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Abstract
This paper considers pure strategy Nash equilibria of non-cooperative legislative 
bargaining models. In contrast to existing legislative bargaining models, we derive 
legislators behavior from stochastic utility maximization. This approach allows us to 
prove the existence of a stationary Pure Local and Global Nash Equilibrium under 
rather general settings. The mathematical proof is based on a fixed point argument, 
which can also be used as a numerical method to determine an equilibrium. We 
characterize the equilibrium outcome as a lottery of legislators’ proposals and prove 
a Mean Voter Theorem, i.e., proposals result dimension-by-dimension as a weighted 
mean of legislators’ ideal points and are Pareto-optimal. Based on a simple example, 
we illustrate different logic of our model compared to mixed strategy equilibrium of 
the legislative bargaining model suggested by Banks and Duggan (Am Polit Sci Rev 
94(1):73–88. https://​doi.​org/​10.​2307/​25863​81, 2000).
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1  Introduction

Analyzing public policy in real-world political systems continues to be a chal-
lenge even in the present day. The standard approach for modeling public policy 
choices is the spatial model of politics, where legislators are required to select an 
alternative from a compact, convex subset of multidimensional Euclidean space. 
The median voter theorem (Black 1958 and Downs 1957) provides compelling pre-
dictions when policies are confined to a single dimension. However, social choice 
theory has yielded discouraging results regarding the existence of majority rule 
equilibria in multiple dimensions (Plott 1967; McKelvey and Schofield 1987; Davis 
et  al. 1972). More recently, a non-cooperative theory of bargaining, derived from 
Rubinstein (1982) in 1982, has been proposed as a promising approach to overcome 
this challenge. Baron and Ferejohn (1989) introduced the non-cooperative legisla-
tive bargaining model, which has gained attention. In particular, the theory of leg-
islative bargaining on distributive politics has been extensively developed (Jackson 
and Moselle 2002; Baron 1996; Snyder et al. 2005; Diermeier and Feddersen 1998). 
Numerous theoretical analyses have been built upon this work, including (Har-
rington 1989, 1990a, b; Calvert and Dietz 2005; Winter 1996; Merlo and Wilson 
1995; Eraslan and Merlo 2002; Cho and Duggan 2003). However, analyzing distrib-
utive politics with this model neglects essential features of collective choice situa-
tions that are highly relevant in real political systems and organizations. Specifically, 
it focuses on particularistic programs (such as pork barrel projects) while disregard-
ing collective good programs (Baron 1996). To address this limitation, Banks and 
Duggan (2000) extended Baron and Ferejohn’s original legislative bargaining model 
by incorporating spatial preferences and allowing for applications to collective good 
programs that dominate real-world policymaking.1 Nonetheless, even when apply-
ing Banks and Duggan (2000) extended model to real-life policymaking, limitations 
persist due to specific and restricted assumptions.

Firstly, to address the problem of non-existent equilibria in a multidimensional 
policy space, existing game theoretical models often resort to considering mixed 
strategy equilibria. Computation of such equilibria is often tedious or even impos-
sible, especially when assuming many legislators and policy dimensions (Banks and 
Duggan 2000). The existence and computation of pure strategy equilibria can only 

1  Before Banks and Duggan (2000), Baron (1991) examined examples of policymaking in a two-
dimensional issue space, assuming three or four legislators and quadratic utilities. Subsequently, Baron 
(1994, 1996) developed a dynamic theory of legislative choice for collective goods programs, based on 
a sequential model of proposal-making and voting in a majority-rule legislature, where the status quo 
in a session is determined by the last enacted program. A stationary Markov perfect equilibrium was 
characterized in a unidimensional collective goods program, and a generalized median voter theorem was 
proven. Jackson and Moselle (2002) assumed a unidimensional policy space in addition to a divisible 
resource.
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be proven for a limited class of environments that are seldom found in real-world 
policymaking.

Secondly, a common assumption in legislative bargaining models, including 
Banks and Duggan (2000) and Baron and Ferejohn (1989), is that any randomly 
selected legislator formulating a proposal can accurately predict whether other 
legislators will accept or reject the suggested proposal, with the latter decision 
solely dependent on formulated policy positions. However, empirical evidence 
from political practice suggests that voting on legislative proposals in parliament 
is often more complex and influenced by factors that are partially unobservable 
to the proposer. Therefore, proposers are often unable to predict future behavior 
with perfect certainty, and voting behavior of legislators appears to be probabil-
istic. For instance, proposals are often presented as packages that include other 
unobserved attributes beyond the suggested policy position. These attributes may 
involve moral or ideological justifications of policies (Carey 2008) or side pay-
ments resulting from party discipline (Huber 1996; Hollyer et al. 2022). Further-
more, a legislator’s choices may be influenced by various psychological factors 
(Burden and Frisby 2004; Burden 2007; Carey 2008).

At a theoretical level, the approaches mentioned above reflect a broader criti-
cism of classical economic theory regarding the assumption of homo economicus, 
which suggests that individuals always choose objects that maximize their utility. 
Classical economic theory traditionally excluded psychological factors, such as 
whims and perceptions, from playing a formal role in the utility maximization 
process (McFadden 1980, 1981). In response to this criticism, scholars, includ-
ing Daniel McFadden, developed probabilistic choice theory, which demonstrates 
that unobserved psychological factors introduce a random element into economic 
decision-making. While maintaining the key assumption of utility maximization, 
this random element in individual choices arises from the existence of unmeas-
ured attributes of choice options that, from an observer’s standpoint, are stochas-
tic (McFadden 1980, 1981).

In related work, scholars have introduced probabilistic voting to address the non-
existence of equilibria in the Downs model within a multidimensional policy space 
(Davis and Hinich 1966; Hinich et al. 1973; Coughlin and Nitzan 1981; Coughlin 
1982; Coughlin and Palfrey 1985). Additionally, Schofield and Sened (2002) pro-
posed the concept of pure local Nash equilibrium as an alternative solution to the 
non-existence of equilibria in spatial models of politics. Schofield (2007) further 
extended this idea by deriving a Mean Voter Theorem as a generalized version of 
Downs’ Median Voter Theorem, incorporating probabilistic voting theory and the 
concept of pure local Nash equilibrium.

In this paper, we present a non-cooperative legislative bargaining model that 
captures the legislative process as a sequence of proposal-making and voting stages 
within an infinitely repeated, non-cooperative game. Building upon the framework 
developed by Banks and Duggan (2000), we extend the model to encompass a 
general multidimensional policy space. Similar to Baron and Ferejohn (1989), we 
assume that the proposer is randomly selected in each period.

In contrast to many existing applications of legislative bargaining theory, we 
adopt the approach proposed by Banks and Duggan (2006) by considering the status 
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quo as an arbitrary policy. If a proposal is rejected, the process advances to the next 
period (round) with a specific probability. However, with the complementary prob-
ability, the process terminates, and the outcome of the game becomes the status quo. 
Furthermore, it is essential to acknowledge that real-life legislative systems often 
encounter limitations in terms of administrative or time capacities, which can lead 
to decision-making processes being halted without reaching a conclusive outcome.

However, in contrast to the approaches of Banks and Duggan (2000) and Baron 
and Ferejohn (1989), we adopt the extended choice theory proposed by McFad-
den (1980, 1981). In our model, we explicitly derive legislators’ strategic behavior 
from random utility maximization, which implies that voting becomes probabilistic. 
As a result, in each period, a single proposal is accepted or rejected with a certain 
probability.

This manuscript is organized as follows: In Sect. 2, we introduce a compre-
hensive legislative bargaining model involving a finite number of legislators. 
The model is built upon the majority voting rule of coalitions. Specifically, we 
derive legislative behavior by incorporating stochastic utility maximization and 
establish the corresponding pure local and global Nash equilibria of the game.

In Sect. 3, we present the mathematical framework for establishing the exist-
ence of both local and global Nash equilibria in our model. The central idea is to 
define a Nash equilibrium as a fixed point within the mathematical formulation. 
To utilize the fixed point theorem of Brouwer effectively, we construct a suitable 
closed convex subset of the set of proposals. We develop first- and second-order 
optimality conditions for a local Nash equilibrium and demonstrate that these 
conditions are also sufficient for a global Nash equilibrium, provided that the 
voting responses remain sufficiently low. To streamline the presentation, we rel-
egate the more technical proofs to the appendix. Additionally, we discuss a com-
putational procedure for numerically calculating Nash equilibria in our game, 
facilitating practical implementation and analysis.

In Sect. 4, we examine the scenario of weighted spatial preferences and estab-
lish the Mean Voter Theorem. This theorem provides a characterization of gen-
eral equilibrium outcomes as a weighted mean of legislators’ dimension-specific 
ideal points.

Section 5 introduces a straightforward example that facilitates an intuitive under-
standing of the fundamental logic of our game. We compare this example to the 
original game proposed by Banks and Duggan (2000) and present simulated equilib-
rium outcomes for both games, aiding in the comprehension of their dynamics.

2 � The model

In accordance with the legislative bargaining model proposed by Banks and 
Duggan (2000), we define a legislative bargaining game as follows: Let X ⊂ ℝ

m 
denote a non-empty, compact, convex set of alternatives, where m ∈ ℕ represents 
the number of dimensions. Consider a set of legislators denoted by N = {1, ..., n} , 
with n ≥ 2 . Each legislator i ∈ N  possesses preferences characterized by a 
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continuously differentiable and concave von Neumann-Morgenstern utility func-
tion Ui ∶ X → ℝ . The objective is for the legislators to collectively choose an 
alternative x ∈ X  . The collective decision is made based on an externally deter-
mined voting rule.2

The temporal framework of our legislative bargaining model is defined as follows: 

a.	 In each period t ∈ {1, 2,…} , legislator i ∈ N is recognized with a probability qi . 
Here, q = (q1, q2,… , qn) belongs to � , the unit simplex in ℝn.

b.	 When recognized, legislator i selects a policy xi ∈ X  and formulates a proposal, 
which is then submitted to the legislature.

c.	 Upon the submission of a proposal to the legislature, all legislators j ∈ N simul-
taneously vote under a specified voting rule to either accept or reject the proposal.

d.	 If the proposal xi is accepted, the game ends.
e.	 If the proposal is rejected, two alternatives arise: 

e1:	With a probability q0 ∈ [0, 1] , the status quo x0 ∈ X  is selected, and the game 
concludes.

e2:	With a probability of 1 − q0 , the game continues to the next period t + 1 , and 
the process is repeated starting from step (a).

The probability that legislator i is chosen to make a proposal is denoted by 
qi ∈ (0, 1] , satisfying the relation 

∑n

i=1
qi = 1 . Additionally, the conditional probabil-

ity that the game ends with the selection of the status quo after each round in which 
a proposal has been rejected is given by q0 ∈ [0, 1].

We consider an infinite horizon game without discounting. Following the 
approach of Baron and Ferejohn (1989) as well as Banks and Duggan (2000), the 
solution concept utilized is a stationary equilibrium. Under this concept, strategies 
are stationary, meaning that each player employs history-independent strategies at 
all proposal-making stages. To avoid unnecessary complexity, we provide a for-
mal definition only for stationary strategies. A pure stationary strategy for legisla-
tor i ∈ N consists of a proposal xi ∈ X  offered whenever legislator i is recognized, 
along with a voting rule.

While our setup initially follows the framework of Banks and Duggan (2000), we 
depart from the conventional assumption found in most existing bargaining mod-
els, including the legislative bargaining model of Baron and Ferejohn (1989). Unlike 
those models, we do not assume that legislators who have been selected to formulate 
a proposal can accurately predict whether other legislators will accept or reject their 
suggested proposal. Instead, we acknowledge a common observation in political 
practice that legislators often lack the ability to predict future behavior with absolute 
certainty. Voting behavior among legislators tends to exhibit probabilistic tendencies 

2  It is worth noting that, as commonly employed in the literature on legislative bargaining, decision the-
ory, and social choice theory, we interpret X  as a multidimensional policy space, where each dimension 
corresponds to a specific policy issue. Consequently, legislators have spatial preferences.
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(Burden and Frisby 2004; Burden 2007; Carey 2008). Therefore, the overall accept-
ance of submitted proposals also becomes stochastic at the approval stage (c).

Accordingly, in our game, a stationary pure strategy for a legislator i ∈ N con-
sists of a proposal xi ∈ X  suggested anytime legislator i is recognized, as well as a 
measurable decision rule or, equivalently, an acceptance set. We denote individual 
probabilistic decision rules as �ij ∶ ℝ → [0, 1] . Let �i = (xi,�i) represent a stationary 
strategy for legislator i, while � = (�1,… , �i,… , �n) represents a profile of station-
ary strategies for all legislators.

In the following subsections, we develop our legislative bargaining model incor-
porating probabilistic acceptance rules. Specifically, in Sect.  2.1, we establish a 
micro-political foundation for probabilistic acceptance of proposals. We derive 
individual probabilistic acceptance rules based on stochastic utility maximization. 
In Sect.  2.2, we determine the overall probability of accepting a proposed policy, 
assuming that the legislature operates under a majority voting rule. In Sect.  2.3, 
we derive individual best response strategies and define both local and global Nash 
equilibria for our game.

2.1 � Probabilistic voting

By maintaining the fundamental assumption of utility maximization, the introduc-
tion of a random element in individual choices arises from the presence of unmeas-
ured attributes of choice options that are inherently stochastic, at least from an 
observer’s perspective (McFadden 1980, 1981). In order to incorporate the influ-
ence of unobserved factors on legislators’ evaluation and formulation of proposals, 
our legislative bargaining model considers that, in addition to the proposed policy 
dimensions, the utility derived by legislators depends on a set of other unobservable 
factors. These factors are not known to the legislator who formulates a proposal.

This includes the presence of unobserved psychological factors that can influence 
a legislator’s evaluation of a proposal, as well as intrinsic attributes of the proposal 
itself (Burden and Frisby 2004; Burden 2007; Carey 2008). In addition to the for-
mulated policy position, the evaluation of a proposal by legislators may depend on 
other intrinsic attributes that emerge during the process of proposal formulation. To 
formalize this concept, we consider the formulation of a proposal as a production 
process, where the policy position serves as the main input transformed into a leg-
islative act. This act includes not only the suggested policy position but also other 
intrinsic attributes, such as the technical implementation details and moral or ideo-
logical justifications. For simplicity, we use the index � to represent the aggregated 
outputs generated during the formulation process, which we interpret as the quality 
of the formulated proposal. Thus, a formulated proposal can be represented as an 
output bundle (x, �) . However, the act of producing a high-quality proposal, involv-
ing convincing technical implementation or appealing ideological justifications, can 
be seen as a creative process influenced by stochastic factors that are partly beyond 
the control of the proposing legislator. As a result, the quality of the proposal 
becomes a stochastic output of the formulation process. Furthermore, assessing 
the quality of a proposal and deriving utility from a complete output bundle (x, �) 



379

1 3

Pure strategy Nash equilibria for bargaining models of…

may depend on additional unobserved factors that influence legislators’ evaluations. 
These factors are unknown to the legislator at the time of proposal formulation. 
Drawing upon the random utility theory, these factors can include psychological ele-
ments or external benefits associated with specific voting decisions.3

Formally, when assuming the existence of unobservable factors, it implies that 
conditional preferences over observed attributes of individual legislators can vary. 
According to random utility maximization (RUM), each individual actor can be 
viewed as a utility maximizer in the classical sense, given their specific state of 
mind. However, their state of mind varies randomly from one choice situation to 
the next. Consequently, based on the distribution of these unobservable factors, it is 
possible to derive a probability distribution over conditional utility functions. This 
distribution captures the likelihood of an individual actor making a particular choice 
while maximizing their stochastic utility. In the context of a proposal based on the 
policy position x put forward by legislator i, let �i ∈ ℝ

m represent a vector of addi-
tional observed attributes related to the proposal. These attributes can include char-
acteristics of the formulated proposals as well as characteristics of the individual 
legislator who is evaluating alternative proposals, or transformations of these char-
acteristics. As demonstrated by McFadden (1981) with almost no loss of generality, 
the stochastic utility function Uji of another legislator j in assessing their utility for 
the proposal x put forward by legislator i can be assumed to be additively separable:

where � ∈ ℝ
m is a stochastic vector of taste weights with expectation �(�).4

Under this assumption, let us consider a randomly selected legislator i ∈ N who 
formulates a proposal x with a vector �i of observable attributes of this alternative. 
We denote the utility that legislator j derives from proposal x as uji ∶= Uji(x, �) , and 
let vj ∈ ℝ represent the default utility that legislator j receives if the proposal x is 
rejected. In accordance with stochastic utility maximization, legislator j will accept 
the proposal with a probability that depends on drawing a utility uji from the utility 
distribution, such that uji ≥ vj . Denoting the probability distribution function as � , 
the corresponding probability of accepting a proposal with utility uji is given by 
∫
Aij(Uj(x))

�(�) d�, where Aij(u) ∶= {� ∈ ℝ
n ∶ u + �T

i
� ≥ vj} . Therefore, from the per-

spective of the proposer, the acceptance of her proposal by another legislator j given 

(1)Uji(x, �) = Uj(x) + �T
i
�,

3  For instance, voting decisions may be influenced by benefits such as social reputation received from 
other legislators or external actors (e.g., lobbying groups), as well as intrinsic norms (Burden 2007; 
Carey 2008). These factors are also stochastic and unknown to the legislator who formulates the pro-
posal. Notably, voting against a proposal suggested or favored by a political alliance, or vice versa, voting 
in favor of a proposal suggested or favored by a political opponent, can result in high disutility regardless 
of political preferences on policy dimensions.
4  In particular, the vector �i can include dummy variables that indicate the proposers of the proposals 
under consideration. The weights assigned to these dummy variables can be interpreted as the contribu-
tion of all unobserved attributes of a proposal to the legislator’s utility. For instance, it can capture the 
subutility derived from the quality of a proposal as described above.
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the default utility Vj becomes probabilistic. In accordance with classical assumptions 
of random utility maximization (RUM), for specific density functions � , this inte-
gral is equivalent to an explicit individual probabilistic acceptance rule 
�ij ∶ ℝ → [0, 1] , which can be derived from a nominal logit function with a scaling 
parameter �j ≥ 0 (Luce 1959; McFadden 1980).56

Thus, we can express the individual probabilistic acceptance rule �ij as follows:

Therefore, the acceptance probability of a proposal is determined by its mean util-
ity, indicating that the probability of legislator j accepting a proposal depends solely 
on its observable attributes. It is worth noting that the expectation of taste weights, 
denoted as �(�) , could be partially or entirely equal to zero. In such cases, accept-
ance probabilities are solely influenced by the utilities derived from the proposed 
policy positions7.

Interestingly, if we consider the evaluation of a legislator’s own proposal as a suc-
cessive decision following its submission, it implies that from the proposer’s view-
point, the acceptance of their own proposal becomes probabilistic, with the specific 
probability �ii determined by Equation (2). This follows directly from the assump-
tion that drawings of taste weights (or unobserved factors) are independent for suc-
cessive decisions (McFadden 1980, 1981).8

However, compared to evaluating proposals from other legislators, the evaluation 
of one’s own proposal is different. Firstly, while other legislators evaluate a proposal 
after it has been submitted for a final vote, the formulation and evaluation of one’s 
own proposal is an iterative process. The legislator formulates an initial draft pro-
posal, evaluates it by comparing it to a hypothetical benchmark proposal, and if it 
is not accepted, revises the formulation until acceptance. In this context, revising 
the formulation means reformulating the legislative act while keeping the suggested 

(2)∫Aij(u,vj)

�(�) d� = �ij(u, vj) ∶=
1

1 + e�j(vj−u−�
T
i
�(�))

.

7  It is important to highlight that even if all expectations of taste weights were zero, the choice between 
proposals would still be probabilistic and follow the logistic function as described in Eq. 2.
8  In line with classical random utility maximization, we assume no learning, experience, or habits that 
would make probability distributions over conditional utility functions dependent on history.

5  In the more general case of having two or more choice alternatives, classical random utility maximiza-
tion (RUM) theory assumes that utilities are independently distributed according to a Gumbel distribu-
tion, which is then used to derive the multinomial logit model. However, it has been demonstrated that 
the multinomial logit model can also be derived under less restrictive assumptions, as shown in (Anders-
son and Ubøe 2010).
6  When �j = 0 , it corresponds to a degenerate case where the deterministic utility has no influence on 
the choice. Similarly, when �j = +∞ , it results in a degenerate case where only the deterministic utility 
matters (Andersson and Ubøe 2010). In general, the value of �j in the range of 0 < 𝛼j < +∞ determines 
how the difference between observable attributes of proposals, relative to a default proposal, is trans-
formed into choice probabilities. To simplify without loss of generality, we can scale the maximum dif-
ference between proposals to one. In this case, 1

1+e
−�j

 represents the maximal probability that a proposal is 

chosen compared to a default proposal, while 1

1+e
�j

 represents the minimal probability. The parameter �j 
plays a crucial role in determining the shape and steepness of the probability distribution over the range 
of possible utilities, thus influencing the likelihood of different choices.
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policy position x constant. Following this iterative formulation/reformulation pro-
cedure ensures that the probability of drawing taste weights � such that � ≥ �(�) , 
indicating that the perceived quality of the formulated proposal is above its expected 
value, approaches one after a sufficiently high number of reformulation rounds. The 
latter implies that a proposal derived through the iterative formulation procedure 
(IP) is accepted by the proposer with probability 1 as long as Ui(x) + �T

i
�(�) ≥ Vi.9

2.2 � Probabilistic acceptance under majority rule

Let D ⊆ P(N) represent the voting rule, which is a subset of winning coalitions. We 
impose the condition that a coalition remains winning if an arbitrary legislator joins 
it:

This property holds for decision rules based on various voting mechanisms, includ-
ing weighted voting games. In a weighted voting game, individual legislators have 
weights wi ≥ 0 , and a coalition is winning, denoted by C ∈ D , if 

∑
i∈C wi ≥ w̄ , 

where w̄ ≥ 0 is a given winning threshold. Coalitions that fail to reach the quota are 
called "losing" coalitions. Assuming that proposals are approved by the legislature 
using a voting rule, the acceptance of proposals becomes a collective decision based 
on a set of winning coalitions D ⊆ P(N) . Thus, given the probabilistic acceptance 
rules �ij , we can define a probability function Pi(x, v) that assigns a probability to a 
proposal xi ∈ X  , proposed by legislator i, being accepted by the panel. Here, v ∈ ℝ

n 
represents the vector of default utilities of legislators. Formally, we have:

where Pi(x, v) corresponds to the probability that a proposal x ∈ X  , proposed by leg-
islator i ∈ N , is accepted by the legislature. The vector v contains real numbers that, 
in equilibrium, correspond to legislators’ continuation values, as explained below. 
In particular, we assume the independence of voting decisions by individual legisla-
tors. Under this assumption, the probability that proposal x submitted by legislator i 
is accepted by the legislature is given by10:

(3)C ∈ D and k ∈ N ⟹ C ∪ {k} ∈ D.

Pi ∶ X ×ℝ
n
→ [0, 1],

(4)Pi(x, v) ∶=
∑

C∈D

∏

j∈C⧵{i}

�ij(Uj(x), vj)
∏

j∈N⧵(C∪{i})

(1 − �ij(Uj(x), vj)),

9  It is important to note that legislators always have the option to select at least one policy position 
x∗ ∈ X , for which a corresponding proposal with a (perceived) benchmark quality is strictly preferred 
to their continuation value, i.e., Ui(x

∗) + �(𝜉i) > Vi . Therefore, under the IP procedure, a legislator will 
never submit a proposal for a final vote that she does not accept. Furthermore, legislators may derive 
additional utility from accepting their own proposal. Assuming a specific distribution of taste weights for 
these interaction effects implies that legislators accept their own proposals with a probability of �ii ≡ 1 
under the IP procedure.
10  In general, one could also assume interdependent voting decisions among legislators, which would 
imply different probability functions Pi(x, v) . However, we defer this topic to future research.
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where �ij is given by Equation (2).

2.3 � Best response strategies and Nash equilibria

2.3.1 � Continuation values

The continuation values vi ∈ ℝ of legislator i depend on the expected proposals 
x0, x1,… , xn from all individual legislators, as described below. For simplicity, we 
use matrix notation X = (x1,… , xn) ∈ X

n ⊂ ℝ
m×n.

We denote the probability of " xi being the outcome of the game" as Qi , where 
i ∈ N ∪ {0} . We have 

∑n

i=0
Qi = 1 . The probability Qi for i ∈ N ∪ {0} should 

be proportional to the product qiPi(xi, i, v) because the choice of legislator and 
the voting process are assumed to be stochastically independent. Specifically, 
we have Qi = qiPi(xi, v)∕c and conventionally define P0(x, 0, v) ∶= 1 − a and 
a ∶=

∑
i∈N qiPi(xi, v) . Therefore, the real number c is calculated as:

Note that c, a, and Qi depend on x0,… , xN , and v. Thus, any matrix 
X = (x1,… , xn) ∈ X

n of proposals chosen by the legislators defines a probability 
distribution of a stochastic process over the outcome space X .

We denote the continuation value of legislator j throughout the game as vj(X) . 
Given stationarity and �(�) = 0 , it follows that vj = vj(X) satisfies:

Note that the continuation values of legislators correspond to their expected utility, 
assuming that the legislative bargaining game continues in the next period. Hence, 
when evaluating future proposals, legislators have yet to observe the stochastic fac-
tors that determine their utility. Instead, they have to form expectations about these 
factors and their implied utility.

The calculation of the continuation value is based on expected taste weights. To 
simplify notation in this paper, we assume that the expectation of taste weights is 
zero:

2.3.2 � Best reply acceptance rules

To demonstrate that the probabilistic acceptance strategies [�ij] correspond to a best 
response strategy for each individual legislator, we need to establish that they satisfy 
weak dominance, as defined by Banks and Duggan (2000). Weak dominance implies 
equilibrium conditions where a legislator j ∈ N , upon observing the taste weights � , 
accepts a proposal (xi, �i) if the following condition holds: Uj(xi) + �T

i
� ≥ vj.

(5)c =
∑

i∈N∪{0}

qiPi(x, v) = q0(1 − a) + a = q0 + (1 − q0)a.

vj = q0Uj(x0) + (1 − q0)
∑

i∈N∪{0}

QiUj(xi).

�(�) = 0.
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Consequently, in accordance with weak dominance, the probability that legislator 
j will accept a proposal (xi, �i) with an individual utility of u ∶= Uj(xi) is determined 
as specified in equation (2). By introducing specific assumptions about the probabil-
ity distribution � , we can derive the individual best response acceptance strategies 
for legislator i ≠ j using equation (2). Furthermore, the probability Pi(x, v) of a pro-
posal being accepted by the legislature can be obtained from equation (4).

2.3.3 � Best reply proposal formulation strategies

Next, we turn our attention to the formulation of proposals. Building upon the 
previous discussions, we assume that proposals put forth by legislators encom-
pass a range of outputs beyond mere policy positions. These additional charac-
teristics contribute to legislators’ utility, and we consider legislators as stochas-
tic utility maximizers with stochastic utility functions as defined in equation (1). 
Consistent with the existing literature (e.g.,Banks and Duggan 2000), we require 
that legislators’ best-reply proposal formulation strategies adhere to the princi-
ple of sequential rationality. Thus, each legislator j ∈ N aims to maximize their 
expected stochastic utility, given by:

with vj = vj(X) . However, the solution to stochastic utility maximization critically 
depends on which factors a legislator can observe when formulating their proposal. 
While it is evident that the factors determining the utility of other legislators are 
generally unobserved by the proposer, the question arises as to which factors deter-
mining their own utility a proposer can observe at the time of policy position selec-
tion for their proposal formulation. In contrast to voting on a submitted proposal, 
where a legislator must assess their utility derived from a specific formulated pro-
posal compared to the utility derived from a benchmark proposal, a proposer faced 
with selecting a policy position as an input for their proposal formulation must 
assess their expected utility derived from a hypothetically formulated proposal based 
on the chosen policy position, relative to the expected utility derived from hypo-
thetically formulated proposals based on every other policy position. Since legisla-
tors cannot formulate concrete proposals for each policy position, they must base 
their comparisons on the expected values of taste weights. To simplify notation, we 
assume �(�) = 0 as mentioned earlier. Consequently, the expected stochastic utility 
derived from a hypothetically formulated policy proposal for all x ∈ X  becomes:

with vj = vj(X) . Hence, although both the formulation and acceptance of proposals 
are derived from stochastic utility maximization in general, it becomes apparent that 
the selection of a policy position corresponds to deterministic expected utility maxi-
mization within the specific assumptions of our legislative bargaining game. On the 
other hand, voting on submitted policy proposals results in probabilistic choices.

wj(x, �, v) = Pj(x, v)(Uj(x) + �T
j
�) + (1 − Pj(x, v))vj,

(6)�(wj(x, �, v)) = Pj(x, v)Uj(x) + (1 − Pj(x, v))vj,
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Assuming �(�) = 0 , the acceptance probabilities �ij become independent of i 
when i ≠ j . In this case, we can simplify the notation and denote the acceptance 
probability as �j(u, vj) , given by:

We can now summarize the implications of our assumptions on the formulation of 
legislators’ proposals in the following proposition:

Proposition 1  We assume that legislators’ preferences for policy proposals can be 
represented by an additively separable stochastic utility function, as described in 
equation (1). The selection of a policy position as an input in the proposal formula-
tion (IP) leads to a stochastic best response policy proposal strategy x, which can be 
obtained by solving the following deterministic maximization problem:

where v is a given vector of continuation values representing the default utility that a 
proposer realizes if her proposal is rejected. It is important to note that there always 
exists a solution x ∈ X  to equation (8).

Proof  From (6), we can derive the following expression for the expected stochastic 
utility:

Therefore, any proposal that maximizes the deterministic expected utility in equa-
tion (8) will, with probability 1, also maximize the expected stochastic utility 
�(wi(x, �, v)) . Since Pi(⋅, v) and Ui are continuous functions, and X  is a compact set, 
we can apply the Weierstrass theorem, which guarantees the existence of at least one 
solution to our maximization problem. 	�  ◻

2.3.4 � Definition of Nash equilibria

Proposition  1 provides "best reply" strategies for given continuation values v ∈ ℝ
n . 

However, since the bargaining model assumes that the continuation values themselves 
depend on X, i.e., v = v(X) , i.e. each stationary strategy X ∈ X

n is mapped into a matrix 
of best reply strategies. A Nash equilibrium corresponds to a fixed point of this map-
ping. To simplify this highly nonlinear problem, we first focus on local stationary Nash 
equilibria, i.e., let X̃ ∈ X

n denote the matrix of best reply strategies, where x̃i denotes 
the i-th column of X̃ we consider perturbations of the expected utilities wi defined as:

and we seek local maxima at X̂ = (x̂1,… , x̂n):

(7)�ij(u, vj) = �j(u, vj) ∶=
1

1 + e�j(vj−u)
.

(8)max
x∈X

Pi(x, v)
(
Ui(x) − vi

)
+ vi,

�(wi(x, �, v)) = Pi(x, v)(Ui(x) − vi) + vi.

(9)Wi(x̃i,X) ∶= Pi(x̃i, v(X))(Ui(x̃i) − vi(X)) + vi(X),
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where U(0) represents an arbitrary small neighborhood of the origin, and 
x̂i + U(0) ⊆ X  for all i ∈ N.

Definition 1  A local stationary Nash equilibrium of Wi for all i ∈ N is a matrix 
X̂ ∈ X

n such that for all i ∈ N , a small change in the own strategy x̂i (i.e., the i-th 
component of X̂ ) by adding a small perturbation y does not increase Wi:

Definition 2  A global stationary Nash equilibrium of Wi is a matrix X̂ ∈ X
n 

satisfying:

3 � Existence of local and global Nash equilibria

In this section, we analyze the necessary and sufficient conditions for the existence 
of stationary local and global Nash equilibria in our legislative bargaining game.

Informally, a profile � constitutes a stationary equilibrium if, for every legislator 
i ∈ N , the proposal strategy xi is optimal given the probabilistic acceptance rules 
(�1, ...,�n) of the other legislators, and individual probabilistic acceptance rules 
are optimal given that � describes what would happen if the current proposal were 
rejected and Vj is the expected utility of legislator j derived from � . To formalize 
these conditions, we aim to show that a strategy profile 𝜎̂ exists, comprising indi-
vidual strategy profiles 𝜎̂i , which are mutually best reply responses to each other.

The acceptance function Pi(x, v) is assumed to be twice continuously differenti-
able with respect to x. Moving forward, we will consider specific forms of the prob-
ability Pi(x, v) . We assume that it depends on the utility function values Uj(x) as well 
as the continuation values vj(X) of all legislators j ≠ i . Mathematically, Pi(x, v) can 
be expressed as:

where ũi = (u1,… , ui−1, ui+1,… , un) , ṽi = (v1,… , vi−1, vi+1,… , vn) , uk = Uk(x) , and 
vk = Vk(X) , with P̃i ∶ ℝ

n−1 ×ℝ
n−1

→ [0, 1] being a continuously differentiable func-
tion and 𝜕P̃i∕𝜕uk ≥ 0 for all k.

Furthermore, we adopt the standard approach used in decision theory, legislative 
bargaining, or social choice theory, where X  is interpreted as a multidimensional 
policy space, with each dimension corresponding to a specific policy issue. Addi-
tionally, we assume that legislators’ preferences can be represented by a concave 
spatial utility function defined by the following properties:

X̂ ∈ X
n s.t ∀i ∈ N ∶ Wi(x̂i,X) = max

y∈U(0)
Wi(x̂i + y,X)

Wi(x̂i + y, X̂) ≤ Wi(x̂i, X̂) ∀y ∈ U(0).

Wi(y, X̂) ≤Wi(x̂i, X̂) ∀y ∈ X, ∀i ∈ N.

(10)Pi(x, v) = P̃i(ũi, ṽi)
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where Ek(x) ∈ ℝ
m×m is a positive definite matrix, and zk ∈ X  is the ideal point of 

legislator k, i.e. it holds:

Note that our definition of spatial utility generalizes the standard definition used in 
the literature (Carroll et al. 2013). It includes the classical linear, quadratic, or expo-
nential transformations of the Euclidean distance between a policy x ∈ X  and legis-
lator k’s ideal point zk , which are commonly assumed in the literature (Carroll et al. 
2013). However, since we generally assume that Ui(x) is continuous, linear transfor-
mations of the Euclidean distance between zi and x are excluded from our analysis.

Furthermore, beyond the classical forms of spatial utility functions, there exist 
many other forms that also fulfill the properties (11) and (12). For example, defin-
ing uij ∶= � − (xj − zij)

2 ≥ 0 as a spatial sub-utility that a legislator derives for the 
policy dimension j, given a sufficiently large constant � , implies that any concave 
function transforming sub-utilities into total utility satisfies (11) and (12).

A common example used to represent spatial preferences is a quadratic utility 
function, which we occasionally refer to in our analysis to enhance readability for 
the reader. Quadratic utility functions are of the form:

where zk ∈ X  is a given point and Ek ∈ ℝ
m×m is a positive definite matrix. The gra-

dient of a quadratic utility function clearly follows the form (11) with Ek(x) = Ek.
Please note that assuming a general quadratic form for the utility function can be 

interpreted as a second-order Taylor approximation of any concave utility function. 
Therefore, we consider assumptions (11), (12), and (13) as not imposing a signifi-
cant restriction on our theory.

Furthermore, it is worth mentioning that assuming strict quasi-concavity of the 
utility functions, in addition to concavity, implies single-peaked preferences (see 
Shepsle (1979)).11 However, for the purpose of proving the existence of Nash equi-
libria in our game, it is not necessary to assume single-peakedness or quadratic spa-
tial utility functions.

For P in (10) combined with spatial utility functions (11), the gradient of P can 
be expressed in a specific form by applying the chain rule: form:

(11)∇Uk(x) = Ek(x)(zk − x),

(12)Uk(zk) ≥Uk(x) ∀k ∈ N, x ∈ X.

(13)Uk(x) ∶= −
1

2
‖E1∕2

k
(x − zk)‖2,

(14)
𝜕Pi(x, v)

𝜕x
=

∑

k∈N⧵{i}

𝜕P̃i(ũi, ṽi)

𝜕uk
Ek(x)(zk − x)

11  Assumed concavity implies directly that utility functions are quasi-concave, but not necessarily strict 
quasi-concave.
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If 𝜕P̃i∕𝜕uk > 0 for at least one k ≠ i , then 
∑

k∈N⧵i

𝜕P̃i(ũi,ṽi)

𝜕uk
Ek(x) is positive definite for 

all x.
To express the necessary condition of a local Nash equilibrium as a fixed point, 

we make the assumption that the derivative of Pi with respect to x can be repre-
sented as follows:

The specific form of the gradient of P as given in Equation (15) is derived from the 
assumptions stated in Eqs.  11 and 12. This implies that the change in probability 
with respect to changes in the proposed alternative x can be expressed as a weighted 
sum of the individual distances between the proposal x and the ideal points zk of the 
legislators. These weights are represented by matrices Ak(x, v) ∈ ℝ

m×m , which may 
depend on the proposal x ∈ X  and the legislators’ continuation values v = v(X) in a 
linear or non-linear manner. It is important to note that these continuation values are 
influenced by the stationary strategies of the legislators, denoted by X ∈ X

n.
In Sects. 4 and 5, we will provide a more detailed explanation illustrating how 

different aspects of political bargaining are captured by the elements of these matri-
ces. These aspects include various determinants of bargaining power, such as con-
stitutional rules of majority voting and agenda-setting power, as well as the specific 
configuration of policy preferences among legislators.

At this stage, we make the assumption that Pi(x, v) represents a common subjec-
tive belief held by all legislators, indicating the probability that a proposal x ∈ X  
made by legislator i ∈ N will be accepted by the panel. However, we will relax this 
assumption and derive P(x,  i, v) explicitly from the equilibrium acceptance strate-
gies of the legislators in Sect. 3.7.

This assumption defines a class of games in which legislators are only required to 
select a policy position xi when they are recognized, while the acceptance of a pro-
posal is determined exogenously by a given function Pi(xi, v) . We continue to study 
the infinite horizon game without discounting, and the solution concept employed 
is once again stationary equilibrium. A pure stationary strategy for legislator i ∈ N 
consists of offering a proposal xi ∈ X whenever they are recognized.

In particular, we demonstrate that the existence of local and global Nash equi-
libria relies on specific properties of Pi(xi, v) . Furthermore, we establish that weak 
dominance implies the adoption of individual logistic acceptance strategies, which 
lead to Pi(xi, v) possessing certain properties that guarantee the existence of local or 
global Nash equilibria X in the corresponding proposal formulation game. There-
fore, overall, by considering probabilistic acceptance functions represented by logis-
tic functions as defined in Equation (4), together with a Nash equilibrium X in the 

(15)
�Pi(x, v)

�x
=

∑

k∈N⧵{i}

Ak(x, v)(zk − x).
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simplified proposal formulation game, we establish a corresponding Nash equilib-
rium in our original legislative bargaining game.12

To facilitate a better comprehension of the technical proofs presented in the 
subsequent sections, we believe it would be beneficial to provide an intuitive 
overview of the key steps involved in our proofs. Firstly, to establish the existence 
of local and global Nash equilibria in our game, we employ Brouwer’s fixed point 
theorem. This entails demonstrating three main components. In Sect. 3.1, we for-
mulate the necessary conditions for a local Nash equilibrium. Subsequently, in 
Sect.  3.3 we define a mapping � ∶ X

n
→ ℝ

mn based on these necessary condi-
tions. The next step is to prove the existence of a fixed point for the mapping 
� and establish that this fixed point corresponds to a Nash equilibrium in our 
game. The existence of a fixed point is contingent on two conditions: (a) proving 
the continuity of � , which can be straightforwardly demonstrated based on our 
assumed concave spatial utility functions (11 and 12 ) and the specific proper-
ties of the acceptance function Pi , and (b) establishing the existence of a non-
empty, closed, convex subset Br(Z) ⊂ X

n such that � maps Br(Z) into itself. The 
crucial aspect of our existence proof lies in demonstrating the existence of this 
specified subset Br(Z) in a finite-dimensional normed space, and we accomplish 
this in Sects. 3.2 and 3.4. Under these conditions, Brouwer’s fixed point theorem 
guarantees the existence of a fixed point for � within Br(z) , as stated in Sect. 3.3. 
The third step involves demonstrating that the fixed point of the mapping � estab-
lishes a local Nash equilibrium. While it is evident that a fixed point of � sat-
isfies the necessary first-order conditions, we explicitly prove in Sect.  3.5 that 
the fixed point also fulfills the sufficient second-order conditions under specific 
conditions. In Sect.  3.6, we establish that if all wi(x,X) are pseudo-concave in 
x, then a point X ∈ F  satisfying the first-order conditions already constitutes a 
global Nash equilibrium in our game. Finally, in Sect. 3.7, we demonstrate that by 
endogenously deriving the acceptance function from best-reply acceptance strate-
gies, the existence of a local and global Nash equilibrium is ensured as long as 
the voting response, encapsulated in the parameters �i , remains sufficiently low. 
While the subsequent subsections present detailed technical proofs, we encourage 
readers to refer to sections 4 and 5 for a more comprehensive explanation of the 
fundamental outcomes of our theory.

3.1 � First order necessary equilibrium condition under an exogenous acceptance 
rule

Given that the functions Pi and Ui are assumed to be continuously differentia-
ble with respect to x, we can apply the first-order necessary condition for a local 

12  It is worth noting that by considering these two separate subgames, we also allow for a more compre-
hensive modeling of how legislators accept proposals, incorporating strategies of bounded rationality in 
future research.
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maximum at X̂ . This condition states that the derivative of Wi(x, X̂) with respect 
to the variable x must vanish at x = x̂i:

Proposition 2  A necessary condition for the existence of a local Nash equilibrium 
for all Wi at X̂ ∈ X

n and the corresponding expectation v = v(X̂) is given by the fol-
lowing equation:

Proof  The first-order optimality necessary condition for Wi(⋅, ⋅) is expressed as 
follows:

	�  ◻

Certain solutions of (16) can be readily identified, namely those that satisfy the 
following conditions:

or those with

We refer to these solutions as degenerate because they are not practically relevant. 
Specifically, Pi(x̂i, v) = 0 implies that the probability of proposal x̂i being accepted 
by the legislative process is zero. Similarly, Ui(x̂i) = vi(X̂) indicates that legislator i 
does not perceive any benefit in their own proposal x̂i compared to the continuation 
value.

3.2 � Preferable set

In this section, we introduce specific subsets of Xn that will be utilized later in 
applying a fixed point argument. Considering that legislator’s policy preferences 
can be represented by a spatial utility function Ui(x) (as described in (11) and 
(12) above), we make the additional assumption that the matrix of ideal points 
Z = (z1,… , zn) ∈ X

n satisfies the following properties13:

(16)∇Pi(x̂i, v)(Ui(x̂i) − vi) + Pi(x̂i, v)∇Ui(x̂i) = 0 ∀i ∈ N.

0 =
𝜕

𝜕x
Wi(x, X̂)|x=x̂i

=
𝜕

𝜕x

(
Pi(xi, v))Ui(xi) + (1 − Pi(xi, v))vi

)|||xi=x̂i
=

𝜕

𝜕x
Pi(x̂i, v)(Ui(x̂i) − vi) + Pi(x̂i, v)∇Ui(x̂i).

(17)Pi(x̂i, v) = 0 and Ui(x̂i) = vi(X̂).

(18)Pi(x̂i, v) = 0 and
𝜕

𝜕x
Pi(x̂i, v) = 0.

13  We explicitly exclude the trivial case where all legislators share identical ideal points.
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Definition 3  We define the preferable set F  as follows:

For any X ∈ F  , we have:

A vector of proposals X is not in the preferable set F  , i.e., X ∉ F  , if there exists at 
least one legislator who prefers their own proposal to fail. Furthermore, (19) implies 
that Z ∈ F  , ensuring that F  is non-empty. It is reasonable to search for local Nash 
equilibria within the preferable set F  because if X ∉ F  , it means that at least one 
legislator, i, has a proposal xi with a lower utility value, Ui(xi) , compared to the 
expected value vi(X) of all other proposals. However, this set is not convex, making 
it somewhat difficult to manage fixed point arguments within F  . Therefore, we will 
now explore suitable convex subsets of F .

Let Br(zi) be the closed ball around the ideal point zi (w.r.t. the Euclidean norm):

The tensor ball around Z with a common radius r > 0 for each individual xi is 
denoted by:

We define RF  (referred to as the "radius of the preferable set") as the largest radius 
such that the corresponding tensor ball is still a subset of the preferable set:

Since X  is bounded and Z ∈ F  , it follows that B0(Z) ⊆ F  , and therefore, the radius 
RF  is well-defined.

Proposition 3  The existence of an ideal point Z , i.e., the fulfillment of assumptions 
(19) and (20), implies that RF > 0.

Proof  The assumption (20) implies that Z ∈ F  . Since Ui and vi are continuous func-
tions, it follows that RF > 0 . 	�  ◻

All tensor balls Br(Z) with 0 < r ≤ RF are convex, closed, and bounded subsets 
of F  , making them possible candidates for a fixed point argument. In the case m = 1 , 
Br(Z) is simply an n-dimensional closed cube with the center point Z.

(19)Ui(zi) ≥ Ui(zj) ∀i, j ∈ N,

(20)Ui(zi) > vi(Z) ∀i ∈ N.

F ∶=
{
X ∈ X

n | Ui(xi) ≥ vi(X) ∀i ∈ N
}
.

�1(X) ∶= min
i∈N

Ui(xi) − vi(X) ≥ 0.

Br(zi) ∶=
�
x ∈ X � ‖x − zi‖2 ≤ r

�
.

Br(Z) ∶= Br(z1) ×… × Br(zn) ⊆ X
n.

RF ∶= sup
{
r ≥ 0 | Br(Z) ⊆ F

}
.
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Definition 4  The problem is called non-degenerate if the probability does not vanish 
inside the balls with the radius of the preferable set, i.e.:

3.3 � Formulation as a fixed point equation

Proposition 4  Assuming that the problem is non-degenerate, and the gradients 
of Pk and Uk satisfy (15) and (11) respectively, let X ∈ BRF

(Z) be a given vector. 
Then, a necessary condition for a local Nash equilibrium is given by the fixed-point 
equation:

where � = (�1,… ,�n) ∶ X
n
→ ℝ

m×n is a vector-valued function, and its individual 
components are defined as follows:

with linear maps Li(X) ∶ X
n
→ ℝ

m . Therefore, each column x̂i of the fixed point X̂ 
can be expressed as:

The technical proof is provided in the Appendix 1. However, we will introduce 
some notations used in the proof and in the subsequent discussion.

The linear maps Li(X) that arise in the proof are defined as follows:

where the matrices �ki(X),�i(X) ∈ ℝ
m×m are given by

A more detailed game-theoretical interpretation of the elements and components of 
Li(X) will be provided in Proposition 11 and in Sect. 5 below.

3.4 � Existence of a fixed point

A first simple criterion for the existence of a fixed point of � is given in the fol-
lowing Proposition:

Pi(xi, v) > 0 ∀i ∈ N, ∀X ∈ BRF
(Z).

(21)𝛷(X̂) = X̂,

�i(X) = Li(X)Z

(22)x̂i = Li(X̂)Z

Li(X)Z ∶= [�i(X)]
−1

∑

k∈N

�k,i(X)zk,

�k,i(X) ∶= (Ui(xi) − vi(X))Ak(xi, v(X)), if k ≠ i,

�i,i(X) ∶= Pi(xi, v(X))Ei(xi),

�i(X) ∶=
∑

k∈N

�k,i(X).
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Proposition 5  Under the assumptions of the previous proposition, let 0 < r ≤ RF  be 
given such that

Then � has a fixed point X̂ ∈ Br(Z) . At this fixed point, the first-order necessary 
condition (16) for a local Nash equilibrium is satisfied.

Proof  The set Br(Z) is non-empty, closed, and convex in a finite-dimensional nor-
med space. The function � is continuous and maps Br(Z) to itself. By the Fixed-
Point Theorem of Brouwer, there exists a fixed point of � in Br(Z) . At this fixed 
point X̂ , the first-order necessary condition (16) for a local Nash equilibrium is ful-
filled. 	�  ◻

At first glance, achieving the mapping property (23) may seem easy. However, in 
general, this is not the case due to the following reason: When the radius r > 0 is too 
small or too large, the set Br(Z) becomes small or large, respectively, such that the 
image of Br(Z) under the mapping � may no longer fit inside Br(Z) . To address the 
question of whether such an r > 0 exists, we will now examine the structure of the 
voting model more closely. In particular, we will derive a criterion for a radius r > 0 
that satisfies (23). Here, we use the notation ‖ ⋅ ‖∞ to represent the row-sum norm of 
matrices.

Proposition 6  Under the assumptions of Proposition 4, we further assume the exist-
ence of a radius r ∈ (0,RF] such that

where

and 𝜆i(r) > 0 is a lower bound on the eigenvalues of the matrix Ei(x) for x ∈ Br(zi) . 
Then the mapping property (23) holds.

The proof is provided in Appendix 2. An interpretation of condition (24) is that the 
legislators’ ideal points z1,… , zn are sufficiently close to each other, as this leads to 
small values of Di , and consequently, (24) is more likely to be satisfied for certain val-
ues of r. Condition (24) is still not directly usable for the explicit determination of a 
suitable radius r because the radius appears on both sides of the inequality. However, 
the relation (24) becomes valid if li(r) does not increase too rapidly with increasing r. 
To utilize the criterion (24), we need to consider specific examples of probabilities P. 
We address this topic in Proposition 8 in Sect. 3.6 below.

(23)� ∶ Br(Z) → Br(Z).

(24)li(r) ≤ �i(r)

Di

r ∀i ∈ N,

li(r) ∶= sup
X∈Br(Z)

�
�Ui(xi) − vi(X)�
Pi(xi, v(X))

�

k∈N⧵{i}

‖Ak(xi, v(X))‖2

�
,

Di ∶= max{‖zk − zi‖2 ∶ k ∈ N ⧵ {i}},
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3.5 � Second order sufficient condition

Proposition 7  Let X = (x1,… , xn) ∈ F  be a matrix satisfying the first-order opti-
mality condition (16). Assume that Pi and all Ui are twice continuously differentiable 
with respect to x, and that all Ui(xi) are strictly concave, i.e., ∇2Ui(xi) is negative 
definite. Furthermore, assume that Pi(xi, v) > 0 and �2

xx
Pi(xi, v) is negative semi-defi-

nite for all i ∈ N and v = v(X) . Then X is a local Nash maximum.

The proof is based on analyzing the individual terms of the Hessian of Wi and 
demonstrating that the Hessian is negative definite. Further details are provided in 
Appendix 3.

3.6 � Global Nash equilibrium

Let X = (x1,… , xn) ∈ F  be a local Nash equilibrium, satisfying the condition for 
each i ∈ N:

By definition, it follows that X is a global Nash equilibrium. Therefore, the existence 
of a global Nash equilibrium depends on the properties of the function Wi . A suffi-
cient condition for a global Nash equilibrium would be if all Wi were twice continu-
ously differentiable and concave with respect to x. In other words, this assumption 
implies that any point X ∈ X

n satisfying the first-order optimality condition (16) is a 
global Nash equilibrium.

However, concavity is generally too restrictive and is often not satisfied by rele-
vant Wi in our legislative bargaining game. Fortunately, concavity is only a sufficient 
condition, not a necessary one, for guaranteeing a global maximum. An alternative 
criterion is the vanishing gradient of a pseudo-convex (or pseudo-concave) func-
tion, as shown by Mangasarian (1965). Pseudo-concave functions possess the same 
maximum properties as concave functions, as demonstrated by Avriel et al. (2010). 
Specifically, (i) a local maximizer for a pseudo-concave function is also a global 
maximizer, and (ii) the usual first-order necessary condition for maximizing a dif-
ferentiable pseudo-concave function over an open convex set in ℝm is also sufficient 
for a global maximum.

We can now establish specific properties of Pi that guarantee any local Nash equi-
librium to be a global one.

Proposition 8  Assume that all Pi(⋅, v) and Ui are twice continuously differentiable 
functions, and consider the functions Wi defined in (9). If these functions are pseudo-
concave in xi , i.e.,

Wi(xi,X) ≥ Wi(y,X) ∀y ∈ X.

Wi(x,X) < Wi(y,X) ⟹ (y − x)T
𝜕

𝜕x
Wi(x,X) > 0 ∀x, y ∈ X,
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then any point X ∈ F  satisfying the first-order optimality condition (16) is also a 
global Nash equilibrium.

Proof  The proof follows directly from the result in Mangasarian (1965), which states 
that for pseudo-concave functions, any local maximum is also a global maximum. 	
� ◻

In the next subsection, we will demonstrate that this pseudo-concavity prop-
erty indeed holds for our bargaining game if the voting response is sufficiently 
low.

3.7 � Local and global Nash equilibria with endogenous acceptance rules

To analyze our complete game, we need to derive Nash equilibria for complete 
strategy profiles. As mentioned earlier, under our specific assumptions on sto-
chastic utility and weak dominance of individual acceptance rules, legislators 
apply probabilistic acceptance rules �i . Additionally, assuming certain properties 
for the distribution of stochastic utilities, we find that (a) individual probabilistic 
acceptance rules can be represented by a logistic function as defined in (2), and 
(b) the acceptance probabilities Pi are defined as in (4).

In equilibrium, legislators formulate proposals that maximize their expected 
utilities, taking into account the probabilistic acceptance rules and their continu-
ation values. Consequently, a proposer selects a policy position for their proposal 
that maximizes their expected utility, as defined in Proposition  1. In this prop-
osition, default utilities are simply equal to the legislator’s continuation values, 
and the probability function P is derived from individual probabilistic acceptance 
rules.

For a low voting response, where individual acceptance probabilities �i have the 
form (7) with a small parameter �i ≥ 0 , we obtain an existence result for a local and 
global Nash equilibrium.

Proposition 9  For probabilities of the form (4) that are two times continuously dif-
ferentiable w.r.t. x, and �i of the form (7) with sufficiently small parameters 𝛼i > 0 , 
as well as utilities of the form (13), the following results hold: 

	 (i)	 There exists a point X̂ ∈ F  that satisfies the necessary and sufficient conditions 
for a local Nash equilibrium in our proposal game.

	 (ii)	 This X̂ is both a local and global Nash equilibrium in our legislative bargain-
ing game.

The proof involves demonstrating that the functions wi , as defined in Proposi-
tion 8, exhibit pseudo-concavity. The technical details of the proof can be found in 
Appendix 4 (part i) and Appendix 7 (part ii).
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3.8 � Numerical computation of Nash equilibria

The existence result in Proposition 5 and the second-order sufficient condition in 
Proposition 7 have immediate benefits. However, there is another aspect related to 
computation that might not be immediately apparent. The proofs provide us with 
insights into a possible numerical scheme for computing local and global Nash 
equilibria.

One potential iterative procedure that can be employed is as follows: We start 
with an initial point X(0) ∶= Z , and then perform the iteration

for k ∈ ℕ . The iteration continues until the condition ‖X(k+1) − X(k)‖ ≤ � is met, 
where 𝜖 > 0 is a small tolerance. This fixed-point iteration can be viewed as a steep-
est descent algorithm applied to the n functionals −W1(x1,X),… , −Wn(xn,X).

Although Proposition  6 does not provide an explicit method for determining 
the radius r, from an algorithmic perspective, this is not crucial. We can initiate 
the fixed-point iteration with the initial value X(0) ∶= Z , which is evidently inside 
Br(Z) for any arbitrary r > 0 . Subsequent iterates X(1),X(2),… will always remain 
within Br(Z) for a suitable choice of r. In other words, we do not require the exact 
value of r as long as we know that there exists an r such that (23) holds. The 
fixed-point iteration will never exit the convex set Br(Z).

Moreover, convergence acceleration is possible by employing a modified itera-
tion with a step length 𝜃 > 0 , such as:

A judicious choice for � can be determined using the Armijo line search concept, as 
described in Wolfe (1969).

Furthermore, it is important to acknowledge that while Proposition 5 guaran-
tees the existence of a fixed point, it does not establish its uniqueness. Without 
uniqueness, the proposed iterative procedure may be sensitive to the initial point 
chosen. Additionally, implementing the iterative procedure requires repeated 
numerical computations of the mapping � , which involves calculating elements 
of the matrices Li(X) based on winning coalitions. Consequently, the computa-
tional effort increases monotonically with the number of winning coalitions. As 
the number of actors grows, the number of winning coalitions increases expo-
nentially. For instance, in the co-decision procedure of the EU-28, there are 
approximately 7.7 billion winning coalitions. A straightforward implementation 
would result in prohibitively high computational costs, even for a single evalu-
ation of the mapping � . However, a computational algorithm capable of signifi-
cantly reducing the required effort, enabling the calculation of the mapping for 
the EU-28 co-decision procedure, can be found in Christiansen et al. (2016). Sur-
prisingly, based on simulation analyses, computed Nash equilibria have exhibited 
remarkable stability with respect to changes in initial starting points, as long as 
those points are located within a sufficiently close neighborhood of the legisla-
tors’ ideal points.

X(k+1) ∶= �(X(k)),

X(k+1) ∶= ��(X(k)) + (1 − �)X(k).
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A thorough and rigorous analysis of our proposed computational procedure, 
including convergence proofs, a systematic examination of sensitivity to initial 
points, and other aspects, constitutes an intriguing research direction. However, it 
exceeds the scope of this paper, and we defer it to future investigations.

4 � Characterization of equilibrium outcomes

For any specification of the acceptance probability function Pi , the equilibrium 
outcome of our legislative bargaining model is a lottery over legislators’ proposals 
x and the status quo x0 , where the probabilities Qi(x) represent the likelihood that 
the outcome will be the proposal of legislator i ∈ N , and Q0 = 1 −

∑
i∈N Qi repre-

sents the probability that the status quo x0 will be the outcome of the legislative 
bargaining.

Based on (22), the individual Nash equilibria x̂i ∈ Xn can be expressed as a linear 
map of the preferential points Z:

where Dk,i(X) ∈ ℝ
m×m are positive semi-definite matrices. Now, let us examine the 

specific case in which the utility functions Ui and the probability Pi have a particular 
form.

4.1 � A mean Voter theorem

Assuming the legislature operates under majority rule, where individual legislators 
vote probabilistically with the probability that legislator j approves the proposal of 
legislator i ≠ j given by �ij = �j as defined in Equation (7), we can establish the fol-
lowing proposition:

Proposition 10  If the utility functions Uk satisfy Equation (11), then the gradient of 
the probability Pi(x, v) defined in Equation (4) satisfies Equation (15).

The proof of this proposition is provided in Appendix 5. Now, let’s introduce the 
following definition:

Definition 5  We define separable spatial preferences as a case where the spatial 
utility functions have the form (13) and all Ek(x) ∈ ℝ

m×m are positive definite diago-
nal matrices.

Next, we present a proposition using the notation u  : v for the component-wise 
multiplication of two vectors u, v ∈ ℝ

m , defined as (u⊙ v)i ∶= uivi , and 11 denotes 
the vector 11 ∶= (1,… , 1)T ∈ ℝ

m.

(25)x̂i = Li(X̂)Z =
∑

k∈N

Dk,i(X̂)zk,
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Proposition 11  Let X̂ ∈ X
n be a (local or global) stationary Nash equilibrium, 

assuming separable spatial preferences, and the derivative of Pi with respect to x 
of the form (15) with Ak(x, v) = ak(x, v)Ek(x) , where ak(x, v) are scalar coefficients. 
Then, the presentation (25) represents a linear map of legislators’ ideal points:

where dk,i(X̂) ∈ ℝ
m is a non-negative vector with 

∑
k∈N dk,i(X̂) = 11 , and 𝜔k,i(X̂) ≥ 0 

are non-negative scalar values with 
∑

k∈N 𝜔k,i(X̂) = 1 for all i ∈ N.

Proof  The matrices 𝜆k,i(X̂) and 𝛬i(X̂) are multiples of the diagonal matrix Ek(x̂k) . 
Therefore, the matrix diag(dk,i,1(X),… , dk,i,m(X̂)) ∶= 𝛬i(X̂)

−1𝜆k,i(X̂) is also diagonal. 
This implies that the j-th component of x̂i can be expressed as

The right-hand side of (26) is a concise notation for this expression. Furthermore, 
it can be easily verified that 𝜆k,i(X̂) ∈ ℝ

m×m is a product of a scalar value and the 
matrix Ek(x̂k) , given by

which defines the scalar weight 𝜔k,i(X̂) . 	�  ◻

Thus, the equilibrium proposal of each legislator corresponds, for each policy 
dimension, to a weighted mean of legislators’ dimension-specific ideal positions, where 
the dimension-specific weights are given by the elements of the vector dk,i(X̂).

For a better interpretation of the weights �k,i(X) in the case of probabilistic accept-
ance under majority rule, i.e., probabilities of the form (4), the following relationship 
holds:

where 𝜔̃k,i(X) ∈ ℝ is defined as (with v = v(X)):

As shown in Appendix 5, it holds:

(26)x̂i = 𝛬i(X̂)
−1

∑

k∈N

𝜔k,i(X̂)Ek(x̂k)zk =
∑

k∈N

dk,i(X̂)⊙ zk,

[x̂i]j =
∑

k∈N

[𝛬i(X̂)
−1𝜆k,i(X̂)]jj[zk]j,

(27)𝜆k,i(X̂) = 𝜔k,i(X̂)Ek(x̂k).

(28)𝜔k,i(X) = 𝜔̃k,i(X)

[
n∑

j=1

𝜔̃j,i(X)

]−1

(29)𝜔̃k,i(X) ∶=

{
Pi(xi, v), if i = k,

(Ui(xi) − vi)𝛼kak(xi, v)𝜋k(uk, vk)(1 − 𝜋k(uk, vk)), else.
.

(30)ak(xi, v) ∶=
∑

C∈Dk

PC,k(xi) −
∑

C�∈Dc
k

PC�,k(xi) =
∑

C∈D∗
k

PC,k(xi),
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where D∗
k
⊂ D denotes the subset of winning coalitions in which legislator k is a 

decisive member. Therefore, ak(x, v) represents the probability that legislator k is 
decisive in approving the proposal x.

To gain further insight into the relative weight of legislator i’s ideal point, �ii , 
in determining their own proposal compared to the rest of the legislature k ≠ i , we 
define the marginal voting response of the legislature as follows:

Thus, we have (with v = v(X̂)):

Accordingly, the lower the marginal voting response of the legislature in relation to 
the absolute voting response Pi(xi, v) and the lower the gain a legislator realizes from 
their own proposal compared to their continuation value Ui(x̂i) − vi(X̂) , the higher 
their control over their own proposal, �ii.

On the other hand, if 𝜔ii < 1 , proposals are partially influenced by the legisla-
ture, and the extent of control that an individual legislator k ≠ i has over the pro-
posals of another legislator depends on their relative marginal voting response, 
�k�k(Uk(x), v)(1 − �k(Uk(x), v) , and the probability that legislator k is decisive in 
approving legislator i’s proposal, denoted as ak . It is important to note that the value 
of ak is particularly influenced by the voting rule D . For example, when legislator k 
is decisive in a larger number of winning coalitions, their value of ak will be higher. 
Additionally, swing voters who have a probability of 0.5 of voting in favor or against 
a proposal maximize the marginal voting response. Furthermore, the marginal vot-
ing response of legislator k is influenced by the scaling parameter �k.

Overall, we consider the expectation value:

as a comprehensive measure of decision power derived from our legislative bargain-
ing game as it corresponds to the expected weight of the ideal point of a legislator k 
determining the expected decision outcome of the legislative bargaining. This power 
index extends classical voting power indices by incorporating three distinct aspects 
of bargaining power. Firstly, the index accounts for the relative number of winning 
coalitions in which a legislator holds decisive power. This aspect of decision-making 
power is the primary driver behind classical voting power indices such as the Ban-
zhaf-Coleman or Shapely-Shubik voting power indices. Secondly, our power index 
incorporates the specific composition of legislators’ policy preferences, emphasizing 
the importance of this aspect in decision-making power. This aligns with the strate-
gic voting power index proposed by Napel (2006). Thirdly, our decision power index 

ri ∶=
∑

k∈N⧵{i}

𝜕P̃i(ũi, ṽi)

𝜕uk

|||u=Uk(x̂i)

=
∑

k∈N⧵{i}

𝛼kak(xi, v)𝜋k(uk, vk)(1 − 𝜋k(uk, vk)).

𝜔i,i(X̂) =
Pi(x̂i, v)

ri(Ui(x̂i) − vi) + Pi(x̂i, v)

(31)�(�k) =
∑

i∈N

Qi�ik
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captures the relative influence of agenda-setting power, as reflected by the recogni-
tion probabilities qi . The significance of agenda-setting power in legislative bargain-
ing has been highlighted by Snyder et al. (2005) and Kalandrakis (2006). While con-
ducting a detailed theoretical analysis of our generalized decision power index may 
be intricate, one advantage of our model is the numerical computability of Nash 
equilibria in the game. Thus, in Sect. 5 below, we demonstrate how different aspects 
of our game impact power and other relevant equilibrium outcomes.

4.2 � Pareto‑optimality of bargaining outcomes

Let’s consider the Bergson-Samuelson social welfare function Si defined as follows:

where the specific weight 𝜔k,i ∶= 𝜔k,i(X̂) is given by (29), and X̂ represents the Nash 
equilibrium. We can establish the following correspondence directly (proof see 
Appendix 6):

Proposition 12  Under the assumptions of Proposition 11 and an additional assump-
tion of quadratic preferences (13), the equilibrium proposal x̂i of legislator i maxi-
mizes the social welfare function Si given by (32):

According to classical Welfare Economics, Proposition 12 implies that all pro-
posals formulated by legislators in equilibrium are Pareto-optimal. However, it’s 
important to note that the overall outcome of the legislative bargaining game, rep-
resented by the lottery over legislators’ proposals, is generally not Pareto-optimal14.

4.3 � Uniform spatial preferences

Definition 6  We define uniform spatial preferences as the case where bargaining 
involves separable spatial preferences with the same non-singular matrix E = Ek(x) 
for all k ∈ N , independent of x.

Theorem 1  (Mean voter theorem) Under the assumption of uniform spatial prefer-
ences and probabilities of the form (10), the presentation (25) represents a convex 
combination of legislators’ ideal points:

(32)Si(x) ∶=
∑

k∈N

�k,iUk(x),

Si(x̂i) = max
x∈X

Si(x).

(33)x̂i =
∑

k∈N

𝜔k,i(X̂)zk,

14  For example, this follows directly when assuming all legislators are risk-averse (see observation 4 in 
Sect. 5). A formal proof of this statement is available from the authors upon request.
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where the coefficients 𝜔k,i(X̂) ≥ 0 are non-negative and 
∑

k∈N 𝜔k,i(X̂) = 1 for all 
i ∈ N.

Proof  Under these additional assumptions, the derivative �

�x
Pi(x, v) takes the form 

(15) with positive semi-definite diagonal matrices given by Ak(x) =
𝜕

𝜕uk
P̃i(ũi, ṽ)E . 

The expression (33) follows directly from the special form of Li(X) (see the proof of 
Proposition 4 in the appendix), as the matrices �k,i(x) and �i(X) become multiples of 
the matrix E. Therefore, �i(X)

−1�k,i(x) is a multiple of the identity matrix I. 	�  ◻

Thus, in the case of uniform spatial preferences, the equilibrium proposal of each 
legislator (33) corresponds to a weighted mean of legislators’ specific ideal posi-
tions zk . Notably, these weights are independent of the particular policy dimension 
j ∈ {1,… ,m} , i.e., the j-component of xi.

4.4 � High voting response in a one‑dimensional policy space

Analyzing the case of high voting response presents a more nuanced challenge 
within our theory, as the existence of equilibrium depends on certain restrictions 
on the parameter � , which must be sufficiently small. To understand how equilib-
rium outcomes are influenced by the voting power of the legislature, disregarding 
the agenda setter power of the proposer, we focus on a specific scenario. We narrow 
our analysis to the case of a one-dimensional policy space ( m = 1 ), where X ⊂ ℝ . 
Additionally, we assume equal recognition probabilities, qi = n−1 , for all legislators 
i ∈ N , and consider a legislature operating under majority rule.

When we increase the voting response parameter �i → ∞ in the individual 
acceptance probability functions (7), we formally obtain the classical game of 
Baron and Ferejohn. As a conjecture, we propose that the equilibria of the game 
presented in this paper converge to the pure strategy equilibria established by 
Banks and Duggan (2000). Notably, Cho and Duggan (2003) and Cho and Duggan 
(2009) provide insightful results regarding the relationship between equilibrium 
outcomes in the original game of Banks and Duggan (2000) and the median voter 
theorem proposed by Duncan Black. However, for our specific game, the question 
of the existence of equilibria for large values of �i remains open. We believe that 
investigating the aforementioned conjecture in future work would be valuable and 
provide further insights.

5 � Example

To gain insights into the nature of equilibrium in our legislative bargaining game, 
we present a simple example with three legislators ( n = 3 ) and two policy dimen-
sions ( m = 2 ), denoted as {A,B} . This example allows for a more intuitive under-
standing of the matrices Li(x) and the corresponding equilibrium outcomes.
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Furthermore, we conduct a direct comparison between the equilibrium outcomes 
of the game proposed in this paper (referred to as BHZG) and the mixed strategy 
equilibrium outcomes of a corresponding legislative bargaining game by Banks and 
Duggan (2000) (referred to as BDG).

In this example, we assume uniform and separable quadratic policy preferences 
(13), with identity matrices Ek = I ∈ ℝ

n×n . The ideal points are set as z1 = (0, 1) , 
z2 = (1, 0) , and z3 = (�, �) , where � ≥ 0.5 . The recognition probabilities are 
q1 = q2 = 0.5(1 − q3) , and q3 ∈ [0, 1] . The legislature operates under simple major-
ity voting, represented by the voting rule D ∶= {{1, 2, 3}, {1, 2}, {1, 3}, {2, 3}}.

Given these assumptions, we can numerically compute the mixed stationary Nash 
equilibrium of the BDG using the methods described by Baron (1991). To ensure 
comparability between the two games, we assume that the game continues after the 
legislature rejects a proposal with a probability of one. Consequently, the probability 
of the status quo being the outcome in the BHZG is zero. To compute equilibrium 
outcomes, we specify the logistic acceptance functions for legislators using the form 
(7) with all �j = 2.

For both games, we calculate equilibrium outcomes for 400 different parameter 
scenarios, defined by 20 equidistant values of q3 ranging from 0 to 0.9 and 20 values 
of � ranging from 0.5 to 1.37. The fixed-point iteration method presented in this 
paper typically converges to the equilibrium in 6–8 iterations, depending on the spe-
cific parameter setting.

Based on the simulation results, we analyze the extent to which the two games 
yield substantially different predictions or if the equilibrium outcomes are in cor-
respondence with each other. Our analysis focuses on comparing the comparative 
statics results, examining how changes in exogenous parameters lead to shifts in the 
equilibrium outcomes of both games in the same direction.

3−>1

3−>2

1−>3

1−>2

2−>3

2−>1
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1
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z2 z3
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B

Baron BHZG 1
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1−>3
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2−>1
2−>3

3
3−>1

3

Fig. 1   Obtained equilibrium proposals for the game BDG (dots) and the game BHZG (triangles). The 
label i → j denotes the BDG equilibrium of legislator i in coalition with legislator j 
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Figure 1 illustrates the equilibrium proposals for both games, showcasing specific 
values of q3 and �.

5.1 � Observation 1: differences in legislative equilibrium outcomes

As shown in Fig. 1, there is a notable difference between the equilibrium propos-
als of BDG and BHZG. In BDG, the equilibrium proposals tend to lie on the edges 
of the triangle � , which represents the space defined by the ideal points z1 , z2 , and 
z3 . On the other hand, in BHZG, the equilibrium proposals generally lie within the 
interior of the triangle � . This distinction reflects the distinct logic of the two games.

In BDG, the equilibrium proposals arise from the maximization of the proposer’s 
utility over an acceptance set. This acceptance set is formed by the union of accept-
ance sets of all winning coalitions, as defined by the constitutional decision rule 
governing the legislature. An acceptance set for a winning coalition represents the 
intersection of individual acceptance sets of its members. The individual acceptance 
set of a legislator comprises the set of policies for which their utility is greater than 
or equal to their continuation value. Technically, in BDG, each proposer formulates 
a proposal that maximizes their utility over the acceptance set of a specific winning 
coalition. In equilibrium, the proposer suggests the proposal that yields the highest 
utility. If there are multiple proposals with the same maximum utility, the proposer 
mixes across those proposals. In the simple example, there are two minimum win-
ning coalitions for each proposer, each consisting of one of the other legislators.

Let xbd
ij

 denote the proposal that legislator i formulates to secure the acceptance of 
legislator j, and let rbd

ij
 denote the probability of legislator i formulating proposal xbd

ij
 

when recognized. The equilibrium probability that proposal xbd
ij

 becomes the final 
outcome in BDG is given by qirbdij  . Thus, the mixed strategy equilibrium outcome of 
BDG corresponds to a lottery over six proposals, in contrast to the three proposals 
found in the pure strategy equilibrium of BHZG.

In BDG, with quadratic utility functions, each equilibrium proposal lies on the lin-
ear contract curve between the proposer’s ideal point and their coalition partner j. 
Mathematically, we have xbd

ij
= �bd

ji
zi + (1 − �bd

ji
)zj , where 0 ≤ �bd

ji
≤ 1 represents the 

relative weight of proposer i’s ideal point compared to the ideal point of legislator j.
In the simple example, the individual acceptance set determines a cut point on the 

linear contract curve between proposer i and their coalition partner j. This cut point 
corresponds to the equilibrium proposal, where �bd

ji
=
√

|vbd
j
|∕|zi − zj|2 . Here, vbd

j
 

represents the continuation value of player j in BDG.15

15  It is worth noting that, in general, for each winning coalition, utility maximization results in a pro-
posal that represents a weighted mean of the proposer’s ideal point and the ideal points of the members 
of the minimum winning coalition. The relative weight of the members of the minimum winning coali-
tion with respect to the proposer is determined by their individual acceptance sets. When a legislator 
j is a critical member, meaning that Uj(x

bd
ij
) = vj(x

bd) , the corresponding weight is non-zero ( 𝜔bd
ij,j

> 0 ); 
otherwise, it is zero. The weight assigned to the proposer depends on the degree of bindingness of the 
acceptance set of the minimum winning coalition. In other words, the higher the weight of the proposer, 
the less constraining the acceptance set of the minimum winning coalition is, such as when the continua-
tion value of the other legislator j is lower relative to the utility derived from proposer i’s proposal.
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In the case of BHZG, equilibrium proposals of legislators are determined through 
expected utility maximization, specifically Pi(xi, v)(Ui(xi) − vi(X)) . Given quadratic 
utility functions, this maximization leads to equilibrium proposals that can also be 
interpreted as weighted means of legislators’ ideal points. However, as shown above 
in Sect. 4 in BHZG, the relative weight assigned to a proposer i depends on two fac-
tors: the marginal responsiveness of the total legislature and the utility gain realized 
by the proposer compared to her continuation value, i.e., Ui(xi) − vi(X) . The relative 
weight of a legislator j with respect to proposer i is determined by their individual 
marginal responsiveness. This responsiveness is influenced by the marginal change 
in the total acceptance probability resulting from a marginal change in legislator j’s 
utility. It can be expressed as the product of two components: the probability aj(xi, v) 
that legislator j is decisive for the acceptance of proposal xi (as shown in equation 
(29)), and the expected utility v = v(X) , multiplied by the marginal change in legis-
lator j’s individual acceptance probability caused by a marginal change in their util-
ity, i.e., �j(Uj(xi), vj)(1 − �j(Uj(xi), vj)).

The relative weights of legislators j ≠ i with respect to proposer i depend on 
their continuation values. The weights are maximal at the cut point, where the leg-
islator’s utility derived from the proposal is equal to her continuation value, i.e., if 
Uj(xi) = vj(X) , the individual acceptance probability becomes 0.5 and the marginal 
response becomes maximal. In contrast to BDG, positive weights are observed for 
legislators even below and above the cut point, i.e., for Uj(xi) ≠ vj(X).

Interestingly, in our simple example, if we define (1 − �i,i)
−1

∑
j≠i

�i,jzj as the center 

ideal point of the legislature without the proposer, equilibrium proposals always lie 
on the line between the center ideal point of the legislature and the ideal point of the 
proposer, zi . The center ideal point lies on the linear contract curve between the ideal 
point of legislator j ≠ i and legislator k ≠ j, i . The exact location of the center ideal 
point depends on the relative weights of the two non-proposers. In our simple exam-
ple, given the symmetry of legislators 1 and 2, the center ideal point regarding the 
proposal of legislator 3 is the midpoint between z1 and z2 . Furthermore, in BHZG, 
the relative own weights, �i,i , are increasing in the continuation value of the pro-
poser and decreasing in the continuation value of other legislators. The relative own 
weight also depends on the parameter � , where higher �-values lead to decreased 
own weights.

Specifically, in our simple example, all own weights in the BHZG equilibrium are 
higher than 0.5 for � = 2 . Similarly, in BDG, all own weights are higher than 0.5 as 
long as we assume 0.5 ≤ � ≤ 1 , except for proposals of legislators 1 and 2 vis-à-vis 
legislator 3, where own weights are only larger than 0.5 if � ≥ 0.7516. Moreover, our 
analysis in Sect. 4.1 reveals that equilibrium proposals in both games tend to be rela-
tively close to the ideal points of the legislators, at least within the simulated param-
eter scenarios of our simple example. Interestingly, we find that in BHZG, equilib-
rium proposals result as weighted means of legislators’ ideal points, where �ij 

16  This result can be directly derived from the analytic solution for equilibrium proposals in BDG as 
presented by Baron (1991).
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represents the weight of legislator j’s ideal point in determining the proposal of leg-
islator i, i.e., xi =

∑
j �ijzj . This finding aligns with the result presented by Baron 

and Ferejohn (1991), who demonstrated that equilibrium proposals in BDG, for the 
specific example considered here, also follow the form of weighted means: 
xbd
ij

= �bd
ij,i
zi + (1 − �bd

ij,i
)zj , where 0 ≤ �bd

ij,i
≤ 1 . Accordingly, by defining �bd

ji,k
= 0 for 

k ≠ i, j , we can calculate the decision power of legislators in BDG in a similar man-
ner to BHZG as follows: �(�bd

k
) =

∑
i,j∈N qir

bd
ij
�bd
ij,k

 (see Equation (31) above).

5.2 � Observation 2: similarities of legislative equilibrium outcomes for high 
voting response

While the logic of BHZG differs from the original BDG, and therefore legislative 
outcomes predicted by both models may substantially differ, our findings indicate 
that, at least for our simple example, the two models yield rather similar equilibrium 
outcomes. This can be observed in Figs. 5 to 6, which present the expected decision 
and power for both games across all 400 scenarios. It is worth noting that the 
expected decision is symmetric, resulting in the same value for both dimensions. 
Thus, the figures only depict the values for dimension A. Figures 2a to 2b provide 
normalized prediction errors derived from using the simulated lottery of BHZG 
equilibrium proposals to predict the corresponding simulated lottery of BDG pro-
posals. The latter corresponds to the ex-post decision outcomes of BDG. To calcu-
late the prediction error for ex-post decision outcomes, we employ the formula ∑

i Qi

∑
i,j Q

bd
ij
‖xi − xbd

ij
‖∕‖xbd

ij
‖ . For ex-ante prediction errors, we use the expected 

proposal of BHZG to predict the expected proposal of BDG. Normalization is per-
formed by subtracting the prediction error resulting from using the simulated lottery 
of BDG proposals to forecast ex-post decisions derived from BDG. The reported 
normalized prediction errors represent the difference in percentage prediction errors 
based on BHZG and BDG, respectively.

To facilitate interpretation, Figs. 2a to 2b display average prediction errors calcu-
lated for each � and q3 parameter scenario, respectively, across all 20 q3 or � param-
eter values. As depicted in Figs. 2a to 2b, extreme differences in ex-post equilibrium 
outcomes between the two games arise in the case of a centrally located legislator. 
In this scenario, where the ideal point of legislator 3 is located at (0.5, 0.5) as the 
midpoint between the ideal points of the other two legislators, BDG predicts that 
legislator 3 possesses total power, resulting in all equilibrium proposals correspond-
ing to the median voter position. In contrast, BHZG predicts equilibrium proposals 
that can deviate significantly from the median position as long as legislators’ voting 
responses are sufficiently low and the recognition probability of the centrally located 
legislator is not extremely high. The maximum prediction error observed for this 
case is nearly 36%.

However, as discussed in Sect.  4, assuming a relatively low voting response 
is a crucial assumption for these differences. As legislator 3 becomes less cen-
trally located, prediction errors decrease to values below 10%, and if legislator 3 
becomes a preference outlier, average prediction errors drop below 5%. Similarly, 
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prediction errors decrease with a higher recognition probability q3 , with average 
prediction errors above 10% only occurring for lower values of q3 below 0.3 (see 
Fig. 2b).

Interestingly, when considering low values of q3 , prediction errors for ex-ante 
outcomes are quite similar to those for ex-post outcomes. However, the former 
decrease much more rapidly for higher recognition probabilities, reaching val-
ues below 5% for q3-values greater than 1/3. In general, as proposals approach 
the ideal points of their respective proposers in both games, and as acceptance 
probabilities across proposals in BHZG and randomization probabilities in BDG 
approach 0.5, the lotteries of both games tend to correspond to the same expected 
power structures and decision outcomes. The closer these conditions are met, the 
greater the alignment between the two models.

5.3 � Observation 3: equilibrium outcomes in dependence of parameter settings

Another important aspect when comparing both games is the examination of com-
parative static effects, which refer to how central equilibrium outcomes change when 
exogenous parameters are altered. This includes the comparative static effects of con-
stitutional set-up, such as decision rules that determine winning coalitions or recogni-
tion probabilities, as well as systematic changes in policy preference constellations. 
An intriguing question is whether the comparative static effects of both models are 
qualitatively similar, meaning that changes in the constitutional set-up induce shifts in 
central equilibrium outcomes in the same direction. To gain initial insights into these 
questions, we compared changes in equilibrium outcomes of both games across simu-
lated parameter scenarios. The main results are summarized in the appendix, specifi-
cally in figures 3a - 3b and 4a - 4b. From these figures, it is evident that both games 
exhibit systematic changes in expected decision outcomes and power structures in 
response to variations in exogenous parameters. Notably, the patterns observed in both 
games are quite similar. For instance, the power of legislator 3 increases in both games 
as she becomes more centrally located and as her recognition probability rises (see 
figure 4a). However, there is an interesting distinction: while BHZG exhibits changes 
in power structures for different recognition probabilities, BDG predicts invariant 
power structures below the threshold q∗

3
 (Baron 1991), with similar increases in the 

decision power of legislator 3 observed only for values above q∗
3
 (see figure 4b). These 

altered power structures are partially reflected in the expected outcomes as well (see 
figures 3a - 3b), where both policy dimensions experience higher expected decisions 
as legislator 3’s recognition probability increases. Interestingly, an increase in recogni-
tion probability has a greater impact on power structures in BHZG. For example, the 
average power of legislator 3 increases from 0.14 to 0.84 when the recognition prob-
ability rises from 0 to 0.9. In contrast, BDG shows a smaller increase in legislator 3’s 
power, from 0.56 to 0.88. Conversely, when becoming more centrally located, legisla-
tor 3’s average power increases from 0.44 to 1 in BDG, whereas the same shift in ideal 
points only leads to a power shift from 0.44 to 0.54 in BHZG.
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5.4 � Observation 4: incentives to agree on cooperative bargaining

Although equilibrium proposals in both games are generally Pareto-optimal, both 
games exhibit inefficiency from the legislators’ perspective due to uncertainty. As 
discussed in Sect. 4, assuming concave utility functions implies that all legislators 
would prefer a direct implementation of the mean voter position over the lottery of 
proposals. This can be expressed as follows: Ui(

∑
j

Qjxj) ≥ vi and 

Ui(
∑
j,k

qjr
bd
jk
xbd
jk
) ≥ vbd

i
 . This inefficiency creates incentives for legislators to seek 

cooperative bargaining mechanisms. Interestingly, informal cooperative legislative 
bargaining mechanisms are not only discussed in parliamentary systems like Swit-
zerland but also in the US system. Scholars such as Weingast (1994) emphasize uni-
versalism as an informal cooperative legislative bargaining procedure employed in 
distributive politics (see also Weingast 1979; Weingast et al. 1981; Fiorina 1981). 
Universalism is also discussed as a characteristic informal cooperative legislative 
bargaining procedure in the EU system, for instance in the context of the European 
Common Agricultural or Fishery Policy (Franchino and Rahming 2003).

It is worth noting that non-cooperative bargaining models still play a crucial 
role in explaining cooperative legislative bargaining since cooperative procedures 
are derived based on anticipated equilibrium outcomes of non-cooperative legisla-
tive bargaining. Interestingly, to predict similar induced cooperative legislative bar-
gaining outcomes, it is sufficient for both BHZG and BDG to yield similar ex ante 
expected equilibrium outcomes.

6 � Summary and outlook

This paper addresses the limitations of current non-cooperative legislative bargaining 
models in providing a comprehensive analysis of public policy in real-world politi-
cal systems. We present a novel non-cooperative legislative bargaining model, which 
establishes the existence of pure strategy Nash equilibria under broad assumptions, 
including a multidimensional policy space and a large number of legislators. In con-
trast to existing models, our approach derives legislators’ behavior from stochastic util-
ity maximization, introducing probabilistic acceptance of proposals. We demonstrate 
the existence of a stationary pure local and global Nash equilibrium, where the equi-
librium outcome corresponds to a lottery of legislators’ proposals. Notably, we prove 
a "Mean Voter Theorem" as a significant implication of our theory showing that pro-
posals emerge as weighted means of legislators’ ideal points dimension by dimension.

As special cases, we apply our theory to voting games based on voting rules, and 
we establish the existence of stationary subgame perfect local and global Nash equi-
libria, respectively, assuming a sufficiently low voting response of legislators.

Through simulation analyses of a simple example, we compare our model 
(BHZG) with the original legislative bargaining model proposed by Banks and Dug-
gan (2000) (BDG). Our findings reveal a structural equivalence in equilibrium out-
comes and demonstrate a correspondence of comparative static effects regarding 
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the central constitutional set-up variables in both games. However, it is important 
to note that BHZG incorporates distinct behavioral assumptions at the micro level, 
which may lead to substantial differences in equilibrium outcomes at the macro 
level compared to the original BDG. Consequently, an intriguing avenue for future 
research would be to empirically analyze the predictive performance of BHZG com-
pared to BDG in real-world political systems, examining under which circumstances 
BHZG delivers more accurate predictions.

Moreover, our model holds the potential for further valuable contributions to 
the field of legislative bargaining theory. Firstly, addressing the persisting chal-
lenge of numerically computing equilibria in real-world political systems, BHZG 
serves as a promising foundation for developing an empirically applicable bar-
gaining theory of collective choice. The formulation of Local and Global Nash 
equilibria as fixed points, computable under broad assumptions including mul-
tidimensional policy space and a large number of legislators (such as in the EU-
system), is an advantageous feature of our model. Future research can delve into 
fascinating topics of numerical computation, particularly exploring the role of 
voting response in determining bargaining outcomes.

Secondly, many empirical studies indicate that legislative bargaining behavior 
in real-world political systems is influenced by specific interaction effects among 
legislators beyond spatial policy preferences. Examples include party discipline and 
party affiliation in European parliamentary systems, as well as ex ante coalitions 
among member states in the EU-system based on non-policy factors. Our theory 
explicitly allows for the incorporation of various interaction effects as non-policy 
determinants of legislators’ probabilistic acceptance rules, enabling a comprehen-
sive analysis of their impact on legislative bargaining outcomes.

Thirdly, the development and empirical application of cooperative legislative bar-
gaining theory is an important and intriguing research area. Applying our theory to 
examine phenomena like universalism in distributive politics within the EU- and US-
systems represents a significant avenue for investigation that remains insufficiently 
understood. Moreover, cooperative bargaining theory may play a crucial role in future 
international negotiations at a global level, particularly in designing innovative global 
governance mechanisms (e.g., climate clubs) for efficient natural resource management.

Lastly, future work should rigorously explore the relationship between equi-
librium outcomes in our game and existing legislative bargaining theories. This 
encompasses not only the connection between our game and non-cooperative bar-
gaining models like BDG, including the conditions under which Black’s Median 
Voter Theorem can be derived from our game, but also the examination of out-
comes in relation to cooperative game theory. For instance, analyzing how equi-
librium outcomes in our model correspond to the core outcomes of the underly-
ing voting rule. Additionally, it would be interesting to investigate to what extent 
our model incorporates classical voting power indices, such as the Banzhaf or the 
Shapley-Shubik voting power index, as special cases.
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Appendix: Proofs

Appendix 1: Proof of Proposition 4

(a) Using of the assumed form (15) of the derivative ∇Pi(xi, v) and (11) for the 
derivative of Uk leads to the following equivalent form of the first order necessary 
condition (16):

With the above introduced notation �ki(X) , this equation is equivalent to

and can also be formulated as

Hence, the first order necessary condition in Proposition 2 is equivalent to

(b) We have to show that �i(X) is regular. Due to the condition X ∈ F  , we have 
Ui(xi) − vi(X) ≥ 0 . 

∑
k∈N Ak(xi, v(X)) was assumed to be positive definite for all 

X ∈ X
n , Pi(xi, v(X)) ≥ 0 and the matrices Ei(xi) are positive definite. Moreover, due 

to the assumption X ∈ BRF
(Z) , we have Pi(xi, v(X)) > 0 so that the matrix �i(X) is 

positive definite and hence invertible.	�  ◻.

Appendix 2: Proof of Proposition 6

Let us introduce the notation

Lemma A.1  Let the problem non-degenerated and assume that there exists 
r ∈ (0,RF] such that the spectral norm of 𝛬i(X)

−1𝛬̃i(X) is bounded for all X ∈ Br(Z) 
and all i ∈ N as:

Then, the mapping property (23) is valid.

Proof  Let X ∈ Br(Z) . The assumption r ≤ RF  ensures that X ∈ F  and therefore 
�i(X) is well-defined by the same arguments as in the previous proof. We have still 

(Ui(xi) − vi(X))
∑

k∈N

Ak(xi, v(X))(zk − xi) + Pi(xi, v(X))Ei(xi)(zi − xi) = 0.

∑

k∈N

�k,i(X)(zk − xi) = 0,

[�i(X)]
−1

∑

k∈N

�k,i(X)zk = xi.

�i(X) =Li(X)Z = xi.

𝛬̃i(X) ∶=
∑

k∈N⧵{i}

𝜆k,i(X).

(34)‖𝛬i(X)
−1𝛬̃i(X)‖2 ≤ r

Di

.
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to show that �i(X) ∈ Br(zi) , which corresponds to bound the distance ‖�i(X) − zi‖2 
(Euklidian norm). We make use of the following equality (having in mind that �i(X) 
is invertible):

Therefore, we reformulate the arising sum as

Hence, the mapping property �i(X) ∈ Br(zi) is ensured, if (34) holds. 	�  ◻

Now, we are prepared to prove Proposition 6:

Proof  According to Lemma A.1, it is sufficient to show

Because the spectral norm is sub-multiplicative, we have the upper bound

These two factors on the right hand side are bounded by

and

because �i(X) is of the form �i(X) = E(X) + Pi(xi, v(X))Ei(xi) with a positive semi-
definite ( X-dependent) matrix E(X) , and the notation �i(r) for the minimal (positive) 
eigenvalue of Ei(xi) for ‖xi − zi‖2 ≤ r . This yields with condition (24):

Hence, the bound (35) is shown and the mapping property follows. 	�  ◻

�i(X) − zi =

(
�i(X)

−1
∑

k∈N

�k,i(X)zk

)
− zi

= �i(X)
−1

∑

k∈N

�k,i(X)(zk − zi)

= �i(X)
−1

∑

k∈N⧵{i}

�k,i(X)(zk − zi).

‖𝜙i(X) − zi‖2 =

������
𝛬i(X)

−1
�

k∈N⧵{i}

𝜆k,i(X)(zk − zi)

������2
≤ ‖𝛬i(X)

−1𝛬̃i(X)‖2Di.

(35)‖𝛬i(X)
−1𝛬̃i(X)‖2 ≤ r

Di

.

‖(𝛬i(X))
−1𝛬̃i(X)‖2 ≤ ‖𝛬i(X)

−1‖2‖𝛬̃i(X)‖2.

‖𝛬̃i(X)‖2 ≤ �Ui(xi) − vi(X)�
�

k∈N⧵{i}

‖Ak(xi, v(X))‖2.

‖�i(X)
−1‖2 ≤ (�iPi(xi, v(X)))

−1,

‖(𝛬i(X))
−1𝛬̃i(X)‖2 ≤ �Ui(xi) − vi(X)�

𝜆i(r)Pi(xi, v(X))

�

k∈N⧵{i}

‖Ak(xi, v(X))‖2 ≤ 1

𝜆i(r)
li(r) ≤ r

Di

.
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Appendix 3: Proof of Proposition 7

The Hessian Hi = Hi(xi,X) of Wi(xi,X) is given by

with �1 ∶= Ui(xi) − vi(X) . Because of Pi(xi, v) > 0 , the first order optimality condi-
tion (16) (at X = X∗ ) implies

Hence, 𝛼1 > 0 and

We obtain the presentation of the Hessian:

Now we use the fact that ∇2Ui(xi) is negative definite, and that the matrix 
∇Ui(xi)∇Ui(xi)

T is positive semi-definite. Furthermore, the coefficient −2Pi(xi, v)∕�1 
is negative. In combination with the negative-definiteness of �2

xx
Pi(xi, v) , we obtain 

that Hi is negative definite. This shows that X satisfies the 1. order and the 2. order 
optimality condition of a local maximum of Wi.

Appendix 4: Proof of Proposition 9 (part i)

We introduce a further auxiliary notation for C ∈ D : ( ui ∶= Ui(x))

Lemma A.2  For C� ∈ DC
k
 and C ∶= C� ∪ {k} ∈ Dk it holds

Proof  With the short notation �j ∶= �j(uj, vj) we obtain:

Hi = �1�
2
xx
Pi(xi, v) + ∇Ui(xi)�xPi(xi, v)

T

+ �xPi(xi, v)∇Ui(xi)
T + Pi(xi, v)∇

2Ui(xi)

�1�xPi(xi, v) = − Pi(xi, v)∇Ui(xi) ≠ 0.

�xPi(xi, v) = −
1

�1
Pi(xi, v)∇Ui(xi).

Hi = �1�
2
xx
Pi(xi, v) −

2Pi(xi, v)

�1
∇Ui(xi)∇Ui(xi)

T + Pi(xi, v)∇
2Ui(xi).

PC(x, v) ∶=
∏

i∈C

�i(ui, vi)
∏

i∈N⧵C

(1 − �i(ui, vi)).

PC(x, v) + PC� (x, v) − PC�,k(x, v) = 0.
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	�  ◻

Lemma A.3  For ak defined by (38) it holds for all k, i ∈ N : (uk ∶= Uk(x))

Proof  The lower bound is trivial. For deriving the upper bound we use the presenta-
tion (38) for ak(x):

It is easy to check that

Therefore,

By using the result of Lemma A.2 and the notation D∗
k
∶= {C ∈ D|k ∈ D ∧ C⧵{k} ∉ D} 

we obtain

Because of 0 ≤ PC(x) ≤ PC,i(x) for arbitrary i ∈ N , we arrive at

	�  ◻

Lemma A.4  Let �k be of the form (7) and ak defined by (38). Then it holds

PC� (x, v) − PC�,k(x, v) =
∏

j∈C�

�j

∏

j∉C�

(1 − �j) −
∏

j∈C�

�j

∏

j∉C�,j≠k
(1 − �j)

=
∏

j∈C�

�j

∏

j∉C�,j≠k
(1 − �j)(1 − �k − 1)

= − �k

∏

j∈C�

�j

∏

j∉C�,j≠k
(1 − �j)

= −
∏

j∈C

�j

∏

j∉C

(1 − �j)

= − PC(x, v)

(36)0 ≤ ak(x, v)�k(uk, vk) ≤ Pi(x, v).

0 ≤ ak(x, v)�k(uk, vk) = �k(uk, vk)

||||||

∑

C∈Dk

PC,k(x, v) −
∑

C�∈Dc
k

PC�,k(x, v)

||||||
.

�k(uk, vk)PC,k(x, v) = PC(x, v) for C ∈ Dk,

(1 − �k(uk, vk))PC,k(x, v) = PC(x, v) for C ∈ Dc
k
.

ak(x, v)�k(uk, vk) =
∑

C∈Dk

PC(x, v) +
∑

C�∈Dc
k

PC� (x, v) −
∑

C�∈Dc
k

PC�,k(x, v).

ak(x, v)�k(uk, vk) =
∑

C∈D∗
k

PC(x, v).

0 ≤ak(x, v)�k(uk, vk) ≤ ∑

C∈D∗
k

PC,i(x, v) ≤ ∑

C∈D

PC,i(x, v) = Pi(x, v).
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where �′
k
 denotes the derivative w.r.t. the first argument.

Proof  For �k of the form (7) holds

Hence, we get ��
k
(u, v) ≤ �k�k(u, v) , and with Lemma A.3 we obtain the assertion 

(37). 	�  ◻

Now we can start to prove Proposition 9:

Proof  We use the criterion of Proposition 6 to show the existence of a fixed point of 
� . So we have to derive a lower bound of Pi(x, v)∕‖Ak(x, v)‖2 for all k, i ∈ N with 
k ≠ i and all x in a closed ball with center in zi . With Lemma A.4 we obtain

We assumed that the �k are suffiently small. So let’s say that �k ≤ � for all k. In order 
to check the bound (24) we estimate

Now it is obvious that for sufficient small 𝛼 > 0 , the bound (24) holds. The appropri-
ate radius r depends on �.

The existence of a point X ∈ F  which satisfies the first order condition of a local 
Nash equilibrium follows now by Propositions 6 and 5.

Next we show that the point X ∈ F  that satisfies the first order conditions also 
satisfies the second order conditions. In detail we show that �2

xx
Pi(x, v) is negative 

semi-definite for all i ∈ N . Based on the first derivative �xPi(x, v) given in (15) we 
obtain:

We know that Ak(x, v) is positive definite. The part �xAk(x, v)(zk − x) is not neces-
sarily negative definite, but it can be split into a positive semi-definite part and an 
indefinite part as follows: ( uk ∶= Uk(x))

Hence,

(37)0 ≤ ak(x, v)�
�
k
(Uk(x), vk) ≤ �kPi(x, v) ∀k, i ∈ N,

𝜋�
k
(u, v) = 𝛼k𝜋k(u, v)

2e𝛼k(vk−u) = 𝛼k𝜋k(u, v)(1 − 𝜋k(u, v)) < 𝛼k𝜋k(u, v).

Pi(x, v)

‖Ak(x, v)‖2
=

Pi(x, v)

2�ak(x, v)��
k
(Uk(x), vk)�‖Ek‖2

≥ 1

2�k‖Ek‖2

li(r) ≤ 2� sup
X∈Br(Z)

�
�Ui(xi) − vi(X)�

� �

k∈N⧵{i}

‖Ek‖2.

�2
xx
Pi(x, v) =

∑

k∈N⧵{i}

�x
(
Ak(x, v)(zk − x)

)
=

∑

k∈N⧵{i}

(
�xAk(x, v)(zk − x) − Ak(x, v)

)
.

�xAk(x, v)(zk − x) = − �x(ak(x, v)�
�
k
(uk, vk)) ∶ Ek(zk − x),

�x(ak(x, v)�
�
k
(uk, vk)) =�x

(
�k�k(uk, vk)ak(x, v)

)

=�k(−�
�
k
(uk, vk)Ek(zk − x))ak(x, v) + �k�k(uk, vk)�xak(x, v)
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Since ��
k
(uk, vk) ≥ 0 and ak(x, v) ≥ 0 , Ck,1(x, c) is positive semi-definite. However, we 

know that �xak(x, v) ∼ �k , so that the positive definite Ck(x, v) , and the indefinite part 
Ck,2(x, v) scale as �2

k
 . Therefore, for 𝛼k > 0 sufficiently small, its spectral norm ‖ ⋅ ‖2 

is majorized by the spectral norm of 
∑

Ak:

This implies that �2
xx
Pi(x, v) is negative semi-definite for all i ∈ N . 	�  ◻

Appendix 5: Proof of Proposition 10

We denote the derivative of the functions �i = �ij ∶ ℝ
2
→ ℝ for i ≠ j in (2) w.r.t 

the first argument by �′
i
 . The probability Pj(x, v) is a sum of several probabilities 

PN⧵{j},C⧵{j}(x, v) . The derivative of PN⧵{j},C⧵{j} w.r.t. x is given by ( ui ∶= Ui(x))

with

This implies

with coefficients

and the sets Dk ∶=
{
C ∈ D||k ∈ C

}
 , Dc

k
∶=

{
C ∈ D||k ∉ C

}
 . Due 

to the property (3), for each C� ∈ Dc
k
 it holds C ∶= C� ∪ {k} ∈ Dk 

�xAk(x, v)(zk − x) = Ck,1(x, v) + Ck,2(x, v),

Ck,1(x, v) ∶= �k�
�
k
(uk, vk)ak(x, v)Ek(zk − x) ∶ Ek(zk − x),

Ck,2(x, v) ∶= − �k�k(uk, vk)�xak(x, v) ∶ Ek(zk − x).

‖‖‖‖‖

∑

k∈N

Ck,1(x, v) + Ck,2(x, v)
‖‖‖‖‖2

<
‖‖‖‖‖

∑

k∈N

Ak(x, v)
‖‖‖‖‖2
.

�xPN⧵{j},C⧵{j}(x, v) = �x

(
∏

i∈C⧵{j}

�i(ui, vi)
∏

i∈N⧵(C∪{j})

(1 − �i(ui, vi))

)

=
∑

k∈C,k≠j
PC,k(x, v)�x�k(uk, vk) −

∑

k∈N⧵(C∪{j})

PC,k(x, v)�x�k(uk, vk),

PC,k(x, v) ∶=
∏

i∈C⧵{k}

�i(ui, vi)
∏

i∈N⧵(C∪{k})

(1 − �i(ui, vi)).

�xPj(x, v) =
∑

C∈D

(
∑

k∈C⧵{j}

PC,k(x, v)�x�k(uk, vk) −
∑

k∈N⧵(C∪{j})

PC,k(x, v)�x�k(uk, vk)

)

=
∑

k∈N⧵{j}

ak(x, v)�x�k(uk, vk)

(38)ak(x, v) ∶=
∑

C∈Dk

PC,k(x, v) −
∑

C�∈Dc
k

PC�,k(x, v)
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and PC�,k = PC,k . This implies ak(x, v) ≥ 0 . Due to (11) we have 
�x�k(uk, vk) = ��

k
(Uk(x), vk)∇Uk(x) = ��

k
(Uk(x), vk)Ek(x)(zk − x) we arrive at

with Ak(x, v) ∶= ak(x, v)�
�
k
(Uk(x), vk)Ek(x) . Since ak, �uk�k ≥ 0 and since Ek(x) is 

positive semi-definite, it follows that Ak(x) is positive semi-definite.

Appendix 6: Proof of Proposition  12

Maximizing Si delivers the following first order condition:

Because we have individual utility functions of the form (13), (39) is equivalent to

Taking into account that the matrices Ek are positive definite, that �k,i ≥ 0 and that ∑
k∈N 𝜔k,i ≥ 𝜔i,i > 0 implies that M ∶=

∑
k∈N �k,iEk is positive and therefore invert-

ible. We hence obtain that (39) is equivalent to

For the particular choice of the weights as in (27), this equation is solely fulfilled for 
x = xi , see Corollary 11. Furthermore, ∇2Si(x) = −M is negative definite, so that xi 
is a local maximum of Si . Since Si has only one local extrema, this is also a global 
maximum.

Appendix 7: Proof of Proposition 9 (part ii)

In this subsection we derive a sufficient criterion for a special structures func-
tion to be pseudo-concave. To this end let K ⊂ ℝ

n be a compact set and 
u = (u1,… , um) ∶ K → ℝ

m a vector-valued C2-function with negative definite Hes-
sians ∇2ui . Further, let q ∶ u(K) → ℝ+ be twice continuously differentiable with 
non-negative partial derivatives �iq ≥ �i ≥ 0 . The function we want to analyze is 
w ∶= (q◦u)(uk − c) ∶ K → ℝ for a certain k ∈ {1,… ,m} and c ∈ ℝ:

The following Lemma gives us a sufficient criterion for w being pseudo-concave.

�xPj(x, v) =
∑

k∈N⧵{j}

Ak(x, v)(zk − x)

(39)∇Si(x) =
∑

k∈N

�k,i∇Uk(x) = 0.

∑

k∈N

�k,iEk(zk − x) = 0.

x = M−1
∑

k∈N

�k,iEkzk.

(40)w(x) ∶= q(u(x)) ⋅ (uk(x) − c).
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Lemma A.5  For the function w defined in (40) we assume: 

	 (i)	 uk ≥ c in K,
	 (ii)	 all partial derivatives of q are positive in u(K): 𝜕iq(y) > 0 for all y ∈ u(K),
	 (iii)	 the Hessians Hi ∶= ∇2ui(x) are uniformly negative definite, i.e. 

 for certain 𝛾i > 0,
	 (iv)	 the definiteness parameter �i in (iii) are sufficiently large, more exactly: For 

all y ∈ u(K) : 

 with d ∶= max{‖∇ui(x)‖2 ∶ x ∈ K}.
Under these assumptions, w is pseudo-concave.
Proof  We assume that for x, y ∈ K it holds for the Euklidian inner product

We have to verify that this already implies that w(x) ≥ w(y) . By Taylor expansion, 
we obtain with a certain convex combination � of x and y:

In order to express the Hessian of w, we use the shorter notations � ∶= u(�) , 
uk ∶= uk(�) , q ∶= q(u(�)) , and Hij ∶= ∇uj∇u

T
i
 . Now, the Hessian of w reads:

Now, we show that this Hessian is negative semi-definite. qHk and (uk − c)�iqHi are 
negative definite. The remaining parts (uk − c)�2

ij
qHij and 2�iqHik are indefinite, but 

are dominated by the negative definite parts due to assumption (iv):

⟨Hiv, v⟩ ≤ − �i‖v‖22 ∀v ∈ ℝ
n.

min
k=1,…,m

�k ≥ 2d2

q(y)

m∑

i=1

�iq(y)

and �i ≥ d2

�iq(y)

m∑

j=1

|�2
ij
q(y)| ∀i ∈ {1,… , n},

⟨∇w(x), x − y⟩ ≥ 0.

w(y) = w(x) + ⟨∇w(x), y − x⟩ + ⟨∇2w(�)(y − x), y − x⟩
≤ w(x) + ⟨∇2w(�)(y − x), y − x⟩.

∇2w(�) = ∇
(
∇q ⋅ (uk − c) + q∇uk

)

= ∇2q ⋅ (uk − c) + 2∇q∇uT
k
+ q∇2uk

= ∇

(
m∑

i=1

�iq∇u
T
i

)
(uk − c) + 2

m∑

i=1

�iq∇ui∇u
T
k
+ qHk

=

(
m∑

ij=1

�2
ij
qHij +

m∑

i=1

�iqHi

)
(uk − c) + 2

m∑

i=1

�iqHik + qHk



416	 M. Braack et al.

1 3

	�  ◻

Now we are able to prove part (ii) of Proposition 9. We have to show that for 
coalition voting (4) with utilities (13), and individual acceptance functions of the 
form (7) with sufficient small positive parameters �i , the functions Wi(x, ⋅) are 
pseudo-concave.

Proof  In our particular case, the functions ui are given by the util-
ity functions ui(x) = −

1

2
‖B1∕2

i
(x − zi)‖22 . The gradients are ∇ui = Bi(zi − x) , 

and the parameter d of condition (iv) in Lemma  A.5 becomes 
d = max{‖Bi(zi − x)‖2 ∶ x ∈ K} ≤ maxi ‖Bi‖2 diam (K) . The Hessians are 
Hi = −Bi , ⟨Hiv, v⟩ ∶= −‖B1∕2

i
v‖2

2
≤ −�i,min‖v‖2 , with the minimal (positive) eigen-

value �i,min of Bi , hence �i = �i,min . The function q in the case of coalition voting (4 
becomes for a fixed j (we suppress for ease of presentation the v-dependency of �j):

with partial first and second derivatives

�iq⟨Hiv, v⟩ +
m�

j=1

�2
ij
q⟨Hijv, v⟩ ≤ − �iq�i‖v‖22 +

m�

j=1

��2
ij
q��∇uT

i
v��∇uT

j
v�

≤
�
−�iq�i +

m�

j=1

�2
ij
q�‖∇ui‖2‖∇uj‖2

�
‖v‖2

2

≤
�
−�iq�i + d2

m�

j=1

��2
ij
q�
�
‖v‖2

2
≤ 0.

q⟨Hkv, v⟩ + 2

m�

i=1

�iq⟨Hikv, v⟩ ≤ − q�k‖v‖2 + 2

m�

i=1

�iq�∇uTi v��∇u
T
k
v�

≤
�
−q�k + 2d2

m�

i=1

�iq

�
‖v‖2

2
≤ 0.

(41)q(y) =
∑

C∈D

∏

i∈C⧵{j}

�i(yi)
∏

i∈N⧵(C∪{j})

(1 − �i(yi)),

�iq(y) =
∑

k∈N⧵{j}

ak(u)�i�k(uk) = ai(u)�
�
i
(ui) if i ≠ j,

�2
ii
q(y) = �iai(u)�

�
i
(ui) + ai(u)�

��
i
(ui),

�2
ik
q(y) = �kai(u)�

�
i
(ui),

1

�iq(y)

m∑

k=1

|�2
ik
q(y)| =

1

ai(u)�
�
i
(ui)

(
m∑

k=1

|�kai(u)��
i
(ui)| + ai(u)|���

i
(ui)|

)

=
1

ai(u)

m∑

k=1

|�kai(u)| +
|���

i
(ui)|

��
i
(ui)

.
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From �i(u) = (1 + exp(�i(vi − u))−1 (see eq.(7)) we get

The quotients |�kai(u)|∕ai(u) are of a very similar form and can be bounded from 
above by �k , s.t

and, hence, for all �i sufficiently small compared to �i , 
∑m

k=1
�k + �i ≤ d−2�i , the 

function w is pseudo-concave. 	�  ◻

|𝜋��
i
(ui)|

𝜋�
i
(ui)

= 𝛼i
exp(𝛼i(vi − u)) − 1

exp(𝛼i(vi − u)) + 1
< 𝛼i.

1

�iq(y)

m∑

k=1

|�2
ik
q(y)| ≤

m∑

k=1

�k + �i,
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Fig. 2   Normalized prediction error of BHZG predicting BDG decision outcome
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