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Abstract

We construct a parametric family of (modified) divide-the-dollar games: when
there is excess demand, some portion of the dollar may disappear and the remaining
portion is distributed in a bankruptcy problem. In two extremes, this game family
captures the standard divide-the-dollar game of Nash (Econometrica 21:128-140,
1953) (when the whole dollar vanishes) and the game studied in Ashlagi et al. (Math
Soc Sci 63:228-233, 2012) (when the whole dollar remains) as special cases. We
first show that in all interior members of our game family, all Nash equilibria are
inefficient under the proportional rule if there are ‘too many’ players in the game.
Moreover, in any interior member of the game family, the inefficiency increases as
the number of players increases, and the whole surplus vanishes as the number of
players goes to infinity. On the other hand, we show that any bankruptcy rule that
satisfies certain normatively appealing axioms induces a unique and efficient Nash
equilibrium in which everyone demands and receives an equal share of the dollar.
The constrained equal awards rule is one such rule.

Keywords Bankruptcy problem - Bargaining - Constrained equal awards rule -
Divide-the-dollar game - Efficiency - Equal division - Proportional rule

JEL Classification C72 - C78 - D63 - D74

1 Introduction

In a seminal article that practically started a new research agenda (later named,
the Nash program), Nash (1953) introduced the Nash demand game (ND). A par-
ticular version of the game where the bargaining frontier is linear, called the
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divide-the-dollar game (DD), has been widely used since then by researchers in
various disciplines, such as economics, political science, international relations, phi-
losophy, and biology. Despite its simplicity, it still captures the two essential char-
acteristics of bargaining situations: (i) joint interest in reaching an agreement and
(ii) conflict of interest over which agreement to reach.! In DD, all players simulta-
neously submit their demands from the dollar. If the sum of demands is less than
or equal to one, then every player receives his demand. If the sum of demands is
greater than one (i.e., the excess demand case), then in what is sometimes referred
to as the punishment clause, each player receives a zero payoff. It can be argued
that this harsh punishment prevents collective greediness in equilibrium, yet it can-
not alleviate multiplicity. In particular, DD has infinitely many Nash equilibria: any
strategy profile in which the sum of demands is one is a Nash equilibrium.

The Nash bargaining solution (see Nash 1950) proposes a unique outcome in
the equivalent axiomatic representation of the game: equal division. Various other
scholars also provided support for equal division in symmetric bargaining games
(Schelling 1960; Nydegger and Owen 1975; Roth and Malouf 1979; Young 1993;
Van Huyck et al. 1995; Skyrms 1996; Bolton 1997). If the multiplicity of equilibria
in a game is descriptive of reality, there may be no need to look for ways to superfi-
cially induce a unique equilibrium. However, in the light of all the support (includ-
ing the experimental results) provided for equal division in DD, this is probably not
one of those cases. Nash (1953) was the first one to attempt obtaining equal divi-
sion as the unique equilibrium outcome (to provide a stronger strategic support for
the Nash bargaining solution) by modifying the rules of the game. Brams and Tay-
lor (1994, p. 213) wrote that “DD treats harshly bidders whose total claim exceeds
100. Is it possible to render its payoff structure more reasonable, in some sense, and
also to induce egalitarian behavior ... as well as the egalitarian outcome ...?”” Along
these lines, many scholars changed the rules of DD in ways that mimic ‘reasonable’
arbitration or conflict-resolution mechanisms. We review the relevant literature in
Sect. 2.

In the current paper, we also focus on the punishment clause. As mentioned
above, even if the sum of demands is only marginally/negligibly greater than one,
each player receives a zero payoff in DD. We wonder about the strategic implications
of using less severe (or more reasonable) alternatives. Along those lines, we intro-
duce a parameter, « € R, into the model, which can be interpreted as the severity
or toughness of the punishment rule. When @ = 0, the whole surplus (i.e., the dollar)
is still fully distributed to the players. This is basically ‘no punishment’ for excess
demand. For finite values of a, the surplus to be distributed is less than one and the
exact value of it depends directly on the excess demand. For instance, when @ = 2, if
the sum of demands is 1.25, then a surplus of 1 — 2 X (1.25 — 1) = 0.5 would be dis-
tributed. As a approaches infinity, any excess demand leads to a complete disappear-
ance of the surplus. This gives us a one-parameter family of modified DDs, where
a = 0 corresponds to the modified DD studied in Ashlagi et al. (2012) and @ — o0

! In addition to its stand-alone usage, it also appears in more sophisticated dynamic models, such as
models of costly commitment (e.g., Ellingsen and Miettinen 2008 and Basak and Deb 2020).
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corresponds to the standard version in Nash (1953). Then, we study the Nash equi-
libria of the members of this game family with a particular focus on the efficiency
and equitability of the divisions they induce.

The fact that a positive-valued surplus will be distributed to the players when
there is excess demand requires an allocation rule to be specified. Similar to Ashlagi
et al. (2012), we acknowledge that cases in which the sum of demands is greater
than the value of the surplus can be considered as bankruptcy problems. Hence, any
well-known bankruptcy rule becomes a natural candidate for the allocation rule. In
our equilibrium analysis, we first focus on the proportional rule, arguably the most
prominent bankruptcy rule in the literature. Later, we study a family of bankruptcy
rules described by various axioms as well as another prominent bankruptcy rule sat-
isfying those axioms, namely the constrained equal awards rule.

We present our main results here in a non-technical fashion without going into
specific details. Denoting the number of players by n, we first show that if » is suffi-
ciently high, then in any interior member of our game family, there exists no effi-
cient equilibrium under the proportional rule. That is to say, the sum of demands is
greater than one in any Nash equilibrium, and as such, the surplus to be divided is
less than one. If n < a + 1, however, then there only exists a collection of efficient
equilibria in which each player demands no less than ﬁ, and if there are « + 1 play-
ers, then there is a unique Nash equilibrium where each player demands and receives
%. Comparative static analyses on « and n reveal further insights: (i) changes in «
have a non-monotonic impact on inefficiency; and (ii) given n > a + 1, the ineffi-
ciency increases as n increases, while the surplus completely vanishes as n
approaches infinity. Second, we provide three sets of sufficient conditions on the
bankruptcy rule under which certain desirable equilibrium properties are achieved:
efficiency, equitability conditional on efficiency, and efficiency and equitability.
The set of bankruptcy rules that satisfies those conditions is non-empty, as we show
that the constrained equal awards rule satisfies them all. Under this rule, we show
that there is a unique equilibrium in which each player demands and receives i in
any interior member of our game family. Hence, it is shown that the constrained
equal awards rule induces a unique equilibrium, which is efficient and equitable.

To the best of our knowledge, this is the first paper to produce inefficient equi-
libria in modified DDs (under complete information).> The proportional rule sat-
isfies various appealing normative properties and is widely used in real-life set-
tings. However, this rule does not induce any efficient equilibrium if the number
of players is too high. The existence of inefficient (or wasteful) equilibria allows
us to present a new perspective for the severe punishment rule employed in DD: if
the punishment rule cannot be changed frequently, but the number of players can
increase, then it may be safer for an efficiency-oriented authority to impose the most
severe punishment, which would guarantee the efficiency of equilibrium. On the
other hand, we also show that there are multiple benefits of using the constrained
equal awards rule: (i) unique equilibrium, (ii) efficiency, and (iii) equal division. It is

2 Leininger et al. (1989) showed the existence of inefficient equilibria in a sealed-bid bargaining game
with incomplete information.
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worth emphasizing that these benefits are all present in any interior member of our
game family and for any number of players. Accordingly, for an efficiency-oriented
authority, it may be even safer to employ the constrained equal awards rule in case
of bankruptcy, especially when the authority does not have much control on the pun-
ishment factor or the number of players.

The organization of the paper is as follows: Sect. 2 reviews the literature on DD
and its modifications that induce equal division as the unique equilibrium outcome.
Section 3 introduces the model. Section 4 presents the equilibrium and comparative
static analyses. Section 5 concludes.

2 Related literature

As we briefly mentioned above, Nash (1953) made the first attempt to single out the
equal division equilibrium in ND. More precisely, a step function determines the
feasibility of the demand vector: if the demand vector is an element of the feasible
bargaining set, then the function takes a value of one, but if not, then it takes a value
of zero no matter how close the demand vector is to the boundary of the feasible
set. In the same article, the author replaced this function by another function whose
value is one on the feasible set and drops to zero in a continuous fashion outside
of the set. He then studied the equilibrium of the perturbed game. In the limit and
under some regularity conditions, as the alternative ‘smooth’ function converges to
the original step function, he showed that the only equilibrium is the one that coin-
cides with the Nash bargaining solution of the corresponding bargaining problem.>
Later, it was Brams and Taylor (1994) who focused on DD and proposed three
modifications, in all of which the unique equilibrium turns out to be equal divi-
sion. Along similar lines, various researchers came up with different modifications
of DD that induce equal division in equilibrium. We will be brief here since the
detailed descriptions of these models can be found in other works (see, for instance,
Karagozoglu and Rachmilevitch 2018; Dizarlar and Karagézoglu 2021). Under-
standably, all of these papers modified the punishment clause or the excess demand
case.* Some of the modifications added a second (or third, and so on) stage to the
game (e.g., Brams and Taylor 1994; Bossert and Tan 1995; Dutta 2012; Cetemen
and Karagozoglu 2014; Karagézoglu and Rachmilevitch 2018; Rachmilevitch
2020b), whereas others introduced alternative allocation rules in case the sum of
demands is greater than the surplus (e.g., Brams and Taylor 1994; Anbarci 2001;
Ashlagi et al. 2012; Rachmilevitch 2017, 2020a; Dizarlar and Karagozoglu 2021).5

3 Abreu and Pearce (2015) formalized and completed Nash’s treatment of perturbation functions. Along
similar lines, Anbarci et al. (2019) provided support for the asymmetric Nash bargaining solutions as
well.

4 To the best of our knowledge, only Carlsson (1991) treated the case where the sum of demands is less
than the dollar. Using an ad-hoc surplus partition rule, the author showed that the way the remainder is
allocated can influence the equilibrium in a bargaining game where players can make errors.

5 There are also papers that modify the game in other ways, which cannot be classified together under
one title (see Andreozzi 2010; Rasmusen 2019).
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Our model is inspired by the smoothing approach of Nash (1953). In this paper
we smooth the punishment (i.e., the amount subtracted from the dollar in the
excess demand case). As in Ashlagi et al. (2012), our model resorts to the axi-
omatic literature on bankruptcy problems to modify the rules of DD in the excess
demand case. As in Kibris and Kibris (2013), who embedded the bankruptcy
problem in a strategic setting, we treat the bankruptcy rule as a model param-
eter. Along these lines, our paper shares something in common with a number
of papers in the bankruptcy games literature such as Chun (1989), Sonn (1992),
Garcia-Jurado et al. (2006), Habis and Herings (2013), Li and Ju (2016), Tsay
and Yeh (2019), and Hagiwara and Hanato (2021), as we also provide a strategic
support for the constrained equal awards rule. Finally, similar to Rachmilevitch
(2017), we construct a parametric family of games and study their equilibria. As
mentioned earlier, the family of games we construct captures the standard DD as
a special case on one extreme (completely vanishing dollar in the excess demand
case) and the modified DD studied in Ashlagi et al. (2012) on the other (com-
pletely preserved dollar in the excess demand case).

3 The model

In the divide-the-dollar game (DD), a finite set of players N = {1,2,...,n} try
to divide a finite real-valued surplus among themselves. This surplus is usually
taken as one dollar. As a strategy, every player i € N makes a claim by demand-
ing ¢; € C; = [0, 1] portion of the dollar. The set of strategy profiles (i.e., claims
vectors) is denoted by C = [[,.y C; = [0, 11"

Every player has strictly monotonic preferences over the amount he collects.
The payoff structure of the game is governed by a division rule, F : C — R’. In
DD, it is assumed that if ), ¢; < 1, then F;(c) = ¢, for every i € N, where F;(c)
denotes the amount player i receives under the strategy profile c; but if otherwise,
Fi(c) = 0 for every i € N. The latter can be interpreted as the punishment clause
in that if players’ demands are not compatible (i.e., the excess demand case), then
no player ends up with a positive payoff. It is said that an outcome is efficient if
Zien Filo) =1

The main modification we make is related to the punishment clause. In case
Yieny € > 1, instead of giving a zero payoff to each player, we treat the situation as
a bankruptcy (or claims) problem (see Ashlagi et al. 2012 for a similar treatment).
More precisely, the amount of excess demand is multiplied by a linear punishment
factor @ € [0, c0), which returns the amount of surplus that will vanish. The remain-
ing surplus is distributed in a bankruptcy problem. Naturally, in this case, F' becomes
a bankruptcy rule.

Now, we present the formal definitions of a bankruptcy problem and a bank-
ruptcy rule. In a bankruptcy problem, a finite real-valued surplus E > 0 is distrib-
uted among a finite number of agents, located in the set N = {1,2, ..., n}. The distri-
bution is based on a given claims vector, ¢, over the surplus, which contains a claim
c; € R foreveryi € N.
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Definition 3.1 (Bankruptcy problem®) A bankruptcy problem is a pair (c, E)
€ R} X R, where ¢ = (¢;);ey 18 the claims vector and E is the surplus, such that
>.en € > E. We denote the set of all such bankruptcy problems with V.

Definition 3.2 (Bankruptcy rule) A bankruptcy rule is a function that associates
with each bankruptcy problem (c, E) € ¢V an awards vector R(c, E) € R}, such that
Y.en Ri(c,E) = E and R(c,E) < ¢, for every i € N.

The proportional rule is the most commonly used bankruptcy rule (Thomson
2019, p. 22). It distributes the surplus proportionally with respect to the claims.

Definition 3.3 (Proportional rule (P)) For each (¢, E) € ¢V, and for every i € N, the
proportional rule distributes the surplus as

C:
Rmmzz’cE
ieN “i

Another prominent bankruptcy rule that we will use in our analysis is the con-
strained equal awards rule. It distributes the surplus as equally as possible, subject
to the constraint that no agent receives more than his claim.

Definition 3.4 (Constrained equal awards rule (C)) For each (c,E) € ¢V, and for
every i € N, the constrained equal awards rule distributes the surplus as

Ci(c, E) = min{4,¢,;},
where A is such that ), Ci(c, E) = E.

As we mentioned earlier, we update the punishment clause in line with the litera-
ture reviewed in Sect. 2. Our formal definition is as follows:

Definition 3.5 In the modified version of DD with n players, denoted by
DD*(n,a, R), given a strategy profile ¢ € C, if )., ¢; < 1, then every player still

gets what he claims; but if ). c; > 1, then the game evolves into a bankruptcy
problem (c, E) where the surplus

EEmaX{l —a<§vci—l>,0}

is distributed according to the bankruptcy rule R.

The interpretation is that if players make greedy claims (collectively), with their
sum exceeding one, a punishment clause is triggered such that a portion of the dollar

6 For excellent reviews of this literature, the reader is referred to Moulin (2002) and Thomson (2003,
2015, 2019).
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disappears. The remaining portion is distributed in a bankruptcy problem based on
the players’ original claims. The whole dollar can disappear, but the remaining sur-
plus is not allowed to be negative.

4 Theresults

A road map for this section is in order. After some preliminary observations, we first
study the sets of Nash equilibria for all games in our family under the proportional
rule. We also provide comparative static analyses on « and n. Later, having observed
that the proportional rule does not induce any efficient equilibrium outcome under
certain conditions, we provide sufficient conditions on the bankruptcy rule to guar-
antee efficiency and equitability. Finally, our positive results under the constrained
equal awards rule follow from our axiomatic analysis.

4.1 On the proportional rule
We start with the following observations.

Remark 4.1 When a = 0, independent of which claims are made, no portion of the
dollar disappears, so that the respective bankruptcy problem is always (c, 1). It fol-
lows that DD*(n, 0, R) corresponds to a game proposed by Ashlagi et al. (2012) for
any bankruptcy rule R. In the other extreme, as @ — oo, the respective bankruptcy
problem is always (c, 0), which implies that each player would end up with zero. It
follows that DD*(n, o0, -) corresponds to the standard DD.

The next two results immediately follow:

Proposition 4.1 (Ashlagi et al. 2012) In DD*(n,0,P), there exists a unique Nash
equilibrium in which every player demands the entire dollar and receives i The
outcome is efficient.

Proposition 4.2 (Nash 1953) For any bankruptcy rule R, any efficient division of the
dollar can be sustained as a Nash equilibrium in DD*(n, o0, R).

We start by noting that, in DD*(n, a, R), any strategy profile ¢ that satisfies for

everyi € N, a ZjeN\ 1) ¢ — 1) = L constitutes a Nash equilibrium, since any claim

is a best response for player i as it leads to the bankruptcy problem (c, 0). This is a
zero-surplus equilibrium where no player receives a positive payoff. That being said,
in the following equilibrium analyses, we concentrate on positive-surplus equilibria
where at least one player ends up with a positive payoff.
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Similar to Proposition 4.1, our first results focus on the proportional rule.
Here, we turn our attention to the interior members of our game family (i.e., when
a € (0, 00)).

Proposition 4.3 Assume that a € (0,0) and n > a + 1. Then, there does not exist
any efficient Nash equilibrium in DD*(n, a, P).

Proof Suppose, for a contradiction, that there exists an efficient Nash equilibrium.
Given that @ > 0, if the sum of claims exceeds one, some portion of the dollar disap-
pears, so that the respective outcome will be inefficient for sure. This implies that
an efficient Nash equilibrium ¢* should satisfy } .y ¢’ = 1. Consider an arbitrary
player i € N. Suppose that player i deviates from ¢ when the other players choose
c*,. It is easy to see that the deviation cannot be to some strategy ¢; < c}. Suppose
that player i deviates to ¢} + € for some € > 0. Such a deviation yields a payoff of

c:.‘+e

1+e¢

(1 - ae),

and it occurs if that payoff is greater than c;. The deviation occurs if
1= (a+ 1)ct

04

e<

That is, player i would deviate if any such e exists. Accordingly, the no-deviation
condition can be written as 1 — (a + )¢} < 0.

Now, suppose that the efficient Nash equilibrium we consider is such that ¢ = -
for every i € N. Since n > a + 1, by assumption, it follows that ¢} <= . As such
the current ¢} does not satisfy the no-deviation condition above. Th1s 1s a contradlc-
tion. For any other strategy profile that could constitute an efficient Nash equilib-
rium, there always exists a player i € N with ¢} < i < a%l, which again leads to a

=1

contradiction. Therefore, there does not exist any efficient Nash equilibrium. O

The intuition behind this result is that the proportional rule gives strong ‘free-rid-
ing’ incentives. More precisely, starting from a demand vector where the sum of
demands is equal to one, any player has an incentive to unilaterally deviate and
increase his claim, because the proportional rule is strictly claims monotonic, and
thus always favors such an upward deviation, whereas the cost from that deviation
(due to the punishment clause) is commonly shared.” Let us show this with a simple
example. Take a three-player game with @ = 1 and start with an efficient claims vec-
tor, say ¢ = (0.2,0.3,0.5). It is easy to see that if player 1 unilaterally deviates to

7 The free-riding tendency observed here is similar to the ‘cheating’ tendency observed in a model of
tacit collusion with Cournot competition: given that all the other firms stick to their quotas, a firm’s best
response is to produce more than its quota despite the fact that this will lead to an equilibrium price
lower than the monopoly price. The reason is that the gains from an increased production compensates
the losses from a decreased price.

@ Springer



(In)efficiency and equitability of equilibrium outcomes... 183

’ : 0.3 _ _ 027 I . . _
¢} = 0.3, he receives —0_3+0‘3+0-5(1 0.1) = T > 0.2. Similarly, if player 2 unilater:

ally deviates to ¢, = 0.4, he receives % > 0.3, and if player 3 unilaterally deviates

to cg = 0.6, he receives % > 0.5.

We understand that an efficient outcome cannot be sustained in equilibrium under
the proportional rule if there are too many players in the game. The following propo-
sition investigates whether the converse is possible (and if so, to what extent) when
the number of players is sufficiently small.

Proposition 4.4 Assume that a € (0,0) and n < a + 1. Then, any strategy profile
such that the sum of claims is 1 and every player demands no less than a+_1 is a Nash

equilibrium of DD*(n, a, P). There does not exist any other type of Nash equilibrium

in DD*(n, a, P). For the special case of n = a + 1, the respective game has a unique
1

Nash equilibrium, which is <£, |
Proof Consider a strategy profile ¢ € C as a candidate for a Nash equilibrium. We
know that any player would deviate to a slightly higher demand if },_, ¢; < 1.

Instead, suppose that ), ¢; > 1. This means that there is a bankruptcy problem.
Consider an arbitrary player i € N. Letting EjeN\ (i) ¢ = C, player i’s payoff can be
written as

c

(1 —a(ce;+2—1)).

c;,+¢

L

Taking the first-order condition and solving for c; yields

a+1
a

—C.

o
Il
(oY}

Since the respective second-order condition holds, this equation characterizes the
best responses of player i. Considering the best responses of all players simultane-
ously, and then solving the respective system of equations, we find that

. @=D@+1)
cC. = —
! n‘a
so that

ZC* _ n—D(a+1)
i na ' )

ieN

Now, if n = a + 1, we have Y. ¢ =1, but then this contradicts with the supposi-
tion that )., ¢; > 1. Hence, no such equilibrium exists if n = a + 1. Furthermore,
since Eq. (1) is an increasing function of n, we find that ), c¢; < 1for lower values
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of n,i.e., when n < a + 1. This also contradicts with the supposition. Hence, no such
equilibrium exists if n < a + L.

The only remaining possibility is that a Nash equilibrium is efficient, if it exists.
Accordingly, as a final case, assume that )., ¢; = 1. As we have shown in the proof
of Proposition 4.3, player i makes a deviation if 1 — (@ + 1)c; > 0. Thus, a Nash
equlhbrlum does not occur if ¢; < — for some player i € N. On the other hand, if
;> — for every i € N, we know that no player deviates. This verifies that c is a
Nash equlhbrlum under the respective conditions. Finally, assuming that n = @ + 1,
one can observe that the only strategy profile satisfying the respective conditions is
where every player demands - O

Corollary 4.1 As a — oo, the set of Nash equilibria in DD*(n, a, P) coincides with
the equilibrium set in DD (also see Proposition 4.2).

The proposition above shows that for a given number of players, as a increases,
the equilibrium inefficiency disappears as soon as @ > n — 1. This indicates that,
from a design perspective, the severity of the punishment must be above a critical
level to avoid inefficient equilibria. This is required to undermine the free-riding
incentives inherent in the way the excess demand is handled. As a matter of fact,
a social planner can directly implement equal division as the unique Nash equilib-
rium by settinga =n — 1.

In what follows, we return to the cases in which there is no efficient Nash equi-
librium and investigate the extent of inefficiency as a function of the linear pun-
ishment factor and the number of players. In that regard, we first provide a com-
plete equilibrium analysis under the assumption thatn > a + 1.

Proposition 4.5 Assume thata € (0,00) andn > a+ 1. Ifa < —— = , then there is a

unique Nash eqmllbrmm in DD*(n, a, P) in which every player demands the entire
dollar. If a > - , then there is a unique Nash equilibrium c* in DD*(n, a, P) such

that for every l = N

. (n — (e + 1)
f=—
! n2a
Proof Consider a strategy profile ¢ € C as a candidate for a Nash equilibrium. We
know that any player would deviate to a slightly higher demand if . ¢; < 1. And,
by Proposition 4.3, we also know that ) ,_, ¢; # 1. Hence, the only case to consider
is when Y,y ¢; > 1, which surely leads to a bankruptcy problem.

Consider an arbitrary player i € N. Letting .. jen\(i) € = ¢, player i’s payoff can

be written as

C:

—(1—a(c;+¢-1)).

c;+¢

As we have shown in the proof of Proposition 4.4, it can be found that
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. @m=Da+1)
= 7T

i

(@)

na

solves all the respective first-order conditions simultaneously.
Assume that a < nZn—_nl+ T Then, we have c;" > 1. This indicates a corner solution
where every player chooses to demand the highest amount possible. The unique
Nash equilibrium occurs when every player demands the entire dollar. Conversely,
assume that o > 2"_] . Then, we have ¢’ < 1. And since .., ¢’ > 1, we verify that

n*—n+1 i ieN ~i
this is a Nash equilibrium. O

As mentioned earlier, « = 0 corresponds to the model studied in Ashlagi et al.
(2012). Since 0 < ﬁ we can easily see from the proposition above that there
exists a unique equilibrium under the proportional rule. In that equilibrium, play-
ers do not behave in an egalitarian fashion (every player demands the whole dol-
lar) yet the outcome turns out to be egalitarian (every player receives an equal
share).

Using the results reported above, one can identify the extent of inefficiency,
which can be defined as the disappeared amount of surplus: a(ZieN c;— 1). Then,
the next results follow:

Corollary 4.2 In DD*(n,a, P), for a given n > 2, if a < n?n—_nl+1
inefficiency increases; whereas if otherwise, as a increases, the inefficiency
decreases, while there remains no inefficiency when a > n — 1.

, as a increases, the

nzn—_n:— T <n-— 1. Then, according to Proposition 4.5, every

player demands the entire dollar in the unique equilibrium. The inefficiency can be
calculated as a(n — 1). This value increases as « increases.

Assume that nz"__ni T <a<n-— 1. Then, according to Proposition 4.5, every player
i € N demands c; as given in (2). The inefficiency can be calculated as

Proof Assume that a <

(n—1)(a+1)—na
; .

By taking its derivative with respect to a, we see that its value decreases as a
increases.

Finally, if n — 1 < a, then an efficient equilibrium emerges, as shown in Proposi-
tion 4.4. O

Corollary 4.3 In DD*(n, a, P), for a given a € (0, o0) and starting fromn > a + 1, as
n increases, the inefficiency increases (i.e., the size of the surplus to be distributed
decreases). In fact, as n — oo, the dollar completely vanishes.

Proof As shown in the proof of Corollary 4.2, when n > a + 1, the amount of ineffi-

ciency can be calculated as a(n — 1) if @ < "=l <5 —1landas
n2—n+1
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n—-1(a+1)—na
n

3

if nZ"__n1+ T <a<n-— 1. By taking their derivatives with respect to n, we see that either
inefficiency value increases as n increases. The former result follows by the observa-
tion that the two inefficiency values are equal to each other at the critical value when

_ _n-1

T 2-n+l’

For the latter result, as n — oo, we see that the interval ( nz"__n1+ T 1) — (0, 00),
so that it includes a. In the same limit, the value of (3) approaches 1. The whole dol-
lar vanishes. O

The intuition for these results is as follows: Given the severity of punishment, as
the number of players increases, free-riding becomes more attractive since the loss
generated by an increase in a player’s demand is shared by a greater number of peo-
ple, which decreases his share of the burden. This leads to lower levels of efficiency.
Similarly, as long as a < ﬁ, an increase in the punishment does not avoid free-
riding incentives but increases the vanishing portion of the dollar. On the other
hand, if the punishment is sufficiently severe, then an increase in a leads to higher
efficiency levels due to more suppressed free-riding incentives.

4.2 Equal division as the unique equilibrium outcome

As we understood that the proportional rule does not always induce an efficient out-
come, we now investigate which bankruptcy rules guarantee that an inefficient out-
come is not observed in equilibrium and which bankruptcy rules yield an efficient
and equitable outcome in equilibrium. In that regard, we define three axioms.

The following axiom stipulates that if an initially given claims vector is replaced
by a weakly dominated claims vector, which in turn weakly dominates the initial
awards vector, then the same awards vector would still be chosen (see Thomson
2019, pp. 196-197).8

Axiom 1 (Claims decrease invariance (CDI)) Consider any bankruptcy problem,
(¢, E), and any claims vector, ¢/, such that R,(c, E) < clf < ¢, for any i € N. Then,
R(c,E) = R(c', E).

Our second axiom states that for any agent who initially receives a payoff lower
than his claim, an increase in the surplus value will lead to a strict improvement in
his payoff. It is a weakening of another well-known axiom, strict endowment mono-
tonicity (see Thomson 2019, p. 96).

Axiom 2 (Full-compensation—conditional  strict endowment monotonicity
(FCCSEM)) Consider any two bankruptcy problems, (¢, E) and (¢, E'), with E < E’.
For any i € N, if R/(c, E) < c;, then R;(c, E) < R,(c, E").

8 Stovall (2014) calls the same axiom “independence of irrelevant alternatives”.
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Finally, our third axiom is due to Herrero and Villar (2001).” It states that any
agent with a claim less than or equal to the average surplus must be paid his claim.
It is a weakening of another well-known axiom, conditional full compensation (see
Thomson 2019, pp. 76-77).

Axiom 3 (Equal-division-conditional full compensation (EDCFC)) Consider any
bankruptcy problem, (c, E). Foranyi € N, if ¢; < %, then R,(c, E) = c;.

The next proposition shows that a bankruptcy rule that satisfies Axioms 1 and 2
does not induce an inefficient Nash equilibrium. '

Proposition 4.6 Assume that a € (0,00). In DD*(n,a, R), if R satisfies CDI and
FCCSEM, then there does not exist any inefficient Nash equilibrium.

Proof Suppose, for a contradiction, that there exists an inefficient Nash equilibrium,
say ¢* € C.

If Y cvci <1, we know that any player would deviate to a slightly higher
demand. This is a contradiction. Instead, assume that ZieN c;" > 1. Since a > 0,
we know that some portion of the dollar disappeared. Let the remaining por-
tion be denoted by E. There exists some player i € N with R,(c*, E) < ¢i. We can
show that there is a profitable deviation downward for that player. To prove this
claim, consider an alternative strategy c, = ¢ — ¢ for a sufficiently small & > 0.

Note that R(c*,E) < ¢, < c;. Let ¢/ = (c/,c* ). Since R satisfies CDI, given that
R(c*,E) < clf < ¢, for any i € N, we have R(c*,E) = R(c’, E). Now, if a deviation
to ¢ occurs, then a smaller amount of dollar disappears. The new endowment would
be E' = E + ae. Moreover, since R,(c*,E) = Ri(c’,E) and R;(c*,E) < c;, we have

R,(c',E) < c/. And given that R satisfies FCCSEM, we have R;(c’,E) < R,(c/,E').
These imply that R(c*, E) < R;(c/,E'), so that a deviation to ¢} is indeed profit-
able. This is a contradiction. Therefore, there is no inefficient Nash equilibrium. O

The next proposition shows that if the employed bankruptcy rule satisfies
Axiom 3, then among all efficient divisions, only one of them is a Nash equilibrium.

. . . S .o (1 1
there exists a unique efficient Nash equilibrium, which is ~ )

Proposition 4.7 Assume that « € (0, ). In DD*(n, a, R), if R satiss‘?es EDCFC, then

° The authors introduce the axiom under the name of “exemption”. We use the name given in Thomson
(2019).

10" As it can be seen from our proof, one needs to find a profitable deviation from any inefficient strategy
profile to prove such a result. Since CDI is only concerned with payoff invariance, it cannot be sufficient
to find an increase in payoff after an individual deviation. From this perspective, FCCSEM could be suffi-
cient for the claimed result, however since P satisfies FCCSEM but not CDI (see Stovall 2014; Thomson
2019), and since it is shown in this paper that an inefficient Nash equilibrium is possible under that rule,
we can conclude that FCCSEM is also not sufficient for this result.
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Proof Consider any strategy profile ¢ € C, such that },_, c; =1, but ¢; < i for

some player i € N. We can show that player i deviates to c; = ¢; + ¢ for a sufficiently
small € > 0. To prove this claim, note that player i directly receives c; in this strategy
profile, since a bankruptcy does not occur. However, after a deviation to c; the game
evolves into the bankruptcy problem ( (cl’ ,c_;),E')where E' = 1 — ae. We find that

l—ae FE
=c+e< =—,
n n
which is equivalent to
1 —nc;
£ .
n+a

This inequality holds since ¢; < l and ¢ is sufficiently small. The fact that R satis-

fies EDCFC implies R, ( (c ) E’ ) = ¢!. Finally, since ¢/ > ¢;, we conclude that a
deviation to ¢/ is profitable.

To complete the proof, consider the strategy profile ¢* € C such that ¢/ = = L for
any i € N. There is no profitable unilateral deviation from this strategy proﬁle This
is because the corresponding deviation analysis follows similarly, as above. How-
ever, in the current case, it is impossible to find a sufficiently small € > 0, because
since ¢ = i, it turns out that 1 —ncf =0 and £ < 0. Given that nobody deviates

from c¢*, we conclude that ¢* is a Nash equilibrium. As a matter of fact, it is the only
efficient Nash equilibrium. O

The next result is straightforward.

Corollary 4.4 Assume that a € (0, ). In DD*(n, a, R), if R satisfies CDI, FCCSEM,
1

and EDCFC, then there exists a unique Nash equilibrium, which is <i, e )

In Proposition 4.8 below, we show that there exists at least one bankruptcy rule
that satisfies the three axioms we presented earlier. In fact, this is another well-
known bankruptcy rule from the existing literature: the constrained equal awards
rule.!!12

Proposition 4.8 The constrained equal awards rule satisfies CDI, FCCSEM, and
EDCFC.

' The converse result does not hold, since another bankruptcy rule that satisfies all three axioms can be
constructed. As an example, consider a rule that operates as follows: In any given bankruptcy problem
(c, E), let i* € N be the agent who has the maximum claim among all agents i € N with ¢; < E The
rule awards c; to any agent i € N with ¢; < ¢;» and awards c;. to any agent j with ¢; > c;.. If there is some
excess surplus then it is given to the latter type of agents by using a weighted gdms rule (as in Moulin
2000).

12 The reader is referred to the Appendix for the independence of these axioms.
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Proof First, we note that Stovall (2014) proved that the constrained equal awards
rule satisfies CDI. Second, for FCCSEM, we can refer to Thomson (2019) for the
claimed result. Finally, for EDCFC, this is another result from the literature (see
Herrero and Villar 2001). O

From Corollary 4.4 and Proposition 4.8, it directly follows that under the con-
strained equal awards rule, in any interior member of our game family, there is a
unique Nash equilibrium, where both the equilibrium behavior (i.e., demands)
and the equilibrium outcome (i.e., division) are egalitarian. Clearly, such an out-
come is also efficient. The intuition for this result is related to the fact that the con-
strained equal awards rule does not give any incentive to players to increase their
demands when every player has a claim greater than equal to - ; given the ex1stence
of a punishment, it actually gives an incentive to players with demands over * to
lower their demands toward L. It is this incentive scheme inherent in the constrained
equal awards rule that prevents free-riding and the inefficiency resulting from such
behavior.

5 Conclusion

Three things inspired the current work: (i) disproportionate punishment embed-
ded in DD, (ii) the multiplicity of equilibria in DD and the various types of sup-
port provided for the equal division equilibrium, and (iii) Nash (1953)’s smoothing
approach. We constructed a parametric family of modified DDs. The parameter that
defines this family can be interpreted as the severity of punishment in the case of
excess demand.

First, for all interior members of our game family, we show that all Nash equilib-
ria are inefficient under the proportional rule if the number of players is sufficiently
high. The comparative static analyses reveal economically intuitive results: (i) start-
ing from an already inefficient equilibrium, as the number of players increases, free-
riding incentives become stronger (e.g., costs are shared with more people), and as
a result, the equilibrium inefficiency increases; (ii) as the number of players goes to
infinity, the whole dollar vanishes; and (iii) for a given number of players, it is pos-
sible to avoid inefficiency in equilibrium by increasing the toughness of the punish-
ment. The last result can be interpreted as a support for the seemingly disproportion-
ate punishment clause, which has been subject to criticism. More precisely, if the
rules of the game are not easy to change but the number of players may increase,
it may be on the safe side for the authority to impose the toughest possible punish-
ment, which will surely induce an efficient equilibrium no matter what the num-
ber of players is. To our knowledge, ours is the first model to produce inefficient
equilibria in a modified DD framework. It is the existence of such equilibria that
allows us to reinterpret the disproportionate punishment in DD and to provide a new
efficiency-oriented perspective.
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It is also interesting to observe the changes in the nature of equilibria under the
proportional rule for different values of @: (i) when a = 0, there is a unique and effi-
cient Nash equilibrium, where each player demands the whole dollar and receives i,
(i1) for intermediate values of «, there is a critical value for a below which all equi-
libria are inefficient, and (iii) as @ — oo, there are infinitely many Nash equilibria,
all of which are efficient.

Second, we provide a sufficient condition (i.e., CDI + FCCSEM) on the bank-
ruptcy rule to avoid inefficiency in equilibrium for all interior members of our game
family and for any number of players. Later, we also provide a sufficient condition
(i.e., CDI + FCCSEM + EDCFC) on the bankruptcy rule to induce a unique Nash
equilibrium, where each player demands and receives % (i.e., equal division). The
good news is that such a set of bankruptcy rules is non-empty, as we show that the
constrained equal awards rule satisfies all three axioms. Accordingly, given that the
constrained equal awards rule induces a unique Nash equilibrium for any interior
member of our game family, which is efficient and equitable, it can be argued that an
authority who wants to guarantee efficiency and equal division without being con-
cerned about the number of players and/or policy adjustments on the punishment
factor should prefer the constrained equal awards rule to other alternatives.

Appendix

This Appendix shows that, in Corollary 4.4, none of our axioms is implied by the
other two axioms.

o A rule that satisfies CDI and EDCFC, but not FCCSEM: Let R be a weighted
gains rule for some vector of positive weights, w = (wl, ,wn) (see Moulin 2000).

As such, for any bankruptcy problem (c, E), we have Rl-(c, E) = min{Aw,, ¢;} for
every i € N where Ais such that },_y R,(c,E) = E
The rule R satisfies CDI, because any agent i € N with R,(c, E) < ¢; collects an

award of Aw;. After a decrease in his claim to some c > Ri(c,E), it can be seen
that min{ Aw; cl} = Aw,, so that his award does not change The rule R also satisfies
FCCSEM, because any increase in the endowment amount increases A, so that all
unsatisfied agents become better-off.

However, R does not satisfy EDCFC for the weights vector w = (1,2, 3,4). For
that, consider an example with N = {1,2,3,4}, ¢ = (20,40, 60, 80), and E = 100.

Then, A is found to be 10, so that the awards vector is R(c, E) = (10, 20, 30, 40). But

now, although ¢; =20 <25 = == = =, we have R, (c,E) = 10 < c,.

o A rule that satisfies CDI and EDCFC but not FCCSEM: Let R be defined as
follows. In any given bankruptcy problem (c, E), let i* € N be the agent who has
the maximum claim among all agents i € N with c; £ The rule R awards c; to any
agent i € N with ¢; < ¢, and awards c;. to any agent j with ¢; > c;.. If there is some
excess surplus, then it is given to the remaining agents lex1cograph1ca]1y following
an order of their index numbers. That is, the remaining surplus is given to agent 1
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until his award reaches his claim; if there is still some excess surplus, it is given to
agent 2 until his award reaches his claim; and so on.

The rule R satisfies CDI, because any agent i € N with R,(c,E) < c; needs to
have ¢; > c;., so that after he collects c;., the rest of his award was given accord-
ing to his index number. Given that he is unsatisfied, a decrease in his claim to
some cl’. > R/(c, E) cannot change his award. The rule R also satisfies EDCFC, by
definition.

However, R does not satisfy FCCSEM. For that, consider an example with
N ={1,2,3,4}, c = (10,60, 20,90), and E = 100. Then, from the first part of the
rule definition, we know that i* = 3, so that agents collect (10, 20, 20, 20) at first.
The excess surplus is 30. It cannot be given to agent 1 since he is already fully com-
pensated. It is then given to agent 2, and since there is no surplus left, the process
stops here. We find that R(c, E) = (10, 50, 20, 20). Now, if we increase the surplus to
E’ = 103, following similar steps, we can find R(c, E') = (10, 55,20, 20). But then,

although R,(c, E) < c,, we have R,(c,E') = R,(c, E).

o A rule that satisfies FCCSEM and EDCFC, but not CDI: Let R be defined as
follows. In any given bankruptcy problem (c, E), let i € N be the agent who has
the maximum claim among all agents i € N with ¢; £ The rule R awards c; to any
agent i € N with ¢; < ¢, and awards c;. to any agent J with ¢; > ¢;.. If there is some
excess surplus, then it is given to the latter type of agents by using the proportional
rule.

The rule R satisfies FCCSEM, because any agent i € N with R;(c, E) < c; needs
to have ¢; > c;., so that after he collects c;., the rest of his award was given using
the proportional rule, and it is known that P satisfies strict endowment monotonicty
(see Thomson 2019), which implies FCCSEM. The rule R also satisfies EDCFC, by
definition.

However, R does not satisfy CDI. For that, consider an example with
N ={1,2,3,4}, c = (10,60, 20,90), and E = 100. Then, from the first part of the
rule definition, we know that i* = 3, so that agents collect (10, 20, 20, 20) at first.
The excess surplus is 30, which is then divided between agents 2 and 4 using the
proportional rule. Given their claims, they additionally get the 2/5th and 3/5th of that
excess surplus, respectively. As such, we find that R(c, E) = (10,32, 20, 38). Now, if

we decrease agent 4’s claim to cg = 60, we can find R(¢/, E) = (10, 35,20, 35), so
that the awards vector changes following an allowed decrease in claims.
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