
Int J Game Theory (1999) 28:157±171

999999

The core of an economy with a common pool resource:
A partition function form approach*

Yukihiko Funaki1, Takehiko Yamato2

1 School of Political Science and Economics, Waseda University, 1-6-1 Nishi-Waseda,
Shinjuku-ku, Tokyo 169-8050, Japan (e-mail: funaki@mn.waseda.ac.jp)
2Faculty of Economics, Tokyo Metropolitan University, Hachioji, Tokyo 192-0397, Japan
(e-mail: yamato-takehiko@c.metro-u.ac.jp)

Received: January 1998/Final version: November 1998

Abstract. In this paper we consider a model of an economy with a common
pool resource. Under decreasing returns to scale, it is well-known that no
Nash equilibrium attains Pareto e½ciency. We examine whether it is possible
to achieve Pareto e½ciency and avoid the tragedy of the commons through
cooperation among players. For that purpose, we use the notion of a game in
partition function form. Whether or not the core exists depends crucially on
the expectations of each coalition regarding the coalition formation of the
outsiders. If each coalition has pessimistic expectations, then the core always
exists, while if it has optimistic expectations, the core may be empty.
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1. Introduction

The ``tragedy of the commons,'' in which common-pool resources are over-
used, is a crucial problem in modern societies (see Hardin, 1968) . Notable
examples of this phenomenon include recent decreases of ®sh stocks and the
rapid deforestation taking place in tropical countries. Consider a society of
®shermen who ®sh on a commonly owned lake. If they behave non-coopera-
tively, each will choose his labor input to maximize his own income given the
labor inputs of the others. When there are decreasing returns to labor the total
amount of labor inputs in any Nash equilibrium is larger than the Pareto
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supported by Grant in Aid for Scienti®c Research of the Ministry of Education, Science and
Culture in Japan, and the Japan Economic Research Foundation.



e½cient level. In other words, the lake is over®shed and the tragedy of the
commons occurs.

However, do ®shermen always behave non-cooperatively? If su½cient
communication is feasible, it may be possible for cooperation to arise. In this
paper, we examine whether it is possible to achieve Pareto e½ciency and avoid
the tragedy of the commons through cooperation among ®shermen when free
negotiations are possible.

Suppose that after su½cient discussion, ®shermen in group S agree to co-
operate. They will then coordinate their labor inputs to maximize the sum of
their incomes and share the quantity of ®sh they catch. As there is a negative
externality present, both the labor input decision of coalition S as well as the
income that S can obtain depend on the behavior of the ®shermen who do not
belong to S. Hence it is important to specify the coalitions formed among
®shermen as a whole. There are many possible cases. For example, ®shermen
outside S may act non-cooperatively. Alternatively, they may cooperate and
form a single coalition. Another possibility is that several coalitions may form
and coexist.1 We use the concept of a coalition structure, that is, a partition of
the set N of all ®shermen, in order to describe which coalitions are formed.

If a coalition structure P � fS1;S2; . . . ;Skg is formed, then in equilibrium
each coalition S in P will choose the total amount of labor input to maximize
the sum of members' incomes, given the total labor inputs for the other coa-
litions in P. The total income that the coalition S obtains in equilibrium under
the coalition structure P is de®ned as the worth that S can obtain by cooper-
ating. Notice that the worth of coalition S under one coalition structure may
be di¨erent from that under another coalition structure. Because of this fea-
ture, we cannot employ the usual de®nition of a game in characteristic function
form to describe the model. Here we apply the concept of a game in partition
function form due to Thrall (1962) and Thrall and Lucas (1963): a partition
function assigns a non-negative value to each pair of a coalition and coalition
structure which includes that coalition.

In this paper, we investigate whether it is possible for all ®shermen to agree
to form a ``grand coalition'' to coordinate their labor inputs. In order to reach
such an agreement, there should exist an income distribution such that any
coalition S cannot be better o¨ by redistributing the income that S can get by
itself among its members. The set of such income distributions is called the
core. However, as mentioned above, the income that coalition S can obtain by
itself depends on the coalitions which the players outside S form. Therefore,
we cannot use the ordinal notion of the core of a game in characteristic func-
tion form. Instead we introduce several di¨erent core concepts for a game in
partition function form. These will depend on the expectation of each coali-
tion S regarding the coalition formation of outsiders should coalition S break
the agreement and operate on its own.

Imagine that the members of coalition S pessimistically expect that the
coalitions of outsiders form in the worst possible way for S. In the present
model, this corresponds to the case in which every player outside S acts in-

1 When examining the core of an economy with environmental externalities, Chander and
Tulkens (1997) assume that if the members in a group S JN form a coalition, then those do not
belonging to S will act non-cooperatively and play only individual best reply strategies. They do
not consider the possibility that players outside S may form coalitions and take coalitional
actions.
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dependently and non-cooperatively. We prove that the core exists if every co-
alition has these pessimistic expectations. In particular, equal division of total
income belongs to the core. Therefore the grand coalition is formed and Par-
eto e½ciency is achieved; the tragedy of the commons can be avoided. On the
other hand, the core is empty if each coalition S optimistically expects that all
players outside S will form the largest possible coalition, which is best for S in
our model. Whether or not the core exists depends crucially on the expecta-
tion of each coalition regarding the coalition formation of the outsiders.

The paper is organized as follows: Section 2 describes our basic model of
an economy with a common pool resource. In Section 3, we de®ne an equi-
librium concept under a given coalition structure and examine the properties
of equilibrium labor inputs and incomes. The following section studies the
core when each coalition has a pessimistic view regarding outsiders' coalition
formation. Section 5 investigates the core when some coalitions have opti-
mistic expectations regarding outsiders. In the ®nal section, we o¨er conclud-
ing remarks and some speculations on possible future research.

2. The model

We consider the following model of an economy with a common pool re-
source as examined by Weitzman (1974) and Roemer (1989). There are nV 2
®shermen employed on a commonly owned lake. Let N � f1; 2; . . . ; ng be the
set of ®shermen, with generic element j. Initially there are no ®sh. Let xj V 0
denote the amount of labor ®sherman j expends to catch ®sh.2 The total
amount of labor is given by xN 1

P
j AN xj. We represent technology by a

production function f which speci®es the amount of ®sh caught for each value
of the total amount of labor xN . We assume that f �0� � 0, f 0�xN� > 0,
f 00�xN� < 0, and limxN!y f 0�xN� � 0; that is, there are decreasing returns to
labor. The distribution of ®sh is proportional to the quantity of labor ex-
pended among ®shermen, since the input is homogeneous and all ®shermen
are equally likely to catch a ®sh per unit of time. In other words, the amount
of ®sh for ®sherman j is given by �xj=xN� f �xN�. Notice that the distribution of
®sh is not a result of negotiations among ®shermen; it is simply a re¯ection of
our technological assumptions. We normalize the price of ®sh as one and de-
note the personal cost of labor by q. Further, suppose:

0 < q < f 0�0�: �1�

As we will see below, assumption (1) guarantees that an interior solution is
obtained. The income of ®sherman j is given by

mj�x1; x2; . . . ; xn� � xj

xN
f �xN� ÿ qxj � j � 1; 2; . . . ; n�;

where mj�0; 0; . . . ; 0� � 0.
First of all, we consider the case in which all ®shermen behave non-

cooperatively. A list of labor inputs �x�1 ; x�2 ; . . . ; x�n � is said to be a Nash equi-

2 Our main results hold independent of whether ®shermen are initially endowed with labor.
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librium if for all j A N and all xj V 0,

mj�x�j ; x�ÿj�Vmj�xj ; x
�
ÿj�;

where x�ÿj � �x�1 ; . . . ; x�jÿ1; x
�
j�1; . . . ; x�n � and x�j V 0 for all j A N. In other

words, each ®sherman chooses his labor input to maximize his income, given
the labor inputs of the other ®shermen. Under the present assumptions, a
Nash equilibrium exists (see Theorem 1). Furthermore, in any Nash equilib-
rium the total amount of labor input is larger than the Pareto e½cient level
(for example see Roemer, 1989). Each ®sherman exerts a negative externality
on the others which he does not take into account in his own utility max-
imization, and he therefore ®shes too much; the lake is over®shed and the
tragedy of the commons occurs.3

3. Cooperation and coalition structures

It is commonly assumed in the literature that each agent behaves in-
dependently and non-cooperatively. But with su½cient communication is it
possible that some kind of cooperation may arise and the tragedy of the
commons somehow be avoided? In an attempt to answer this question, we
consider the case in which cooperation among ®shermen is possible.

Suppose that after su½cient discussion, the ®shermen in some group S J
N agree to cooperate. It is natural to assume that they would choose their
total labor input, xS 1

P
j AS xj, to maximize the sum of their incomes

mS 1
X
j AS

mj � xS

xN
f �xN� ÿ qxS;

given the labor input of the ®shermen outside S. We ®rst investigate how
group S chooses its total labor input xS. In the next section, we discuss the
question of how to distribute the income mS among the ®shermen in S.

The decision on the total amount of labor chosen by the group S depends
crucially on the behavior of ®shermen outside S. There are many possible
cases. Fishermen outside S may act non-cooperatively, or they may cooperate
and form one coalition. Alternatively several coalitions may formed and co-
exist. We use the concept of a coalition structure to describe the coalitions
formed among ®shermen. A coalition structure is a partition of the set N of
®shermen, P � fS1;S2; . . . ;Skg, where 1U k U n, Si 0q for i � 1; . . . ; k,
Si XSj �q for i; j � 1; . . . ; k, i0 j, and S1 W � � � WSk � N. An element of a
coalition structure, Si A P, is called an admissible coalition in P.

Suppose that a coalition structure P � fS1;S2; . . . ;Skg is formed. Total
labor input for an admissible coalition Si in P is denoted by xSi

1P
j ASi

xj�i � 1; . . . ; k�. A vector �x�S1
; x�S2

; . . . ; x�Sk
� is an equilibrium under the

coalition structure P � fS1;S2; . . . ;Skg if for all i � 1; . . . ; k and all xSi
V 0,

mSi
�x�Si

; x�ÿSi
�VmSi

�xSi
; x�ÿSi

�;

3 Roemer (1989) shows that when the technology exhibits either decreasing or increasing returns,
a Nash equilibrium is not Pareto e½cient. Only under constant returns to labor is a Nash equi-
librium Pareto e½cient.
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where x�ÿSi
� �x�S1

; . . . ; x�Siÿ1 ; x
�
Si�1 ; . . . ; x�Sk

� and x�Si
V 0 for all i � 1; . . . ; k. In

other words, each admissible coalition chooses its labor input to maximize the
sum of its members' incomes, given the total amounts of labor inputs for the
other admissible coalitions. If k � n, then this reduces to the de®nition of a
Nash equilibrium. Moreover, if k � 1, then it reduces to the de®nition of
Pareto e½ciency.

We now characterize equilibria under a given coalition structure.

Theorem 1. For any coalition structure P � fS1; . . . ;Skg, there exists a unique
equilibrium under P, �x�S1

; . . . ; x�Sk
�, which satis®es

f 0�x�N� � �k ÿ 1� f �x�N�=x�N � kq; �2�

x�Si
� x�N=k for all i � 1; . . . ; k; and �3�

x�Si
> 0 for all i � 1; . . . ; k; �4�

where x�N 1
Pk

i�1 x�Si
.

Proof: We ®rst prove (2) and (3). The ®rst-order conditions for all coalitions
Si are

qmSi
�x�S1

; . . . ; x�Sk
�

qxSi

� �x
�
N ÿ x�Si

� f �x�N� � x�Si
x�N f 0�x�N�

�x�N�2
ÿ q � 0 �5�

�i � 1; . . . ; k�:

By summing up these equations, we obtain

Xk

i�1

qmSi
�x�S1

; . . . ; x�Sk
�

qxSi

� �k ÿ 1�x�N f �x�N� � �x�N�2 f 0�x�N�
�x�N�2

ÿ kq � 0;

which implies (2). Using (2) and (5), we obtain (3):

x�Si
� x�N�qx�N ÿ f �x�N��

x�N f 0�x�N� ÿ f �x�N�
� x�N�qx�N ÿ f �x�N��

kqx�N ÿ �k ÿ 1� f �x�N� ÿ f �x�N�
� x�N

k

�i � 1; . . . ; k�:

Next we prove that there exists a unique value x�N satisfying (2) and
x�N > 0. Let

g�x�1 f 0�x� � �k ÿ 1� f �x�=x:

We will show that limx!0 g�x� > kq, limx!y g�x� � 0, and that g is strictly
decreasing in x if x > 0, which together imply the existence of a unique
value x�N satisfying (2) and x�N > 0. First, we prove that limx!0 g�x� > kq.
By L'HoÃpital's rule, limx!0 g�x� � f 0�0� � �k ÿ 1� f 0�0� � kf 0�0�. Since

The core of an economy with a common pool resource 161



k f 0�0� > kq by assumption (1), limx!0 g�x� > kq. Now it is true that

g 0�x� � f 00�x� � �k ÿ 1��x f 0�x� ÿ f �x��=x2 < 0 if x > 0: �6�
By our assumptions, f 00�x� < 0 and k V 1. Moreover,

x f 0�x� ÿ f �x� < 0 if x > 0; �7�
since x f 0�x� ÿ f �x� � 0 if x � 0 and

d

dx
�x f 0�x� ÿ f �x�� � x f 00�x� < 0 if

x > 0. Hence, g 0�x� < 0 if x > 0. Finally, we prove that limx!y g�x� � 0. By
L'HoÃpital's rule and our assumption on the production function,

lim
x!y

g�x� � lim
x!y
� f 0�x� � �k ÿ 1� f 0�x�� � lim

x!y
k f 0�x� � 0: �8�

Turn to the proof of (4). Since x�N > 0, it follows from (3) that x�Si
� x�N=k > 0

for all i � 1; . . . ; k.
Finally, we check the second-order conditions. By twice di¨erentiating mSi

with respect to xSi
and using (3), we have

q2mSi
�x�S1

; . . . ; x�Sk
�

qx2
Si

� f 00�x�N�
k

� 2�k ÿ 1��x�N f 0�x�N� ÿ f �x�N��
k�x�N�2

�i � 1; . . . ; k�:

Since x�N > 0, f 00�x�N� < 0, k V 1, and (7) holds, the second order conditions

are satis®ed with strict inequalities:
q2mSi

�x�S1
; . . . ; x�Sk

�
qx2

Si

< 0 for i � 1; . . . ; k.
Q.E.D.

Equation (2) in Theorem 1 indicates that the total amount of labor input in
this economy is determined by the cost of labor q and the number of coalitions
k. From (3), the total labor input for each coalition is the same independent of
coalition size. Moreover, expression (4) shows that interior solutions are ob-
tained: each coalition expends a positive amount of labor to catch ®sh.

Next we examine how the equilibrium labor input, the average income
per head, and the equilibrium income of a coalition depend on the number
of admissible coalitions in a coalition structure. Given a coalition structure
P � fS1; . . . ;Skg, let �x�S1

�P�; . . . ; x�Sk
�P�� be a unique equilibrium under

P and let x�N�P� �
Pk

i�1 x�Si
�P�. Moreover, let m�Si

�P� � mSi
�x�S1
�P�; . . . ;

x�Sk
�P�� be the equilibrium income of coalition Si for i � 1; . . . ; k and there-

fore m�N�P� �
Pk

i�1 mSi
�x�S1
�P�; . . . ; x�Sk

�P��. Then the following result holds:

Theorem 2. Consider any two coalition structures Pk � fS1; . . . ;Skg and
P 0k 0 � fS 01; . . . ;S 0k 0 g such that k < k 0. Then

x�N�Pk� < x�N�P 0k 0 �; �9�

m�N�Pk�=n > m�N�P 0k 0 �=n; and �10�
if S A Pk and S A P 0k 0 ; then m�S�Pk� > m�S�P 0k 0 �: �11�
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Proof. First, we prove (9). Since x�N depends only on the number of coalitions
in a coalition structure as we saw in Theorem 1, it is su½cient to show that
dx�N
dk

> 0. Let h�x; k�1 f 0�x� � �k ÿ 1� f �x�=xÿ kq. By (2), h�x�N ; k� � 0.

Therefore,

dx�N
dk
� ÿ qh�x�N ; k�=qk

qh�x�N ; k�=qx�N
: �12�

It is easy to see that

qh�x�N ; k�
qx�N

� f 00�x�N� � �k ÿ 1� x
�
N f 0�x�N� ÿ f �x�N�

�x�N�2
< 0 �13�

since f 00�x�N� < 0, k V 1, x�N > 0, and from (7), x�N f 0�x�N� ÿ f �x�N� < 0. Fur-
ther, it is true that

qh�x�N ; k�
qk

� f �x�N�
x�N

ÿ q:

By (2) and (7),

f �x�N�
x�N

ÿ q � 1

k

f �x�N�
x�N

ÿ f 0�x�N�
� �

> 0: �14�

Thus,
qh�x�N ; k�

qk
> 0. This inequality, (12), and (13) together imply

dx�N
dk

> 0.

Looking now at (10), since m�N=n � � f �x�N� ÿ qx�N�=n depends only on the
number of coalitions in a coalition structure, it is su½cient to show that
d�m�N=n�

dk
< 0. Di¨erentiating the function m�N=n with respect to k, we can

show that

d�m�N=n�
dk

� dx�N
dk
� f 0�x�N� ÿ q�=n: �15�

By (2) and (14),

f 0�x�N� ÿ q � �k ÿ 1� qÿ f �x�N�
x�N

� �
< 0: �16�

Since
dx�N
dk

> 0, it follows from (15) and (16) that
d�m�N=n�

dk
< 0.

Finally, to show (11), since m�S depends only on the number of coalitions

in a coalition structure, it is su½cient to show that
dm�S
dk

< 0. By (3), m�S �
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� f �x�N� ÿ qx�N�=k. Thus,

dm�S
dk
� qm�S

qx�N

dx�N
dk
� qm�S

qk
:

By the above argument,
dx�N
dk

> 0. In order to prove that
dm�S
dk

< 0, it remains

to show that
qm�S
qx�N

< 0 and
qm�S
qk

< 0. Partially di¨erentiating m�S with respect

to x�N and using (16), we have

qm�S
qx�N

� 1

k
� f 0�x�N� ÿ q� < 0:

Moreover, partially di¨erentiating m�S with respect to k and using (14), we
obtain

qm�S
qk
� ÿ x�N

k2

f �x�N�
x�N

ÿ q

� �
< 0: Q.E.D.

Theorem 2 shows that as the number of coalitions decreases, the total
amount of labor input decreases, while average income increases. Further, if
the number of admissible coalitions in one coalition structure is smaller than
that in another coalition structure, then the total income under the former
structure is larger than that under the latter.

4. The core of a game in partition function form

This section considers the ®nal income distribution which ®shermen can agree
upon. For this purpose we introduce the notion of a TU(transferable utility)
game. An ordinal TU game is represented by the pair �N; v�, where N is a
player set and v is a characteristic function which assigns a real number v�S�
for each S in N. The real number v�S� is de®ned as the worth, which members
of S can obtain by cooperating. However, we cannot use this type of TU game
to analyze our model because there exists a negative externality: S 0s payo¨
depends not only on the labor inputs of members of S but also on the labor
inputs of outsiders. Instead, we employ a new approach based on games in
partition function form, introduced by Thrall (1962) and Thrall and Lucas
(1963).

An n-person cooperative game in partition function form is de®ned by a tri-
ple �N;P; fvPgP AP�. Here N is a player set, P is the set of all coalition
structures P of N, and vP is a partition function that associates with each
admissible coalition S in P a real number vP�S�. The worth vP�S� depends on
how players outside S form coalitions; that is, vP�S� and vP 0 �S� may be dif-
ferent if P0P 0. In our model, the value vP�Si� under coalition structure P is
given by

vP�Si�1
X
j ASi

mj�x�S1
�P�; x�S2

�P�; . . . ; x�Sk
�P�� �i � 1; . . . ; k�;
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where �x�S1
�P�; x�S2

�P�; . . . ; x�Sk
�P�� is an equilibrium vector of labor inputs

under the coalition structure P � fS1;S2; . . . ;Skg.
Given a coalition structure P � fS1;S2; . . . ;Skg, a payo¨ vector z A RN is

said to be feasible under P if it satis®esX
j ASi

zj U vP�Si� �i � 1; . . . ; k�:

Let IP be the set of all feasible payo¨ vectors under P and I16
P AP

IP.

We now introduce a domination relation for two payo¨ vectors in I. Con-
sider two payo¨ vectors z; z 0 in I and a coalition S in N. We say z dominates
z 0 via S and denote z domS z 0 if the following two conditions hold:

(i)
P

j AS zj U vP�S� for all P C S; and
(ii) zj > z 0j for all j with j A S.

Each member of S can get a larger payo¨ under the feasible distribution
z than under the present distribution z 0 independent of coalition formation
among outsiders. In other words, the members of S have a pessimistic view of
the coalition formation of outsiders. In addition, we simply say z dominates z 0
if there exists S JN such that z domS z 0, and denote z dom z 0.

In order to ®nd a reasonable ®nal agreement vector, we consider payo¨
vectors that are not dominated by any other vectors in I. The set of feasible
payo¨ vectors that satis®es this condition is called the core and is denoted by
C. Formally the core C is given by

C � fz A I j b/z 0 A I s:t: z 0 dom zg:

The core is typically de®ned in the context of a TU game. We transform our
partition function form game to an ordinal TU game, and compare the core C
and the core of the TU game. To accomplish this we ®rst consider a payo¨
vector that is not dominated by any other vectors in I via N. Of course, the
payo¨ vector in the core C satis®es this condition. In our model, any feasible
payo¨ vector z under P � fS1;S2; . . . Skg other than that under PN 1 fNg
satis®es

vPN �N� >
Xk

i�1
vP�Si�V

Xk

i�1

X
j ASi

zj;

where the ®rst inequality is implied by (10). Hence z is dominated by some
feasible payo¨ vector under PN viaN. Further, any feasible payo¨ vector z 0
under PN satisfying

P
j AN z 0j < vPN �N� is also dominated by some feasible

payo¨ vector z under PN satisfying
P

j AN zj � vPN �N� viaN. The last equal-
ity corresponds to the Pareto e½ciency condition. Thus the core C is included
in the following set E:

E1 z A I

���� X
j AN

zj � vPN �N�
( )

:
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The core of an ordinal TU game is de®ned as the set of feasible payo¨
vectors such that any coalition S receives a payo¨ not less than the corre-
sponding worth v�S�. By the above argument, given a game �N;P; fvPgP AP�
in partition function form, if a TU game �N; v� satis®es v�N� � vPN �N�, the
core of the TU game C�v� should be given by

C�v�1 z A E

���� X
j AS

zj V v�S�; ES HN;S 0N

( )
: �17�

We now give an equivalence theorem about the core C of a partition function
form game and the core C�v� of a TU game.

Theorem 3. Suppose vPN �N� >Pk
i�1 vP�Si� for any P � fS1;S2; . . . ;Skg other

than PN . If we consider the transformation of �N;P; fvPgP A P� to �N; vmin�
given by

vmin�S� � min
P CS

vP�S� ES JN; �18�

then C � C�vmin�.

Proof. (a) CJC�vmin�: Take any z A C and suppose z B C�vmin�; that is,P
j AS zj < vmin�S� for some S HN. Then there is a payo¨ vector z 0 A E

that satis®es
P

j AS zj <
P

j AS z 0j < vmin�S� and z 0j > zj for all j A S. Hence
z 0 domSz, which contradicts the fact that z A C.

(b) C�vmin�JC: Take any z A C�vmin� and suppose z B C; that is, there
exists S HN such that z 0 domS z for some z 0 A E. Hence it is true thatP

j AS z 0j U vmin�S� and z 0j > zj for all j A S. This implies
P

j AS zj <
P

j AS z 0j <
vmin�S�, which contradicts the fact that z A C�vmin�. Q.E.D.

To determine vmin�S� in (18), we provide the following lemma:

Lemma 1. Consider any coalition S JN. Then vPk
�S� > vP 0k 0 �S� for any two

coalition structures Pk � fS1; . . . ;Skg and P 0k 0 � fS 01; . . . ;S 0k 0 g such that k <
k 0 and S A Pk XP 0k 0 . Moreover,

vmin�S� � 1

nÿ jSj � 1
� f �x�N�P

S�� ÿ qx�N�P
S��

where jSj is the cardinality of S and P
S � argminP CS vP�S�.

Proof. The ®rst inequality vPk
�S� > vP 0k 0 �S� is implied by equation (11) of

Theorem 2 because vP�S� � m�S�P�. Hence the number of elements in P
S

should be as large as possible. Thus we have P
S � fS0;S1; . . . ;SnÿjSjg, where

S0 � S and jSjj � 1 � j � 1; . . . ; nÿ jSj�, that is,

vmin�S� � v
P

S �S� � 1

nÿ jSj � 1
� f �x�N�P

S�� ÿ qx�N�P
S��: Q.E.D.
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According to Lemma 1, when insiders of S entertain pessimistic expectations,
they act as though outsiders behave non-cooperatively. The following theorem
shows that the core in the case is non-empty:

Theorem 4. For the TU game �N; vmin� de®ned by (18),

C�vmin�0q:

Proof. First we show that
vmin�N�

n
V

vmin�S�
s

for all S JN, where jSj � s4.

Consider any coalition S HN with S 0N and set P
S � argminP CS vP�S�.

Then by Lemma 1, we have

vmin�N�
n

ÿ vmin�S�
s
� f �x�N�PN�� ÿ qx�N�PN�

n
ÿ f �x�N�P

S�� ÿ qx�N�P
S�

s�nÿ s� 1�

V
f �x�N�P

S�� ÿ qx�N�P
S�

n
ÿ f �x�N�P

S�� ÿ qx�N�P
S�

s�nÿ s� 1� ;

where the last inequality follows since x�N�PN� < x�N�P
S� by (9) and f �x�ÿ

qx is decreasing for x > 0 by (16). Hence

vmin�N�
n

ÿ vmin�S�
s

V � f �x�N�P
S�� ÿ qx�N�P

S�� 1

n
ÿ 1

s�nÿ s� 1�
� �

� � f �x�N�P
S�� ÿ qx�N�P

S�� �nÿ s��sÿ 1�
ns�nÿ s� 1� V 0;

because f �x�N�P
S�� ÿ qx�N�P

S� > 0 by (14). Since it holds that jSj vmin�N�
n

V

vmin�S� for any S JN,
vmin�N�

n
;
vmin�N�

n
; . . . ;

vmin�N�
n

� �
A C�vmin� � C.

Q.E.D.

The above proof demonstrates that the egalitarian distribution among the
grand coalition N always belongs to the core. With pessimistic expectations
regarding coalition formation among outsiders, we would therefore expect
®shermen to make an agreement dividing the total income equally among all
players. In this situation, the tragedy of the commons could then be avoided.

5. The core under an optimistic expectations

In this section, we consider the opposite case, where ®shermen's expectations
about outsiders' coalition formation are optimistic. We modify the de®nition
of the domination relation dom and introduce a new domination relation dom
as follows: Given S in N, and z; z 0 A I, z domS z 0 , bP C S s.t.

4 In fact, it is easy to prove that this condition is both necessary and su½cient for a symmetric TU
game to have a non-empty core.
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(i)
P

j AS zj U vP�S�; and
(ii) zj > z 0j for all j with j A S.

The insiders of S now suppose that the most favorable coalition structure
occurs. Thus we say coalition S has optimistic expectations. We also de®ne:
for z; z 0 A I,

z dom z 0 , bS JN s:t: z domS z 0:

When all coalitions have optimistic expectations, we consider the core C
de®ned by this new domination relation. Formally we have:

C � fz A I j b/z 0 A I s:t: z 0dom zg:

The following equivalence theorem holds for the core C:

Theorem 5. Suppose vPN �N� >Pk
i�1 vP�Si� for any P � fS1;S2; . . . ;Skg other

than PN . Under the transformation of �N;P; fvPgP AP� to �N; vmax� given by

vmax�S� � max
P CS

vP�S� ES HN; �19�

then C � C�vmax�.

Proof. The proof is similar to that of Theorem 3.

We will now prove the core given by C � C�vmax� is empty, which is op-
posite to the result obtained under pessimistic expectations.

Theorem 6. Let nV 4. Then for the TU-game �N; vmax� de®ned by (19),

C�vmax� �q:

Proof. We will show that
vmax�N�

n
< vmax�R� for all RHN with jRj � 1,

which implies emptiness of the core of symmetric TU games. Set P �
argmaxP CR vP�R�, and note that vmax�N� � vPN �N�. Then, by equation (11)
in Theorem 2, we have P � fR;NnRg and

vmax�R� � vP�R� � 1
2
� f �x�N�P�� ÿ qx�N�P��:

Then equation (2) of Theorem 1 implies

f 0�x�N�PN�� � q and 1
2
fx�N�P� f 0�x�N�P�� � f �x�N�P��g � qx�N�P�:

Hence,

vmax�N�
n

ÿ vmax�R�

� f �x�N�PN�� ÿ qx�N�PN�
n

ÿ f �x�N�P�� ÿ qx�N�P�
2
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� 1

2n

�
2� f �x�N�PN�� ÿ f 0�x�N�PN��x�N�PN��

ÿ n� f �x�N�P�� ÿ 1=2�x�N�P� f 0�x�N�P�� � f �x�N�P����
�

� 1

4n
f4� f �x�N�PN�� ÿ x�N�PN� f 0�x�N�PN���

ÿ n� f �x�N�P�� ÿ x�N�P� f 0�x�N�P���g:

Here, 0< f �x�N�PN�� ÿ x�N�PN� f 0�x�N�PN��< f �x�N�P�� ÿ x�N�P� f 0�x�N�P��
holds because f �x� ÿ x f 0�x� is increasing for x > 0 (see the proof of
(7) in Theorem 1), and x�N�PN� < x�N�P�. This and nV 4 together imply
vmax�N�

n
ÿ vmax�R� < 0. Q.E.D.

Theorem 1 states that the core of any game with 4 or more players is
empty if every coalition has the optimistic expectations. On the other hand,
the core exists in the case of a 2-person game. For 3-person games, it is
possible to ®nd examples both of the existence and non-existence of the core.
Indeed, it is easy to see that the core of �N; vmax� is empty if the production

function is given by f �x� � x0:5, while it is non-empty if f �x� � x0:2.
The existence or non-existence of the core depends on insiders' expect-

ations about the behavior of outsiders. Thus the possibility for a resolution of
the tragedy of the commons also depends on these expectations5.

6. Concluding remarks

We interpret the di¨erence between vmin�S� and vmax�S� as based on di¨er-
ences in the expectations of coalition S about the coalition formation of out-
siders. If the expectations of the members of S are optimistic, then the core is
empty and hence the tragedy of the commons cannot be avoided. In other
words, if we could ®nd a way to change these expectations from optimistic to
pessimistic, the tragedy might still be avoided. However, our analysis in this
paper has proceeded under the assumption of given expectations. In order to
study how players form these speci®c expectations, it would be necessary to
investigate a dynamic or repeated non-cooperative game based on our model.
This important and interesting problem is left for future research.

Another interpretation of the di¨erence between vmin�S� and vmax�S� ex-
ists. In non-zero-sum games in strategic form, von-Neumann and Morgen-
stern (1953) introduce a method for deriving v�S� using maximin strategies
between the two coalitions S and NnS. We will now apply this method
to determine v�S�. The strategy of S (respectively NnS) is to partition the

5 We have focused on the two extreme cases of pessimistic and optimistic expectations of coali-
tion formation. For intermediate cases, it is easy to construct examples of both existence and non-
existence of the core. Therefore it is not necessary for the existence of the core that all coalitions
have pessimistic expectations. Similarly, it is not necessary for the non-existence of the core that
all coalitions have optimistic expectations.
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coalition S�NnS� itself. That is, the strategy set P S�P NnS� is given by the set
of all partitions of S�NnS�. Like von-Neumann and Morgenstern (1953), we
de®ne v̂�S� as the maximin value:

v̂�S� � max
PS AP S

min
PNnS AP NnS

v�PS ;PNnS��S�:

By (18) and Lemma 1, we have v̂�S� � vmin�S� for all S in N. That is, this case
is equivalent to the pessimistic expectations case.

It is possible to apply the notion of Nash equilibrium instead of maximin
strategies. Under the same strategy sets as above, if we de®ne ~v�S� as a Nash
equilibrium value, we have:

~v�S� � v�P�S ;P�NnS��S� such that

v�P�S ;P�NnS��S�V v�PS ;P
�NnS��S� for all PS A P S

v�P�S ;P�NnS��NnS�V v�P�S ;PNnS��NnS� for all PNnS A P NnS:

In this case there is a unique Nash equilibrium which is also a dominant
equilibrium. Using (11) and (19) we can show that ~v�S� � vmax�S�. This case is
equivalent to the optimistic expectations case.

Our results in this paper o¨er ample scope for possible future research.
When an individual's utility function is not linear with respect to his or her
income, we cannot use the concept of a game in partition function form based
on a TU game. Lucas and Maceli (1978) propose the concept of a game in
partition function form related to an NTU (non-transferable utility) game.
However, they assume that players' payo¨ vector of all players is uniquely
given for each coalition structure, and did not discuss its determination.
Therefore their approach would not be useful to analyze our model.

In the tragedy of the commons literature, the proportional solution is often
employed (c.f. Roemer, 1989, Roemer and Silvestre, 1993). However these
authors do not consider implications for the core. In our model, since ®sh-
ermen's abilities are identical, the proportional solution implies equal labor
inputs and an equal division of total income. This income distribution is al-
ways in the core of a game in partition function form under pessimistic ex-
pectaions because the game is symmetric. It would be interesting to examine
the relationship between the proportional solution and the core under cases
involving an asymmetric distribution of income.
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