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Abstract. We consider a problem of allocating indivisible objects when agents
may desire to consume more than one object and no monetary transfers are
allowed. We are interested in allocation rules that satisfy desirable properties
from an economic and social point of view. In addition to strategy-proofness
and Pareto efficiency, we consider consistency and two solidarity properties
(replacement-domination and population-monotonicity). In most of the cases,
these properties are satisfied only by serially dictatorial rules.
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1. Introduction

We consider a problem of allocating indivisible objects when agents may de-
sire more than one object and no monetary compensations are allowed. As an
example, one may think of a heritage consisting of indivisible objects (e.g.,
furniture and household items) that has to be distributed among the heirs (e.g.,
the children of the deceased), respecting the wish that the objects should not
be sold but allocated. Since an agent may receive more than one object, one
could consider several interesting domains of preferences over sets of objects.
We consider four domains: the general domain of strict preferences, the do-
main of strict and separable preferences, the domain of strict, separable, and
responsive preferences, and the domain of strict and additive preferences.

* We wish to thank William Thomson, Sangkyu Rhee, and two anonymous referees for their
helpful comments and suggestions. We especially thank a referee, whose suggestion simplified the
proof of Theorem 1 considerably. All errors are our own responsibility.
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Papai (1998, 2000a) studies essentially the same model, but considers the
general domain of strict preferences and monotonic preference domains.
Ehlers and Klaus (2000) study the same model and preference domains, but —
as we will discuss later — analyze different properties for allocation rules.

Recent studies have shown that when each agent may receive at most one
object, there exist some allocation rules, such as the core, that satisfy appeal-
ing properties; some of the most recent studies are Ehlers, Klaus, and Papai
(2000a,b), Ergin (2000), Miyagawa (2002), Papai (2000b), and Svensson
(1999). We demonstrate that the results differ considerably when we allow for
the consumption of multiple objects; in most cases, our list of properties are
satisfied only by serial dictatorships. By a serial dictatorship, we mean that
one agent chooses his best set of objects, then the second agent chooses his
best subset of the remaining set, then the third agent chooses, and so on, and
the order in which agents choose is fixed in advance.

In situations when most or all of the objects are “good” for everyone, our
results might be regarded as negative since the first dictator will consume most,
or all, of the “good” objects and leave few, or no, objects to the other agents.
However, when preferences are heterogeneous and objects are often “bad” for
some agents (possibly due to capacity constraints or satiation), serial dicta-
torships are widely applied and accepted. For example, used household items
sold or given away in garage sales are not “goods” for everyone. Often an
item is a “good” for some and a ““bad” for others. Indeed, the allocation rule
used often in garage sales is the serial dictatorship where the order is deter-
mined on the first-come, first-served basis.

A practical advantage of serial dictatorships is that they are simple and
can be implemented easily and quickly. Furthermore, they are strategy-proof,
Pareto efficient, and satisfy other appealing properties discussed below. They
can be considered “fair’” as well when the ordering of the agents is determined
fairly; for instance by queuing, seniority, or randomization (Abdulkadiroglu
and Sonmez, 1998, 1999; Bogomolnaia and Moulin, 1999).

We briefly discuss the organization of the paper and our results. The model
is introduced in the next section. In Section 3, we first show that for the two-
agent case, strategy-proofness and Pareto efficiency are satisfied only by serial
dictatorships (Theorem 1). Next, we consider the notion of minimal rights: an
agent with a minimal right for some object cannot be assigned a set of objects
that is worse for him than the object he has a minimal right for. We prove that
for the n-person case, strategy-proofness and Pareto efficiency exclude minimal
rights for more than one agent (Corollary 1). If we extend the model by as-
suming that the objects are initially owned by (or assigned to) agents, then the
latter result implies that strategy-proofness, Pareto efficiency, and individual-
rationality are incompatible — a result also obtained by Sénmez (1999)."

Ehlers and Klaus (2000) consider the stronger non-manipulation property
coalitional strategy-proofness (no group of agents ever gains by jointly mis-
representing their preferences). Their main result is that coalitional strategy-
proofness and Pareto efficiency only allow for sequential dictatorships; that is,
there exists a first dictator who always chooses his best set of objects. Depend-

! An earlier example of this type of impossibility is Hurwicz’s (1972) seminal result for exchange
economies: for two-agent two-good exchange economies, Hurwicz (1972) showed that, even on a
restricted domain that contains all translated Cobb-Douglas preferences, no allocation rule sat-
isfies strategy-proofness, Pareto efficiency, and individual-rationality.
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ing on the first dictator’s choice, a second dictator is determined who again
chooses his best subset of the remaining objects. Depending on the choices of
the previous dictators, a third dictator is determined, and so on. Papai (1998)
shows the same result on the domain of strict preferences.

In Section 4, we study two ‘‘solidarity properties™: replacement-domination
and population-monotonicity. Replacement-domination says that if the prefer-
ences of an agent change, the welfare of the other agents is affected in the
same direction; that is, either all of them (weakly) gain or all of them (weakly)
lose. We show (Theorem 2) that this solidarity property is not compatible with
Pareto efficiency. We also consider population-monotonicity, which is a similar
condition applied to the case when the set of agents varies. It requires that
if some agents leave the economy, the welfare of the remaining agents is af-
fected in the same direction. On the domain of strict and separable (or strict
and additive) preferences, population-monotonicity is compatible with both
strategy-proofness and Pareto efficiency. However, the three properties are
satisfied only by serial dictatorships (Theorem 3). On the other hand, these
three properties are not compatible on the general domain of strict preferences
(Corollary 2). Ehlers and Klaus (2000) prove that similar results can be ob-
tained if instead of population-monotonicity we consider the solidarity prop-
erty resource-monotonicity and strategy-proofness is strengthened to coalitional
strategy-proofness.

In Section 5, we discuss consistency, which is usually regarded as a condi-
tion of stability. On all of the preference domains we consider, consistency is
compatible with strategy-proofness and Pareto efficiency. Again, these proper-
ties are satisfied only by serial dictatorships (Theorem 4).

Finally, in Section 6, we prove the logical independence of the properties
used in the characterization results.

2. The model

There are k > 2 objects, and the set of objects is denoted by K = {1,2,...,k}.
There are n > 2 agents, and the set of agents is denoted by N = {1,2,...,n}.
Let 2% denote the set of all (possibly empty) subsets of K. For subsets of K
consisting of one object, with some abuse of notation, we omit the brackets
and write x instead of {x}. Each agent i € N has a complete and transitive
preference relation R; over 2X. The associated strict preference relation is de-
noted by P;. We assume that R; is strict; that is, for all distinct subsets S, S’ =
K, we have either SP;S’ or S'P.S. Thus, SR;S’ means that either SP,S’ or
S = S’. We further assume that R; is separable.

An agent’s preferences are separable if he prefers x to nothing if and only
if for any set S not containing x he prefers S U x to S: for all S < K and all
xe K\S,

xP < (Sux)PS.

Together with strictness and completeness of preferences, this implies that for
all S < K and all x € K\S,

FPx < SP(S U x).
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For the notion of separability we use here, we refer to Barbera, Sonnenschein,
and Zhou (1991).

Let # be the set of strict and separable preference relations over 2X. At
various points in the paper, we will also consider the following three domains
of preferences: the domain of all (unrestricted) strict preferences %#,; the do-
main of strict and additive? preferences %,; and the domain of strict, separa-
ble, and responsive® preferences #,. Clearly, #, € Zy < # < #,. If not
otherwise stated, we assume that preferences are strict and separable; that is,
2 is the default preference domain.*

A preference profile is denoted by R = (R, R,,...,R,) and the set of
preference profiles is denoted by 2", 2", 2%, or 2.

Given an ordered collection of objects {xj,xs,...,x,} where m <k,
let L(x1,x2,...,xn) be the class of preference relations R; € # such that
X1 PxyP; - - Pox, P, and Py for all y ¢ {x;,...,x,}. By separability, for
example, {xi,x2,x3}Pi{x2, X3} P, I Pxp1 and so on. Note that R; € L(Q)
means that JP;y for all y € K; that is, every object is a “bad” for agent i.

Let B(R;)={x € K : xP;JJ} be the set of objects that are ““goods’ for agent i.
By separability, B(R;) is the most preferred bundle of objects for agent i.

An allocation is a list (Sy,...,S,) such that S; < K for all i e N and S; n
S; = & for all i # j. The set S; is the (possibly empty) set of objects assigned
to agent i. The second condition simply says that no two agents receive the
same object. Note that we allow free disposal and therefore the union of all
S;’s may be a strict subset of K.

An (assignment) rule is a function ¢ that associates with each preference
profile R e #" an allocation p(R) = (S;),.y. We denote by ¢,(R) the set of
objects assigned to agent i.

A rule ¢ is Pareto efficient if it assigns a Pareto efficient allocation to each
preference profile; that is, for all R € 2%, there is no allocation (S;),_ such
that S;R;p;(R) for all i € N, with strict preference holding for some j e N.
Separability of preferences and free disposal imply the following:

Lemma 1. If a rule ¢ is Pareto efficient, then for all R € #",
1. ¢;(R) = B(R;) for allie N and
2. Uien 21(R) = U B(R:).

Proof: Part 1 follows immediately from separability and free disposal. So,
Uiy 2(R) = U,y B(R;). To prove Part 2, suppose there exists an object

2 A preference relation R is additive if there exists a function u: K — R such that for all
S,S" e 2k,

SRiS" <> u(k) = Y u(k).

keS kesS’

3 An agent’s preferences are responsive if, for any two sets that differ only in one object, the agent
prefers the set containing the more preferred object: for all S < K and all x, y € K\ S,

xPiy= (SUx)P(Suy).

Roth (1985) introduced the responsiveness of preferences for college admission problems.
4 All results we establish for # remain true on %, and %,,.
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xe[J;en BRI\, n #:(R)], which implies x € B(R;) for some j. Then ¢(R)
is Pareto dominated by the allocation (S;);.y where S; = ¢;(R) U x, and for
all i £, S = p,(R).5 O

The following notation will be useful later on. Given R € #" and M = N,
we denote the profile (R;);.,, by Ry This is the restriction of R to the set of
agents M. We also use the notation R_; = Ry\(;y-

3. Strategy-proofness

A rule ¢ is strategy-proof if in its associated direct revelation game, it is a
dominant strategy for each agent to report his preferences truthfully; that is,
for all Re #”, allie N, and all R/ € 2, p(R)R;p(R!, R_;).

We first show that for the two-agent case, strategy-proofness and Pareto
efficiency are satisfied only by serial dictatorships. The result itself may be of
limited importance since it applies only to the two-person case, but it turns out
to be a key for the remainder of this paper. It will be used in the proofs of
Corollary 1 and Theorems 3 and 4.

Theorem 1. If n = 2, then a rule ¢ is strategy-proof and Pareto efficient if and
only if it is a serial dictatorship; that is, there exists i € N such that for all
Re 2", ¢;(R) = B(R;) and ¢;(R) = B(R;)\B(R;) for j # 1.

To get some intuition, consider the case of two goods. A natural way
to achieve Pareto efficiency and some degree of equality is to split the set of
objects between the two agents and then let them trade. To be concrete, sup-
pose that we initially assign object x to agent 1 and object y to agent 2, and
then make a Pareto improvement whenever possible. This is not compatible
with strategy-proofness. To see this, suppose that xP;yP;J and xP, P, y.
Since agent 1 won’t give up x and agent 2 is not interested in y, the final
assignment would be ({x, y}, ). This implies that if we want to maintain
strategy-proofness, we have to give both goods to agent 1 even when agent
I’s preferences are yP/xP/S. Suppose now that agent 2’s preferences are
xPjyP) . Then for (R, R}), the only way to achieve a Pareto improvement
over the initial assignment is to let the agents exchange their objects, and thus
our final assignment is (y,x). But if agent 2 knows this outcome, he would
report R’ to obtain x when his true preferences are R;. We now turn to a
formal proof.

Proof: 1t is easy to check that serial dictatorships are strategy-proof and Par-
eto efficient. The proof of the uniqueness part is divided into two steps. Step 1
establishes that, given a strategy-proof and Pareto efficient rule, each object
“belongs”™ to an agent in the sense that he obtains the object whenever it is
desirable for him. Step 2 shows that in fact all objects “belong” to the same
agent. The desired result then follows immediately from Pareto efficiency.

Fix a rule ¢ that is strategy-proof and Pareto efficient. We say that object x
belongs to agent i if for all R € 2", x € B(R;) implies x € ¢,(R).

5 Tt is easy to see that the converse of Lemma 1 is false.
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Step 1. Each object belongs to some agent.
Let N = {1,2} and fix x € K. Let R{ € L(x) and R} € L(x) be such that for
all i e {1,2},

(Sux)P' forall S< K. (1)

This is the case if object x is sufficiently desirable for each agent.® By Pareto
efficiency, x € p;(R’) for some i€ {1,2}. Without loss of generality, assume
i = 1. Then, by Pareto efficiency, p(R") = (x, &). We show that object x be-
longs to agent 1.

Take any R; € #. Strategy-proofness implies JR,¢,(R], R2). Then (1)
implies that x ¢ ¢,(R{, R2). By Pareto efficiency, it follows that

@1 (R],Ry) =x forall R, e A. (2)

Suppose, by contradiction, that there exists R € 2" such that x € B(R))
and x ¢ ¢;(R). Let p(R) = (S|, S,). Note that by Pareto efficiency, x € S,.
_ Let R € % be such that B(R,) = Sy. Strategy-proofness implies ¢,(R;, R>)
R, S,. Since B(R;) = S,, we have ¢,(R;, Ry) = S,. Thus by Pareto efficiency,

9(R1, Ry) = (S1,52). (3)

Let R, € # be such that B(R;) = S; U x and xP;S;. This is the case if ob-
ject x is sufficiently desirable for agent 1.” By Pareto efficiency, Si < ¢,(R)

since agent 2 is not interested in any object in S). Thus ¢, (R) is either S; or
S| U x. Strategy-proofness implies

91 (R)R19, (R}, Ry) = xP1 S},
where the equality follows from (2). This implies ¢,(R) = S| U x. Strategy-
proofness then implies

91(R1, R)R(S1 U X).
By (3), this means S;R;(S] U x), which is in contradiction with x € B(R;).

Step 2. All objects belong to the same agent.

Suppose, to the contrary, that object x belongs to agent 1 and object y
belongs to agent 2. Let R; € L(y,x) and R, € L(x, ). Then x € ¢;(R) and
¥ € 9,(R), which is in violation of Pareto efficiency. [

Papai (2000b) shows that the class of strategy-proof and Pareto efficient
assignment rules that assign at most one object to each agent contains what
she calls fixed endowment hierarchical exchange rules. One characteristic of
these rules is that some agents receive some of the objects as initial endow-
ments. The final allocation is determined by a sequential process of trading

® Let K = {xi,...,xx} and assume x = x;. Then, R/ can be represented by the following additive
utility function: u;(xx) = 10% and u;(x,) = —10 for all / # k.

7 Similarly as before, let K = {xi,...,x;} and assume x = x;. Then, R can be represented by the
following additive utility function: u; (x,) = 107 if x, € S; U {x;} and u(x;) = —10” otherwise.
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and inheriting endowments. Since trade is assumed to be voluntary, agents
with initial endowments can only improve their allocation; that is, their
“minimal right” to the endowments is respected. We prove that when an agent
may desire multiple objects, strategy-proofness and Pareto efficiency exclude
that minimal rights be assigned to more than one agent.

Let x € K. We say that a rule ¢ respects the minimal right of agent i for
object x if for all R € 2", p,(R) R;x. A rule ¢ respects minimal rights for agent i
if there exists x € K such that ¢ respects the minimal right of i for x. The fol-
lowing result holds for any n > 2.

Corollary 1. A strategy-proof and Pareto efficient rule respects minimal rights
for at most one agent.

Proof: Suppose, by contradiction, that ¢ respects minimal rlghts for agents 1
and 2. For i ¢ {1,2}, let R; € L( @) Let g be the function on 212} defined by

g(RlaRZ) = (¢1 (R17 R27IA237 LR ;kn)a ¢2(R17R27j€35 . ~7kn))~ (4)

So, g1(R1, R,) is the set of objects assigned to agent 1 when the profile is
(RI,RZ,IAQ,...JA{,?). Note that (ﬂi(Rl,R27R3,...,kn) is an empty set for all
i¢{1,2}. Thus g is a rule for two-agent economies, and it is strategy-proof
and Pareto efficient. Thus by Theorem 1, ¢ is a serial dictatorship. But then
g does not respect minimal rights for the second dictator, and neither does

p. U

In the slightly different context where agents are initially endowed with
the objects and a rule ¢ reallocates the objects among them, Corollary 1 can
be interpreted as an impossibility result that is also obtained by Sénmez
(1999): there exists no rule that satisfies strategy-proofness, Pareto efficiency,
and individual-rationality®.

Example 1. There exists a strategy-proof and Pareto efficient rule that does not
respect minimal rights for any agent. To see this, let N = {1,2,3} and K =
{x, y}. Consider the rule

(ﬂ(R) _ { (B(R1)7B(R2)\B(Rl)7 Q) if ®P3XP3y’
(B(R])\B(Rz),B(Rz),B(R:;)\(B(Rl) ) B(Rz))) otherwise.

This rule is strategy-proof and Pareto efficient simply because agents choose
objects sequentially and the agent who determines the sequence always chooses
last. Note that it is strategy-proof for agent 3 since he obtains B(R3)\(B(R;) u
B(R3)), regardless of the sequence. The rule does not respect minimal rights
for anyone since no one can obtain an object for sure when it is a “good” for
him.

Remark 1: Theorem 1 and Corollary 1 also hold if we restrict preferences to

the domain of strict, separable, and responsive preferences (%) or the domain
of strict and additive preferences (%,). For %,, we added some additive utility

8 Individual-rationality means that no agent is worse off after the reallocation of the objects.
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representations to the proofs in this section to demonstrate how our proofs
can be adjusted. A standard argument establishes that Theorem 1 and Corol-
lary 1 also hold on the domain of all strict preferences (%,).°

4. Solidarity
4.1. Replacement-domination

The first “solidarity” property we discuss is welfare-domination under
preference-replacement, or replacement-domination for short. It incorporates a
notion of solidarity among agents when a single agent changes his preference
relation; that is, if an agent’s preference relation is replaced by another pref-
erence relation, then, after this change, either all remaining agents are (weakly)
better off or they all are (weakly) worse off.!°

Formally, a rule ¢ satisfies replacement-domination if for all R e 2%, all
ieN,andall R/ € %,

either [for all j € N\{i},¢,(R)Rjp;(R;, R_;)]
or [for all j e N\{i},;(R;, R_;)Rjp;(R)].

It turns out that for more than two agents, replacement-domination and
Pareto efficiency are not compatible.!!

Theorem 2. If there exist three or more agents (i.e., n > 3), then there exists no
rule ¢ that satisfies replacement-domination and Pareto efficiency.

Proof: Without loss of generality, assume that N = {1,2,3}. Choose any ob-
ject x € K, and let (R}, R}, Ry) € L(x)" .12 There are exactly three Pareto effi-
cient allocations for this profile: (x, &, &), (&, x, &), and (F, &, x). With-
out loss of generality, assume

o(Ri, Ry, Ry) = (x, 2, D). (5)

Let y # x be another object. Change agent 1’s preferences to Ry € L(y)
and consider (R}, R5, RY). By Pareto efficiency, object y goes to agent 1. Also
by Pareto efficiency, object x goes to either agent 2 or agent 3. Without loss of
generality, assume that it goes to agent 2. Then,

 On the general domain of strict preferences, the formal definition of serial dictatorship must be
modified slightly. The reason is that after agent i picks B(R;), the most preferred bundle for j is
not necessarily B(R;)\B(R;).

10 Moulin (1987) introduced replacement-domination in the context of binary choice with quasi-
linear preferences. Replacement-domination has been studied in a variety of settings and we refer
the interested reader to a recent review of the literature by Thomson (1999).

11 Note that for assignment problems with only one object, replacement-domination and Pareto
efficiency are compatible. It follows from a result by Klaus, Peters, and Storcken (1997) that
the class of assignment rules for one-object assignment problems satisfying strategy-proofness,
replacement-domination, and Pareto efficiency equals the class of serial dictatorships.

12 If n > 3, choose three agents, and consider R where R; € L(x) for these agents and R; € L()
for the others. We can ignore the agents with R; € L(() since they receive no object.
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9(R{,R3,Ry) = (y,x, D). (6)

Now, change agent 2’s preferences to R, € L(y), and consider (Ry, R}, RY).
By Pareto efficiency, agent 3 receives object x, and so he gains. Thus, agent 1
should not lose, which implies that he receives object y. Hence,

9(R{, Ry, R3) = (¥, T, x). (7)

Now, change agent 1’s preferences back to Ry and consider (R, R, RY).
By Pareto efficiency, agent 2 receives object y, and so he gains. Thus, agent 3
should not lose, which implies that he receives object x. Hence,

p(RY, Ry, Ry) = (I, , ). (8)

_Finally, compare (8) and (5). As agent 2’s preferences change from R; to
R, agent 1 loses while agent 3 gains, a contradiction. []

Remark 2: Theorem 2 also holds on #,, #,,, and #,. The theorem also ap-
plies to the assignment problem where each agent is allowed to receive at most
one object (see assignment models described in Papai (2000b) and Svensson
(1999)).

4.2. Population-monotonicity

So far, the set of agents has been fixed. In this section, we consider a model
with a variable population. Let P = {1,..., p}, p > 3, be a finite set of po-
tential agents. We denote by Z the set of nonempty subsets of P. A rule is now
a function ¢ that associates with each set of agents N € 2 and each preference
profile R € #" an allocation ¢(R) = (S));. y-

Our main property in this section is population-monotonicity, which incor-
porates a notion of solidarity among agents when changes in the population
occur; that is, if a group of agents leave, then, after this change, either all re-
maining agents are (weakly) better off or they all are (weakly) worse off.!?

Formally, a rule ¢ is population-monotonic if for all N € 2, all Re #”,
and all M = N,

either [for all i € M, ¢;(Rar) Rip;(R)]
or [forall i e M, ¢,(R)Rip;(Ru)].

Recall that Ry, is the restriction of R to the set of agents M. This condition
says that if the agents outside M leave, then the agents in M should gain to-
gether or lose together. The idea is that no one in M is responsible for the
departure of N\ M, and thus it makes sense to require that the welfare of the
agents M change at least in the same direction.

The following lemma states that under Pareto efficiency, we can ignore the

13 Population-monotonicity is introduced by Thomson (1983a,b) in the context of bargaining. An
excellent survey on this axiom is Thomson (1995).
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case when the agents M lose together after the agents in N\ M leave. We omit
its proof since it is standard in the literature.

Lemma 2. Let ¢ be a population-monotonic and Pareto efficient rule. If N € 2,
Re RV, and M < N, then for all i € M, p;(Ryr) Rip;(R).

This result is intuitive since the departure of agents is globally beneficial for
the remaining group. The objects are now allocated among fewer agents, and
thus it makes sense to require a (weak) Pareto improvement for the remaining
agents.

We characterize the class of rules that are strategy-proof, population-
monotonic, and Pareto efficient. It turns out that these properties are satisfied
only by serial dictatorships. By a serial dictatorship, we mean that there is a
ranking of the set of potential agents, P, such that the agent with the highest
ranking among those actually present chooses his best set of objects, then the
agent with the next highest ranking chooses his best set of objects among the
remaining objects, and so on.

Serial Dictatorship: Let 7 be a permutation on P.'* Then the serial dicta-
torship with respect to n is defined as follows. Given a set of agents N =
{m,...,n,} < P such that n(n;) < n(m) < --- < n(n,) and their preferences
Re#",

Pn, (R) = B(R”1)7

Puy(R) = B(Ry,)\B(Ry, ),

Py (R) = B(Ru)\[B(Ry,) © B(Ry, )],

o (R) = B(Rm\ lU B(R)|.

i:nl

For example, suppose that z(i) =i, N = {2,4,5}, B(R2) = {1,2,3}, B(R4) =
{3,4,5}, and B(Rs) = {2,3,5,6,7}. Then agent 2 obtains {1,2,3}, agent 4
obtains {4,5}, and agent 5 obtains {6, 7}.

Theorem 3. A rule ¢ is strategy-proof, population-monotonic, and Pareto effi-
cient if and only if it is a serial dictatorship.

Proof: 1t is easy to verify that any serial dictatorship satisfies the properties
named in the theorem; the proof is left to the reader. Serial dictatorships do
not satisfy population-monotonicity when we allow for non-separable prefer-
ences; see Example 2 below.

To prove the uniqueness part, let ¢ be a rule satisfying the properties named
in the theorem. We know from Theorem 1 that in two-agent economies, ¢ is a

14 That is, 7 is a one-to-one function from P to P.
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serial dictatorship. We write i > j if agent 7 is the first dictator in two-agent
economies with agents i and ;.

We first show that > produces no cycle. To see this, suppose that 1 > 2,
2>3,and 3> 1. Let (R{",R},R}) e L(x ){1 23} Without loss of generality,
assume that ¢(Ry, R}, RY) = (x, &, ). Since 3 > 1, we have ¢(R{, RY) =
(I, x). This means that when agent 2 leaves, agent 1 loses while agent 3 gains,
a contradiction.

This shows that > produces a strict ranking over the set of potential agents
P. Let 7 be the permutation defined by 7(i) < n(j) < i > j. We show that ¢ is
the serial dictatorship with respect to 7.

Take any N € 2 and R € #". We first claim that for all #, j € N,

i=j=¢;(R)nB(R)=. ©)

That is, if i = j, then agent j does not receive any object that is “good” for
agent i. To prove this, let R/ € # be such that B(R) = ¢;(R). By strategy-
proofness, 9;(R;, R_;) Rip;(R), which implies ¢;(R;, R—;) = ¢;(R). Suppose now
that agents N\{i, j} leave. Since agent j should not lose, ¢;(R;, R) = ¢;(R).
Since i = j, we have ¢,(R;, Rj) = B(R;), which establishes (9).

Now, denote N = {iy,b,...,i,} where i; > i» > --- > i,. Then (9) implies
that no one in {s, . .., i} receives objects in B(R;,). Thls together with Pareto
efficiency, implies that agent i; receives B(R;,). Snmlarly, noonein {i,...,i}

receives objects in B(R;,) U B(R;,). Since agent i) receives B(R;,) and ¢ is Par-
eto efficient, it follows that agent i receives B(R;,)\B(R;). It is easy to see
how this argument applies for the remaining agents. O

Theorem 3 also holds on domains %, and #,. However, it does not hold
on %, as the following example shows.

Example 2. Let K = {x, y}, P = {1,2,3}, and =(i) = i. Let ¢ denote the serial
dictatorship that corresponds to 7; that is, agent 1 is the first dictator, agent 2
the second dictator and agent 3 chooses last."> Let R = (R;, Ry, R3) be such
that Ry € L(x), Ry € L(y), and {x, y}P,xP,JP>y. Then ¢(R) = (x, &, y) and
¢(R2, R3) = {{x, y}, J}. Hence, when agent 1 leaves, agent 2 gains and
agent 3 loses.

Corollary 2. Suppose that there exist at least three potential agents (i.e., |P| >
3). Then on the general domain of strict preferences R, there exists no rule that
is strategy-proof, population-monotonic, and Pareto efficient.

5. Consistency

Our last property of rules is a condition of stability. To understand this con-
dition, suppose that after objects are allocated according to a rule, some agents
leave the economy with their allotments, and the remaining agents “renego-
tiate” among themselves the assignment of the remaining objects. What if

15 As in the two-person case, the formal definition of serial dictatorship has to be adjusted on the
general domain of strict preferences.
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the same rule is applied to their “renegotiation problem”? The rule might be
considered ““unstable” or “inconsistent” if its assignment to the renegotiating
agents differ from its original assignment to them.

The condition of consistency has been formulated in a variety of economic
and game-theoretic contexts.'® Thus it is interesting to see what solution con-
cepts are characterized by consistency in our context.

To formulate consistency, we have to consider a model where both the set
of agents and the set of objects are variable. Let O = {1,...,0} be a finite set
of potential objects. We denote by ¢ the set of all non-empty subsets of O.
Preferences R; are defined over 2°. A rule is now a function ¢ that associates
with each N € 2, each Re #", and each K € ¢ an allocation ¢(R; K) where
U,y ?:(R; K) = K. Here ¢,(R; K) denotes the set of objects that agent i re-
ceives when the set of available objects is K.

A rule ¢ is consistent if for all K € O, all Ne 2, all Re 2", all M = N,
and all i e M,

?:(R; K) = o, <RM? U %‘(R%K))

jeM

The right-hand side is the outcome when ¢ is reapplied to reallocating the ob-
jects received by the agents M to themselves. This condition says that such a
“renegotiation” does not change the outcome for the agents in M.

We use the notation B(R;; K) = B(R;) n K. This is the set of “good” ob-
jects in K.

It turns out, that consistency together with strategy-proofness and Pareto
efficiency implies serial dictatorships.

Serial Dictatorship: Let 7 be a permutation on P. Then the serial dictator-
ship with respect to 7 is defined as follows. When an economy consists of
agents N = {ny,...,n,} < Psuch that z(n;) < n(ny) < --- < n(n,), their pref-
erences are R € #”, and the set of available objects is K € (7, then

(ﬂnl(R;K) = B(R,”;K),
P, (R; K) = B(Ry,; K)\B(R,,; K),

(pns(R; K) = B(Ry,; K)\[B(R,,; K) U B(R,; K],

i:nl

@, (R; K) = B(R,,; K)\ an B(R;; K)

Theorem 4. A rule ¢ is strategy-proof, consistent, and Pareto efficient if and
only if it is a serial dictatorship.

16 Consistency is a key property of a number of major solution concepts in economics and game
theory. Examples include Walrasian equilibrium, Nash bargaining solution, core, nucleolus,
Shapley value, and Nash equilibrium. An exhaustive survey on consistency is Thomson (1996).
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Proof: Tt is easy to check that any serial dictatorship satisfies the properties
named in the theorem; the proof is left to the reader.

To prove the uniqueness part, let ¢ be a rule satisfying the properties
named in the theorem. Consider the two-person economies with agents i and j
where the set of available objects is K € O. We know that within these econo-
mies, ¢ is a serial dictatorship (Theorem 1). We write i =X j if agent i is the
first dictator.

We first show that i = j implies that i =X j for all K € O. To see this,
suppose that B(R;) = B(R;) = K. Since i =?j, ¢(R;,R;;0) = (K, ). By
comsistency, p(R;, R;; K) = (K, ). This implies that when the set of available
objects is K, agent j is not the first dictator, and thus the first dictator is
agent i. From now on, we write i > j whenever i > ;.

We next show that > produces no cycle. To see this, suppose that 1 >~ 2,
2>3,and 3> 1. Let (R{,R},R}) € L(x){1’2’3}. Without loss of generality,
assume @(R;y', R}, R}; O0) = (x, I, &). By consistency,

P(RY, Ry; x) = (x, &)

This contradicts 3 >* 1.

This shows that > produces a strict ranking over the set of agents P. Let n
be the permutation on P defined by 7(i) < n(j) < i > j. We show that ¢ is the
serial dictatorship with respect to 7.

Take any N e 2, Re #", and K € (. Take any i, j € N such that i > .
Then by consistency,

0:(R; K) = ¢;(Ri, Rj; 0,(R; K) L (/’j(R; K))
= B(R;) N [p;(R; K) v 9;(R; K)]

where the second equality follows from i j. It follows that ¢;(R; K)n

Now, denote N = {ij,i,...,i,} where iy > i, > --- > i;. Since no one in
{ia,...,i,} receives objects in B(R; ), Pareto efficiency implies that agent i
receives B(R;; K). Similarly, since no one in {7,...,i,} receives objects in

B(R;,) v B(R;,) and agent i; receives B(R;; K), Pareto efficiency implies that
agent i, receives B(R;,; K)\B(R;,; K). It is easy to see how this argument ap-
plies for the remaining agents in N. [

Remark 3: Theorem 4 also holds on %y, #,, and %,.}7

6. Independence of the axioms
We conclude with the independence of the axioms in Theorems 1, 3, and 4.
Example 3. Consider the rule that does not allocate the objects at all:

¢;(R,K) = . This rule is obviously strategy-proof, population-monotonic,
consistent, and not Pareto efficient.

17" As before, the formal definition of serial dictatorship must be modified on the domain %,.
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Example 4. The following rule is strategy-proof and Pareto efficient, while it is
neither population-monotonic nor consistent. For N = {ij,...,i,}, ¢ is the
“sequential” dictatorship where the first dictator is agent i; and, for all k €
{2,...,n}, the k-th dictator is given by

n—‘(k):{’," if B(R,) =K,
inio_x otherwise.

That is, the order in which agents can choose their bundles after agent #; de-
pends on the preferences of agent .

The class of sequential dictatorships is a superset of the class of serial dic-
tatorships that allows for certain changes in the sequence of dictators depend-
ing on the choices that previous dictators make; see Ehlers and Klaus (2000).

Example 5. The following rule is population-monotonic, consistent, and Pareto
efficient, but it is not strategy-proof. Let N = {ij,...,i,} be such that i} <
I < -+ <i,. If K= 0 and B(R;; 0) = O for some i € N, then 9;(R; 0)=0
where j = argmin{i : B(R;; O) = O}. Otherwise, ¢ is the serial dictatorship
where the k-th dictator is iy.
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