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Abstract. We characterize the position value for arbitrary communication
situations. The two properties involved in the characterization are component
efficiency, which is standard, and balanced link contributions, which is in the
same spirit as balanced contributions. Since the Myerson value can be
characterized by component efficiency and balanced contributions a com-
parison between the two allocation rules based on characterizing properties
can be made.
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1. Introduction

The study of cooperative games with restricted cooperation possibilities is
well documented. The first to model restricted cooperation by means of an
undirected graph was Myerson (1977). He introduced communication situa-
tions, which consist of a cooperative game and an undirected graph. The
vertices in the graph correspond to the players in the cooperative game and
the edges between the players correspond to bilateral communication possi-
bilities. For these situations, Myerson (1977) introduced and characterized an
allocation rule, the so-called Myerson value. Later on, alternative charac-
terizations, some valid on restricted sets of communication situations only,
were given in Myerson (1980) and Borm et al. (1992).

* The author thanks Anne van den Nouweland, two anonymous referees, an associate editor and
the editor for useful suggestions and comments.
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The main contribution of Meessen (1988) and Borm et al. (1992) was the
introduction of an alternative rule for communication situations. This rule is
called the position value. Borm et al. (1992) provided a characterization of
this rule for communication situations with trees as the underlying graphs
only. They concluded by stating the open problem how to characterize the
position value for the class of all communication situations. As far as we
know, no satisfactory answer to this question has been given so far. We
remark that Slikker (2005) proved that for reward communication situations,
there exist a unique /ink potential and a unique player potential, where reward
communication situations can be seen as a superset of the set of communi-
cation situations. The marginal contributions of the players to these poten-
tials correspond to the position value and the Myerson value, respectively.
This is in the same spirit as the potential for the Shapley value of Mas-Colell
(1989), who remarked (Remark 2.5) that the existence of a unique potential
can be seen as a new characterization. This would contradict the statement we
just made. Though useful, e.g., for proving results for general classes of
games, we feel that the existence of a unique potential does not seem to be
generally accepted as a (solid) characterization. Finally, for the sake of
completeness, we remark that the potential of Slikker (2005) can be restricted
to communication situations only, thereby perhaps losing some of its original
appeal.

Yet another rule for communication situations has been introduced by
Hamiache (1999). This rule is defined as the only rule satisfying five prop-
erties. The driving force behind this value is a consistency property. As
compared to several other consistency properties, this one does not consider
reduced games but so-called associated games. For details we refer to
Hamiache (1999). Some deficiencies in this paper are pointed out and
addressed by Bilbao et al. (2005).

The main contribution of this paper is a characterization of the position
value for arbitrary communication situations. The two properties involved in
this characterization are component efficiency and balanced link contributions.
Component efficiency states that the profit obtained by a component
(a maximal set of connected players) should be divided among its members.
This property is standard in the earlier characterizations of the position value
and the Myerson value. Balanced link contributions deals with the payoff
difference a player experiences if another player breaks one of his links. The
benefit a player contributes to another player is defined as the sum of these
differences over the links of the first player. Balanced link contributions states
that the contribution of a player to the payoff of another player equals the
reverse contribution. This property is in the same spirit as balanced contri-
butions, which in conjunction with component efficiency characterizes the
Myerson value (See Myerson (1980)). This allows for a solid comparison
between the values based on underlying properties.

The recent literature on communication situations or, more generally, on
networks in cooperative situations increasingly concentrates on network
formation. Slikker and van den Nouweland (2001) provided a recent review
of both the cooperative, axiomatic approaches to allocation rules and of the
formation issues.

The setup of the remainder of this paper is as follows. In Section 2 we
introduce notation and definitions. This section contains the formal
descriptions of the position value and the Myerson value. Our main result, a
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characterization of the position value, can be found in Section 3. We conclude
in Section 4 with a comparison of the position value and the Myerson value
based on characterizing properties.

2 Preliminaries

In this section we present notation and definitions.

A TU-game (a cooperative game with transferable utilities) is a pair (N, v),
where N = {1,...,n} denotes the set of players and v : 2¥ — R with v(0)) =0
the characteristic function. A game (N, v) is zero-normalized if v({i}) = 0 for
alli € N. For a coalition S C N, v|s denotes the restriction of v to the player
set S, i.e., vjg(T) = v(T) for each coalition T C S. The pair (S, v|s) is a game
with player set S.

Let N be a set of players and let R € 2V\{(}. The unanimity game (N, ug) is
the game defined by ug(S) = 1 if R C S and ug(S) = 0 otherwise (see Shapley
(1953)). Every game (N,v) can be written as a linear combination of una-
nimity games in a unique way, i.e., v = >z v\ () 4r(v)ur. The Shapley value
Sh of a game (N, v) is now easily described by

)vR(U)
R|

Shi(N,v) = for all i e N'.

RCN: icR

A (communication) graph is a pair (N,L) where the vertices in N represent
players and edges in L C LV = {{i,j} | {i,j} C N, i # j} represent bilateral
(communication) links. Two players i and j are directly connected if
{i,j} € L. Two players i and j are connected (directly or indirectly) if i = j
or there exists a path between players i and J, i.e., there exists a sequence of
players (iy,i2,...,i;) such that iy =i, i, =j, and {i, ixs1} €L for all
ke {l,2,...,t—1}. The notion of connectedness induces a partition of the
player set into communication components, two players being in the same
communication component if they are connected. The set of communication
components of (N, L) is denoted by N/L. Furthermore, denote the subgraph
on the vertices in coalition S CN by (S,L(S)), where L(S) = {{i,j} € L|
{i,j} €S}, and the partition of S into communication components
according to graph (S,L(S)) by S/L. Finally, for all L C LY and all i € N, let

L,:{leL.iel} (1)

be the set of links in (N, L) player i belongs to.

Myerson (1977) studied communication situations (N, v, L) where (N,v) is a
TU-game and (N, L) a communication graph.?> An allocation rule on a class D
of communication situations is a function ¢ that assigns a payoff vector
o(N,v,L) € RN to all (N,v,L) € D. Myerson (1977) introduced the graph-
restricted game (N,vt), where

' |R| denotes the cardinality of set R.

2Hamiache (1999) refers to a communication situation as a game with communication structure.
We stick to the name that is used in most of the literature.
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v(8) = > v(C) forall S C N.
CeS/L

So, a coalition is split into communication components and the value of this
coalition in the graph-restricted game is then defined as the sum of the values
of the communication components in the original game. The Shapley value of
the game (N, ") is usually referred to as the Myerson value of the commu-
nication situation (N,v,L), i.e.,

u(N,v,L) = Sh(N, "),

An alternative rule for communication situations, the position value, is
introduced by Meessen (1988) and Borm et al. (1992). Let (N,v,L) be a
communication situation. For the game (N,v), let the associated /ink game
(LM, 7") be defined by

#(4) =Y o(C) forall 4 C L".
CeN/A

This link game can be seen as a TU-game in which the players can be iden-
tified with pairs of players in the original game. Hence, the link game can be
written as a unique linear combination of unanimity games, i.e.,

P = Z 2a(r)uy.

A g LN

The restriction of (LY, 7Y) to L can be described similarly, i.e.,

Ho=Y da(rus.
ACL

We refer to the pair (N, rj;) as the restricted link game associated with com-
munication situation (N, v, L). Borm et al. (1992) referred to the restricted link
game as the arc game and defined it directly. We chose a two-stage intro-
duction, which shows immediately that for all 4 C LY coefficient
A (rfL) = 24(r") does not depend on L D A. This facilitates comparing payoffs
for two communication situations that differ in the underlying graph only.

The position value attributes to each player in a communication situation
(N,v,L) half of the value of each link he is involved in, where the value of a
link is defined as the payoff the Shapley value attributes to this link in the
associated restricted link game (L,rj;). Formally, the position value m of
communication situation (N,v,L) with (N, v) zero-normalized is defined by

m;(N,v,L) = Z%Sh,(L,r‘”L) forallie N. (2)
leL;

Throughout this work we restrict ourselves to communication situations with
a zero-normalized underlying TU-game.?

3For communication situations with arbitrary (N, v), the position value of a player is defined as
the sum of his individual value and his position value of the communication situation with the
zero-normalization of (N,v) as the underlying game. Our results hold for this more general
setting, but would require additional notation, which would only distract from the main result.



A characterization of the position value 509
3. The characterization

In this section we prove the main result of this paper, a characterization of the
position value for communication situations. As compared to earlier char-
acterizations, no condition on the underlying graph is required.

Consider the following properties for a rule ¢ defined on a class of
communication situations D. The first property is standard and dates back to
Myerson (1977).

Component efficiency (CE): For all (N,v,L) € D and all C € N/L,

Z(pi(N7UaL) :U(C) (3)

ieC

The second property deals with the gains players contribute to each other.
The total contribution of a player to the payoff of another player is defined
as the sum over all links of the first player of the payoff difference the second
player experiences if such a link is broken. It states that the total contribution
of a player to the payoff of another player is equal to the reverse total con-
tribution.

Balanced link contributions (BLC): For all (N,v,L) € D and all i,j € N,

> [0V 0.L) = (V0. LD = 3 [0,V .L) = 9,(N 0, 11D

leL; leL;
4)

Before we prove that the position value satisfies these two properties, we
provide an alternative description of the position value. Recall from Section 2
that the link game (LV,7") associated with a game (N, v) can be written as a
unique linear combination of unanimity games, i.c.,

= Z Aa(ruy.

AQLN

The position value of communication situation (N,v,L) can now be
described in terms of the unanimity coefficients of the associated (restricted)
link game (cf. Slikker (2005)), since for all i € N,

(N, v, L) ZzSh;Lr|L Z;Z

leL; lel; ~ ACL: le4

ZQAA

ACL

o (5)

where the second equality follows by the description of the Shapley value in
Section 2. Using this expression, we can easily show the following lemma.

Lemma 3.1. The position value satisfies component efficiency and balanced
link contributions.

Proof: Component efficiency is proven by Borm et al. (1992). To prove bal-
anced link contributions, let (N,v,L) be a communication situation and let
i,j € N be two distinct players. Then
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Z [m(N,v,L) fm(N,v,L\{l})} :%Z [ZAA(FU) ||i:|| _ Z Ja(r) ||,j14,||

IeL, leL; [ ACL ACI\{1}

:lz Z au () |4

I€L; ACL: I€A

_1 v |Al|

ACL

_1 v |Al||AJ|
_ZZ)LA(V) |A|

=3 [nj(N,v,L) fn,-(N,v,L\{l})],

leL;

where the first equality follows by definition, the second to fourth equalities
by rearranging terms, and the last equality follows by the same arguments as
for the first four equalities (note that the expression after the fourth equality
sign is symmetric in 7 and j). |

The following example illustrates the lemma. Additionally, it shows that
the Myerson value and the value of Hamiache do not satisfy balanced link
contributions.

Example 3.1. Consider the communication situation (N,v,L) with
N ={1,2,3}, v =uyg 5, and L = {{1,2},{1,3},{2,3}} (see also Borm et al.
(1992)).

Let a = {1,3}, b = {2,3}, and ¢ = {1,2}. Then
#(4) = {(1) if 4 € {0,{a}, {0} };

otherwise.

The payoffs for several (sub-)graphs according to the position value () are
given in Table 1. For example, the payoffs for (sub-)graph (N, {{1,3},
{2,3}}) are determined in two steps. First, the links a = {1,3} and » = {2,3}
are both attributed a value equal to % according to the Shapley value of the
game ({a,b}, 7}, ;) (Note that both @ and b are needed to connect players 1
and 2, i.e., r‘”{a‘b}': Ugqpy)- Subsequently, player 1 gets half of the value of a,

player 2 half of the value of b, and finally, player 3 gets half of the value of a
and half of the value of 5. Hence, the payoffs to the players are (3,%,3).

Consider the complete graph (N, L). Then, the total contribution of player
1 to player 2 equals (5 — ) + (5 — 1) = 5, by breaking the link with player 2
and that with player 3, respectively. Obviously, the reverse contribution is the
same since players 1 and 2 are symmetric.

The total contribution of player 1 to player 3 equals
-1+ (£ —0)=—2. by breaking the link with player 2 and that with
player 3, respectively. The reverse contribution of player 3 to player 1 equals
(S—D+ (G- =—35as well.

This illustrates that according to the position value the summations of
contributions of links are balanced indeed.
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Table 1. Position values, Myerson values and Hamiache values for several graphs

graph 4 (N, v, 4) BN, v, A) Ham(N, v, A)
{1,251, 3 (3:3.0) (3:3.0) (3:3.0)
tt, 2, {2, 33} ::3.0) (.4.0) 3.4,0)
{{1’2}’ {2’ 3}} (lill’%) (is’%vls) (117%7%)
L (F513%) 33,0 4,5,0)

The payoffs according to the Myerson value (1) and the Hamiache value
(Ham) can be found in Table 1 as well. We remark that both values have the
property that for a communication situation with a complete underlying
graph the payoffs correspond to the Shapley value of the underlying game.
The payoffs according to the Hamiache value can be computed using
Lemma 1, Theorem 2, and Table 1 of Hamiache (1999).

Consider the complete graph (N, L). According to the Myerson value the
total contribution of player 1 to player 3 equals —{+0 = —1 while the
reverse contribution equals 0 + 0 = 0. According to the value of Hamiache
these contributions are —%+ 0= —% and 0+ 0 = 0. We conclude that the
total link contributions need not be balanced according to the Myerson value
or the Hamiache value. ¢

We will use lemma 3.1 in the following theorem.

Theorem 3.1. The position value is the unique allocation rule on the domain of
all communication situations that satisfies component efficiency and balanced
link contributions.

Proof: Lemma 3.1 states that the position value satisfies CE and BLC.
Conversely, suppose ¢ satisfies CE and BLC. We show that ¢ = n. The proof
is by induction on |L|.

First note that for all (N, v, L) with |L| = 0 it follows directly that ¢ and =
coincide, since the two rules satisfy CE.

Secondly, let £ > 1 and suppose that ¢ and = coincide for all (N, v, L) with
|IL| <k—1. Let (N,v,L) be such that |L| = k. We will show that for all
CeN/LandallieC ¢,(N,v,L) =m(N,v,L). This equality follows directly
from CE if |C| =1. Let C € N/L with |C| > 2. Without loss of generality
denote C = {1,2,...,c}. By BLC and CE, we have the following system of
equalities,*

ILaly (L) = [Liloa(L) = Y @1 (L\{1}) = Y oo (L\{1});

l€Ly lely

ILeloy(L) = |Liloo(L) = Y or(L\{1}) = > 0 (L\{1});

leL, lel,

> @iL) = v(C).

ieC

4We suppress N and v and write, for example, ¢(L) instead of @(N,v,L).
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The first ¢ — 1 equalities come from BLC applied to pairs {1,;} for all
J€{2,...,c}. Note that since [C| > 2and j € Cforall j e {l,...,c},|L;| > 1
for all j € {1,...,c}. The last equality comes from CE.

By the induction hypothesis it follows that the system above is equivalent
to

Loy (L) = |Li|pa(L) = D mi(L\{1}) = > ma(L\{1});

lelr lely

Leloi(L) = Ll (L) = Y mi(I\{1}) = > me(L\{1});

leL, lely

> oilL) = v(O).

icC
It is a straightforward exercise to show that this is a regular system in ¢
variables, ¢,(L), ..., ®.(L). Consequently, it has a unique solution. Since the
position value satisfies BLC and CE, (n;(L),...,n.(L)) is a solution, and,
hence, it is the unique solution.

We conclude that ¢(N,v,L) = n(N,v,L) for all (N,v,L) with |[L| =4k. W

4. Discussion

Theorem 3.1 provides a characterization of the position value for arbitrary
communication situations. This is in line with the work of Borm et al.
(1992), in which characterizations are provided in case the underlying
graph is a tree. Furthermore, on the same restricted class, they provided a
similar characterization for the Myerson value. The two characterizations
share three properties. The first two are component efficiency, already
encountered, and additivity, which states that the sum of the payoffs to a
player in two communication situations with the same underlying graph
equals the payoff this player receives in the communication situation with
the same graph, but with the sum of the two original games as the
underlying game. Thirdly, both characterizations involve superfluous link
property, which states that deleting a link that is a zero player in the
associated restricted link game should not influence the eventual payoffs.
Additionally, the characterization of the position value uses link anonymity,
which states that if the value of a set of links in the restricted link game
depends on the number of links only and not on their identities, then the
payoffs to a player should be proportional to the number of links he is
involved in. On the other hand, in the characterization of the Myerson
value, point anonymity is used. Point anonymity states that if the value of a
coalition in the graph-restricted game depends on the number of non-
isolated players in this coalition only and not on their identities, then all
non-isolated players should get the the same payoff. On the set of
communication situations with a tree as underlying graph, the difference
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between the position value and the Myerson value can be traced to the
difference between link anonymity and point anonymity.’

The characterization in this paper clears the way for a comparison
between the position value and the Myerson value on the class of all com-
munication situations. The characterization of the Myerson value that comes
closest to the characterization in this paper is one that can be traced back to
Myerson (1980). The two properties involved are component efficiency and
balanced contributions. We define this latest property for a rule ¢ defined on a
class of communication situations D:

Balanced contributions (BC): For all (N,v,L) € D and all i,j € N,

(Pi(Na U7L) - (pl(Nava\Ll) = (pj(vaaL) - (pj(vavL\Ll)

The difference between the position value and the Myerson value comes down
to a difference in measuring contributions. For the Myerson value, this
contribution is measured by the payoff difference a player experiences if all
the links of the other player are removed. For the position value, this con-
tribution is measured by the sum of the payoff differences a player experiences
if one of the links of the other player is removed.

By rewriting the contribution for the Myerson value, the two properties
can be compared on an even more detailed level. Let (N, v,L) be a commu-
nication situation and let 7, j € N. Write L; = {/,,...,[;}. Then

0N, 0, L) = 0N, v, L\Ly) = (9N, 0.L) = 0N, 0, L\ (1))
+ (0N, 0. L\{1}) = 9.V, 0. L\ {11, 12}))
o (N o Iy L))
— @iV, o, 11,3, 1) )

Hence, both the contribution for the position value and the one for the
Myerson value can be seen as the sum of the payoff differences a player can
inflict on another player by breaking one of his links. However, when
breaking these links one-by-one, for the position value a broken link should
be restored before breaking the next one, whereas this link should not be
restored for the Myerson value.

Concluding, we stress that besides the fact that the characterization of the
position value is interesting in itself, it provides us with the opportunity to
make a solid comparison between characterizing properties of the position
value and of the Myerson value on the class of all communication situations.

We end this discussion with a remark on the domain of the character-
ization. In this paper we characterized the position value on the domain of all
communication situations. A careful analysis of the proof of the main result
shows that one could restrict the analysis to smaller domains as well. The
crucial requirement on the domain D is that for any (N,v,L) € D and any
ACL, (N,v,A) € D. For example, let (N, v') be an arbitrary TU-game. Then

SBorm et al. (1992) refer to superfluous link property, link anonymity, and point anonymity as
superfluous arc property, degree property, and communication ability property, respectively. Our
terminology is in line with Slikker and van den Nouweland (2001).
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the proof still goes through on the domain of all communication situations
that have (N,v') as the underlying TU-game, i.e., on the domain
D' = {(N,v,L) | L C L"}. As another example one could consider the same
domain as the original characterization of Borm et al.(1992), i.e., the domain
of all communication situations with a tree as the underlying communication
graph.
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