
j ( j+1) + D11

i(i+1)m
R R
i j D11

j ( j+1) 0r

0r D11
i(i+1)m

I I
i j D11

j ( j+1)

⎤

⎦

(43)

Here m R R
i j and m I I

i j denote the partitions of mi j which correspond to the real and the
imaginary components, respectively. 
�

Appendix C: Proof of Corollary 1

Proof (Proof of Corollary 1) As MA(0) is a special case of the linear process (1), by
applying Theorem 2, one can conclude the asymptotic normality of

[(
Re Î (s, 1)
Im Î (s, 1)

)
,

(
Re Î (s, 2)
Im Î (s, 2)

)
, . . . ,

(
Re Î (s, h)
Im Î (s, h)

)]T

for h ∈ {1, 2, . . .}. The true codifference function of i.i.d. process Xt is

τ(s,−s; k) = − ln E exp(is(Xt+k − Xt ))+ ln E exp(is Xt+k)+ ln E exp(−is Xt )

=
{−2σα |s|α for k = 0

0 for k > 0
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which enables us to conclude that the real and the imaginary parts of I (k) = 0
whenever k > 0.

From (43), we obtain that wkk, k > 0 is reduced to

wkk = Dk(k+1)mkk Dk(k+1) (44)

where matrix Dk(k+1) is as given in (42), with

D11
l(l+1) = Ir

[
1

−2σα|s1|α ,
1

−2σα|s2|α , . . . ,
1

−2σα|sr |α
]T

and where

mkk = λLk
2VkkLk

2λ
T (45)

with λ is as given as (27), and the elements of the matrix Lk
2 and the covariance matrix

Vkk will be given below. Let us denote

VR R
kk (i, j) = [cov(Re φp(si , k),Re φq(s j , k)))]p,q=1,2,3

and

VI I
kk (i, j) = [cov(Im φp(si , k), Im φq(s j , k)))]p,q=1,2,3

as the (i, j)th block elements of VR R
kk and VI I

kk , respectively. Using identities (31)–
(33) (and the identities for imaginary part afterwards) in p. 417, we can obtain their
components as follows

cov(Re(φ1(si , p)),Re(φ1(s j , q))) = cov(cos(−si Xt ), cos(−s j Xt ))

= 1

2
{e−σα |si +s j |α + e−σα |si −s j |α }

−e−σα(|si |α+|s j |α)

cov(Re(φ1(si , p)),Re(φ2(s j , q))) = cov(Re(φ2(si , p)),Re(φ1(s j , q)))

= cov(Re(φ1(si , p)),Re(φ1(s j , q)))

cov(Re(φ2(si , p)),Re(φ2(s j , q))) = cov(Re(φ1(si , p)),Re(φ1(s j , q)))

cov(Re(φ1(si , p)),Re(φ3(s j , q))) = cov(cos(−si Xt ), cos(s j (Xt+q − Xt )))

+ cov(cos(−si Xt+q), cos(s j (Xt+q − Xt )))

= e−σα(|s j |α+|si −s j |α) + e−σα(|s j |α+|si +s j |α)

−2e−σα(|si |α+|2s j |α)
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cov(Re(φ3(si , p)),Re(φ1(s j , q))) = cov(cos(−s j Xt ), cos(si (Xt+p − Xt )))

+ cov(cos(−s j Xt+p), cos(si (Xt+p − Xt )))

= e−σα(|si |α+|si −s j |α) + e−σα(|si |α+|si +s j |α)

−2e−σα(|s j |α+|2si |α)

cov(Re(φ2(si , p)),Re(φ3(s j , q))) = cov(cos(si Xt+q), cos(s j (Xt+q − Xt )))

+ cov(cos(si Xt+p), cos(s j (Xt+p+q − Xt+p)))

= e−σα(|s j |α+|si −s j |α) + e−σα(|s j |α+|si +s j |α)

−2e−σα(|si |α+|2s j |α)

cov(Re(φ3(si , k)),Re(φ2(s j , k))) = cov(cos(s j Xt+k), cos(si (Xt+k − Xt )))

+ cov(cos(s j Xt+k), cos(si (Xt+2k − Xt+k)))

= e−σα(|si |α+|si −s j |α) + e−σα(|si |α+|si +s j |α)

−2e−σα(|s j |α+|2si |α)

cov(Re(φ3(si , p)),Re(φ3(s j , q))) = cov(cos(si (Xt+p − Xt )), cos(s j (Xt+q − Xt )))

+ cov(cos(si (Xt+p+q − Xt+q)),

cos(s j (Xt+q − Xt )))

+ cov(cos(si (Xt+p − Xt )),

cos(s j (Xt++p+q − Xt+p)))+ cpq
Re

where

cpq
Re =

⎧
⎪⎨

⎪⎩

0 if p = q

cov(cos( si (Xt+q − Xt+q−p)), cos( s j (Xt+q − Xt ))) if q > p

cov(cos( si (Xt+p − Xt )), cos( s j (Xt+p − Xt+p−q))) if p > q

yielding for p = q

cov(Re(φ3(si , p)),Re(φ3(s j , q))) = 1

2
e−2σα |si +s j |α + 1

2
e−2σα |si −s j |α

− 3e−σα(2|si |α+|2s j |α)

+ e−σα(|si |α+|s j |α+|si −s j |α)

+ e−σα(|si |α+|s j |α+|si +s j |α)

and for p �= q

cov(Re(φ3(si , p)),Re(φ3(s j , q))) = 2e−σα(|si |α+|s j |α+|si −s j |α)

+ 2e−σα(|si |α+|s j |α+|si +s j |α)

− 4e−σα(2|si |α+|2s j |α)
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cov(Im(φ1(si , p)), Im(φ1(s j , q))) = cov(sin(−si Xt ), sin(−s j Xt ))

= 1

2
{e−σα |si −s j |α − e−σα |si +s j |α }

cov(Im(φ1(si , p)), Im(φ2(s j , q))) = cov(Im(φ2(si , p)), Im(φ1(s j , q)))

= −cov(Im(φ1(si , p)), Im(φ1(s j , q)))

cov(Im(φ2(si , p)), Im(φ2(s j , q))) = cov(Im(φ1(si , p)), Im(φ1(s j , q)))

cov(Im(φ3(si , p)), Im(φ3(s j , q))) = cov(sin(si (Xt+p − Xt )), sin(s j (Xt+q − Xt )))

+ cov(sin(si (Xt+p+q − Xt+q)),

sin(s j (Xt+q − Xt )))

+ cov(sin(si (Xt+p+q − Xt+p)),

sin(s j (Xt+p − Xt )))+ cpq
Im

where

cpq
Im =

⎧
⎪⎨

⎪⎩

0 if p = q

cov(sin( si (Xt+q − Xt+q−p)), sin( s j (Xt+q − Xt ))) if q > p

cov(sin( si (Xt+p − Xt )), sin( s j (Xt+p − Xt+p−q))) if p > q

yielding for p = q

cov(Im(φ3(si , k)), Im(φ3(s j , k))) = 1

2
e−2σα |si −s j |α

− 1

2
e−2σα |si +s j |α + e−σα(|si |α+|s j |α+|si +s j |α)

− e−σα(|si |α+|s j |α+|si −s j |α)

and cov(Im(φ3(si , k)), Im(φ3(s j , k))) = 0 for p �= q. The other elements are all
zeros. The elements of Lk

2 are as given in (34), where the elements of dk
i , i = 1, . . . r

are

dk
i (1, 1) = (Re�(0,−si ; k))−1 = eσ

α |si |α

dk
i (2, 2) = (Re�(si , 0; k))−1 = eσ

α |si |α

dk
i (3, 3) = (Re�(si ,−si ; k))−1 = e2σα |si |α )

As from (45) we obtain

m R R
kk = cov(Re τ̂ (s, k),Re τ̂ (s, k)) = (Ir ⊗ λ1)d

k V R R
kk dk(Ir ⊗ λT

1 )

and

m I I
kk = cov(Im τ̂ (s, k), Im τ̂ (s, k)) = (Ir ⊗ λ1)d

k V R R
kk dk(Ir ⊗ λT

1 )
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then the (i,j)th element of m R R
kk and m I I

kk is obtained from

m R R
kk (i, j) = λ1dk

i V R R
kk (i, j)dk

j λ
T
1

and

m I I
kk (i, j) = λ1dk

i V I I
kk (i, j)dk

j λ
T
1

which therefore after a simple algebra, we obtain

m R R
kk (i, j) = eσ

α(|si |α+|s j |α−|si −s j |α)
{

1

2
eσ

α(|si |α+|s j |α−|si −s j |α) − 1

}

+ eσ
α(|si |α+|s j |α−|si +s j |α)

{
1

2
eσ

α(|si |α+|s j |α−|si +s j |α) − 1

}
+ 1

m I I
kk (i, j) = eσ

α(|si |α+|s j |α−|si −s j |α)
{

1

2
eσ

α(|si |α+|s j |α−|si −s j |α) − 1

}

+ eσ
α(|si |α+|s j |α−|si +s j |α)

{
1 − 1

2
eσ

α(|si |α+|s j |α−|si +s j |α)
}

The required result follows directly from (44). 
�
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