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Abstract Multiplier methods are used to round probabilities on finitely many
categories to rational proportions. Focusing on the classical methods of Adams
and Jefferson, we investigate goodness-of-fit criteria for this rounding process.
Assuming that the given probabilities are uniformly distributed, we derive the lim-
iting laws of the criteria, first when the rounding accuracy increases, and then when
the number of categories grows large.

Keywords Apportionment method - g-Stationary multiplier method - Rounding
error analysis - Sainte—Lagué divergence - Convergence in distribution -
Gaussian limit law

1 Introduction

Let W = (Wq, ..., W,) be some “arbitrary” probability vector, for a fixed num-
ber of categories c. We model “arbitrariness” by assuming W to be random and,
moreover, to follow a continuous distribution on the probability simplex

Se={(wi,...,w) €[0, 1] :wi + -+ w. = 1}.

Rounding methods are used to round the continuous weights W; to rational propor-
tions of the form N;/n, for some prescribed integer accuracy n. In order that the
proportions N; /n again form a valid probability vector, the numerators Ny, ..., N
must of course sum to 7.

The idea underlying g-stationary multiplier methods (for some fixed ¢ € [0, 1])
relies on the rounding function r, (x), which rounds down to the next integer if the
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fractional part of the number x is less than ¢, and up to the next integer if it is
greater than or equal to ¢g. More formally,

Lx ] forx — |x] <gq,
= 1 — =
O =TT = 0 forx— e 2
where | x| denotes the integer partof x € R,i.e. x — 1 < [x] < x.
Now, given a set Wy, ..., W, of weights, each weight is first scaled by some
global multiplier v > 0 and then rounded as N; = r,;(vW;), where the multiplier
v is adjusted such as to achieve the correct total

ZNI'ZI’Z.

i<c

Note that individual rounding of each of the scaled weights nW; to integers
rq(nW;) (for some g € [0, 1]) does not guarantee that these integers achieve the
correct total n. The rounding errors connected with g-stationary multiplier methods
are described by the discrepancy

D(q,v) = > rywW) —n forv =0,

i<c

see L. Heinrich et al. (submitted) and references therein. For the global multiplier
v, = n + c(q — 1/2) the discrepancy

1
D((;fg = Dén)(q’ V) = Z (rq(v,,W,') - vnWi) + ¢ (q - E) (1)

i<c

attains the integer values — L%J, ..,0,..., L%J forall W € S, \ng, where
/\/q(flc) is a subset of S, with Lebesgue measure zero for all n > c¢. For distributional

properties of D;”Q we refer the reader to Happacher (2001).

Since in general the above discrepancies do not disappear, many statistical
publications include a salvatory clause, often hidden away in some small-print
footnote, that “percentages may not sum to 100 due to rounding errors”.

There are other spheres of life, though, that do not tolerate such a liberal attitude
towards rounding errors. Most noticeably this concerns apportionment methods for
proportional representation in electoral systems. There, the ¢ categories signify the
political bodies participating in the apportionment process, and the accuracy n is
the number of seats to be apportioned among them. For instance, the n = 435
seats of the US House of Representatives are apportioned to the ¢ = 50 States,
proportionally to their population, or the n = 598 seats in the German Bundes-
tag are apportioned among ¢ = 5 eligible parties, proportionally to their elec-
toral votes. In the political arena it is plainly not acceptable that an apportionment
procedure would terminate with a nonvanishing discrepancy, leaving some seats
unaccounted for “due to rounding errors”. In fact, the field of politics abounds with
apportionment methods properly partitioning the total n into integers Ny, ..., N.
The seminal monograph of Balinski and Young (2001) is an excellent source for
the political history of proportional representation, as well as for the mathematical
theory of apportionment methods that flows from the historical experience.
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Because each apportionment method includes a rounding process, inevitable
gaps arises between the ideal seat allocations nW; based on continuous fractions
and the actual seat allocations N; based on the accuracy given by the size n of the
parliament. It is generally accepted that these gaps should be minimized simul-
taneously. However, there are many ways of carrying out the optimization. For
example, minimizing the so-called Sainte-Lagué divergence

N; —nW;)?
ZM with Ny +---+ N, =n,

i<c i
gives rise to the multiplier method with standard rounding. Heinrich et al. (2004)
study the limiting law of this criterion for an increasing rounding accuracy n as
well as for a large number of categories. Minimizing the Sainte—Lagué divergence
is motivated as follows: if party i gains weight W; = V;/V, calculated from the
vote count V; and the vote total V, then

Z(N,~—nw,~)2 _ "—ZZVi Ni/n Y
L v \v/v

i<c

is the sum, for each of the V; voters, of the squared differences between the realized

success values of the voters a_" // "j and the ideal success value 1.

However, other functions seem likewise worth to be optimized. From the par-
ties” point of view, it is desirable that the maximal discrepancy between the ideal
and actual seat allocations becomes as small as possible. To achieve this objective

we consider the goodness-of-fit criteria

S/ = max N, ()
en i<c Wi ’
and
N‘
A . i
Sc,n = min (Wi - n) , 3)
in both cases conditional on N| + - - - + N, = n. Minimizing the Jefferson criterion
S

. n;
min max(——n):nl,...,nce{O,l,...,n}, E nj=npg,

i<c i i<c
makes the most advantaged party as little advantaged as possible, and leads to the
multiplier method with rounding down (¢ = 1), the method of Jefferson (Balinski
and Young 2001, Proposition 3.10). Similarly, maximizing the Adams criterion
SA

c,n’

. ni
max ymin{ — —n) :ny,...,n. €{0,1,...,n}, Eni:n ,
i<c i ‘
1<c
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makes the least advantaged party as advantaged as possible, and leads to the multi-
plier method with rounding up (¢ = 0), the method of Adams (Balinski and Young
2001, Proposition 3.10).

In section 2 we present a slightly modified form of the Adjustment Algorithm
for g-stationary multiplier methods (see L. Heinrich et al. (2005)) to find the appor-
tionment vector (N;f’]), R N;'fc)) and summarize some asymptotic results for S CJ n
and S én as the accuracy n tends to infinity. The corresponding weak limits SCJ and

S f turn out to be approximately Gaussian distributed for large c. These and related
results are formulated in section 3. The proofs are deferred to the sections 4 and
5. The final section 6 rounds off the paper with a brief discussion about possible
extensions and potential applications of the obtained results.

2 Some preliminary results
To be mathematically precise, let [Q2, 2, P] be a common probability space on
which all random elements in this paper will be defined. Slightly stronger than

in section 1, we assume that the random vector W(._1) := (Wy, ..., W._1) takes
values only in the (¢ — 1)-dimensional open unit simplex

Te—1 ={(wi, ..., we_1) € (0, D w4 wen < 1},

according to some absolutely continuous distribution, and let

We=1—-W;—--— W._. 4)
Next, we shall rewrite the discrepancy Dé’fg defined by (1) in terms of the g-sta-
tionary residuals v, W; rq(vnW )fori =1, , ¢ — 1. For this, we introduce the
sequence of random vectors v (c— l)(q) = U ;"1) ,oo U ;"C) 1) taking values in the

half-open cube (—1/2, 1/2]°~! with components
1
U;'fi) =rga Wi) — v, Wi +4q -3 for i=1,...,c—1 andi =c.

From (4) it is easy to see that

Uéf?{(c—l)(q——) > Wit —J (c—l)(q—-> > v Wi

i<c i<c

|z (<(54)

1<c 1<c

which, by (1), gives

0 =Sy = LZ U™ + J

i<c i<c
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Next, for fixed g € [0, 1], define a double sequence of (measurable) random func-
tions { X\"(z, -), T € [0, ¢/2]} over [Q, 2, P] by

1
X0t 0) = Lr Wi (@) + sgn(DY")(@)) UL (@) + EJ for w € Q.
i<c
To ensure that each of the piecewise constant, nondecreasing, and right-continuous

functions 7 — X ;’TZ(r, ) possesses only upward-jumps of magnitude 1 we have
to “clean” Q from a P-nullset © \ €} (due to the distributional assumption on
W1 ), where

= {a) €Q:X0,0) =0, XM (r,0) — X —0,0) < 1, V‘C>0}.

c
n>c

Hence, the values of the random variable

) min{r >0 XU(1,0) = |Df,’?2.(w)|}, DI (w) £ 0
e 0, D) =0

are uniquely defined for w € 2. For completeness, set 1:(;"2 (w) = 0 otherwise. By
introducing the non-negative integers

1
(n) . () :
m{" (D) := Wg Wi + sgn(DJ) U + EJ fori=1,....c, (5

which coincide with the adjustment terms m?") (D((;:lz') obtained by the Adjustment
Algorithm in L. Heinrich et al. (2005) [Lemma 2.1], it is immediately seen that

> sen(D)ym (D) = DI (on ),
i<c

which yields the final apportionment vector (N"), ..., N\")) with

q.1°"
N;’f} = 1y (v Wi) — sgn(DY)m™ (D) i=1,....c. (6)

The following result, which has been established in L. Heinrich et al. (2005) (see
Heinrich et al. 2004 for the case of standard rounding g = 1/2), gives the key to
determine the limiting behaviour of the Sainte—Lagué divergence (for g € [0, 1],
see L. Heinrich et al. (2005)) as well as of the criteria SL{ , (forg = 1) and Sén
(for g = 0) of Jefferson and Adams, respectively, as n — oo.

Theorem 1 If the weight vector W._1y := (W1, ..., Wc_1) has a Riemann inte-
grable Lebesgue density on 1.1, then
(n) d
(U(:_l)(CI% W(c—l)) — (Ue=1y» Wie=1)) » (7
for any fixed q < [0, 1], where the random vector U—1) = (Uy, ..., Uq—1)

is uniformly distributed on the (¢ — 1)-dimensional cube (—1/2, 1/2)“1 (with
independent components) and stochastically independent of W._y).
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Multiple application of the Continuous Mapping Theorem (see e.g. Billingsley

1999, p 21) reveals that the above random sequences Df,'?g, U;"C) and X‘(ﬁg(t, )
for T € [0, ¢/2] converge in distribution (as n — o0) to random variables U, D,
and X.(t, -) (defined on [€2, 2, P] and having distributions not depending on ¢)
defined by

D, = {ZU#%J, Ue :=De— > Ui (e(—%ﬂ)

i<c i<c

and

X (1, w) ::Z{t Wi (w) + sgn(D.(w)) Ui(a))—}—%J forweQ, 0<t<

i<c

N o

Moreover, again using the Continuous Mapping Theorem, we get

d
o s o and (m (0)

d .
g — (mi (D)) -
n— o0 n— oo

c
i=1

The weak limits of the adjustment terms (5) are expressible by

1
m;(D¢) :={rc W; + sgn(DC)U,-—i—EJ fori =1,...,c, ®)

min{t > 0: X.(r,w) = | D (w) |}, if D(w) #0, we Q*
Te(w) := )
0, otherwise ,

where the event

Q* = () {w € Q: Xe(0,0) =0, X (T, 0) — Xe(r —0,0) < 1, Yz > 0}

c>2

differs from 2 by a P-nullset in view of the distributional properties of W._1) and
U, (c—=1)-

It should be noticed that, by using simply the properties of the function |- ], the
vector of the “limit adjustment terms” (8) is uniquely determined (at least on Q%)
by the min—max-inequalities:

m;i(Dc) — sgn(D¢) Ui — %
W;

max
i<c

< T, < min
i<c

mi(D.) — sgn(De) U + 3
Wi '

Rewriting the apportionment numbers (6) in terms of the random variables Uq("l.) ,
i=1,...,c,gives

1
N =W = U = sen @ + w1 (a - 5).
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In the extremal cases g = 1 (rounding down) and ¢ = 0 (rounding up), the latter
leads to the following expressions for the minimized Jefferson criterion (2) and the
maximized Adams criterion (3):

(Ufi? —sen({)m" D) ~ 5 )

W; 2

and

S?n = min
’ i<c

(U —sen(DFHm™(DFH + L ¢
W; 2 )

Theorem 1 and its above-stated consequences combined with the Continuous Map-
ping Theorem can be summarized in

Theorem 2 Under the assumptions of Theorem I we have

Ui — sgn(De) mi(De) — 3 L€
Wi 2 )

d
s!, —— S/ := max
T n—o0 i<c

and

U; — sgn(De) mi (D) + 4
S, LN S4 := min i — 5g0(Dc) mi(De) + 5 ~9).
n—00 i<c W; 2

For the simplest case of two categories with uniformly distributed weights
(W1, W»), a short calculation confirms that the weak limits SCJ and Sg‘ are uni-
formly distributed on (0, 1) and (—1, 0), respectively. How the distributions of
these random variables behave for large c is answered in the next section.

3 Limit theorems for large numbers of categories

In this section we formulate our main results on the normal approximation of some
of the weak limits obtained in section 2 (as n — o0) when additionally the number
¢ of categories increases unboundedly. To begin with, observe that Lévy’s central
limit theorem applied to the identity

sen(De) > mi(De) = D = LZ Ui + 1/2J : (10)

i<c i<c
yields

sgn(De) | a 1
— Zm,(Dc):gN(O, E)’ (11)

i<c
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regardless which probability density W_1) has. As usual N (0, o2) denotes a
mean zero Gaussian random variable with variance o> > 0 having the distribution
function ®(x /o), where

X

1 —12)2
@(X)ZE e dr forx € R.
—00

The proofs of the subsequent results need the additional assumption that W =

(Wq, ..., W,) is uniformly distributed on S,.
Theorem 3 Assume that the distribution W_1) is uniform on T._1 (i.e. W is
uniformly distributed on S.), and let the random variables Uy, ..., U._1 be inde-
pendent and uniformly distributed on (—1/2,1/2) and independent of W_1).
Then we have
D) T, 1
sgn(Dote a0 1Y 1)
\/E c—>00 12
ie.
P (7> x/c) —>2(1—<I>(2«/§x)) forall x > 0. (13)
c— 00

The asymptotic normality of t./+/c is essential to derive the Gaussian limits in
Theorems 4 and 5.

Theorem 4 Under the assumption of Theorem 1 we have

sgn(D¢) m;i(D¢)  d 1
7 Z W —— N O’E ) (14)

i<c

As an immmediate consequence of Theorem 4 we get

Corollary 1

I <« mi(D) P
c_zz—w,. —0, (15)

i<c
P . e
where —— means “convergence in probability".
c—> 0

It should be mentioned that the summands in (14) are neither independent nor have
finite expectation. Corollary 1 turns out to be indispensible in proving the exact
asymptotics of Sainte—Lagué’s divergence in particular in the case of non-standard
rounding, see Theorem 2 in L. Heinrich et al. (2005).

Finally, the suitably centered and normalized weak limits SCJ and SCA of The-
orem 2 can be shown to have Gaussian limits. At the first glance this result is
somewhat surprising since both functionals are defined as extreme value statistics.
On the other hand, both limiting relations reveal that the lower and upper bound of
7. in the above min—max-inequality differ only by a stochastic term of order o(,/c)
as ¢ — 0o.
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1.5

0.5

—1 -0.5 0 0.5 1

Fig.1 Simulated probability density functions of ( SL'.’ — % )/+/c (dashed curves) based on 200.000
realizations of the random vectors U(._1y and W(._1). The plotted empirical densities illustrate

the rate of convergence to the limit probability density function \/g exp{—6x2}, x € R(solid
curve)

Theorem 5 Let the assumption of Theorem 1 be satisfied. Then

S) —c/2 — max Ui — sgn(De)mi(De) — 5 <, ~(o. 1
\/E i<c \/E MG 1

and

Je Je Wi c— 12

Figure 1 gives an impression of a local version of Theorem 5 which does not
directly follow from the pointwise convergence of distribution functions.

Stte/z _ (Ui= senDmiD)+5\ _a (L
i<c 0 ' )

4 Proofs of Theorems 3 and 4
The w-wise definition (9) of the random variable 7, implies that, for any x > 0,

the identity

Te 1
[«/—% >x]ﬂ$2*= Z{x«/zWi+ sgn(Dc)Ui—i—EJ <|D.| y NQ*

i<c

holds. Together with (— U, ..., —Ue_1) = (Ui, ..., Ue_y) and

LZ_UHF%J =— LZUHF%J P-as.,

i<c i<c
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we get

p(i >x)=P Dlavewi+Vvi | <

z0-1])

\/E i<c i<c
where V; = U; + % fori =1, ..., c. By definition, each V; is uniformly distributed
on (0, 1), where V. depends on the independent random variables Vi, ..., V._1.
Further, using the well-known distributional identity
da (E1 E, .
(Wl""’WC):(S_C’“"S_c) w1thSc=ZE,~, (16)
i<c

where Ep, ..., E. are independent, exponentially distributed random variables

with unit mean, see Aitchison (1986), we may write

() mp (] | -

; c
i<c

LZUHF%H .an

i<c

Now, define S, := S, /cand let ¢ € (0, 1) be fixed. By the decomposition

IA

Q ! b1 U{lSc—1] } (18)
= — P — — > &,
1+e¢ S. 1—e¢ ¢

and the elementary estimate | |y +1/2] | <|y|+ 1/2forall y € R, we conclude

from (17) that
Tc — X E,’ 1
P{—>x)<P(|S.—1]>¢)+P {—+V'J< +-1.
(JE ) (15e =TI (; 1+e)fe 2
Lemma 1 Let V be uniformly distributed on (0, 1) and independent of the expo-

We need the following auxiliary result.
nentially distributed random variable E with E(E) = 1. Then

>

i<c

E(LyE+V]) =y andE(Ly E+V |?) =yl coth(%y') (19)

forany y € R, where coth(x) = (1 +e2%)/(1 — e™2¥).
The proof of Lemma 1 is shifted to the end of this section.

Making use of (19) with y replaced by the null sequence y, = x/(1 + €)./c
(as ¢ — 00), we find that

SEAwE+ViD=ve—ly = lfrg —ﬁ:\“/c__]

1
Je—1

i<c
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and

|
Var (FZL%E +%J)=Vc (coth(zy)—yc) — 0.

1<c

Hence, by means of Chebyshev’s inequality, it follows that
x 1 P

— 0
e I+e 2c—1 ¢»x

forany x > Ound 0 < ¢ < 1. Applying Lévy’s central limit theorem to the i.i.d.
sequence Uy, ..., U,—1 combined with Slutzky’s theorem yields

|z

i<c

Re(x.0) i= —m== D Ly Ei+ Vil -

i<c

12

1
— Re(x,8) —— ‘ N (o, —) ' ,
c—> 00
which is the same as

1
Pl — D u

—=e(voB) =) -2 (- (32)

Since, by the weak law of large numbers, P( | S.—1|>¢) —> 0, we obtain
c—> 00

- 2V/3x
hcrr_1>sol<1)pP(%>x) 52(1—<I>(1+8)), (20)

foranyx >0and 0 < e < 1.

1
> \/—ZL%E +Vi] - ﬁ)

1 <c

In the next step we use (17) to estimate P( 1. > x 4/c) from below. For doing
this, let U be an additional random variable chosen independently of Uy, . . ., Uc—1

with U} 4 U.. Clearly, the estimates

LXE +U+1J L * Fe +U*+1J+l
< 9
Ve Se Ve Se 2

and

> Ui+ U

i<c

| o]

hold w-wise. To simplify notation we write again U, instead of U so that Uy, . . .,
U, i.i.d. uniformly on (—1/2, 1/2). Hence, the previous estimates and (17) imply

(G- ) =zl vnfer <[z

1<c i<c
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Using this and the inclusion Q D {S. > 1 — ¢} D Q\ {|S. — 1| > &}, we can
deduce the inequality

P(>)=" fzc:{f(l—s) i+ <z | T

l<C
—P(|S, — 1] > &).

By repeating almost verbatim the arguments used to prove (20) we can derive from
the latter inequality that

hcrﬂé%fp(ﬁ > X) > 2(1—q>(21*/_§;‘))

forany x > 0and 0 < ¢ < 1. This combined with (20) proves the desired limiting
relation (13).

Having in mind the symmetry of the cases D, > 0 and D, < 0 together
with {t. = 0} N Q* = {D, = 0} N Q*, it is clear that P(t, > (>)x./c) = 2P
(tc > (=) x/c, D, > 0) for x > (>) 0 and —sgn(D,) 7, 4 sgn(D¢) .

Hence, in view of (13),

P sgn(D,) T, )= 1 —P(te > x4/c, D, > 0) forx >0
Je - ~|P(. > —xe, D, >0)  forx <0

— > ®(2v/3x) forallx e R, (21)
c—> 00

which proves (12). Thus, the proof of Theorem 3 is completed. O
The proof of Theorem 4 relies on the identity

nQ*

. : NI o L
[TC ]ﬂﬂ*z Zmz(Dc)>Z|_x\/EWl+Sgn(DC)Ul+2J

— > X
NG , Wi , Wi
1<c i<c

forall x > 0, whence, due to the symmetry —U .1 4 U(c-1) and (16), we obtain

T mi(De) S, Lx Ei/\/cSc+ Vi |
(o) =P 2 R 2

i<c

Hence, relation (13) and Slutzky’s theorem imply

c3/2 Zm P ) —2 (1 - Q(Zﬁx))’ 22

c—00
i<c

for x > 0, if we are able to prove

| X EifSeJe+Vi] P
IZ

E; c—00
1<c
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or, equivalently,

I X E/e+ Vil x\ P
() e .

The equivalence of the latter two limiting relations seems to be evident in view of

= P . .

S, — 1. A rigorous proof is based on lower and upper bounds of the terms
c—> 00

|x E;/Sc/c+ V;] according to the decomposition (18) for arbitrarily small & > 0.
The details are left to the reader.

To verify (23) we consider only the sum of the first ¢ — 1 i.i.d. summands,
calculate its expectation, and apply Chebychev’s inequality. This requires to check
the relations

N (LT ST S (LT 7T)

E E|
which are immediately seen from the following

Lemma 2 Forrandomvariables V and E as definedin Lemma 1 and0 <y < 1/2,

we have
2
‘E(LyE—}—VJ E(LyEE+VJ) .

<2ye /7,
E =ave

)—y ‘ <ye V7 and

The proof of Lemma 2 relies on similar calculations as carried out in the proof of
Lemma 1. Some additional estimates and the technical details are left to the reader.

To accomplish the proof of (14) we make use of (22) and repeat the symmetry
arguments showing the equivalence of relations (13) and (21). This completes the
proof of Theorem 4. O

Proof of Lemma 1 The relations (19) are obviously valid for y = 0. Since | —x| =
—|x + 1] for any non-integer x € R and V L1-v , it is clear that
E(l—vyE+VD=-EyE-V+1D=-E(vE+V]),
as well as
E(L-yE+V ) =E(LyE+V |?).

Therefore, it suffices to show (19) for y > 0. By definition of the integer part |-
we obtain

E(LYE+V])=> nP((n—V)/y <E<@m+1-V)/y)
n>1

1

—Sn / (e<v—n>/y _ e(u—n—l)/y) d

n>1 0
1
—1/y
— v/y e —
_/e dv o177 Vs
0

where we have used that 3, n(z" — "y =z/(1 —z) for|z| < 1.



204 L. Heinrich, U. Schwingenschlogl

Likewise, applying the formula an] n?(z" — 2"t = z(1 + 2) /(1 — 2)? for
z=e V7 we get

1
E(lLyE+V )= n2/ eIy —e@*"*lw) dv
0

n>1
1
! -1 -1
:/ ol gy +1e " _ , e 7 /y,
(1 —e1/7)2 1 —e v
0
which is just the second relation of (19) for y > 0. O

5 Proof of Theorem 5

We introduce the abbreviation {x} := x — | x| for the fractional part of x € R. By
definition (8), assuming D, # 0, we first rewrite the maximum-term (SCJ —c/2)/ /¢
as

$!—c2 A 3-Ui+sgDmi(D)) (Do
min NG = —sgn C\/E

\/E - i<c
2(1 + sgn(D.)) — sgn(Do){te Wi + sgn(D.) U; + 2}
— min

Ve Wi

i<c

and the minimum-term (Sf +¢/2)//c as

staep (3 msen@om @)
NN NG G

2(1 — sgn(D.)) + sgn(D¢){t. W; + sgn(D.) U; + 2}
Ve Wi

The remaining case D, = sgn(D.) = 0 can be neglected by noting that

1 1

The above identities reveal that both assertions of Theorem 5 follow immediately
from (12) combined with Slutzky’s theorem whenever each of the sequences

. 1_{TcWiiUi+%} . {TCWi:tUl'—i-%}
min and minf ——=
i<c \/E Wi i<c \/E 4

converges to zero in probability as ¢ — oco. Note that both minima are taken over
dependent random variables having infinite expectation. This requires particularly
careful estimates which are demonstrated in case of the left-hand sequence. The

+ min
i<c
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other sequence can be treated analogously. As in section 4, we use the symme-

try —Ue—1) 4 U(c—1) and (16). Therefore, in view of S, —P> 1, our problem
reduces to show c—00

1—{ZE +V,
ﬁmin( {50 }) P .o, (24)

i<c E; €—>00

where V; = U; + % ,i=1,...,c— 1, are independent and uniformly distributed
on (0, 1).
Let ¢ € (0, 1) be fixed. Define the events T | = {max; . E; < c!/*} and

Fco=imn{ —— ) < — ¢, T.3=10 L < ,
a={mn (5" )= F) masfoceng s

M) = li—vic ZE | 2 g v s EEL fori 1
(ey=11—-Vv. - *E iy - - ori=1,...,c—1.
i i S, i S. i i _\/E

Theorem 2 implies z./c3/4 P, 0 sothatP (Fg 3) — 0.
c—>00 ’ c—>00
Furthermore, we get

P50 = e P > = e e o

c—> 00

and

P(re,) = (p (1 et ))

_ (1 - % (1 — e—ﬁ/@))c1 —— 0.

Now, we are in a position to bound the probability of the event

1-Vi-gE+|gE+Vi] &
: c c > = — A
[Il,ngl( i > (A,

i<c

by sequences tending to zero for any ¢ > 0.

Observe that, for v € I'c ;1 N T'¢ 3, the term g‘f ((2’); E;(w) + V;(w) lies in the

interval (0, 2) so that the integer | g‘f ((‘:))) Ei(w)+ V;(w) | takes only the values O or

1 according to g‘c ((Z’); Ei(w)+ Vi(w) < 1or g‘f ((2’); E;(w)+ Vi(w) > 1, respectively.
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By definition of the above events, the following inclusions are valid for each
i=1,...,c—1:

3
Ai(&) N () Tex

k=1
T; e E; 7.
CTl.oNIc3N 1-Vi——E;>—tU]—E +V; >1
Se c Se
L. AL N 1—V,‘>‘L’c+8 U 1—V,<tc
e e E; 5. e Ei S
c 1-V; Tc £
R {1-vi= 575}

Hence,

1-V
ﬂA(S)mﬂFCkC[IIIE?( Z Z)SCIST]'

1 <c

Finally, by standard arguments combined with the above limits, we arrive at

p(m Ai@)) 3Rt (b (1)) 0

which is equivalent to (24). Thus, the proof of Theorem 5 is complete. O

6 Concluding remarks

Although the proofs of the Theorems 3, 4, and 5 heavily depend on the uniform
distribution of W, there are some reasons which give rise to the conjecture that all
above results will remain true under milder distributional assumptions on W. This
conjecture is mainly supported by the fact that the Gaussian limits in (12), (14),
and in Theorem 5 coincide with the weak limit of Z, := (U + --- + U._1)//c
as ¢ — oo, see (10) and (11). The uniform distribution of W is essentially used
to approximate the left-hand sides of (12), (14), and of both relations in Theorem
5 by Z. up to a stochastic null sequence. For making this remainder term arbi-
trarily small (as ¢ becomes large), for example, it suffices to choose weights of the
form W; = X; /(X1 +---+ X,) fori =1,...,c, where X1, X5, ... are indepen-
dent (not necessarily identically distributed) positive random variables satisfying
suitable moment assumptions.

In the light of such robustness of our results against the assumed uniform
distribution of W, Theorem 5 can be used for testing two hypotheses, namely,

that an apportionment vector (N, ..., N¢) (provided n and ¢ are large enough)
is obtained either by minimizing the Jefferson criterion S/, see (2), or by maxi-

mizing the Adams criterion S4

on> SE€ (3). Given a level @ > 0 of significance, the
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null hypothesis that the apportionment vector (Ny, ..., N.) minimizes the Jeffer-
son criterion S/, i.e. it is obtained by the multiplier method with rounding down

(g=1),is rejeéted at level « when

Za o
— > —, here ®(z =1-—.
c| > 5+ Where (Zas2) 2

Analogously, the inequality /3 | 2 Sén + ¢ |/+/c = zq/2 contradicts the hypothesis

(at level @) that (Nq, ..., N.) maximizes the Adams criterion Sén.

Furthermore, for small sizes of categories ¢ (with large n), the two limiting
relations of Theorem 2 suggest corresponding tests based on simulated values of the
weak limits. The hypothesis that an apportionment vector results from a g-station-
ary multiplier method [for some g € (0, 1)] can be checked using the non-normal
limits of the Sainte—Lagué divergence obtained in Heinrich et al. (2004), L. Hein-
rich et al. (submitted).
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