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1 Introduction

The object of this paper is the study of Nash equilibria for some nonzero-sum
two players differential games on the line. The dynamics of the differential
game is

X =u+v, withue[-1,1], v=[-1,1]. (1)

The payoff is the terminal payofff g(x(7)) = (g:1(x(T)), g2(x(T))), for some
function g : R — R%. Player I, playing with u, wants to maximize g, (x(T)),
while player II, playing with v, wants to maximize g,(x(T)). Our goal is to
investigate closed-loop Nash equilibrium feedbacks for this game.

For zero-sum differential games, i.e., when g = —g;, the notion of Nash
equilibrium is replaced by the notion of value of the game. The existence and the
characterization of the value for such a game is now well-known (see in par-
ticular, for the existence, [4, 5], and for the characterization [3]). For the
dynamics (1), the value function ¥ (¢, x) (for Player I) of the game is simply given by

V(t,x) € [0, T] xR, V(t,x) = g1().

Moreover, if ¢, is sufficiently regular (for instance, if g; = —¢, is ' and has a
finite number of local extrema), we can define explicitely optimal feedback
strategies u*(¢,x) and v*(¢,x) for player I and II given respectively by:

u'(t,x) = sgn(g) (x)) and v*(t,x) = —sgn(g (x)),
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where sgn(s) =1ifs >0, -1 if s <0, and 0 if s = 0.

In conclusion, for the dynamics (1), the solution of the zero-sum differ-
ential game is completely understood and essentially trivial. Surprizingly, this
is not at all the case for nonzero-sum differential games, even for dynamics as
simple as (1).

For nonzero-sum differential games, played with closed loop strategies
or with strategies with memory, one can find in the litterature merely two
approaches:

The first one is inspired by Isaacs work for zero-sum differential games. Its
main goal is the explicit computation of the Nash equilibrium payoff as a
function of the time and the space, i.e., in our example, as a function
E:[0,T] x R — R?, which associates with any initial condition (f,x0)
“some” Nash equilibrium payoff E(#,xo) (see in particular [2], [9] and the
references therein). The key idea is that the payoff £ should satisfy a system of
Hamilton-Jacobi equations given for our game (with dynamics (1)) by:

%‘ + ‘%] + ‘?a%sgn(%) =0 2)
Gt el + Gesgn(G) =0

with terminal condition E(7T,-) = g. Unfortunately, there is up to now no
global theory for such a system. In particular, it does not fit with the
assumptions required in the theory of viscosity solutions for systems of first
order PDEs. A local theory exists - the so-called characteristic method - but it
is only applicable in a neighbourhood of the points (7,x) where ¢}(-) and
g5 (+) are well defined and do not vanish. Therefore this method says very little
in the case we are studying.

However when this method is applicable, it enjoys several interesting
properties. First the solution E satisfies a dynamic programming property
(also called “‘time consistency’ in [2]): For any time Tj € (0, T), the restriction
of E to the interval [0, Tp] is a Nash equilibrium payoff for the game with
horizon Ty and terminal payoff E(7p,-). Second this method provides Nash
equilibrium feedbacks, i.e., strategies which only depend on the current
position of the player and on the current time, and which ensure Nash
equilibrium payoffs whatever the initial position of the game.

Another theory for the nonzero-sum differential games has been devel-
opped by Kononenko in [7], by Kleimenov in [6] and by Totwinski, Haurie
and Leitmann in [10]. This theory is the counterpart of the so-called “Folk
Theorem” for repeated (discrete) games. Its main result is the characterization
of Nash equilibrium payoffs when the game is played with memory strategies.
The basic idea is that memory strategies incorporate a threat which will be
used if the opponent does not observe the agreement, memory allowing each
player to recall a possible deviation from the agreement. In [6], [7], [10], the
Nash equilibrium payoffs for such strategies are completely characterized
and, under the well-known Isaacs conditions, are proved to exist for any
initial position.

Unfortunately, there are in general infinitely many such Nash equilibrium
payoffs for a given initial position. Thus the question of selecting “good”
Nash equilibrium payoffs arises naturally. Kleimenov gives in [6] several
selection methods, but none makes the connection with the feedback strate-
gies suggested by the first theory described above. In particular, none enjoys
the dynamic programming property.
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The main objective of this paper is to make a link between the two
approaches for the game with dynamics (1) and a terminal payoff g. For
this we construct, for the dynamics (1) and for a large class ¢ of terminal
payoffs g, a pair (u*,v*) of feedback strategies, depending only on the
current position of the player and on the current time, such that, for any
initial position of the game, the associated payoff is, on the one hand, a
selection of the set of Nash equilibrium payoffs in the sense of [6], [7], [10]
and, on another hand, satisfies the dynamic programming property. We call
such a pair of strategies a Nash equilibrium feedback.

It turns out that this notion of Nash equilibrium feedback is not enough
discriminating: Indeed, even for elementary examples, there are in general
many “uninteresting’’ Nash equilibrium feedbacks (see Example 2.16 below).
So we are led to introduce an additional requirement of being ‘“‘completely
maximal”’.

We say that a payoff (e1,e;) € R? is maximal for a given initial position
(t,x0) if there is some solution ¥(-) of the controlled system (1) (for some
time-measurable control (#(-), o(-))) such that: (e;, e2) = g(x(7)) and both e,
and e; are the maximum of g; and g, among the values that can be reached by
the controlled system (1) starting from (#y,xp). Of course, such a maximal
payoff seldom exists, but when it exists, it is reasonable to think that both
players should prefer it. We say that a Nash equilibrium feedback is maximal
if, at any point (,xo) where such a maximal payoff exists, the payoff of the
feedback is equal to this maximal payoff. It is completely maximal, if its
restriction to any subinterval [0, 7p], with Ty < T is also maximal. Note that
the condition of being completely maximal is not very restrictive, because
there are in general few point for which a maximal payoff exists.

Our main result (Theorem 2.11) is that such a completely maximal Nash
equilibrium feedback exists. Its associated payoff is even unique—in the sense
that any two completely maximal Nash equilibrium feedbacks have the
same payoff. Moreover, at each point (#,x), this payoff is a Nash equilib-
rium payoff in the sense of [6], [7], [10]. It is even a Pareto one in the set of
these payoffs (Theorem 2.15). This holds true for a large class of terminal
payoffs g, and, in particular, when g is continuous and g; and g, have a finite
number of local extrema. To the best of our knowledge, this result is the first
of this nature.

However, it is quite difficult to prove, and this is the reason why we had to
restrict our study to the dimension one and to the particular dynamics
x' = u+ v. We have actually faced two main issues:

First we were unable to find a general existence argument for a Nash
equilibrium feedback even for a small interval of time. Hence we had to
compute explicitely the solution for such a small interval. For this, we had
to restrict ourself to the dynamics (1) and a particular class of terminal
payoffs (the class ¢). There are up to now very few complete solutions of
nonzero-sum games with constraints on the controls (apart [9] and some
references therein). We think that some examples treated here are com-
pletely new and present unexpected features: See for instance the solution
of the game where g; and g, are continuous, decreasing on (—o0,0) and
increasing on (0,+o0) (case III-III in part 3). Let us point out that, al-
though some parts of the construction could probably be extended to more
general dynamics on the line, we have absolutely no idea how to do it in
higher space dimensions.
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The second difficulty we have met is that the payoff associated with a
completely maximal Nash equilibrium feedback turns out to be discontinuous
in general. Worse, at these points of discontinuity, such a payoff cannot be
defined univoquely in a natural way. This has several consequences, the main
one being that the concatenation of two Nash equilibrium feedbacks, defined
on some time intervals [Ty, 77] and [7T;, T3], is not necessarily a Nash equilib-
rium feedback on the time interval [Tp, 75]. So we have to be very carefull
when constructing our feedbacks, in order to guaranty such a concatenation
property to hold. Here again, the choice of a suitable class 4 of terminal
payoffs plays a crucial role.

We are aware that the conditions under which we are working are ex-
tremely restrictive: We only consider an example on the line, with a dynamics
(1) which is the simplest possible one. For the moment we are unable to say in
what extent our results could be generalized to more general dynamics and
terminal payoffs. In particular, it is possible that the notion of maximal payoff
is only interesting in the framework of dynamics (1); it has certainly to be
adapted in higher dimensions of space.

However we would like to point out that the class of examples we are
studying is not trivial. It is sufficiently rich to allow investigations on some
basic properties of the payoffs of the completely maximal Nash equilibrium
feedbacks, in particular, on the stability property of these payoffs, and on the
connections between these payoffs and the system of Hamilton-Jacobi
Equations (2). These question are currently under study. Moreover, even such
simple class of examples shows very interesting and new features: It shows
that dynamic programming is not sufficient for selecting interesting Nash
equilibrium payoffs (see example 2.16). It also shows that there are some
points in the time-space at which one cannot define Nash equilibrium payoffs
(at least in a simple way) in order to guaranty the dynamic programming. We
do not think that these two points have ever been noticed.

Let us now explain how this paper is organized. In Section 2, we introduce
the different notions used in the paper, state the main results (Theorem 2.11
and Theorem 2.15) and give several examples. The rest of the paper is de-
voted to proofs: in Section 3 we construct the solution for small intervals of
times, while, in Section 4, we show that the construction can be extended to
the full interval [0, T7.

2 Nash equilibrium feedbacks

In this section we introduce the main definitions of this paper as well as the
main result (Theorem 2.11).

2.1 Feedbacks and payoffs

The dynamics of the differential game is (1):
X'(1) =u(t)+o(t) u(t) €[-1,1] and v(r) € [-1,1].

The game is of fixed duration and the terminal time is denoted by 7. The
terminal payoff is a function g = (g1,¢2) : R — R?: Player I wants to maxi-
mize g; (x(T)) while Player IT wants to maximize g,(x(7)).
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We denote by  the set of functions u : [0, 7] x R — [—1,1], 1nterpreted as
strategies for Player I, and by 7~ the set of functions v: [0,7] x R — [—1, 1]
interpreted as strategies for Player II. We call a pair (u,v) € % x "/ a feed-
back.

As usual we have to give a sense to the equation

X (t) = u(t,x(1)) + v(t, x(2))

for discontinuous feedbacks (u,v) € % x ¥". This has already been done be-
fore (see for instance [8]), and we follow more or less the same method.

For any (#y,x) € [0, 7] x R and any feedback (u,v) € % x ¥, we denote
by Z (t,x0,u,v) the set of solutions of the differential inclusion

{x e f(t,x,u,v) on [t,T]

x(to) = Xy

where f(¢,x,u,v) is the smallest upper semi-continuous (usc) convex and
compact set-valued map containing the map (¢,x) — u(t,x) + v(¢,x). It is well-
known that this set of solutions is compact for the uniform convergence, and
that it has a closed graph (see [1]).

We also denote by Z(,xo) the set of all the solutions of (1).

The lower and upper payoffs of the strategies (u,v) for the initial position
(to,x9) are respectively given by: For j = 1,2, the lower payoff of Player j,
denoted by J;(to,xo,u, v), i8

J;(ZL(),)C(),I/I,U) = inf (g/)*(x(T))

xeZ (tg.x0,u,0)
while the upper payoff Jﬁ(to,xo, u,v) 18
JJF(Z‘(),Xo,u,U) = sup (g,)*(x(T))

xeZ (t.,x0,u,0)

Here (g;), and (g;)" are respectively the lower semi-continuous and the upper
semi-continuous envelopes of g; (i.e., respectively the largest lower semi-
continuous (Isc) function which is not larger than g; and the the smallest
upper semi-continuous (usc) function which is not smaller than g;).

Proposition 2.1. If g, and g, are usc and (u,v) € U X V", then, for j =1 or
J =2, there is some x;(-) € X (to,xo,u,v) such that

T} (10, %0, u,v) = g;(x,(T))

Proof: The proof is a straightforward consequence of the compactness of the
set Z (¢, xo,u*,v*) for the topology of the uniform convergence. O
We use below the notations

Jj(to,xo,u v) = (Jf(to,xo,u,v),JQn(to,xo,u,v)) and Jb(tmxo,u,v)
(Jlb(t();x()vuvU)5J2b(t0’x07u7v))'
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2.2 Definition of the Nash equilibrium feedbacks

Definition 2.2. A Nash equilibrium feedback on the time interval [Ty, T) for the
terminal time T and the terminal payoff g is a feedback (u*,v*) € WU X V" such

that for all ty € [Ty, T] there exists a set S;, C R of zero measure such that for
any xo € R\S,,, we have

Vueau, inf  (g1).(x(T)> sup (1) (x(T))

xeZ (tgxo,u* ,v*) x€X (t9.x0,u,v*)
and
ey, inf  (g2),x(T)) = sup  (g2)"(x(T)).
XEX (to x0,u* V) XEX (to,x0,14* )
Remarks:

1. Using the notations of the previous section, the two above inequalities can
be rewritten

Y(u,0) € U x ¥, T (to, x0,u", v°) > J* (19, %0, u, v*) and J3(to, xo, u*, v*)
ZJg(t(),xO,u*,U).

2. Setting (u,v) = (u*,v*) in the previous inequality shows that, for j = 1,2,
we have

vx0¢Sl‘(]aJ;(t07x07u*a U*) = J/p(t07x07u*7 U*)'

In order to simplify the notations, we denote by J(fy,xo,u*,v*) (resp.
Jo(to, xp,u*,v*)) this common value. We say that J(t,xo,u",v") =
(J1 (0, x0,u™, 0*),J2(t9, X0, u*,v*)) is the payoff of the Nash equilibrium
feedback (u*,v*) at the point (#,xo). It is defined for any ¢ € [0, 7] and for
any xo € R\S;, where S;, has a zero measure in R.

3. From standard arguments, it is easy to check that the map
x — J¥(t,x,u*,v*) is continuous at each point (¢,x) € R for which the fol-
lowing equality holds:

JH(t,x, ut,v%) :Jb(t,x, u*,v").

We also need below the following remark:

Lemma 2.3. Let (u*,v*) € U X V" be a Nash equilibrium feedback on the time
interval [Ty, T for the game with terminal time T and terminal payoff g and let
(Sy) be its associated set of zero measure. Then for any ty € [Ty, T|, any xo & Si,
and any x*(-) € X (to,xo,u*,v*), we have

T, (8), 0, 07) =0 (4,07 (0),u*,0*) = J (o, x0,u* ,v°) = g(x* (T)) V€ to,T).

In particular, the map J*(t,-,u*,v*) is continuous at x*(t).
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Proof: Since (u*,v*) is a Nash equilibrium feedback and xy¢S;,, the last
equality holds and g is continuous at x*(7). Let t€[f, 7] and
x(-) € Z(t,x*(¢),u*,v*). It is enough to prove g is continuous at x(7) and that
g(x(T)) = g(x*(T)). For this, let us define the solution x;(-) by setting
x1(-) =x*() on [f,#] and x;(-) =x(-) on [t,T]. Then x;(-) belongs to
X (ty,x0,u*,v*). Therefore, since (u*,v*) is a Nash equilibrium feedback and
X0 ¢ Sy, ¢ is continuous at x;(7) = x(7) and

g(x*(T)) = J (1o, %0, u”, ") = g(x1(T)) = g(x(T)). .

Before giving the next definition, we introduce a notation : For a map
g: R — R? and a point x € R, we set

ess — limsup g(x) = {a € R?|Ve > 0,¥r >0, | g~ (B.(a))N]x — r,x +r[| >0},

X' —x

where |4| denotes the outward Lebesgue measure of a subset 4 of R and
where B, (a) denotes the ball of center ¢ and radius e in R”.

Definition 2.4. [Maximal payoff] Let (ty,xo) € [0,T] x R and (ej,e;) € R>.
We say that (ey,e,) is a maximal payoff at the point (ty,xo) for the game with
terminal time T and terminal payoff g if there is some xo(-) € X (ty,xo) such
that (e1,ex) € ess — limsupy_, (7 g(x') and such that, for any x(-) € Z (to,xo),
we have

for j=1,2, ¢ > (g (x(T)).

Remarks:

1. Loosely speaking, this only means that both functions g; and g, reach a
maximum at the same point xo(7) among the points x(7) that one can
reach starting from (#y,xo).

2. For a given point (#,xp) such a maximal equilibrium payoff does not
necessarily exist (and in fact seldom exists). However, if it exists, it is
clearly unique.

3. If g is continuous, we have of course (e, e;) = g(xo(T)). However, for later
use, we need to have this definition at points where the function g can be
discontinuous.

A typical example of what we want to avoid is the following situation. Let
g : R — R? be defined by

(-1,1) if x<0
YxeR,g(x)=1¢ (1,-1) if x>0
(1, 1) if x=0

Then the value (1,1) does not belong to ess — limsup,_,, g(x’), although it

could be a good candidate for being a maximal payoff, since at this point both

functions ¢g; and ¢, have a maximum. But examples of differential games can

be given for which this would lead to some contradictions (see example 2.18).
For later use, we need the following remark:
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Lemma 2.5. Let (t,x0) € [0,T] x R. Suppose that at (ty,xo) there is some
maximal payoff (e1,es) € R® for the game with terminal time T and terminal
payoff g. Let xo(-) € Z(ty,xo) be such that

(e1,e2) € ess —limsupg(x').
x'—x0(T)

Then, for any t| € [ty, T), (e1,e2) is the maximal payoff at the point (t1,xo(t1))
for the game with terminal time T and terminal payoff g.

Proof: 1t is a straightforward application of the concatenation property of
the solutions of system (1).

Definition 2.6. [Maximal Nash equilibrium feedback] Let (u*,v*) € U x V" be
a Nash equilibrium feedback on some time interval [Ty, T| (with Ty < T) for the
game with terminal time T and terminal payoff g. We say that (u*,v*) is
maximal on [Ty, T for the game with terminal time T and terminal payoff g, if
(u*,v*) is a Nash equilibrium feedback on [Ty, T] and if (u*,v*) satisfies the
additional requirement: For any (fy,x0) € [To, T) X R, if there is some maximal
payoff (e, e2) for the game with terminal time T and terminal payoff g at the
point (ty,xo), then

forj=1,2, ¢ :J}(to,xo,u*,v*).

Remark. The requirement of (u*,v*) to be maximal is somehow the weakest
requirement we could make because there are in general few initial conditions at
which such a maximal payoff exists. Let us point out that, in general, Nash
equilibrium feedbacks are not maximal (see example 2.16 below).

Before introducing the last—and main—definition of this section, we need
the following remark:

Proposition 2.7. Let us assume that g, and g, are usc. Let (u*,v*) be a Nash
equilibrium feedback on the time interval [Ty, T). Then, for any Ty € (To, T), the
restriction of (u*,v*) to [Ty, T1] X R is a Nash equilibrium feedback for the
horizon Ty and the terminal payoff J*(Ty, -, u*, v*).

Remark. This result is nothing but the well-known dynamic programming
principle (or time consistency). Although its proof follows standard arguments,
we give it nevertheless since some attention has to be paid to the payoff of the
Sfeedback (u*,v*) which is not well defined at time Ty on the set S, .

Proof: We only prove that, for any ¢ € [Ty, T1), there is some set S, of zero
measure such that, for any u € %, for any xy € R\S;,, we have

inf (Jlt)*(Tl,x*(To),u*,v*) > sup (Jf)*(Tl,x(TO),u*,v*).
x*(-)eﬂ’(t[).xo,u*,v*) X(')GW'([Q‘X(),IA,U*)
(3)
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The inequality for J, can be obtained in a symmetric way.

Let (S;) be the set of zero measure associated with (u*,v*). Then, for any
xo € R\S,, for any we, let us fix x*()€ Z(t,x0,u*,v") and
x(-) € Z(to,x0,u,v*). Let us recall that Jf is usc. Hence (Jf)* :Jlt. From
Lemma 2.3, we know that J*(Tj, -, u*, v*) is continuous at x*(7p) and that we
have the equality

D)(T1,x" (To),u",v*) = T (T, x* (To), u”, 0°) = g1 (6°(T)). (4)

Since g¢g; is usc, Proposition 2.1 states that there is some solution
xi1(-) € (Ty,x(Th),u*,v*) such that

91(x1(T)) = JH (T, x(Ty), u*, "),

Let us now define

_  Ju(t,x)  iftefn, D) o Jx() ifreln, )
u(t’x)_{u*(t,x) if1 e [71.7] "md"(t)—{xl(t) i1 e 1.1

Then we have clearly X(-) € Z (¢, xo, 4, v*). Therefore, since (u*,v*) is a Nash
equilibrium feedback, and since xy € R\S;,, we have

g1(x* (1)) > g1(X(T)). (5)
Moreover, from the construction of X(-), we have

g1((7)) = g1 (x1(T)) = J{(Ti,x(T1), 0", v). (6)
Then combining (4), (5) and (6) together gives (3). O

Definition 2.8. Let (u*,v*) € U x V" be a Nash equilibrium feedback on some
time interval [Ty, T (where Ty < T) for the game with terminal time T and
terminal payoff' g. We say that (u*,v*) is completely maximal on the time
interval [Ty, T) if, for any T € (Ty, T), (u*,v*) is a maximal Nash equilibrium
feedback for the game with terminal time Ty and terminal payoff J*(Ty, -, u*, v*).

Remark. This assumption is the weakest one if one want that the Nash equi-
librium payoff is maximal and satisfies some time consistency.

2.3 The main Theorem

In order to state the main results of this paper, we have to define the class ¢ of
terminal payoffs for which we can solve the problem.

Definition 2.9. The class of admissible payoffs 4 is the set of maps
g=(g1,92) : R — R? for which there is a partition 69 = —00 < ] < --- <
o < Op+1 = 400 such that

1. forany i=0,...,k,
— either g, (resp. g») is continuous and (strictly) increasing or decreasing on
(6i,0i11)s
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—or g\ and g, are simultaneously constant on the interval (6;,611),

2. g1 and g are usc on R, and, for i =1,... k and j=1,2,g; is right or left
continuous at o;.

3. if g1 (resp. g2) has a strict local maximum at the point o;, then g, and g, are
continuous at o;.

Terminology. We say below that X = {0y <o) < - <oy <oy} is the
partition associated with the map g.

Remark. In particular, if g = (g1, g2) is continuous and g\ and g, have a finite
number of local extrema, then g belongs to 9.

For later use, let us introduce another class of terminal payoffs:

Definition 2.10. The subclass of admissible payoffs % is the set of maps
g = (91,92) € 9 which satisfy the additional requirement: If g (resp. g») has a
strict local maximum at some point a; belonging to the partition associated with
g, then g, (resp. gy) has a local minimum at o.

We are now ready to give the main result of this paper:

Theorem 2.11. Assume that the terminal payoff g belongs to the class 4. Then
there exists a completely maximal Nash equilibrium feedback for the game with
terminal time T and terminal payoff g on the time interval [0, T).

Moreover, the payoffs of any two completely maximal Nash equilibrium
feedbacks coincide almost everywhere.

Remark

1. The uniqueness part of the result means the following: Let (u*, v*) be some
completely maximal Nash equilibrium feedback on the time interval [0, 7],
and let (u},v}) be another completely maximal Nash equilibrium feedback
on some time interval [T}, 7] with 7; € [0, T). Then

Vee T, T), J(t, - u",v")=J(t-uj,v]) ae. .

2. We prove below that, for any ¢ € [0, T), the function J(¢, -, u*, v*) belongs to
% in some sense.

The proof of Theorem 2.11 is given in the last two parts of the paper.
Roughly speaking, we mimic the proof of existence of solutions of ordinary
differential equations: We first prove existence and uniqueness of a completely
maximal Nash equilibrium feedback on a small interval of time (Proposi-
tion 3.1). Then we show that—under suitable conditions—the concatenation
of two completely maximal Nash equilibrium feedbacks is still a completely
maximal Nash equilibrium feedback (Proposition 4.5). From this we deduce
that there is a maximal interval (T, 7] of existence for the feedback. In order
to prove that this interval is in fact the full interval [0, 7], we have to show
that, otherwise, one could enlarge again the interval of definition of the
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feedback. For this we prove an extension result, which roughly states that, at
time Ty, the payoff of the completely maximal Nash equilibrium feedback still
belongs to the class ¥ of admissible terminal payoffs: This is the aim of
Proposition 4.6.

2.4 Link with Nash equilibrium payoffs for memory-strategies

We now make the link between the Nash equilibrium feedbacks defined above
and the Nash equilibrium payoffs for memory strategies as defined in [6], [7],
[10].

We only recall here the characterization of these payoffs, since their exact
definition would require the introduction of memory strategies, which we
prefer to avoid for sake of shortness. For the original definition and the
interpretation, see [6], [7], [10].

Proposition 2.12. Let us consider the game with dynamics (1) and with terminal
payoff g =(g1,92) where g:R—R> is a continuous function. Let
(to,x0) € [0,T) x R be a fixed initial position. A pair (e1,e;) € R* is a Nash
equilibrium payoff for this game played with memory strategies (in short Nash
equilibrium payoff) for the point (ty,x0), if and only if there is some solution
x(-) € Z(to,x0) such that

Vt e t,T], for j=1,2, g;(x(2)) <e; = g;(x(T)).
We call the solution x(-) a Nash trajectory.

Remarks:

1. The exact statement of the characterization result of [6], [7], [10] is the
following: A pair (e, e;) € R? is a Nash equilibrium payoff for the point
(to,x0), if and only if there is some solution x(-) € Z(#,xo) such that

Vi € [tovTL fOI‘j: 1727 V_}(t7x(t)) < €= gj(x(T))7

where V| and V5 are respectively the value functions of the zero-sum games
where, on the one hand, Player I wants to maximize ¢, (x(7")) while Player
II wants to minimize this quantity, and where, on another hand, Player 11
wants to maximize g, (x(7)) while Player I wants to minimize this quantity.
For the game with dynamics (1), the value functions ¥} and 75 is the unique
solution (in the viscosity sense) of the Hamilton-Jacobi-Isaacs equation
{ Vi+H(V;)=0 on[0,T) xR
V(T =g() R

where, for j = 1, Hi(p) = sup,¢|_ jj infoe[-1,1)(# + v)p = 0, while, for j = 2,
Hy(p) = infye[11)Supye_1 ) (u + v)p = 0 (see ([3]) for instance). Therefore
V1(t,x) = g1(x) and ¥5(¢,x) = g2(x), whence the Proposition.

2. Let us recall that the characterization result only holds for continuous
terminal payoffs g. The discontinuous case is still an open problem.
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Definition 2.13. We say that a Nash equilibrium payoff (e, e,) € R* is Pareto
at the point (ty,xo), if, for any other Nash equilibrium payoff (¢, €;) € R* at
(t0,X0),

we have:
either e; > €| or ey > ¢).

In the rest of the section, we assume that g is continuous.

Proposition 2.14. Let (u*,v*) be some Nash equilibrium feedback on the time
interval [0, T] and (Sf)tE[O‘T] be its associated set of zero measure. Then, for any
t€[0,T) and x¢ S,, the payoff (e1,e2) = J(t,x,u*,v*) is a Nash equilibrium
payoff and any solution x*(-) € Z(t,x,u*,v*) is a Nash trajectory.

Moreover the payoff of a completely maximal Nash equilibrium feedback
is Pareto at any “‘regular” point:

Theorem 2.15. Let (u*,v*) be a completely maximal Nash equilibrium feedback
and (S;) be its associated set of zero measure. Then, for any t € [0,T) and for
any x¢ S, the payoff J(t,x,u*,v*) is Pareto.

Proposition 2.14 and Theorem 2.15 are proved at the end of the paper.

2.5 Examples of Nash equilibrium feedbacks

We now give several examples of Nash equilibrium feedbacks for various
terminal payoffs.

Example 2.16. Let us assume that g, and g, are both strictly increasing and
usc. Then the feedback given by

V(t,x) € [0, T] x R, u*(t,x) = v*(t,x) = 1

is a completely maximal Nash equilibrium feedback. Moreover, the payoff of any
other maximal Nash equilibrium feedback coincides almost everywhere with the
payoff of (u*,v").

However, there exists infinitely many Nash equilibrium feedbacks for which
the associated payoff differs from the payoff for (u*,v*). For instance, for any
fixed a € R at which g is continuous, the feedback (u,,v,) defined by

V(t,x) €[0,7] x R, ua(t7x):va(t,x):{1_1 itx>aorx 42T —1) <a

is a Nash equilibrium feedback.

Proof: Let Sy be the set of points at which g is discontinuous and, for any
t€(0,T), S; =Sr —2(T —t). Then, for any ¢, the set S; has a zero measure
since it is enumerable. Moreover, for any point (¢,x) € [0, 7] x R, with x¢ S,,
the payoff g(x 4+ 2(T — ¢)) is maximal because g, and g, are both increasing
and continuous at x 4+ 2(7 —¢). This proves that the feedback (u*,v*) is a
maximal Nash equilibrium feedback, because, for any (¢,x) € [0, 7] x R, the
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unique solution x(-) € #(¢,x,u*,v*) is x(-) =x+2(- —¢). Moreover, the
payoff of any other maximal Nash equilibrium payoff coincides with the
payoff of (u*,v*) almost everywhere, because it has to coincide at the points
(¢,x) with x¢ S, since at these points there is a maximal payoff. Finally, the
feedback (u*,v*) is completely maximal because, for any 7; € [0, 7], the maps
JH(Ty, -, u*,vx) = g;(-+2(T — Ty)) are increasing, and thus the previous
arguments apply to these maps.

Let us finally prove that the feedback (u,,v,) is a Nash equilibrium
feedback with a payoff different from the payoff of (u*, v*). A straightforward
computation shows that V(¢,x),Vx(-) € Z(¢,x,u,, v,),

() = x+2(T—1t) fx>aorx<a—-2(T-1)
=4 ifa—2T—t)<x<a

(for x = a, then x(T) € [a,a+ 2(T — ¢t)]). Thus the payoff for (u,,v,) differs
from the payoff for (u*,v*) on the set E = {a — 2(T — ) < x < a}. Let us also
point out that, on this set, the payoff of (u,, v,) is well defined (i.e., J* = J°)
because g is continuous at a. Let us set X, = {a} U [S,\(a — 2(T — 1), a)].

For proving that (u,,v,) is a Nash equilibrium feedback with associated
set of zero measure ()¢ 7). let (u,v) € % x . We have to prove that, for
any ¢ € [0,7) and for any x € R\X,, we have

Ji(t, X, uq,04) > Jlﬁ(t,x, u,v,) and sz(t,x, UgyVg) > J§(r,x7 Ug, V).

We only do the proof for the first inequality, the proof of the second one
being symmetric.

If x¢(a — 2(T — t),a) the result is clear, because J(t,x, u,,v,) is the max-
imal payoff at (#,x). Let us assume that x € (a —2(7T —¢),a). Then
Ji(t,x,uq4,0,) = g(a). Let now x(-) € Z(t,x,u,v,) and let us check that
x(T) < a. Indeed, let us denote by 0 the first time the trajectory x(-) leaves the
set E. As long as x(s) € E, v, = —1 in a neighbourhood of (s,x(s)). Hence
x'(s) < 0 and the solution x(-) is non increasing on this interval. Thus x(0) < x
and x(0) =a—2(T —0) because (0,x(0)) € OE. Therefore x(T) < x(0)+
2(T — 0) = a. Since g is increasing, we have

Jlt(t,x,u,va) < gi(a) =J(t,x,uq,0,). O

Next we give an example where there is no maximal payoff.

Example 2.17. Let us assume that g, is strictly increasing while g, is strictly
decreasing in R, and that both functions are usc. Then the feedback (u*,v*)
given by

V(t,x) €[0,T] x R, u*(t,x) =1=—v"(t,x).

is a completely maximal Nash equilibrium feedback.
Moreover, for any Nash equilibrium feedback (u,v), we have

Vi€ [0,T],J(t,x,u,0) = J(t,x,u*,0") = g(x) ae x€e€R.

Remark. Note that there is no maximal payoff at any point (t,x) because g, is
strictly increasing while g, is strictly decreasing.
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Proof: Let Sy be the enumerable set of points x at which the function g is
continuous and let S, = Sy for any ¢ € [0, T]. For any (¢,x), there is a unique
solution x(-) = - in Z'(¢,x,u*,v*). Then it is very easy to check that (u*,v*) is a
Nash equilibrium feedback with associated payoff J(¢,x,u*,v*) = g(x). Tt it
also completely maximal, since there is no maximal payoff.

Let now (i, v) be any Nash equilibrium feedback and let (), ) be its
associated set of zero measure. Then, for any (¢,x) € [0, 7] x R with x¢S,,
and any x(-) € Z(¢,x,u,0) we have, on the one hand:

gl(x(T)) =Ji (tax’ﬁ’ 17) > Jn(tvxa laﬁ) > gl(x)

because any solution of Z'(¢,x,1,7) is non decreasing and g; is increasing.
Inequality g; (x(7)) > g1 (x) implies that x(7) > x. On the other hand,

g2 (x(T)) = S (t,x,4,0) > Jzﬁ(t,x,ﬁ, —1) > ga2(x)

because any solution of Z'(¢,x,u, —1) is non increasing and g, is decreasing.
Then the inequality g,(x(7)) > g2(x) implies that x(7) < x. Accordingly,
x(T) = x, and the desired result is proved: J(¢,x,4,0) = g(x). O

Next we give an example in which the payoff associated with a completely
maximal Nash equilibrium feedback is discontinuous and is not well-defined
at the point of discontinuity.

Example 2.18. We assume that

1 ifx <=2
—x—1 if-2<x<1
x—3 ifl1<x<2
-1 ifx>2

Vx € R, g2(x) = gi1(—x)and g;(x) =

Then for any completely maximal Nash equilibrium feedback (u*,v*), we have

o Ifte [T —1,T], then, for almost all x € R, Jo(¢,x,u*,v*) = J (¢, —x, u*, v*)
and

1 ifx<=242(T—-1)
—x—142(T—1t) if242(T—1)<x<—-14+(T—1)

Ji(tx,ut 0 ) =¢ —x—1 if—14+(T—t)<x<1—(T—1%)
x—=34+2(T -1 fl1—(T—t)<x<2-2(T—1)
-1 ifx>2-2(T 1)

o Ift < T —1, then for almost all x € R, Jo(t,x,u*,v*) = Jy (¢, —x, u*,v*) and

- 1 ifx<0
Jl(tvxvu 7U):{_1 ifx>0

We shall not do the proof since existence and uniqueness for such a game are
constructed in the next sections. We mainly want to point out that, at time
t=T—1, we have

1 ifx <0

R, JH(T—l,x,u",v") =
Vx e R, Ji( X, u* vY) {_1 Fxs0
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while

-1 ifx<0
1 ifx>0

In particular, J*(T — 1,0, u*,v*) = (1, 1), and thus the point x = 0 is a point of
maximum for both JF(T— 1,-,u*,v*) and Jg(T— 1,-,u*,v*). However, it is
not a Nash equilibrium payoff in the sense of [6], [7], [10] since there no point
x € Rsuch that g(x) = (1, 1). Therefore the payoff (1, 1) cannot be considered
as a maximal payoff at (7 — 1,0) without causing trouble. This has lead us to
the above definition of maximal payoffs.

Vx € R, Jzﬁ(T— Lx,u*,v") = {

3 Local existence and uniqueness

In this section, we compute explicitely, for any terminal payoff g € 4, a
completely maximal Nash equilibrium feedback on a time interval [T — 1, 7]
for some t > 0. Moreover we prove that the associated payoff belongs to %
and that the associated payoff of any other completely maximal feedback
strategy coincides with it.

3.1 The local existence and uniqueness result

Proposition 3.1. Let us assume that the terminal payoff g belongs to 4 and that
X is an associated partition. Then:

A) [Existence] there is some feedback (u*,v*) € U x V" and some © > 0 such
that
i) (u*,v*) is a completely maximal Nash equilibrium feedback on the time
interval [T — 1, T, _
ity for any t € [T —,T), J*(t, -, u*,v*) belongs to %,
iiiy for any t€ [T —1,T|, there is some partition S; associated with
J(t, -, u*,v*) such that

VX¢SZ7 Jﬁ(taxau*av*) :Jb(t,x,u*,v*),

iv) the set-valued map t — S; is 2-Lipschitz continuous on [T —t,T], with
St = X, and there is some fixed M such that the cardinal of S, is not larger
than M,

v) for any ty € [T — =, T), for any xo & Sy, for any x*(-) € X (to, xo, u*, v*), we
have

Vi € [to, T),x* (1) & S,.

(we say that (u*,v") is proper with respect to the set (S),e(r_. r))-

vi) if moreover g belongs to 94, then the cardinal of S, is not larger than the
cardinal of X and, for any ty € [T —,T), for any xo¢S;, for any
x*(+) € Z(ty,xo,u*,v*), we have x*(T) ¢ X (we say that (u*,v*) is proper with
respect to the terminal set X).
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B) [Uniqueness] any other completely maximal Nash equilibrium feedback
(uj,vy) defined on some interval [T —rt,T] satisfies:  for
t € [T —min{z,7,},T], for j = 1,2,

Ji(t,x,u",v") = J;(t,x,uj,v]) for almost all xeR.

The proof of Proposition 3.1 is splitted in several steps. We first define
explicitely the feedback (u*,v*). Then we prove that it is indeed Nash and
maximal, and that the payoff of any completely maximal Nash feedback
strategy coincides with the payoff of (u*, v*). Next we show that condition (ii)
is satisfied. We finaly establish that (u*,v*) is completely maximal.

3.2 Construction of the maximal Nash equilibrium feedback

In this part we explain the construction of the strategy (¢*,v*). For doing so,
we first construct some © > 0 and maps ¢ — o] (¢) and # — o; () in such a way
that, for any ¢t € [T — 7, T,

ao(t) = =00 < oy (1) < af (1) < -+~ < 0 (1) < 6f (1) < G411 = +o0.

x),v*(¢,x)) in a suitable way
t), 07 (¢)) the point x belongs

*

Then, for any ¢ € [T —1,7T], we deﬁne ( *(t,
according to the interval (o} (¢), 07, (¢)) or (a7 (
to. The set S, shall be defined below as

Si={o; (t),i=1,....,k}U{a/ (1),i=1,... k}.

Let g € 9 and £ = {0p = —00,01,...,0k 0r1 = +00} be an associated par-
tition. We divide the singularities g; in 4 classes. For j = 1,2,andi = 1,... %,
the point o; is of the type I (resp. I, 1/l or IV) for the map g; if:

e Type I: g; is monotonous on (6,1, di41).

e Type II: g; has a strict local maximum at the point ¢; and is continuous at
Oij.

e Type III: g; has a strict local minimum at the point ¢; and is continuous at
g;.

e Type IV: g; is discontinuous at ¢; and its Isc enveloppe has a strict local
minimum at g;.

Remark. Let us underline that a point o; is of one and only one type for g;
(=1 or j=2) because g belongs to 9.

Notation: If ¢ : R — Rand x € R, we denote by ¢(x~) (resp. ¢(xT)) the limit,
if it exists, of ¢(s) when s — x~ (resp. s — xT).

Definition of ¢/ (-) and o (-):

For any i = 1,...,k, the singularity o; propagates via two arcs, denoted ; (-
and o; (-). For defining these arcs, we have to consider all the possible cases:
For A € {I,11,1II,1V} and B € {I,1I,IIl, IV}, the case A-B is the case where
ag; is of type A for g, and of type B for ¢,.
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In order to restrict the (Ilengthy) cases discussion, we use the symmetry of the
problem, which implies that the propagation of the singularity in the case (A—
B) is the same as in the case (B-A).

e Case I-I:

—if gy and g, are simultaneously non decreasing (resp. non increasing) on
the interval (o;_1,0,+1) and if either g; or g, is non constant on this
interval, then we set o (t)=0,(t)=0,—2(T—1t) (resp.
o/ (t) = 07 (t) = 0; + 2(T — 1)), - otherwise, we set ¢/ (t) = a; (1) = 0;.

e Case I-1I:

— if gy is strictly increasing, then ¢; (f) = 0; — 2(T — ¢) and ¢} (1) = 0y,
— if gy is strictly decreasing, then o} (f) = 0; and o/ (t) = 0; + 2(T — 1),
e Case I-1III:
—if gy is strictly increasing, then o (t) = a; (t) = 0;(t) where o;(¢) is the
unique solution  x € (0; —2(T —1),0; of  the equation

ga(x )—Qz(x‘f'z( —1))

)
— if gy is strictly decreasing, then o; F(t) = o; (t) = 0:(t) where o;(¢) is the
)

unique solution x € (o; — 2( —1), clrl of the equation
92(x) = go(x + 2(T — 1))
e Case I-1V:
—if g1 is non decreasing and  g2(0;) < g2(g;), then

of (1) = o7 (1) = 5 — 2T — 1)
—if g is non decreasing and g2(a;7) > ga(of), then 6/ (¢t) = 0, (1) = 0; - if
g1 is non increasing, it is the converse

e Case II-1I: 6; (1) = 0, — 2(T — ¢) and o/ (¢) = 0, + 2(T — 1).

e Case II-11I: o; (1) = 6/ (¢) = 0.

o Case III-III: For j=1,2, let us denote by y;(f) the unique point
x€(o;—2T —1),0;+2(T — 1)) such that
gi(x—=2(T — 1)) =g;(x+2(T —t)). Then o] (t) =0, (t) = 0;(t) where
x(-) = 0;(T — -) is the unique absolutely continuous solution to:

{f(((}?)) i ;311@) (x(s))  ae -

where £(s) = [min{y (T — ), »2(T — 5)}, max{y (T — ), (T — 5)}].

{ ifx€I(s) yosovreR,
+o00 otherwise

and 01, (x) denotes the subdifferential of the convex function 1;((-).

e Case III-1V:

—if g2(07) < g2(0;), then o} (1) = o; (¢) = 0:(¢) where 0;(¢) = min{0,x(¢)},
x(2) belng the umque solutlon in (6: —2(T —t),0;) of the equation
92() = galx+2(T = 1)

—if g2(a;7) > g2(a]"), then 6/ (¢) = o; (1) = 0:(¢) where o;(1) = max{0,x(¢)},
x(1) belng the unique solution in (6: —2(T —t),0;) of the equation
02() = ga(x + 2(T — 1))

e Case IV-1V:

— if gi(o7) < gi1(a]") and g2(0;) < ga(0]"), then o; (1) =6 (1) = 0, — 2

(T=1).
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—if gi(6;7) > g1(6]") and g2(0;) > g2(0;), then a; (t) =0 () = 0:+ 2
(T —1).
— otherwise, a; (t) = o/ (t) = 0.

Remarks.

1. Let us first point out that the above cases distinction covers all the possi-
bilities because g belongs to ¥.

2. For the cases (I-III) and (III-III), we prove below that the map g;(-) is
indeed well defined.

3. Let us notice that o; (¢) = o, (¢) unless we are in case (I-1I) or (II, IT). In
particular, if g € ¢, then we always have a; (1) = o} (¢).

4. In order to simplify the notations, we set

ay (1) = a4 (1) = —oc and 6, (1) = 0, (t) = +00.
Definition of 7: We choose © > 0 such that

Vi=1,....k, 1< (0441 —0;)/24 (8)
and such that, if g; is discontinuous at o; (for j € {1,2},i € {1,...,k}) with,
for instance, g;(a;) < g;(0;"), then

(x) < inf (x). 9
supgy(x) < _ inf gy o)

x€lo;—21,0) 0,0i

Proposition 3.2.The maps o} (-) and o; (-) defined above are well defined and
Lispchitz continuous with a Lipschitz constant not larger than 2 on [T — 1, T).

Remark. This proves assertion (A-iv) of Proposition 3.1.

Proof: We only do the proof for the cases (I-11I) and (ITI-III), since the result
is either obvious, or can be obtained in a similar way for the other cases.
For the case I-III, let us assume, for instance, that g, is increasing. Then
o/ (t)=0;7(t)=0,(t) where o;(f) is the unique  solution
x € (6; —2(T —1t),0;) of the equation g»(x) = ga(x + 2(T —¢)). There is in-
deed a unique solution to this equation in the interval (o; — 2(T —¢), 0;)
because the map ¢, :x — ¢go(x+2(T —¢t)) — g2(x) is increasing on this
interval, and satisfies

¢(0i = 2T — 1)) = g2(0:) — g2(0: = 2(T — 1)) <0
and
¢,(0:) = g2(0; + 2(T — 1)) — g2(a:) > 0

since g, has a minimum on the interval (o,_1,0:41) at o;.

For proving that the map o;(-) is 2-Lipschitz continuous, let us show that
o;(+) is increasing and satisfies o;(s) > g;(¢) — 2(¢ — s) if t > s. Indeed, the map
¢,(+) defined above is increasing on (o, — 2(T — 5), 0;) and satisfies
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bs(0i(1)) = g2(0:(t) + 2T — 5)) — g2(0:(1))
= g2(0i(1) + 2T = 5)) — g2(04(t) + 2(T — 1)) > 0
because ¢, is increasing on (o}, 6;41), and

¢s(0i(t) = 2(t = 5)) = g2(0i(1) + 2(T = 1)) = ga(0(t) = 2(t = 5))
= 92(0:(1)) = g2(ai(1) = 2(t = 5)) <0

because g, is decreasing on (o;_1,0;). Therefore ;(s) belongs to the interval
(0:(¢) — 2(¢t — ), 04(¢)), which is the desired result.

Case III-III: Following the proof above, it is not difficult to check that the
maps yj(-) (j=1,2) are 2-Lipschitz continuous. Let wus set
z1(s) = min{y (T — 5),»(T —s)} and zy(s) = max{y (T — s),»(T —s)}. We
prove in the same time that a solution x(-) to (7) exists and is 2-Lipschitz
continuous. For this, we use the so-called viability Theorem (see for instance
[1]) applied to the set-valued map F and to the locally compact set K defined
as follows:

K ={(s,x) €[0,7) x R|z(s) <x < z(s5)}

{1} x {0} if z1(s) < x < z2(s)

Fls,x) = {1} x [0,2] if z1(s) = x < z2()
’ {1} x [-2,0] ifz;(s) <x = za(s)
{1} x [=2,2] if z1(s) = x = z2(s)

It is easy to check that F' is usc with convex compact values and that K is a
locally compact viability domain for F, because z; and z, are 2-Lipschitz
continuous. Accordingly for the initial condition (0, g;) there exists (locally) a
solution (#(-),x(+)) to the differential inclusion

{ (#'(s),X'(s)) € F(t(s), x(s))
(#(0),x(0)) = (0, a7)

which remains in K. Obviously #(s) = s and it is easily seen that the solution
can be extended to the interval [0, 7). Since F(s,x) C —01;(,(x) for any (s,x),
x(+) is also a solution to (7). Moreover, from its construction, x(-) is 2-Lips-
chitz continuous.

Let us now prove that the solution of (7) is unique. Let x;(-) and x»(-) be
two solutions of (7). Then, for almost every s,

d
7 i(s) = x:(s))* = 2(x1(s) = x2(s)) (¥ (s) = 25(s)) <0

because X/(s) € =01, (x;(s)) for j=1,2, and because of the well-known
monotonicity property of the subdifferential of convex functions. Therefore

(x1(s) = x2(5))* < (x1(0) = x2(0))* = 0. O
Definition of the completely maximal equilibrium feedback: Let (u*,v*) €
U x ¥ be the pair of strategies defined by: fori =0,...,kand ¢ € [T — 1, T],

_ 1 if g; is increasing on (6;,0+1)
+ * _ iy Vit
x € o7 (1), 01, ()], ' (t,x) = { —1 if g; is decreasing on (a;, ;1)

and
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_ 1 if g, is increasing on (6;, 041)
+ * _ i Vit
¥x € o7 (0, 01 (O], v (6,x) = { —1 if g, is decreasing on (6}, 0;41)

and
Vx € (a7 (1), 67 (1)), u”(t,x) = U*(t,x){ 1_1 ioftflef W(izé(t) +07(1)/2

When ¢, and g, are constant on the interval (;,0;11), we have to be more
carefull. Let x € [a; (¢), o7, (¢)] and let us assume that g; and g, are constant
on the interval (g;,0,41). Then we define »*(¢,x) and v*(¢,x) in the following
way: Let us set a(t)=30;+%0,1 —2(T—¢t) and bi(t) =%0; + 3000
+2(T —¢t). Then

1 if x < a;(t)
u(t,x) = v"(t,x) = { —1  ifx > bi(¢)

0 otherwise
Remark. From assumption (8) on t and since o; (-) and ¢ (-) are 2-Lipschitz,
we have

oo(t) = —cc < gy (t) <ol (t) <... <0, (1) <af(t) < Op11 = +00
and a;(¢) < b;(t) on [T — 7, T]. Hence (u*,v*) is well defined.

Lemma 3.3. Let us set

Vie [T —1,T|, S={o;(t), i=1,....k}U{a/(t), i=1,....k}.
1) Then for any ty € [T —t,T), for any xo¢ Sy, there is a unique solution
x*(-) € Z(to,x0,u*,v*). This solution satisfies

Vit € [to, T),x* (1) S,

2) If moreover, g € 4, then
xX(T)¢ZX.

Remark: In the terminology introduced in Proposition 3.1, the first statement
says that (u*,v*) is proper with respect to the set (S;)—which proves (A-v) of
Proposition 3.1—, while the second statement says that (u*,v*) is proper with
respect to the terminal set X—hence (A-vi) of Proposition 3.1 holds.

Proof: The proof is a straightforward (but quite tedious !) verification by
listing the various cases. O

3.3 The pair of strategies (u*,v*) is a maximal Nash equilibrium feedback

We prove here that the feedback (u*, v*) constructed above is a maximal Nash
equilibrium feedback and that its associated payoff coincides with the payoff
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of any completely maximal Nash equilibrium feedback. In doing so, we prove
in particular parts (A-iii) and (B) of Proposition 3.1. Let us recall that

Vie [T—1,T], Si={o; (), i=1,....;k}U{c/(t),i=1,... k}.

Let (#,x0) belong to [T — 1, T] x R. For any feedback (u,v) € % x ¥~, for any
solution x(-) € Z(ty,xo,u,v), we have

vt € fty, T], x(t) € [xo —2(t —to),x0 + 2(¢t — to)].

Therefore the upper- and lower-values of a feedback (u,v) at (#,xo) only
depend on the restriction of this feedback to a neighbourhood of the set
R(ty,x) defined by

R(to,x0) = | J {£} x [xo — 2(t — t0),x0 + 2(t — to)].

telty,T)

From the definition of 7 (see (8)), the interval 7= [xo—2(T — 1),
xo + 2(T — 1)] contains at most one g;. If the interval 7 does not contain any
g;, arguing as in Example 2.16 and 2.17, we can show that the restriction to a
neighbourhood of R(#,xo) of the feedback (u*,v*) is a maximal Nash equi-
librium feedback and that its associated payoff coincides with the payoff of
any completely maximal Nash equilibrium feedback on this neighbourhood.

If the interval I contains o; for some i =1,...,k, we have to discuss
according to the type of g;. In order to avoid lengthy cases discussions, we
only give a complete proof for the case III-11I which is more delicate and leave
the other cases to the reader.

From now on, we assume that ¢; of type III-III. Namely, g; and g, are
continuous, are decreasing on (¢,_1, 0;) and increasing on (o;, 6;41). Let us set
R={tx)e[T—1,T| xR|x€[o; —2(T —ty),0; +2(T — tp)]} and let us
notice that, if (¢, xy) € R, then R(#y,xo) C R. We are going to show that the
restriction of (u*, v*) to the set R is a maximal Nash equilibrium feedback and
that its associated payoff coincides with the payoff of any completely maximal
Nash equilibrium feedback on this set.

Let us now recall the definition of (¢*,v*) in R: For j = 1,2, let us denote
by y;(t) the unique point x € (6; —2(T —1),0; +2(T —t)) such that
gi(x—=2(T—1) =g;(x+2(T—1). Let o] (t)=0;(t)=0,(t) where
x(+) = 0;(T — ) is the unique absolutely continuous solution to:

{x’(s) € =0l (x(s)) ae.
X(O) = 0;

Then

, * 1 if x > a(z)
t’ 9 = t’ = — .
w(tx,) =o' (tx) {—1 otherwise
Let us notice that the map o;(-) is non decreasing on {a;(-) > min{y;(-),
»(-)}} and non increasing on {o;(-) < max{y(-),»(-)}}.

We first prove that (u*,v*) is a Nash equilibrium feedback : For this let us
fix tp € [T —1,T) and xo € [0; — 2(T — t9), 0, + 2(T — 19)]. We also fix some
(w,v) €U X V.

If xo < min{y(t),2(t)}, then g(xo — 2(T — 1)) is a maximal payoff at
(to,x0). Since the unique solution x*(-) € Z(¢,xp,u*,v*) is x*() =
xo — 2(- — ), this proves that
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g1(x0 — 2(T — to)) = Ji(to, x0,u",v") > J(to, x0, 1, V")
and

g2(x0 — 2(T — t9)) = Ja(to, x0,u*,0%) > J3(to, %0, u", v).
If xo > max{yi(t),n(f%)}, we can argue in a symmetric way because
g(xo + 2(T — 1)) is a maximal payoff at (#,x).

Let us now assume that xy € [min{y;(¢),(¢)}, max{y(¢),»»(¢)}] and
xo # 0(t). To fix the ideas, we consider the case y; (#) < (%) and xo < 0;(%).

In particular, these assumptions imply that o;(¢)) > »(#). Let us start by
proving that

JZ(t07x0au*7v*) ZJg(t(thvu*)U)' (10)
Let x*(-) =xo — 2(T — -) be the unique solution in Z (¢, xo,u*,v*) and let us
fix some x(-) € Z (g, x0,u*,v). If on the one hand, x(T) > oy, then

92(x(T)) < g2(x0 + 2(T — 1)) < g2(x0 = 2(T — 19)) = g2(x"(T))
because g, is increasing on (a;,0:11) and xo < y»(fp). If, on another hand,
x(T) < a;, then

92(x(T)) < g2(x0 — 2T — 1)) = g2(x"(T))
because ¢, is decreasing on (o;_1,0;). Therefore we have proved that

g2(x(T)) < g»(x*(T)), which entails (10).
Let us now prove that

Jl(t(),)C(),u*,U*) ZJF(t(),X(],u,U*). (11)
Let x(+) belong to Z (t,xo, u, v*). Since g; is decreasing on (g;_1, 0;) and since
x(T) > xg—2(T — ty) = x*(T), if x(T)<og; then we have
g1(x(T)) < g1(x*(T)). We assume from now on that x(7) > ¢;. In particular,
there is some ¢ € (¢, T) such that x(¢) = o;(¢). Let us set

0 =min{t > 1 |x(¢) > 0;(¢) }.

Since v* = —1 in a neighbourhood of x(¢) for ¢ € [ty, 0), x(-) is non increasing
on this interval.

We claim that there is some 0y € [f, 0] such that x(0y) = y;(6p). Indeed, let
us assume on the contrary that x(¢#) > yi(¢) on [f,0]. This implies that
ai(t) >y (¢) on [ty, 0]. Therefore, the map s — o;(6 — s) is non increasing on
the interval [0, 0 — )] while s — x(6 — s) is non decreasing. This implies that

51(0) — x(0) > a1(t0) — x(t9) > O,
which is in contradiction with the definition of 6. Therefore we have proved
the existence of some 0y € [ty, 0] such that x(0y) = y1(6o).

Since g1 is increasing on (01,0i11) and since
x(T) < x(O()) + 2(T - 00) =y1(0()) + 2(T — 00), we have that

91(x(T)) < g1(m(00) +2(T = 09)) = g1(1(00) — 2(T — 0p))
from the very definition of y;(-). Moreover, we have

y1(00) = x(00) = xo — 2(00 — o),
which entails that
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171 (00) = 2(T = 0o)) < g1(x0 — 2(T — 19)) = g1 (x"(T))

since g, is decreasing on (o;_1, a;). Thus ¢ (x(7)) < g;(x*(T)) and (11) holds.
So we have proved that (u*,v*) is a Nash equilibrium feedback.

We now prove that (x*,v*) is maximal. Let us fix # € [T —7,T) and
xo € (6, —2(T —t9),0: +2(T — tp)). Assume first that y;(#) # »(%). Then
there is a maximal payoff at (#,x0) if and only if, either
xo < min{y; (¢),»(fo) }—in which case g(xo —2(T — 1)) is this maximal
payoff and we have already proved that J*(ty, xo, u*, v*) = g(xo — 2(T — ty))—,
or xo > max{y (t), 2 (to) }—in which case g(xo + 2(T — #y)) is this maximal
payoff and we know that J%(fy,xo,u*,v*) = g(xo +2(T — tp)). If
y1(t) = (), then a;(tg) = ¥1(f9) = »2(f) and there is also a maximal payoff
at the point (¢,0;(¢)). Since the trajectories x*(-) = a;(fp) + 2(- — #) and
x ()=o0i(ty) —2(-—t) belong to  X(ty,0i(ty),u",v*), we have
J*(to, 0:(t), u*, v*) = g(a:(to) + 2(T — 1)) = g(a:(ty) — 2(T — t9)), which is the
maximal payoff at (, o:(t9)).

We finally prove that any completely maximal equilibrium feedback has the
same payoff as (u*, v*). For this, let (u}, v]) be some completely maximal Nash
equilibrium feedback and (%), 7 its associated set of zero measure. Let us
now define, for t € [T —1,T],

o(t) = inf{x € [o; = 2(T — 1),0, + 2(T —1)]|
Vx(-) € Z(t,x,uy,v]),x(T) >x—2(T —1)}.

and

p(t) = sup{x € [0; = 2T — 1), 01+ 2(T — 1)]|
Vx(+) € Z(t,x,ui,v}),x(T) <x+2(T —t)}.

The main part of the proof amounts to establish that «(¢) = f(¢) = 0;(¢) for
t € [T —1,T]. We split the proof of this into several claims.

Claim 1: We first prove that
Vi € [T =7, T],min{yi (£),02()} < a(r) < B(2) < max{yi (1), (1)}

Proof of claim 1: Assume first that min{y(¢),)2(¢)} > a(¢). Then there is
some x < min{y (¢),»(¢)} such that, any solution x(-) € Z (¢, x,u}, v}) satisfies
x(T) >x—2(T —t). From the definition of y;(f) and y»(¢), the payoff
g(x —2(T —¢t)) is the maximal payoff at the point (¢,x) and this payoff can
only be attained by the trajectory x(-) = x — 2(- — ¢), which does not belong to
Z(t,x,uf,v}). Since Z(t,x,uj,v]) is compact, this implies that
JH(t, x,ul,v7) < g(x — 2(T — 1)), which is in contradiction with the fact that
(uj,v}) is maximal. Hence we have proved that min{y;(¢),(¢)} < a(?).

We can prove in a similar way that () < max{y;(¢),»(¢)}.

Let us now show that a(z) < f(¢) holds for all ¢. Indeed, if, on the contrary,
we had f(¢) < a(¢) for some ¢, then, for any x € (f(¢), «(¢)), there would exist
xi1(-) € Z(t,x,uf,v}) with x1(t) =x+2(T —t) and x2(-) € (¢, x,u},v]) with
xo(t) =x = 2(T —1). Since g(xi(T)) # g(x2(T)) (unless x = y(r) = y2(1)),
there is a contradiction with the fact that

JH(t,x,u;, v)) :Jb(t,x, uj,vy) for almost all x € (B(¢), «(r)).
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So we have proved the inequality a(z) < f(¢) for all # and the proof of claim 1
is complete.

Claim 2. «(-) is usc while f(-) is Isc, and
Vs < t,a(s) > a(t) — 2(t —s), while B(s) < B(£) +2(¢ — s). (12)
In particular, o(-) and f(-) are left continuous.

Proof of claim 2: We only do the proof for «(-), the proof for f(-) being
symmetric. Since the set-valued map (¢,x) — Z(¢,x,u},v}) is upper-semi
continuous with compact values, the map o(+) is clearly ucs.

Let us now prove (12). For this, we consider the game with terminal time ¢
and terminal payoff J*(z, -, u}, v}). Since (u],v}) is completely maximal, (u], v})
is a maximal Nash equilibrium strategy for th1s game. Since both g; and ¢,
are decreasing on (o,_1,0;), the functions J;(¢,-,uj,v) are decreasing on
(6; —2(T —t),a(t)] because they coincide with g;(- — 2(T —¢)) on this inter-
val. Therefore, for any s<¢ and any x <o) —2(t—s) the payoff
Ji(t,x —2(t —s),uj,v}) is maximal for the game with terminal time ¢ and
terminal payoff J*(¢,-,u},v}) and is only attained at the point x — 2(t — s).
This implies that any solution x(-) € Z(s,x,u], v}) satisfies x(¢) = x — 2(t — ).
From this one derives easily the desired inequality (12). Hence the proof of
claim 2 is complete.

Let us keep in mind that the previous proof shows that the maps

J}j(t, -,u;,v}) are decreasing on (g; — 2(T —t),a(z)) for any z.

Claim 3: Let us now assume that, for some ¢, we have
a(ty) < max{y (t),»(t)}. We claim that there is some positive € such that
a(t) > a(ty) for t € [ty — €, 1]

In particular this implies that «(-) is non increasing on the intervals where

() < max{yi(-),32(-)}.

Proof of claim 3: To fix the ideas, we assume that o(f) < y2(%). Then
a(ty) — 2(T — ty) is the unique point of maximum of g, on the interval
[o(to) — 2(T — t9), o(tp) + 2(T — tp)]. Since the map x*(-) = a(f) — 2(- — #o)
belongs to (%’”(to, o(t),uf, v}), we have

T30, (o) u, v7) = ga(a(to) — 2T — o)),
and there is some y > 0 such that
Vx € (a(t), olto) +7), J: S(t0,x,u7,v)) < Jg(to,oc(to),uT,UT).
We set e = /2. Let us now prove the intermediate result: V¢ € [ty — €, to],
Vx < afty) with x¢ X, ¥x(-) € Z(¢,x,uj,v]),x(t0) < alty). (13)
Indeed, if on the contrary we had x(#) > a(t), then
Dot %6}, 0}) = Ja(to, x(t0), w7, 07) < T (10, 2(t0), uf, 07) < T (to, %, 07),

because x(fp) < a(fy) + 7. This leads to a contradiction with the fact that
(u7,v}) is Nash since the strategy

_ [ uilsy) ifs <
b(s,y) = { vi(s,) otherwise
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gives
JE(t,x,ub,v) = JE(to, x,ub, v0) > JE (8, x, 00, 0)).

Thus we have proved (13).

Since the minimum of two solutions is still a solution and since the
functions J_}j(to, -, uf,v}) are decreasing on (o; —2(T —ty),a(t)), one easily
derive from (13) that, for any 7 € [ty — €, %], the functions J;(¢,-,uj,v]) are
non increasing on the interval [o; — 2(T — ¢), a(ty)].

For completing the proof of the claim, we argue by contradiction by
assuming that there is some #; € (f) — €, #) such that a(#) < a(t). Then for
any ¢ < t; such that a(#)) +2(t; — ) < a(t), and for any x < «(z,), the payoff
J*(t1,x — 2(ty — t),u}, v}) is the unique maximal payoff at the point (¢,x) for
the game with terminal time ¢, and terminal payoff J*(z, -, uf, v}), because the
function Jf(tl, - uj,vf) are non increasing on the interval
(0: =2(T — t1),0(t)) and strictly decreasing on (o; —2(T — #;),0(#1)).
Therefore, for any x(-) € Z(t,x,uj,v}), we have x(t;) = x — 2(¢; —¢). Hence,
since x(#1) < a(f1), we have x(T) =x — 2(T —t). Thus a(f) > a(#;) for any ¢
such that a(#) + 2(¢) — ¢) < a(fy). Since «(-) is usc and left continuous, one
derives easily a contradiction. So claim 3 is proved.

Claim 4: The next step consists in proving that o(f) > 0;(¢) and that
p(t) < o;(t) for any t € [T — 7, T).

Proof of claim 4: We only do the proof for «(-). Let us assume on the con-
trary that there is some maximal interval (#,#) on which inequality
o(f) < o4(¢) hold. Since a(-) is left continuous, we have a(#;) = o;(¢1). Since, on
the one hand, o(¢) < g;(¢) < max{y(¢),»(¢)}, we deduce from the previous
step that «(-) is non increasing on (f,#;). On the other hand, since
min{y (t), ()} < a(t) < 0,(t) on (t,t), the map g;(-) is non decreasing on
(to, 1) from its construction. Therefore the map a;(-) — a(-) is non decreasing
on (f,t). Since it is positive, vanishes at #; and is left-continuous at this
point, we have found a contradiction. So claim 4 is proved.

Combining claim 4 and claim 1, we get the desired result:
a(-) = p(-) = a;(:) on [T — 1, T]. From this one can prove without difficulty
that the payoff for (u*,v*) is the same as for (u},v}). Therefore the proof of
the uniqueness is complete.

3.4 The payoff belongs to the class % on [T —1,T)

The aim of this subsection is to prove part (ii) of Proposition 3.1. Namely, we
want to show that, for any ¢ € [T — 1, T), the map J*(¢, -, u*,v*) belongs to .
A straightforward computation shows that, for any ¢ € [T — 1, T] and any
X¢ Sl9
fOI'j: 1727 J}'(Exau*vv*):gj(y(x))
where, if x € (a7 (¢), 07, (¢)), for some i =0,. ..k,

x+2(T—1) if g; and g, are increasing on (g;,011)
yx) =< x—=2(T—1) if gjand g, are decreasing on (o, 041)
min{max{x,0;},0,,1} otherwise
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and, if x € (o; (¢),0; (¢)) for some i =1,...,k,
y(x) = 0.
Let us point out that y(x) # x*(T) (where x*(-) € Z(¢,x,u*,v*)) only in the

case ¢, and g, constant on the interval (o}, 0;41).
Therefore, for any i =0,...,k, fort € [T —1,T],

either Jﬁ( t, e u* v%) (resp Jg( t,-,u*,v*)) is continuous and strictly increas-
ing or decreasmg on (a; (t), o (t))

- or J (¢,-,u*,v*) and J: (- u 7v*) are simultaneously constant on the
1nterva.l (o(¢ )+, 1+1(t)) or on the interval (o;(¢)", 07 (2)).

Moreover Jl( - ut,0*) and Ji(t, -, u*, v*) are usc on R and left- or right-
continuous at each point. Finally, if for instance J (¢,-,u*,v*) has a strict
local maximum at the pomt o7 (1), then we are necessarlly in case (II-III),
which 1mp11es that Jl( N TANY ) and J2( ,-,u*,v*) are continuous at ¢; (¢) and
that J: 5(¢, -, u*, v*) has a strict local minimum. Therefore J#(¢, -, u*, v ) belongs
to 4. U

3.5 The feedback (u*,v*) is completely maximal

In order to complete the proof of part (A-i) of Proposition 3.1, it only re-
mains to prove that the feedback (u*,v*) is also completely maximal. To this
end, let us fix 7y € (T — 1, T]. Let (ul, v*) be the Nash equilibrium feedback
constructed as above for the game with horizon 77 and terminal payoff
JA(t, - u,v*). Tt is defined (at least) on [T — 1, Tj]. A straightforward (but
again tedious) proof shows that we have, for any (¢,x) € [T — 1, Tj] x R,

sup Jﬁ(t,x(Tl),u*,v*) :Ju(t,x, u*,v") (14)

x(1) € (t.x,u;,07)

(the left-hand side of the equality is nothing but the upper payoff of the
feedback (uf,v})). We have already proved that (u},v}) is maximal. There-
fore, for any point (f,x9) € [T — 7, T}) at which a maximal payoff e € R* for
the game with horizon 7} and termmal payoff J(z, -, u*, v*) exists, we have

e= sup S, x(Th), ut,v")
x(-) € (tx,u;,v7)
Using (14) gives e = J*(¢,x,u*,v*), which proves that (u*,v*) is completely
maximal.
This completes the proof of Proposition 3.1. U

4 Global existence and uniqueness

In the previous section, we have obtained short time existence and
uniqueness of a completely maximal Nash equilibrium feedback. We now
complete the proof of Theorem 2.11 by showing that that it is possible to
concatenate Nash equilibrium feedbacks (Proposition 4.5), and that a Nash
equilibrium feedback defined on intervals [¢, 7] for any ¢ > Tp, can naturally
be extented to the closed interval [Tp, T| (Proposition 4.6). Then we finally
prove Theorem 2.15.
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4.1 Some preliminary results
Let us first give in this part a list of technical results which are needed later on.

Lemma 4.1. Let (u,v) € U X V", (to,x0) € [0,T) x R.  For any x(-)eX
(to,x0,u,v),h >0, there exists some strategy u, € U, some trajectories
x;(+) € Z(to,x0 + h,uy, v) and x;, (-) € X (ty,x0 — h,uy, v) such that

o cither x; (T) = x(T) or x;, (T) = x(T)

e or [x[(T) —x(T)| + |x; (T) —x(T)| <2h.

Proof of Lemma 4.1: Let u} € % be the strategy defined by
1 -1 ifx>x(7)
t,x) = R
ty(1,%) { 1 otherwise
Let us fix y; (-) € Z(to,x0 + h,u},v) and y, (-) € Z(ty,x0 — h,u},v). We set
= inf{t > 1o |y () = x(¢) or y, (1) =x(1)},

with the convention t, = T if the set in the right-hand side is empty.
Let us notice that, from the definition of u}, y;" (-) is non increasing on [z, /]
while y, (-) is non decreasing on this interval. We consider now two cases:
First case: t, = T. Then

Vit € [to, T],xo — h <y, (£) < x(t) <y (1) < xo+ h

Hence, for ¢t = T, the second inequality of the Lemma holds true if we set
up =k, 3 () = 3y () and x; () = 33 (). |

Second case: If, on the contrary, 1, < T, let us assume for instance that
x; (14) = x(t5). Then we define a new strategy u, € % and a new solution x;/ (+)
by setting

| .
u(t,x)  ift <t
tx)=4q M7 ;
(1, %) { u*(t,x) otherwise

and

N .
iy Ju @) i<t
% (1) = {x(t) otherwise

It is clear that x; (-) belongs to Z (ty,xo,us, v) and that x; () = x(T). There-
fore the proof is complete. ]

Corollary 4.2. Let g = (g1,92) : R — R? be such that gy (resp. g») is, at each
point, either right- or left-continuous. Let (u,0) € 4 x V" some Nash equilib-
rium feedback on the interval [T — t, T| for the terminal payoff g and let (X,) be
its associated set of zero measure. Then for any (u,v) € U x V", for any
to € [T —1,T] and any xo € R, we have

J; (to, 0,1, 8) = J} (to, %0, ,7) > J} (1o, x0,u,)

and

J3 (to,x0, 1, B) = J3(to, X0, &, B) > JE(t, X0, 1, v).
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where J{ (t,-,u,0) and J;(t,-, 4, v) are the upper semi-continuous envelopes of the
Sfunctions Jy(t,-,u,v) and J>(t,-,u,0) (defined as functions on R\X,).

Remark [f' g € 9, then g satisfies the regularity conditions of the Corollary.

Proof of Corollary 4.2: Let us start with proving that
Ji (to, x0,@,8) > Jf(to, %0, u, D).

This inequality is obvious for x & S,,, from the definition of a Nash equilib-
rium since at such a point, J* =J is continuous. Let now x, € S, and
x(-) € Z(t,x0,u, D) be such that

g1(x(T)) = Ji (to, %0, u, ).
Since S;, is of zero measure, we can find #, — 0" such that xy + A, ¢ S;, and
xXo — hy ¢S, We apply Lemma 4.1 to h,, to the feedback (u,7) and to the
trajectory x(-). Let u,, € %, x; (-) and x; (-) satisfying the conclusions of
Lemma 4.1. Since g, is either left continuous or right continuous at the point
x(T), we have clearly, up to a subsequence,

cither lim 91(x,,(T)) = 91(x(T)) or lim g1(x;, (7)) = g1(x(T)).

Let us assume for instance that lim,gi(x;, (T)) = ¢1(x(T)). Then, since
xo — h, & S;,, we have

Jl (t(),.X() - hna u, E) > JP([(),X() - hm Up,, 17) > gl(xll;,(T))
Taking the lim sup in this inequalities gives the desired result:

Jl*(to7x077’_lyﬁ) > gl(x(T)) = J{:(t()ax()auaﬁ)'

The symmetric inequality for the second Player can be proven in a similar
way.

This implies in particular that Jr > Jj for j = 1,2 (just set (u,v) = (u,0)).
The reverse inequality J; < J] is also clear since the map xo — J; (to,x0,, D) is
usc and coincides with J; ouside of the set S;, which has a Zerd measure. O

Lemma 4.3. Let g = (g1,92) : R — R? be such that gy (resp. g>) is usc and is, at
each point, either right- or left-continuous. If (4,0) is a Nash equilibrium
feedback on the time znlerval [T —=,T] for some © >0, then, for j = 1,2, for
any x € R, the map t — J (t,x,4,D) is non increasing.

Proof of the Lemma 4.3: We only do the proof for j = 1. Let us fix # and ¢
such that T —t < #y < t; <T. From Proposition 2.7, (#,0) is a Nash equi-
librium feedback for the time horizon ¢ and the terminal payoff J*(¢;, -, i, 7).
Hence for any xg € R, Corollary 4.2 states that the upper payoff for the
feedback (@,7) at (¢,xo)—for the game with time horizon # and terminal
payoff J¥(t,,-,,7)—is not smaller than the upper payoff for the feedback
(—v,0) for this game: Namely, there is some x*(-) € Z(,xo,#, ) such that,
for any x(-) € Z(ty,x0, —7,0), we have:

JHt,x (1), @, 0) > JH (1, x(0), &, D).
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Since the set Z'(¢,x, —0, 0) only contains the constant solution x(-) = xo, the
previous inequality becomes:

Jf(tlaX*(tl)7a7 ﬁ) > Jf(tlwxoﬂl ﬁ)
Since
JHt,x (1)), i, 0) < Ji(to, x0, i, 7),

the two previous inequalities give the desired result:

Jf(t()ax()a l_la 5) > Jf(thx(]aﬁ? 17)

]
4.2 Concatenation
Let us recall some terminology introduced in Proposition 3.1:
Definition 4.4. Let g € G and X = {69 = —00,01,...,04, 0441 = +00} be an

associated partition. Let (u*,v*) be a Nash equilibrium feedback defined on
some time interval [T — =, T] for some © > 0 and for the terminal payoff g, and
let (S;) be its associated set of zero-measure.

1. We say that (u*,v*) is proper with respect to the terminal set X if’
Vie T —r1,T],Vx¢ S, Vx"(-) € Z(t,x,u",v"),x"(T)¢ X.

2. We say that (u*,v*) is proper with respect to the set (S;) if, for any
t € [T —1,T] and any x¢ S;, we have:

Vx*(-) € Z(t,x,u*,v"),Vs € [t, T],x*(s) ¢ Ss.

Remark. From Proposition 3.1, if g € 9, then there exists a completely max-
imal Nash equilibrium feedback which is proper with respect to its associated set
of zero measure (S;). Moreover, if g € 9 and if T is an associated partition, then
this feedback is also proper with respect to the terminal time X.

Proposition 4.5. Let g € 9. Let us assume that:

o (uf,v}) is a Nash equilibrium feedback on the time interval [T — 11, T) (for
some 11 > 0), _

o JHT —11,-,uj,v}) belongs to % and there is an associated partition T such
that, for x¢ %,
JHT = v, x,ul,0}) = I (T — 1, x,u},0}),

o (ub,v3) is a Nash equilibrium feedback on the interval [T — 15, T — 11] (for
some Ty > 11) for the terminal time T — 1| and the terminal payoff
JHT — t1,-,uf, v}), proper with respect to the terminal set X.

Then
A) the feedback (u*,v*) defined by
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- ] (g, o) (t,x)  ifte(T—1,T)
(", v7) (8, x) = { (u%,z%)(t,x) el — o] (15)

is a Nash equilibrium feedback on the time interval [T — 12, T| for the terminal
time T and the terminal payoff g.

B) if moreover (uj, v}) and (u}, v3) are proper with respect to their associated set
of zero-measure, then so is (u*,v*).
C) if (uj,v}) and (uj,v5) are completely maximal, then so is (u*,v*)

Proof of Proposition 4.5: A) For any ¢t € [T — 15, T — 1), let S; be the set of
zero measure associated with (uj,v5). We only prove that, if u e %, if
fy) € [T— Ty, T — ’L']) and XO¢SZO, then

Jily(to,x()vu*a U*) Z ‘]P(tO;x()vuv l)*).

Indeed the corresponding inequality for # € [T — 11, T] is clear and the cor-
responding inequality for J, can be proved in a similar way.

Let x*(-) € Z(to,x0,u*,v*) and x(-) € Z(ty,x0,u,v*). Since (u*,v*) =
(u3,v5) on [T — 1, T — 1) and since (u3,v}) is a Nash equilibrium feedback
for the terminal time T — 7; and the terminal payoff J*(T — 1y, -, u}, v}) on this
interval, we have

JHT = 11,55 (T — 1), 4, 03) > JHT — 10, x(T — v, u, v}).

Since, from the assumption, (u5,v}) is proper with respect to the set X, the
point x*(T — 1;) does not belong to X. Therefore, from the definition of X, we
have

Jf(T — 11, x (T — 1), uj, v)) = H(T — 11,x" (T — 11),uj,07) = g1 (x"(T))
= (91),(x(T)).

Since (uf,v}) is a Nash equilibrium feedback on [T — 7, 7] and since, from
the construction of (u*,v*), the solution x(-) belongs to
Z(T —71,x(T — 11),u,v}), we have, from Corollary 4.2,

JUT = 11,x(T = 11),u},0}) > JHT — 11,x(T — 11),u,57) > g1 (x(T)).

Therefore we have proved that (g,),(x*(T)) > g1 (x(T)), which is the desired
result.

B) If (u},v}) and (u}, v}) are proper with respect to their associated set of
zero-measure, then it is clear that so is (u*, v*).

C) Let us now assume that (u},v}) and (u},v;) are completely maximal.
We have to prove that (u*,v*) is also completely maximal, i.e., that, for any
To € (T — 12, T], if the pair (e;,ez) is a maximal payoff for some point
(to,x0) € [T — 12, Tp) for the game with terminal time 7; and terminal payoff
JH(Ty, -, u*,v*), then we have

Jﬂ(to,xo,u*,v*)z(el,eg). (16)

Without loss of generality, we can assume that 7y € (T — 1, 7] and
to € [T — 12, T —11) since otherwise the result is a straightforward conse-
quence of the fact that (u},v}) and (u}, v}) are completely maximal. By using
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Proposition 2.7 and again the fact that (u], v]) is completely maximal, we can
also assume, in order to simplify the notation, that 7o = 7.

In order to apply the assumption that (u}, v5) is completely maximal, we
are going to prove that (ej, e;) is a maximal payoff at the point (¢, xo) for the
differential game with terminal time 7 —7; and terminal payoff
JHT — 1y, u*,v%).

From the definition of a maximal equilibrium, there is some solution
x(-) € X (to,x0) such that (er,ez) € ess — limsup,_y7) g(x’) and, for any
x(-) € Z(t0,x0), we have

for j=1,2, g,(x(T)) <.

Lemma 2.5 states that (ej,e;) is the maximal equilibrium at any point
(¢,%()). In particular, for t = T — 11, we have, since (u},v}) is maximal:

(e1,€2) = JHT — v, %(T — 1), u}, v}). (17)
For simplicity, we set y = X(T — 11). Let us now prove that
(e1,e2) belongs to ess — limsup J*(T — t1,x, u}, v}). (18)
X' —y

Proof of (18): We consider two cases.
Case 1: Let us first assume that, for any t € [T — 11, 7], y = X(t) =x(T).
From Lemma 4.3, we have

Vx € [Ri,J}j(T— T1,X, Uy, U}) 2]}1(T,x, uy,vy) = g;(x)

for ~j=1,2. Since (er,ez) € ess —limsupy 7 g(x') and  since
J}(T — 11, -, u},v}) is usc for j = 1,2, one concludes easily from (17) that (18)
holds true in this case.

Case 2: Let us now assume that there is some ¢ & [I'— 7y, 7] with
X(t) # x(T). We can assume for instance that there is some € > 0 with:

= eyl Cx([T =, 7)) (19)
Since, from Lemma 2.5, (e;,e;) is a maximal payoff at the point (¢,%(¢)) for
any ¢t € [T — 11, T] and since (u],v}) is maximal, we have

Vi e [T — 1y, T],Ju(t,ic(t),u’f,ﬁ) = (e1,e2).

Combining Lemma 4.3, the previous equality and inclusion (19) gives:

Vx S [)7 - 6,_)7], Jjﬁ(T —T1,X, uTa UT) Z Jt(taxa MT,UT) = eja

for j = 1,2, where ¢t € [T — 71, T] is such that X(¢) = x. This inequality together
with (17) and the fact that J}i(t7 -,u;,v}) is usc, leads to (18). Therefore (18)
holds in any case.

Let x(-) € Z(to,xo). We now prove that J*(T — 7, x(T — 1), uf,vi) <e; for
any j=1,2. We do the proof for j =1 iLor instance. From Corollary 4.2,
there is x (-) belonging to Z(T — t1,x(T — 11), u}, v}) such that

g1(x1 (7)) = Jf(T —11,x(T — 1), uj, v}).
The trajectory x,(-) defined by
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[x(t)  ifreln,T-1]
XZ(f){xl(;) ;fte[To—n,Tl]

belongs to Z(ty,x¢). Since (e, e>) is the maximal payoff at (¢, x(), we have

e1 > g1(x2(7)) = g1 (x1(7)) = J{(T — 11,.x(T — v1),u},v}).

Thus we have proved that (ej,e;) is the maximal payoff at the point (¢, xo)
for the game with terminal time 7 —1t; and terminal payoff
JHT — t1, - uf, 0).

Then equality (16) holds true because (u3,v3) is a maximal equilibrium
feedback for this game.

4.3 Extension

We now prove that, if (u*,v*) is a completely maximal Nash equilibrium
feedback on any interval [¢, T] for ¢ € (Ty, T] (where Ty < T), then (u*,v*) is
still a completely maximal Nash equilibrium feedback on the interval [T, 7.
More precisely:

Proposition 4.6. Let us assume that the terminal payoff g belongs to 9 and that
there are some (u*,v*) € U x ¥~ and some time Ty € [0, T) such that

i) Vte (T, T),(u*,v*) is a completely maximal Nash equilibrium feedback on
[t7 T]s ~

iiy for any t € (Ty, T),J*(t,-,u*,v*) belongs to %,

iii) for any t € (Ty, T), there is some partition S; associated with J*(t, -, u*, v*)
such that

ngslﬂ‘lu(t’x’ u*7 U*) = Jb(t’x7 u*’ v*)’

iv) the set-valued map t — S, is 2-Lipschitz continuous and there is some M
such that the cardinal of S, is not larger than M,

v) (u*,v*) is proper with respect 10 ()¢, 7y i-€-, for any to € (To, T), for any
X0 ¢ Sy, for any x*(-) € X (ty,xo,u*™,v*), we have

Vit € [to, T],x*(£) &S,

Then

a) (u*,v*) is still a completely maximal Nash equilibrium feedback on [Ty, T|,

b) J*(Ty, -, u*, v*) belongs to %,

¢) the limit S, of Sy when t — Ty exists and the cardinal of St, is not larger than
Ma

d) Vx¢ Sg,, JH (T, x,u*,v*) = J(Tp, x, u*, v*),

e) (u*,v") is proper with respect 1o (S;),ep, 1 up to time Tp.

Remark. We have proved in Proposition 3.1 that, if g belongs to 9, then there is
some Ty < T and some feedback (u*,v*) for which (i), ..., (v) hold.
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Proof of Proposition 4.6: We divide the proof in two steps. In the first step,
we prove that (a), (c), (d) and (e) hold. We complete the proof by establishing
the more delicate point (b).

First step: Let us first notice that point (¢) is immediate. We now want to
prove that (ux,v*) is a Nash equilibrium feedback which is proper with re-
spect to (S;) (property (e)) and which satisfies (d).

For this, let xo¢ Sy, be fixed. We claim that J(-,-,u*,v*) is uniformly
continuous on the set (7, #] X (xo — €/2,x9 + €/2) for some ¢ € (T, T) and
€> 0.

Proof of the claim: From the definition of S7, we can find some positive e such
that

Vx € [xo — €,x0 + €], V¢t € [To, To + €], x¢ S,

Let us set 7y = Ty + ¢/4. Since J*(fo, -, u*, v*) belongs to % and since the set S,
has an empty intersection with the interval [xo — €,xo + €], the function
J*(to, -, u*,v*) can only have two types of behaviour on [xo — €,xq + €l:

— either Jlt(to7 L u*,v*)  (resp. sz(to7 - u*,v*)) is continuous and strictly
increasing or decreasing on [xg — €,x( + €],
—or Jf(to, L u*,v*) and Jg(to, -, u*,v*) are constant on [xy — €,xy + €.

From Proposition 2.7, we know that (u*,v*) is a completely maximal
Nash equilibrium feedback for the terminal time #y and the terminal payoff
J*(to, -, u*,v*). Therefore we necessarilly have, for any ¢ € (Tp, %) and any
x €l =[xo—€/2,x0 + €/2],

Tty 6) = T (t0,x + 29ty — 1), 07)

where
1 if Jf(to, L u*,v*) and Jg(to, -, u*,v*) are increasing on /,
V=9 -1 if Jf(to, - u*,v*) and Jg(to, -, u*,v*) are decreasing on I,
0 otherwise

This proves that the map (¢,x) — J(¢,x,u*,v*) is uniformly continuous on
(To, to] x I. because J*(ty, -, u*, v*) is continuous in (xo — €,x + €).

In order to prove that (u*,v*) is a Nash equilibrium feedback, let us now
fix ueu, x*(-) € X(To,xo,u*,v*) and x(-) € Z(Tp,x0,u,v*). Our aim is to
prove that g1 (x(T)) < (91). (x'(T)).

Let us first notice that

vt € [To, T),x*(¢) ¢ S;. (20)

Indeed, the point x*(¢) does not belong to S, for any ¢ € [Ty, #)] from the
definition of e. Since, moreover, the restriction of x*(-) to [z, 7] belongs to
Z(t,x*(t),u*,v*), and since the feedback (u*,v*) is proper, we have (20).
Hence (e) is proved.

Let us now fix n > 0. Since the map (z,x) — J*(¢,x,u*,v*) is uniformly
continuous on (#, 7p] X [xo — €/2,x¢ + €/2], we can choose ¢ sufficiently close
to Ty such that

(91).((T) = g1 (x*(T)) = Si(6,x7 (1), ", ") = S (6, x(2), ", 0%) — 1.
Moreover, since (u*,v*) is a Nash equilibrium feedback, we also have
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I x(0),u',07) > TH( (1), %) > gy (x(T)).

Hence inequality (g1),(x* (7)) > ¢1(x(T)) — x holds true for any n > 0 and
thus: (g1),(x*(T)) > ¢g1(x(7)). This implies that:

V)C()ﬁSTO, Jlb(To,xo,u*, U*) Z Jlﬁ(To,xo,u, U*).

We can prove in a similar way that, for any v € 77,

VXO¢ST0, sz(To,xo,u*, U*) > Jg(To,xo,u*,v).

Thus (u*,v*) is a Nash equilibrium feedback on [Tp, T] and (d) is proved by
setting (u,v) = (u*,v*) in the two previous inequalities.

Let us finally prove that (u*,v*) is completely maximal on [Ty, T]. For
simplicity we only prove that (u*, v*) is maximal on [Ty, T], the proof for the
complete maximality being the same.

Let (7p,x0) be a fixed point for which there is some maximal payoff
(e1,e2) € R%. There is some solution X(-) € 2 (Ty,xp) such that (ej, e;) belongs
to ess — limsup,_5(7) g(x) and for any x(-) € Z(7o,xo),

forj=1,2, ¢;(x(T)) <e;.

Since (u*, v*) is completely maximal on [z, 7] for any ¢ > Tp, and since (ey, e2)
is a maximal payoff at the point (z,x(¢)) from Lemma 2.5, we have

Vi € (Ty, T),J*(t,%(t), u", v*) = (e1,e2).

Hence we have

for j = 1,2,J(Ty,xo,u”,v") > limsup J} (£, %(1), u", v*) = e;.
IHT‘

Since obviously, for j=1,2, we have Jﬁ(To,xo,u v*) <ej, the desired
equality is proved: Jﬁ(To,xo,u ) = (el,ez)

Second step: Let us finally prove that (b) holds true, i.e., that J*(Tp, -, u*, v*)
belongs to . Let us set as usual

STO = {60 = —00,01y--+3,0k, Ok+1 = +OO}

From the first step, it is immediate that, on the interval (o;,0;1) for
i=1,...,k, we have

— either JI(TO, L ut, v*) (resp. Jé(To, -, u*,v*)) is strictly increasing or strictly
decreasmg,
- orJ (Ty, - u*,v*) and J§(T07 -, u*, v*) are constant.

From Corollary 4.2, it is also clear that J*(Ty, -, u*,v*) is usc and left or
right continuous at each point g;. It now remalns to prove that, if o; is a strict
local maximum of (say) Jﬂ(To, ~u”,v"), then J (Ty, -, u*,v*) is continuous at o;
and Jg(To, -, u*,v*) has a strict Jocal minimum and is continuous at this point.

From Corollary 4.2, there is some sequence (x,) which converges to a;,
V\gith X, ¢Sr, and such that the sequence (J;(Ty,x,,u*,v*)) converges to
Ji(To, 05, u*, v*). Let x,(-) € (Lo, xn, u™, v*).

From standard arguments, the sequence (x,(-)) converges, up to some
subsequence, to some solution x(-) € Z(Ty, 6;,u*,v*) uniformly on [7p, 7).
Since x, ¢ S, Lemma 2.3 states that
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vt € [Ty, T), Jf(nx,,(t),u*,v*) :Jf(To,x,,,u*w*).
Taking the lim sup in this equality and using Lemma 4.3 gives

Vi € [Ty, T), JH(Ty, 01,0, 0*) < JH(t,x(2), u, v*) < JH(To, x(2), u*, v%).
Since Jf(To, -, u*,v*) has a strict local maximum at g;, this yields to

Vt € [Ty, T, x(t) = o; and Ji(t, 01, u*, ) = JH(To, 0, u*, v"). (21)
Using again Lemma 4.3 gives that, for any x # g; sufficiently close to o,

Jlt(To,ai,u*,v*) :Jf(t, o, u*,v%)

> JH(To,x,u*,v*) > JH (8, x, 0", 7). (22)

Therefore, for any ¢ € [Ty, 7], the map Jlt (¢,-,u*,v*) has a strict local maxi-
mum at o;. »

Fix some 7, € (Tp, T). Since the map J¢ (19, -, u*, v*) belongs to % and has a
strict local maximum at o, it is continuous at this point. Hence, for any
positive e, there is some 7 > 0 with

J{:(to,(fi7u*,v*) 76§J?(t07x7u*7v*) SJP(I(),O'[,M*,U*), Vxe ( —N,0; +17)

Therefore, since Jf(to,a,-,u*,v*) :Jf(To,oi,u*,u*) and J1 (to, -, u*,v") ng
(TOa '71/1*,1)*),

Jlt(To,Ji,u*,v*) —eSJIﬁ(Tg,x,u*,v*) ng(To,a,-,u*,v*), Vx € (o;—n,0:+1).

This proves that J (To, 04y u™,v*) 1 1s continuous at a;.

Let us ﬁnally estabhsh that JE (To, -, u*,v*) is continuous at ¢; and has a
strict local minimum at this pomt For that purpose, let us fix some
to € (Ty, T). Since J*(ty,-,u*,v*) belongs to ¥ and since Jf(to,-,u*,v*) has a
strict local maximum at ¢;, J5(f, -, u*, v*) has a strict local minimum at ¢; and
it is continuous at this point.

Let x, — o;, with, for instance, x, < ;. Then, for » sufficiently large, the
point x,, does not belong to STO Let x,(-) be some solution in Z (T, x,,u*, v*).
Since (u*, v*) is proper, and smce the pomt o; belongs to S, for any ¢ (because
o;is a strlct local maximum of J (¢,-,u*,v*)) we always have x,(7) < o;. Since
X ¢ St,, we have, for j=1,2

Vi€ [T, T),  JH(To,xn,u™,07) = JE(t,2,(2), ", 07).
Moreover, from Lemma 4.3, we have
Vie [T, T),  JHtxn, 0, 07) < JH(To, %0, 0", 07).
Hence, for ¢ = ¢y, we have:
for j=1,2, Ji(tg,x u",0") < JH(t0,x4(t0), u", v"). (23)

Using arguments already developed above and the fact that Jf (to, -, u*,v*) is
continuous at g;, we can prove that the sequence x,(-) converges uniformly to
the constant solution x(¢) = g;. Therefore the point x,(f) belongs to some
interval (g; —n,0;) for n large enough. We choose 5 >0 such that
Jlt (to, -, u*,v*) is strictly decreasing and J2t (to, -, u*,v*) is strictly increasing on
(o;: — 1, 0;). Then inequality (23) imply that x,(f) = x,. Hence we have:
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Jg(T(),X;uLI*?U*) :JQu(thxm’/‘*av*)
> Jzu(to,a,-,u*,v*) :Jg(To,o,-,u*,v*)
and
liszu(me,,,u*,v*) = liszn(to,xn,u*,v*)
n n
:Ju(to,ai,u* v") :Jn(Tmai,u* v")

because Jz(to, ,u*,v*) has a strict local mmlmum at oi and is continuous at
this point. Therefore we have proved that JE > (To, -, u*,v*) has a strict local
minimum at ¢; and is continuous at this pomt

This completes the proof of Proposition 4.6. U

4.4 Proof of the main Theorem

We are now ready to prove Theorem 2.11. Using Proposition 3.1 and Zorn
Lemma shows that there is some maximal interval (7p, 7], some feedback
(u*,v") and some associated set of zero measure (S;),ez, 7) such that condi-
tions (i), ..., (v) of Proposition 4.6 are satisfied on any interval [¢, T] for
t > Tp. Then ‘the conclusion of Proposition 4.6 holds, which implies that the
map J4(Ty, -, u*,v*) belongs to .

Let us now assume that 7; > 0. Then using again Proposition 3.1 shows
that there is some t > 0 and some feedback (u},v}), and some sets of zero
measure (St)ze[To oTy) satisfying the conditions (i), ..., (vi) of Proposition 3.1
for the terminal time 7 and the terminal payoff Jj(To, -, u*,v*) on the time
interval [Ty — 7, Tp]. Then Proposition 4.5 implies that the new feedback

. (w*,v*)(t,x) ifte (To, T)
(13, 23)() = { o)) ifrc oo T

is a completely maximal Nash equilibrium feedback, satisfying conditions (i),
., (v) of Proposition 4.6, on the time interval [Ty — t, T]. This is in contra-
diction with the maximality of the interval (7o, 7).

Hence we have proved that there is at least one completely maximal Nash
equilibrium feedback (u*,v*) defined on [0, T7.

The fact that the payoff of any other completely maximal Nash equilib-
rium feedback coincides with the payoff of (u*,v*) is a straightforward
application of the uniqueness result of Proposition 3.1 and of the fact that the
map J4(¢,-,u*, v*) belongs to % for ¢t € [0, T). O

4.5 Proof of Proposition 2.14 and of Theorem 2.15

We complete this paper by the proof of the results on the link between Nash
equilibrium feedbacks and Nash equilibrium payoffs in the sense of [6], [7],
[10].

Proof of Proposition 2.14: Let t, x, and x*(-) be as in the Proposition. We have
on the one hand that

Vs e [t,T], J(s,x"(s),u”,v") =g(x*(T)) =J(t,x,u*,v")
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and, on the other hand,
Vse[t,T], forj=1,2, J(s,x"(s),u",v")> Jﬁ(T,x*(s),u*,v*) = g;(x"(s)),

thanks to Lemma 4.3 applied at the times s and 7. Whence the result. [

Proof of Theorem 2.15: Letty € [0,T) and xo ¢ S,, be fixed. Let us assume that
(e1,e2) is a Nash equilibrium payoff at (#y,x) such that

for j=1,2, e; > J(to,xo,u",0").

We have to prove that J (¢, xo, u*, v*) = (e}, e2).
From the characterization of Nash equilibrium payoffs, there is some
x(+) € Z(t9,x0,u*,v*) such that

vVt e fty,T], forj=1, 2,9;x(t)) <e; =g;(x(T)).

In order to fix the ideas, we assume that x(7') > xo. It is easy to see that one
can choose x(-) such that x'(-) =0 on [f,0;) and X'(-) =2 on [0}, T], where
01 =T-— (X(T) —)Co)/z.

Let x*(-) € Z (o, x0,u™,v"). We know, from Proposition 2.14, that x*(-) is a
Nash trajectory and, from Proposition 2.3, that

veeln, T], J(6,x"(0),u",0") = J (10, x0,u",0") = g(x"(T))-

Hence, if x*(T) > x(T), there exists some ¢ € [ty, T] such that x*(¢) = x(T'), and
thus

J(to,x0,u”,0%) = J(6,x" (1), u,0") 2 g(x"(1)) = g(x(T)) = (e1, 2)
because x*(+) is a Nash trajectory (here and throughout the proof we endow
R? with the usual partial ordering). Therefore, if x*(T) > x(T), the result is
proved.

Let us assume from now on that x*(7) < x(T). Let us set

0> = max{t € [0,,T]|x"(t) = x(¢)},
with 6, = 6, if there is no ¢ € [0, T| with x*(¢) = x(¢). Let us point out that
Vt € (02, T], x*(t) < x(¢). We claim that

Vi€ (02,7], Yy e (0),x(n)], JHty,u",07) < (er,e2). (24)

Proof of (24): Let us first prove that

Vi € (02, T],Vy € (x*(¢),x(¢)) with y& S, J (¢, y,u”,v") < (e1,e). (25)

Let + and y be as above, and let y(-) € Z(¢,y,u*,v ) Then yl( ) =
max{y(-),x*(-)} also belongs to Z(z,y,u*,v*) and y|(T) € [ *(T),x(T)]. Using
now the fact that x(-) and x*(-) are Nash trajectories with x(#) = x*(#) = xo,
and that g(x*(T)) < (e, e2), it is easy to see that, for any z € [x*(T),x(T)],
g(z) < (e1,ez). Therefore

J(tvy,u*av )7g(yl(T)) (61,62)

so that (25) is proved.

Thanks to Corollary 4.2, inequality (25) implies inequality (24) for
y € (x*(¢),x(¢)). Inequality (24) also holds for y=x*(¢) since
J(t,x*(8),u*,v*) = J(ty, x0,u*,0*) < (e1,e2) from the assumption. Let us
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finally prove the result for x(¢). Corollary 4.2 states that there are two
sequences (x}), (for j = 1,2) converging to x(¢), with x] ¢ S,, such that

lim‘]j(t,xi,u*,v*) = JH(t,x(1),u*, v").

If x] < x( ) for infinitely many k, then, since for such a k we already know that
J(t xp, ut vt) < ej, W ehaveJ (¢,x(t),u*,v*) < e;. If on the contrary, x, > x(¢)
for any £k sufficiently large let us consider some solutions

x(-) € J(t,x{c,u v*). If x;(T) <x(T), then we can complete the proof as
above If x(T) > x(T), then limy x(7) = x(T) because x(T) = x(¢) + 2(T — ¢)
and the x}(-) are 2-Lipschitz continuous. Then the result follows from the
continuity of g. Therefore, (24) holds in any case.

Let us now set

03 = inf{t € [0, T]| Vs € [t, T],J*(s,x(s),u",v*) = (e1,e2)},

with 63 = T if there is no such a z. Our aim is to prove that 0; = 6,.

For doing so, we argue by contradiction by assuming that 63 > 6,. Let us
prove that in this case, for any e > 0 sufficiently small, (e;,e;) is a maximal
payoff at the p01nt (93 —¢,x(03 — €)) for the game with horizon 65 and ter-
minal payoff J*(0s, -, u*, v ) (let us notice that x(0; —e) = x(03) 2¢).

Indeed, we have, thanks to (24) and the fact that the J are usc, that:

Vze [x(03) —de,x(03)),J%(03,2,u",v*) < (e1,e2) and J* (03,x(03),u* ,v*) = (e1, ).
If 05 < T, Lemma 4.3 shows that

Vs € [05,T], J*(03,x(s),u*,v") > J¥(s,x(s),u*,v") = (e1,e2),
with x(s) = x(63) + 2(s — 63). Using the fact that the maps J (63, -, u*,v*) (for
j =1,2) are usc then gives that
(e1,e2) € ess — limsup J* (03, x', u*, v*).
X' —x(03)

If 63 = T, the above formula is also clear because g is continuous.

Hence we have proved that (ej,e;) is a maximal payoff at the point
(65 —e,x(03 —¢)) for the game with horizon 63 and terminal payoff
J4(03,-,u*,v*). Since (u*,v*) is completely maximal, this implies that

JH03,x(03 — €),u",v*) = (e, )
for any € > 0 sufficiently small, which is in contradiction with the definition of

03. Therefore we have proved that 6; = 0,.
Hence

Jﬂ(027x(02)’ M*, U*) > (el ) 62),
because the maps Jju are usc. So, if 6, > 60, we have x*(6,) = x(6,), and thus
J(to,x0,u™,0") = J(02,x"(02),u",v") > (e1,e2),
and equality J (¢, xo, u*, v*) = (e;,ez) is proved. If, on the contrary, 0, = 0,
then x(0,) = x¢, and Lemma 4.3 implies that
J(l(),X(), u*a U*) 2 Jt(elaxo, ”*a U*) Z (61,62)-

This completes the proof of Theorem 2.15. U
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