Int J Game Theory (2005) 33: 551-562

DOI: 10.1007/500182-005-0217-5 el of

Journal of

ory

® Springer Verlag 2005

A dynamic approach to the Shapley value based
on associated games

Yan-An Hwang, Jie-Hau Li and Yaw-Hwa Hsiao

Department of Applied Mathematics, National Dong Hwa University, Hualien, Taiwan

Received: 26 July 2005
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1. Introduction

Roughly speaking there are two approaches to cooperative games. A solution
concept can be given axiomatic justification. Alternatively, dynamic processes
can be defined that lead the players to that solution, starting from an arbi-
trary Pareto-optimal payoff vector. The foundation of a dynamic theory was
laid by Stearns (1968). He defined transfer schemes which, starting from an
arbitrary Pareto-optimal payoff vector, produce a resulting payoff that always
converges to bargaining sets. A continuous analogue was developed by Billera
(1972). In his paper, he extended the notion of transfer sequence and, relying
heavily on Stearns’ methods, proved the necessary convergence results.
Hart and Mas-Colell (1989) introduced a notion of consistency and used it
to axiomatize the Shapley value. Maschler and Owen (1989) successfully
adopted the reduced game used by Hart and Mas-Colell to provide a dynamic
process leading to the Shapley value for the class of hyperplane games. On the
other hand, Hamiache (2001) introduced the notion of associated game and
gave a new characterization for the Shapley value. The axioms are inessential
game, associated consistency and continuity, but the central one is a consis-
tency notion that is defined in terms of his associated game. Naturally, as the
important role of reduced game played in both the characterization of, and

The authors are very grateful to William Thomson and two anonymous referees for valuable
comments which much improve the paper. They provide better statements and proofs of several
major results than the original ones.


Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 439.37 666.142 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice


552 Y.-A. Hwang et al.

dynamic process leading, to the Shapley value, one would like to find a
dynamic process leading to the Shapley value that is based on associated
games. The aim of this paper is to do so.

The paper is organized as follows: The definitions and notations are given
in section 2. In section 3, we describe the dynamic process and prove that it
converges to the Shapley value. The same process also applies to any solution
satisfying /G and CONT. The discussion is in section 4.

2. Definitions and Notations

Let U be a non-empty and finite set of players. A coalition is a non-empty subset
of U. A coalitional game with transferable utility (TU game) is a pair (N, v)
where N is a coalition and v is a mapping such that v : 2¥ —Rand v(()) = 0. We
denote by G the set of all games. The notation S C Tand S C 7 mean that Sisa
proper subset of 7" and S is a subset of 7, respectively. We use the lowercase
letter to denote the number of elements of a set if no confusion arises.

Definition 1. A game (N, v) is inessential if for each coalition S C N,

o(S) =D o({j}).

jes

Definition 2. A solution on G is a function ¢ which associates with each game
(N,v) € G an element ¢(N,v) of RY.

Definition 3. The Shapley value 1 is the solution on G which associates with
each game (N,v) and each player j € N the value

s— Dl(n—s)!

fv0) = S5y s () (1)
The value f;(N,v) can be interpreted as the expectation of the marginal
contribution of j to coalition S, j € §.

Shapley (1953) introduced the Shapley value, and several axiomatic
characterizations of this value were given by Shapley (1953), Young (1985)
and Hart and Mas-Colell (1989). In 2001, Hamiache presented a consistency
axiom to characterize it. His axiom, called associated consistency, is defined
in terms of the notion of an “‘associated game”.

Definition 4. (Hamiache, 2001) For each game (N, v) in G, the associated game
is the game denoted (N, vzH), whose characteristic function v} ; is defined by
0 ifS=10
vh () = ) . AN 2
9 ={ )+ IS e so(S UL = 0(8) = ({7} 0w @
An interpretation of this game is as follows: Let us assume, as in Myerson
(1977), that a communication structure exists, that allows bilateral meetings
between players. Using this device the proposed associated game is a modifi-

cation of Hamiache (1999), which was justified by a double assumption,
a myopic vision of the environment and a “‘divide and rule” behavior of
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coalitions. The myopia assumption is that a coalition S ignores the links be-
tween players in N \ S. As a consequence, coalition S considers itself at the
center of a star-like graph, which is equivalent to saying that S considers the
players in N\ S as isolated elements. Following the “‘divide and rule”
behavior, coalition S may believe that the appropriation of at least a part of
the surplus [0(S U {j}) — v(S) — v({j})], generated by its cooperation with each
one of the isolated players j € N \ S, is within reach. Thus coalition S may
evaluate its own new worth, v} ,(S), as the sum of its worth in the original
game, v(S), and of a given percentage 4,0 < A < 1, of all the possible previous
surpluses.!

Hamiache used the following three axioms to characterize the Shapley
value.

Axiom 1. Inessential Game (IG): For each inessential game (N, v),
oj(N,v) =v({j}) VjeEN.
Axiom 2. Associated Consistency (4C): For each game (N, v),

0j(N,v) =0;(N,v;,) Vj€EN.

Axiom 3. Continuity (CONT): For each convergent sequence { (N, v;)};-, the
limit of which is game (N, ), we have

lim ;(N,v¢) = 0;(N,0) VjeEN.

k—o0

Theorem 1. (Hamiache, 2001) The Shapley value is the unique solution on G
satisfying 1G, AC for 0 < A < %, and CONT.

3. A Dynamic Approach to the Shapley Value

Let (N,v) be a game in G. The preimputation set of (N,v) is

X(N,v) ={xeR": > en¥; =v(N)}. In this section, we give a dynamic
process that leads the players to the Shapley value, starting from an arbitrary
point x in X(N,v).

Let (N,v) be a game. For each A € R and each preimputation x € X (N, v),
we define the associated game (N, v} ) as well as the m-fold associated game
(N, v3%) 1nduct1vely by vg'” f= (vjf;)jx, where o) = vand v}’ = v} itself is
given by v} ((Z)) =0 and "’

05 (S) =0(S) + 2 ) [(SU{j}) — v(S) —x,],¥S C N, S # 0, ie., 3)
JEN\S
v (8) =1~ (n—s)ﬂv(S)—&-ZZ Su{j}h /IZx, 4)
JEN\S JEN\S

'We may imagine that there is an arbitrator to determine the value of /.
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Note that Hamiache’s associated game is obtained by replacing the payoff x;
by the individual worth v({/}),/ € N.

In view of the alternative description (4) of the associated game, we arrive
at the following general representation of the m-fold associated game (N, v77).
For each coalition S C N, there exist certain coefficients a’,(f) and b,, such

that

= E a, (Ho(T) + E by (5)
TcN keEN\S
SCT

The following two lemmata concern the determination of the (m + 1)-fold
associated game (N, v A"i“ ). We can simplify the notation of the coefficients
as well in equatlon (5) that they do not depend on coalitions nor players, but
merely on sizes of coalitions.

Lemma 1. Concerning the representation (5) of the m-fold associated game
(N, v3%), the coefficients a,,(t) and by, satisfy the following recursive relationships:

b1 = [1 — Alby, — 2 where by = 0 (6)
@y 11(s) = [1 = (n = 5)Aa,, (s) where ay(s) = 1 (7)
@, () =[1—(n—s)d,t) + (t — s)2a(¢) for each s <t < n. (8)

Proof: Let S C N. On the one hand, by applying formula (5) to m + 1, we
have

m+1 Zam+1 (T) + Z b1 X

TCN k N\S
SCT M\

On the other hand, some combinatorial calculations yield the following chain
of equalities:

m+1)x %\ *
vEl‘er ) (S) = (Ul,x)/l‘x(S)

=[1= (=)W S)+4 > (WFSU{jh) =2 Y x; (by (4))

JEN\S JEN\S

=[1-(n-s)4 Za (T)+ Z buxi | (by (5))

STEVT keN\S
HAY LY @ uM)+ D bax| =AY
JEN\S TEN keN\(SU{,j}) keN\S
Su{j}cr

= [1 = (n—s)Aa, (s)o(S)

1= (=) Y a,OuT) +4 Yy | > a (0)e(T)

TCN iEN\S TCN
scr JENS | suirer
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+[1=(m—s)4 mexk—&—/lz Z bmxk—/IZxk

keN\S JEN\S keN\(SU{,}) keN\S

=[1=(n—s)A]a,(s)v(S)

+ 30 (1= (1= 9)20a (0 + (e = s)aa ()] o(T)

TCN

scr
+ 3 [[1 — (1= 8)A)by + [(n—5—1)A]by, fi]xk.
keN\S
The comparison of the coefficients obtained by following the two approaches
yields the three recursive relationships (6)—(8). |

Lemma 2. Concerning the representation (5) of the m-fold associated game
(N, v}"%), the coefficients a,(t) and b,, satisfy the following recursive relation-

ships:

n—1
n—1-s\ |
Bt bmi;< o )am(t) where by = 0 (9)
a1 () = [1 = (n = s)a,(s) where ay(s) =1 (10)

ay (1) =[1 = (n—t)Ma,,(t) + (t — 5)a),(t — 1) foreachs <t <n. (11)

Proof: Let S C N. On the one hand, by applying formula (5) to m + 1, we
have

mH ZamH v(T) + Z b 1%k

TCN k N\S
SCT EN\

On the other hand, some combinatorial calculations yield the following chain
of equalities:

1) N
o N(S) = (07,)1(S)

=>"a, (0 (T)+ Y buxi (by (5)

= keN\S

—Za [1—(n—1)A —G—XZ (TUu{j}) lej
STE}" JEN\T JEN\T
+ Z bxi

keN\S

=Y [l = (n=0)ay(O(T) + 2y _a, () Y o(TU{j})
= B e
—/lZa‘;q(t) Z xj+ Z DX

reN /EN\T keEN\S
$er JEN\ EN\
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= (1= (n— ) Aa,()(T) + 2> _(t —s)a,(t — u(T)

TCN TCN
SCT ScT

_2 Z [” (n—l—s> () | xi + Z bxic
keN\S | t=s kEN\S
= [1 = (n = )2, (s)o(S)
+ 37 (1= (1= 0Aa (0) + (¢ = )ty (e = 1)]o(T)

TCN

scr
n—1
n—1-s\
+ Z lbm_iz< t—s )am(t)]xk'
kEN\S t=s
The comparison of the coefficients obtained by following the two approaches
yields the three recursive relationships (9)—(11). |

It is important to notice that (11) agrees with (8) if and only if the so-called
triangle equality holds, namely a () + aS,(t — 1) = a5/ (¢) for each 1 < s < 1.
By (10), it follows immediately that af(s) = [1 — (n — s)4]" for each s > 1.
Now we claim that these triangle equalities determine the formula (12)
mentioned below concerning the term a,(¢), t > s, provided that the special
term &, (s) is known for each s > 1, where a,(s) = [1 —(n—s)A".

For instance, these trlangle equalities 1mply bothal (s +1) =as (s +1)—
as(s) as well as & (s+2)=a(s+2)—a (s +1) = sz(s +2)—
2a5H (s + 1)+ a,(s). Formdlly, we have the followmg lemma:

Lemma 3.

k

a, (s+k)= Z(fl)kfd <z)afn+d(s+d)f0reach 0<k<n-—s,eachm>1.
d=0

(12)

Proof: The proof proceeds by induction on the number k, £ > 0. The case
k =0 reduces to the trivial equality a,(s) = af,(s), whereas the case k =1
reduces to the triangle equality a,(s+ 1) = aY“(s +1) —a,(s). The case
k > 1, the triangle equality and the induction hypothesis yield the following:

a (s+k)=a(s+k)—a(s+k—1)

k 1- d( d1>ain+l+d(s+1+d)

k— 1
:0
k—1

-3 1)"“‘”’("0,1) (s +d)

d=0

k—1
:afn+k(s+k)+2(—l)ke(k 1>a5+8(s+e)

e—1
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k—1
it 40+ a0 + L (§ar o,
e=1

where the latter equality is due to the fact that (k;1)+(1;:})
(1;) foreach 1 <e<k-—1.

Lemma 4.

(i) The solution of the recursive formula (6) by = [(1 — )b, — A is given by
by = (1 —=2)" =1 for each m > 1, where by = 0.

(ii)  The solution of the recursive formula (12) da(s+k)=
ZS:O(—I)kf‘Z(Z)afjd(s +d) is given by

S (s = _pe(k —AMn—s—d)]"
a0 =Y ()= - ) (13)

for each 0 <k <n-—s, eachm> 1, where af)(s) =1.

Proof: To prove (i), a recursive calculation yields
by =(1 = Dby — A
=(1 =1 = Dbpy—2—A -1
=(1 = )by — A(1 = 2) = 4

m—1
—(1 = 2)"by— S A(1 = 2
P

Il
o

m—1

1—(1=2)"
1-(1-2

== (== 2"
=(1- A" —1.

To prove (ii), a recursive calculation yields
k
_afk
a(s+k)=> (-1 d(d>af;d(s+d)

[1 = (n—s —d)Aay (s +d) (by (10))

(¢
— Ek:(_l)k*d (2) [1— (n—s—d)ifa (s + d) (by (10))
(2
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Lemma 5. Concerning the representation (5) of the m—fold associated game
(N, UT;), the coefficients a (t) and by, satisfy the following convergence results:

(i) For each 0 < 2 <1, the sequence {by}, _,={(1 —2)" — 1}, converges
to —1.

(ii) Let 0 < A < 2. For each s < t < n, the sequence {a,(t)},"_, converges to
0, while the sequence {a,(n)}~_, converges to I for each 1 <s < n.

(iii) Let 0 < A <24, the sequence of m-fold associated games {(N, vjl'f;)}fnozo
converges to the limit game (N, vx) given by 0x(s) = >_;csx; for each S C N,
S # 0.

Proof: (i) Clearly, for each 0 < A < 1, the sequence {b,,},._, converges to —1.

(ii) Let 2 > 0 and fix a coalition size s > 1. In view of formula (13) concerning
a,(s+k), 0 <k <n—s, it suffices to study the behavior of the funda-
mental expression 1 — (n —s — d)A for each 0 < d < k. On the one hdnd
we have 1 — (n—s—d)A>1— (n—1)A> —1, provided 0 < 2 <-2;. On
the other hand, it always holds 1 — (n — s — d)4 < 1, whereas the equahty
holds if and only if n —s—d =0 (provided 0 <d < k). That is, the
equality holds if and only if £ =n —s occurs, in which case the sum
expression (13) incorporates a unitary term.

(iii) Let S C N, S # 0. For sufficiently large m, it follows from the represen-
tation (5) of the m—fold associated game (N, UT;) and the convergence
results of (i)—(ii), that the approximation

”:ni(S) =a, Z by -x; =0v(N Z ij holds.

JEN\S JEN\S JES
|

Now, we introduce a dynamic process converging to the Shapley value,
f(N,v). We define a dynamic sequence {x"}>° ; with x’ = x and
=" [F(N Y — F VL), form > 1.

P UAX I TAX

This dynamic sequence is like a reappraised process that leads the players
to the Shapley value, f(N,v), starting from an arbitrary point x € X (N, v).
We may imagine that there is an arbitrator and that each player in N
obeys the suggestion of the arbitrator. The arbitrator uses a fair rule
leading the players to a reasonable allocation. In the m-th step of this
dynamic process, there is a reference game (N, v7}%). The player thinks that
he plays the game (N,v}%) and payoff is allocated according to the allo-
cation rule f. Since the total payoff is fixed and if player j gets a greater
payoff in the game (N,v};) than in the game (N 0" (e

’YAx

SN, U > fi(N pim= )) the arbitrator will suggest a reduction in his

7 TAX ) Ax
payoff equal to [f;(N,v}) — f;(N, v(m D )] in the new allocation x™. On the
other hand, if f](N,v’A”j;) < fJ(N,vﬁ'; ])*), the arbitrator will suggest the
)= i

(m—1)x

amount of [f;(N,v; fi(N,v7%)] in the new allocation x™. When
fINVT) =f(N = ), the dynamic process stops. In Theorem 2 , we

P UAX

show that the sequence {x™}° , converges to the Shapley value, f(N,v).
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Theorem 2. Let (N,v) € G, then for each x in X(N,v), the dynamic sequence
{xmyoe  with x° = x and

X = V) — SN )
converges to the Shapley value, f(N,v) provided that 0 < 1 < -%;

Proof: Given x € X(N, v) and the dynamic sequence

W= [N o) = F(NL ] m>
Using recursion, we have

v — m—1 + [f(N Ugnj:l)*) _f(NaUT;)]
=[N0 ) = SN )]
=" [FN, o) = SN )

=x"+ [f(N, o)) = (N, 0}3)]
=x + [f(N,v) = f(N,0]})].

By (iii) of Lemma 5, and f satisfies IG and CONT, lim,—.o f(N,v]}) =
f(N, ) = x. Hence,

lim x" = hm {x+ [f(N,0) = f(N, 7)1}

=x+ V(N7U) _f(vax)}

=x+ [f(N,v) — x|

=f(N,v). |

Note that the convergence of the sequence {x"}, , of payoff vectors

towards the Shapley value f(N,v) is equivalent to the convergence of the
sequence {f (N, vj’;)}m _o of the solutions towards the initial preimputation x.
The latter convergence applies as soon as the Shapley value satisfies IG and
CONT. Hence for each solution ¢ satisfying IG and CONT, we obtain
immediately the following result.

Corollary 1. Let (N,v) € G, then for each x in X(N,v), the dynamic sequence
{xmy> oy with x° = x and

W = x" g [o(N, o) — a(N, ) ,m>1

P UAX I UAX
converges to a(N,v) provided that 0 < /. < - 1 and the solution ¢ satisfies IG
and CONT.

4. Discussion

In this article, we have founded a dynamic approach to the Shapley value or
any solution satisfying IG and CONT, based on a modified version of
Hamiache’s notion of an associated game. Although the associated consis-
tency property is a superfluous tool in the dynamic approach to solutions, it is
still important for axiomatizations of the solution.
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Moulin (1985) characterized the equal allocation of nonseparable cost
(EANYS) by essentially the same set of axioms as Hart and Mas-Colell (1989)
used to characterize the Shapley value. The only difference is in the reduced
games they used to define consistency. The different definitions help under-
stand the difference among these solution concepts. One would like to know
whether there exist different definitions of the associated game to help
understand the difference among these solution concepts. We will modify the
definition of Hamiache’s associated game to do so. The modified version of an
associated game is as follows:

Definition 5. Let (N,v) be a game in G and ¢(N,v) be a solution on G, the
associated game (N, v} ) with respect to ¢ is defined by

? A0

. 0 LifS=0 14
v;.6(8) = 0(8) + 2 jems[(SU{j}) —o(S) —a;(N,v)]  ,0.w.. (14)

Note that Hamiache’s associated game arises by replacing the payoff ¢;(N, v)
by the individual worth v({;}),j € N.
We first introduce the definition of EANS and two axioms AC and PO.

Definition 6. The EANS is a solution on G which associates with each game
(N,v) and each player j in N the value,

¢;(N,v) =o(N) = v(N\ {j})

+% o(N) = > [o(N) = o(N \ {k})]] (15)
keN
= [oV) + D v\ {k})] =N\ {/}). (16)
keN

The term v(N) — v(N \ {/}) and the term v(N) — >, .y [v(N) — o(N \ {k})] are
the “separable cost” and the ““‘nonseparable cost”, respectively. One can think
of many methods to allocate the nonseparable cost. The EANS proposes that
all players should share it equally.

Axiom 4. Associated Consistency (AC): For each game (N,v) and its asso-
ciated game (N, v} ;) with respect to o,

Q/(N,U):GJ(N V3 ) V]GN

»Yie

Axiom 5. Pareto Optimality (PO): For each game (N, v),

Zaj(N,v) = v(N).

We are ready to show that the EANS satisfies IG, CONT, PO and AC.

Lemma 6. The EANS satisfies IG, CONT, PO, and AC.
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Proof: ltis easy to verify that the EANS satisfies the IG, CONT and PO. We
will show that it satisfies AC. By the definition of the associated game,
v; » = v+ Aw where the game (N, w) is defined as follows:

w(S) = Y [o(SU{j}) — uo(S) = ¢;(N,v)] for SCN, S #0.
je](f\S
Since (N, v} ;) = ¢(N,v) + A¢(N,w), we only need to prove that
¢;(N,w) =0 for each j € N.
Thus, for each j € N, by equation (16)

B, (N, w) = [wV) + ST wV (kD) | = wiV \ )

h keN

:—Z ) = o(N\{k}) = d(N, )]

kEN
~ o) — oV \ (7)) — 6,0, 0)]
= o(N) 5 ST oV 1K)~ 3 (Vo)
keN keN

= u(N) +v(N\ {/j}) + &;(N,v)
:_72 (N\{k}) +o(N\ {1

keN
__Z{_ )+ZU(N\{1'})] —v(N\{k})}
keN ieN
+% o(N) +Zv(N\{k})] —o(N\ {j})
keN

eN
1
722 (VAA}) nZU(N\{k})
€N ieN keN
=0.
[ |
We tried to characterize the EANS by means of the following axioms: IG,
CONT, PO, and AC. However, there are at least two solutions satisfying
these axioms. One is the EANS, and the other is the solution ¢, where

(V) — o\ (7)) N

@i(N,v) =9 HoWN) = 2yenoN) —o(N\{ED]}ifj=1

v(N) = v(N\ {j}) Afj# 1,
where N = {1,2,- - -,n}.

It is easy to verify that ¢ satisfies IG, CONT, PO, and AC, so we omit it.
We propose to characterize the EANS in terms of IG, CONT, PO, AC and
some other axiom(s) in a subsequent paper. Note that Hwang (2005) also
characterized the EANS in terms of IG, CONT, PO, and another slightly
adapted notion of associated consistency.
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