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Abstract. In this paper we provide a characterization for the modified Banzhaf-
Coleman indexes by employing some amalgamation axioms as Lehrer (1988)

did for the Banzhaf-Coleman indexes.
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1. Introduction

In (1981) Owen defined the modified Banzhaf-Coleman (B-C) index, which is
a modification of the (normalized) B-C index (1965, 1971) when a priori unions
represented by coalitional structures are considered. He defined this modified
index in a similar way as he defined the so called Owen value (1977), which is
a modification of the Shapley value (1953) to the coalitional framework.

In the case of the Owen value (1977), an axiomatic characterization was
given when it was defined. However, for the modified B-C index (1981), the
own author writes that the characterization he provides ‘does seem to beg the
question’; since he fixes for the unanimity games the own indexes to be char-
acterized. Given a game and a coalitional structure, he remarks that the point
is that the modified B-C index of a coalition belonging to the coalitional struc-
ture does not depend only on the game between the coalitions associated with
the coalitional structure. It can be said equivalently that the modified B-C index
does not verify symmetry between the coalitions of the coalitional structure,
axiom that the Owen value verifies.

When Owen defined the modified B-C index (1981), Dubey and Shapley
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(1979) had characterized the B-C index. Several years later, Lehrer (1988) pro-
vided a new characterization of the the B-C index by employing several com-
mon axioms and a reduction or amalgamation axiom. In the paper we present,
we will also employ some amalgamation axioms in order to obtain a charac-
terization of the modified B-C indexes. In this way, we can overcome the trou-
ble caused by the modified B-C index for not verifying the above axioms.

2. Preliminaries

Let N be a finite set of players. A transferable utility (TU) game on N is a
function v : 2V — R such that v(¢) = 0, where 2V denotes the family of all
subsets or coalitions of N. A game v on N is said to be simple if for each
S = N, we have either v(S) =0 or v(S) = 1. A simple game on N is mono-
tonic if v(S) = v(T) for each S, T = N such that 7' < S. We denote by SG
the set of all monotonic simple games on any finite player set N and by SGy
the subset of SG formed by those games on the player set V.
Let v and w € SGy. We define the games v v w and v A w as follows:

(v v w)(S) =max(v(S),w(S)), (vAw)(S)=min(v(S),w(S)) (VS&N).

Let v e SGy, A = {i, j} = N and 4 be a player who does not belong to N.
We denote by vy the TU game with player set (N\A4) U {4} defined by

v4(S) = v(S) if S = N\4 ~

v4(S) =v((S\4) v {i, j})if S A.

Thus, v represents the TU game that results from v after players i and j
have been amalgamated into one (who is 4).

Along this paper an index is a mapping y : SGy — RV for some finite set
of players N.

Lehrer (1988) considered an index as a mapping from SG into U N RN
and he characterized the B-C index f5. This index associates with each v € SGy
and i € N the real number

Biv) =2 S (S U i) - (). (1)
By

Lehrer characterized § by using the following axioms.

Y vw)+y(vaw)=yv)+(w) (Yo,we SG), that is,  is a valuation.

Dummy player axiom: let v € SGy. If i € N is a dummy player, i.e., if it
verifies v(S U {i}) = v(S) + v(i) (VS = N\{i}), then y;(v) = v(i).

Equal treatement: let v € SGy and i, j € N. If

o(Su{i}) =v(Su{j}) (VS <= N\{ij}),

then ;(v) = 1//]-(1;).

Amalgamation axiom: let v e SGy. Then, y;(v) +y;(v) <z (va) (Vi, jEN).

So, the Banzhaf semivalue is the only index that is a valuation and verifies
the dummy player axiom, equal treatment and the amalgamation axiom.

The first three axioms are well known axioms, the first one in the context
of simple games while the others for any TU game. With respect to the last
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axiom, it was introduced by Lehrer (1988) and according to it, the value does
not decrease when two players are amalgamated.

On the other hand, we denote by B a finite partition or coalitional structure
{B,},en Of N. Owen (1981) defined the modified Banzhaf-Coleman index in
the following way. Let v be a TU game on N and B a coalitional structure of
N. For a fixed ¢ € N and any S < B,, he considered Bg = {B,,},,GN v {S} and

the TU game v/Bs whose players are the coalitions that form BS and whose
worths are

v/Bs(T ( U T) (VT < By),

TeT

that is, v/Bg represents the game associated with v whose worths are the worths
of the coalitions that form the players (coalitions) in Bs.

For each S < B,, Owen considered the Banzhaf-Coleman index f of the
player S in the game v/Bg, that is f¢(v/Bs). In this way, he obtained a TU
game w, whose player set is B, and is defined by w,(S) = fs(v/Bs) for all
S < B,. He considered again the Banzhaf Coleman index of w,, obtaining the
mod1ﬁed Banzhaf-Coleman index % of the game v, that is

ﬁiB(U) = pi(wg) (Vie By). (2)

The above equality and (1) give rise to the following explicit formula for the
modified B-C index: let v be a game with player set NV, B a coalitional structure
of Nandie B,

BP(v) =22 BB N N (Lo S U {i}) —u(Lu S)], (3)
TcB ScB,
B, ¢T 1¢S

where L=\, T

3. A characterization on the Class of Monotonic Simple Games

In this section we are going to characterize the modified Banzhaf-Coleman
indexes on the Class of Monotonic Simple Games. As a first approach we can
say that the axioms of the characterization we provide are adaptations to the
coalitional framework of the ones that characterize the Banzhaf-Coleman
index (1988) to which we have added a stability axiom.

Indeed, we will require the solutions to be valuations and verify the dummy
player axiom, as Lerher asked for the Banzhaf index. Moreover, we will require
an anonymity axiom, two amalgamation axioms similar to Lerher’s amalgam-
ation one and an additional axiom which will be called amalgamation sta-
bility. We will write the last four axioms. To write them we will associate an
index y® with each coalitional structure B. Let B be a coalitional structure of
N. If B, = {i} and B, = {j} for some i, j€ N and p, ¢, or i, j € B, for some
i,je N and ¢, we will denote by B the resultant coalitional structure on
(N —{i,j}) u A when i, j are amalgamated in B. The axioms are the follow-
ing ones.



170 M. J. Albizuri

B-anonymity: let v € SGy, 7 be a permutation of N and v the game defined
by (7v)(S) = v(nS) (VS = N). Then,

Yy B(mv) =y™(v) (VieN).

Inside B-amalgamation: let v € SGy and B, € B. Then,
YPW) + 97 (v) < yf(veyy)  (ViojeBy).

Outside B-amalgamation: let v € SGy, B be a coalitional structure and
i,j € N.If there exist p, g such that B, = {i} and B, = {;}, it holds,

WE©) + Y P ) < v B0,

B-amalgamation stability: let v € SGy and i, j € B, for some ¢. Then,
Vi (0) =i (o) (Y € N\B,).

Observe that by B-anonymity the indexes are independent of the players’
names. This axiom does not require symmetry between the coalitions of the
coalitional structure since, as we have mentioned in the introduction, the
Banzhaf-Coleman index, in contrast to the Owen value, does not verify this
property.

Notice also that inside B-amalgamation and outside B-amalgamation are
natural requirements in the coalitional context if one tries to ask for a two
players’ amalgamation axiom. Indeed, the inequalities are valid when two
players are amalgamated inside one coalition of the coalitional structure or
when both players are themselves coalitions of such a coalitional structure.
These amalgamations yield naturally a coalitional structure. However, if two
players belong to different coalitions of the coalitional structure and they do
not form themselves those coalitions, there is no direct natural coalitional
structure and the amalgamation property does not need to hold any more.

Finally, B-amalgamation stability says that the index of a player i € B, is
independent of the amalgamation of any two players that belong to any coali-
tion B, different from B,. That is, the index of a player i € B, is not affected
by the players j that belong to any coalition B, different from B, when these
players j are considered alone, but the index of i could be affected by the whole
coalitions B, he does not belong to. This property can be seen as a coalitional
stability property. Notice that the Owen value verifies this axiom.

We now prove that the above six axioms characterize the family of all the
B-C indexes, that is, the indexes that are associated with any coalitional struc-
ture B with any player set N. First, we stablish the following proposition.

Proposition 1. Let B be a coalitional structure of N. The index B is a valuation
and verifies the dummy axiom, B-anonymity, inside B-amalgamation, outside B-
amalgamation and B-amalgamation stability.

Proof: By formula (3), ® is a valuation and verifies the dummy axiom and B-
anonymity. To prove that it verifies inside B-amalgamation let v € SGy and
i,j€ B, By (3),
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B (v) + B (v)
— 92-[B|-[B,| Z Z (LuSuU{i})—v(LuS)
T<B ScB,
By¢T j¢s
4+ 22-IBI=[Bq| Z Z (LuSu{j})—v(LuS)
T<B ScB,
B, ¢T j¢S

2B |5, o(LuSu{i})—v(LuS)+v(LuSu{ij})
=2 %: Z{ ~(LUS U} }
B, i,j¢S

B, o(LuSu{j})—v(LuS)+v(LuSu{i,j})
P ZZ{ ~(LOS U |
By ¢T UaéS]

— 22-[BI=|By| Z Z (LuSu{i,j})—v(LuS))
TSB ScB,
B, ¢T i,j¢S

— 22-BI=(I5-1) Z Z (LUSU{i,j}) —o(LuS)] =B,
g EB
B, ¢T ¢S
Let us prove now outside B-amalgamation. Let v € SGy, i, j € N and p, ¢
such that B, = {i} and B, = {j}. Applying (2)

BE(0) + B (0) = Bilwp) + Bi(wg) = wp(0) +wy (),

where the last equality is obtained by taking into account that the B-C index
of a player when there are no more players is equal to his worth. Moreover, by
definition, w, (i) = f;(v/By;)) = B;(v/B) and similarly, w,(j) = f;(v/B). Thus,

BE(w) + BP(v) = Bi(v/B) + B,(v/B).

As f verifies amalgamation axiom f;(v/B) + §;(v/B) < B;((v/B) 5 ) and
taking into account that

Bi(0/B) 5 5,) = Bi(vin/B) = B2(ogi).
then,

BR(0) + BB(v) < BB(vpi ),

that is, f® verifies outside B—amalgamatlon

Fmally, let us prove that §® verifies B-amalgamatlon stability. Let ve SG
and i, j € B, for some ¢. It can be clearly observed in (3) that S£(v) and
ﬂk (vg;,j3) are equal for all k € N\B,, and hence B-amalgamation stability is
verified. W
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We stablish in the following theorem that the B-C indexes are the only
one which satisfy the above six axioms. We employ the unanimity games
ur (T = N) defined by ur(S) =1if T = S and ur(S) = 0 otherwise.

Theorem 2. There is only one family of indexes {lﬁB}B such that every y® is a
valuation and verifies the dummy axiom, B-anonymity, inside B-amalgamation,
outside B-amalgamation and B-amalgamation stability. Furthermore, y® = p
for all coalitional structure B.

Proof Proposition 1 guarantees existence, so let us prove uniqueness. Let
{w }g be a family where each Y® verifies the SiX axioms.

First of all we will see that it is sufficient to prove uniqueness for games
us, that is, for games with one mlmmal winning coalition (note also that if
v =0, the dummy axiom 1mphes w (0) =0 for all i e N). We will prove it
by induction on the minimal winning coalitions. Let v € SG and N the player
set of v. Since N is finite, v has a finite number of minimal winning coalitions
Sty S By monotonicity of v, we have v = ug, v --- Vv ug,.

Slnce B is a valuation

YPus, v o vus,) =y P (us, v (us, v - vus,))
= 9P (us,) + Y lus, v -+ vus,)
—yB(us, A (us, v -+ vug)),
and taking into account that

us, N (usz V -+ VUsg ) (uSI /\LlSZ) V o Vv (USI /\usm)

m

= (uSIUSZ) Vo v (uSlUSm)7

the three games in the summation above have respectively 1, m — 1 and
<m — 1 minimal winning coalitions, and thus by induction lp (v) will be
determined.

To determine B (us) we will apply induction on the player set N of us.

IfIN|=1, then N = {i}, B= {{i}} and us = uy;,. Therefore, by the dummy
player axiom y® (ugiy) is determined.

Suppose that if [N| < n, then ®(us) is determined for every coalitional
structure B of N.

Suppose |[N| = n. If i i€ N\S, theniisa dummy player in ug and the dummy
player axiom implies lﬁ (us) = 0. To see that lp (us) is determined when i € S
we will distinguish three possible situations for B that cover all the possible
ones.

i) B contains B, satisfying |B,| > 2 and B, n S = (.

If two players i, j € B, are amalgamated, then by B-amalgamation stability
W (us) = P (us) for all k € S. Since by induction ¥ (us) is determined, so is
Ve (us).

ii) B contains two coalitions B, B, such that |B,| > 2, |B,| =2, [SNnB,| > 1
and |[SnB,| > 1.
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Now, we can reason in a similar way as in i). Amalgamating a player
ie S B,andje B, such that i # j, Y (us) is determined for every k € S\B,.

Amalgamating a player i e S N B, and J € By such that i # j, lpk (us) is deter-
mined for every k € S\B,. Hence, lﬁk (us) is determined for all k € S.

iii) There is at most one B, € B such that |B,| > 2. Furthermore, if such a
B, exists, SN B, # (.

In this case we will apply induction on |S|. From now on we will apply this
second induction.

If |S] = 1, by the dummy player axiom P (us) is determined for all i € S.

Suppose that for all B/ and i x// ‘(ur) is determined if |T| < |S].

Let us prove now that zp (ug) is determined for every i € S.

Let S’ = S\{i}. Since ¥® is a valuation,
l//B(LlS/ Vv u{l}) =+ lpB(Z/lS/ AN u{i}) = lpB(uS’) + lpB(u{i})a
that is,
WP (us v ougy) + 9P (us) = vP(us) + ¥ P (ug). (4)

On the other hand, applying the B-anonymlty axiom, for each B, € B such
that B, N S # (& there exists a, € R such that Y (us) = a, for all k eB,nS.

Slmllarly, for the same B, € B there exist b, € R such that ;> (ug/ v u{l}) =b,
for all k e B, n S\{i}. And finally, there ex1sts ¢ € R such that P (us: v u{,})
=c.
Hence, by (4) and applying induction, for every ¢,k such that k € B, n
S\{i},
ay + by = fRus) = 22" BHUEI=IBAS (5)
where U(S’) = {B, e B/B,n S’ = (J}. Moreover, the dummy axiom implies
a,+c=1 for psuchthatie B,. (6)
Now we distinguish two cases:

1) Let us suppose | B, n S| > 2 (notice that in this case p = r). If i and some
k € B, are amalgamated in ug, induction and inside B-amalgamation yield

ap < wf((“S){i,k}) = W/?(“(Sf{hk})u,{)
ﬁ _ N _ ’
= BE(us_gippyoq) = 27 BHUEIEAST,
Thus,
2-a, < 22-[BI+|U(S)|-|B,nS'| (7)

Moreover, if we amalgamate the same players in ug: v uy; we obtain a dic-
tatorial game and by the dummy axiom and inside B-amalgamation

by +c<1. (8)
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Then, adding (8) and (7), it holds 2 - @, + b, + ¢ < 1 + 227 BHIUSII=IBNS" "and
taking into account (5), with ¢ = p, and (6) this is an equality. Therefore, so
are (8) and (7). Hence, rewriting (7) we have

22— [B[+U(S")|—|B,nS’|
a, = 5 ,

and 2 (us) = a, is determined.

2) Let us suppose |B, n S| =1, that is, B, n S = {i}.

Since |S| # 1 there is g # p such that B, n S # .

Let us distinguish now two cases.

First, suppose there exists ¢ # p such that |[B, n.S| > 1 (note that ¢ = r).
If we amalgamate two players in B, N S we obtain ur with [T'| < [S]. By B-
amalgamation stability v (us) =y (ur) and applying induction v (ur) is
determined. Therefore, P (us) is determined.

Second, suppose there is ¢ # p such that |B, n S| = 1, thatis, B, n S = {k}.
Then, if there are players in B,\.S we amalgamate two by two all the players in
B,. By B-amalgamation stability

WP (us) = Y P (us) )

where we have identified 4 with k without misunderstanding. We can obtain
again (5) and (6) for ug and B, equalities which we will write as follows,

a, + I;q - /)’,'?(ug/) — 22-[BIHUS")=[B,nS'| — 2—-IB|+[U(S")]-1 (10)
a, +¢=1. (11)
We will distinguish two subcases.

2.a) B, = S. That is, B, = {i}.

If we amalgamate i and k in ug, by outside B-amalgamation and induction,
if B* denotes the resultant coalitional structure

dp +ag < ‘//Ap*((”S){i,k}) = IPAB*(u(s_{,;k})WI)

B
=p; (H(Sf{i,k})uA_)

— 2B HU((S—{i.k})ud)|-|4]

— 22 (BI=D+(U(S) 1)1 (12)

where the last equality is true because B[ = [B|—1, ie U(S’) and i¢
U((S—{ik})uA). 3
Furthermore, applying outside B-amalgamation, reasoning as in 1) it holds

by+é<1, (13)

and adding (12) and (13) and taking into account (10) and (11) we obtain the
equality
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a, +a, = 22-Bl+U(S")|-1
Finally, B-anonymity implies a, = a,, and therefore

) 2 [BRUS)
WPlus) = dy = ———5——

So, by (9), ¥/ (us) is determined.

2.b) B, n (N\S) # J (observe that p = r).

Now, since B, # {i}, the direct application of outside B- amalgamation is
imp0551ble but 1f i is amalgamated with the other players in BP\S we have
that g, does not change due to B-amalgamation stability. Moreover, inside B-
amalgamation and the dummy player axiom yield

ap < a,, (14)
where a;, is the index of the amalgamated player. As in 2.a) we obtain

a; + &q < 22*i3i+|U(5’)i*1’
and thus, by (14),

a, + a, < 2 BHUESIEL
Similarly, Bq + ¢ < 1. Therefore, we have again the equality

ay + ag = 2> IBHIUESIIEL (15)

Notice that in this equality, a, = zﬁ,‘?(us) and B, = {k} = S. Then, case 2)
with only 2.a) implies @, is determined and by (15) so is @,. Hence, /(us) is
determined. MW

Remark 1: Note that B-amalgamation stability does not depend on the other
axioms of the characterization. For example, if we consider the indexes 8 = g
for all coalitional structure B, these indexes verify all the axioms in theorem 2
except B-amalgamation stability.

Example 1. Let us consider the following easy example to see the way in which
inside B-amalgamation and B-amalgamation stability work. Let N = {1,2,3,
4.5}, B=1{{1,2,3},{4,5}}, and v € SGy such that v(i) =0 for all i e N and
(y) = 1if and only if {7, j} € {{4 5}, {1 2} {1, 3}} The modiﬁed B-C index
ﬂ gives the following results: 8 (v) = 3, B (v) = % BE(v) = % BR(v) = 1 and
BE(v) = i If players 1 and 3 are amalgamated into one (denoted by A), then
we have the coalitional structure B — {{4,2},{4,5}} and the game v( 3).
According to B-amalgamation stability the indexes of 3 and 4 do not change,
that is, B9 (v(13;) =1 and B8(v( 3;) = L. Moreover, inside B-amalgamation
requires ﬁ/?(v{l_3}) > 34 & In fact, the reader can check that /’)/}3(”{1,3}) =1
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