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Abstract This article proposes the k -generalized distribution as a descriptive model
for the distribution and dispersion of income within a population based on the deformed
exponential and logarithm functions recently introduced by Kaniadakis (Phys A
296:405-425, 2001; Phys Rev E 66:056125, 2002; Phys Rev E 72:036108, 2005).
Expressions are reported which facilitate the analysis of the associated moments and
various tools for the measurement of inequality. An empirical application, including
a comparison of alternative distributions, is made to household income data in Italy
for the years 1989 to 2006.
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1 Introduction

Fitting a parametric model to income data can be a valuable and informative tool for
the distributional analysis. Not only one can summarize the information contained in
thousands of observations, but also useful information can be drawn directly from the
estimated parameters. For example, one could be interested in measuring income
inequality, comparing different distributions or elaborating income redistribution
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policies: these concepts may sometimes be directly derived from the parameters of a
fitted distribution.

The symmetric bell-shaped curve that describes the Gaussian distribution is inap-
propriate for describing most income distributions because they tend to be skewed
with a peak in the lower-middle income range and to have a long right-hand tail. To
capture these features, a large number of functional forms other than the Gaussian
one have been suggested.! According to Dagum (1977), the different approaches can
be grouped into three categories. One approach consists in viewing the functional
form describing an income distribution as the outcome of a stochastic process [e.g.
the lognormal model in Gibrat (1931) and the Pareto distribution in Champernowne,
(1953)]. Another approach derives flexible analytical forms by considering solely their
ability to ensure a satisfactory fit to empirical data [e.g. the gamma density of Salem
and Mount (1974)]. Finally, models are also derived from differential equations spec-
ified to capture regularity features of observed income distributions [e.g. the models
proposed by Singh and Maddala (1976) and Dagum (1977)].

The functional forms most frequently used in applied work are the two-parame-
ter Pareto, lognormal and gamma distributions. The Pareto distribution (e.g. Arnold
1983) accurately models high levels of income, but does a poor job in describing
the lower end of the distribution. If one considers the entire range of income, the
fit is better for the lognormal, but the performance of the model in the upper end
is far from being satisfactory (Aitchison and Brown 1954, 1957). In terms of good-
ness-of-fit, the gamma distribution outperforms the lognormal at the two tails of the
distribution (McDonald and Ransom 1979), even though in the middle income range it
overcorrects for the positive skewness of the data (Majumder and Chakravarty 1990).
Better fits are obtained using three- or four-parameter models [e.g. the Singh-Maddala,
Dagum and the generalized beta II distribution of McDonald (1984) and its associates]
that deserve further attention for their ability to characterize cyclical movements in
the observed income distribution (Metcalf 1972).

In this article, we introduce an additional three-parameter distribution that is a
generalization of the Weibull distribution by exploiting recent developments on the
use of deformed exponential and logarithm functions as relationships that are more
flexible than the standard ones to build statistical models [see e.g. Rajaonarison et al.
(2005) and Rajaonarison (2008) for an application to the context of choice model-
ing]. The focus is on the x-deformed exponential and logarithm functions proposed
by Kaniadakis (2001, 2002, 2005) and defined as

1
exp, (x) = (vl + k2x2 +KX)K , x€R, (1a)

x—x

Ine (x) = “55~, x eRy, (1b)

which reduce to the standard exponential and logarithm, respectively, as the defor-
mation parameter k approaches zero. The above functions have many very inter-
esting properties, some being identical to the ones of the undeformed functions; for

I See e.g. the comprehensive monograph by Kleiber and Kotz (2003).
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applications to statistical analysis of income distribution, the most interesting property
is their power-law asymptotic behavior

:t*l
exp, (x ~ | 2kx|T K,
K ( )x ioo| |

Ing (x) ~ _ L
T s0r 2k
1
~ Lk
In, (x) 03 |K|x

Formally, the distribution presented here can be obtained by maximizing accord-
ing to Jaynes (1957a,b) maximum entropy principle the Shannon (1948) information
measure

SE—/f(x)lnf(x)dx (2)
0

under the natural constraint that normalizes the density,

[o¢]

/f(X)dx =1, 3

0

and the three characterizing moments

/lnxf(x)dlenﬂ—é|:y+¢(%)+ln(2fc)+fci|, (4a)
0

B 20
/ln 1+K2(£) ]f(x)dx=2K—1ﬂ(1+i)+1/f(l+i), (4b)
B 4x 2 4k
0
e 20 o
0/111 14«2 (%) —K(%) f(x)dx
:/sinh_l |:—K (%) :|f(x)dx =k, (4¢)
0

where the latter reproduces the deformation parameter «. We show in Appendix A that
the solution to the variational problem (2—4) is given by what we call the k-generalized
distribution
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Virtually, all income distributions can be derived from the maximum entropy prin-
ciple.2 For example, Ord et al. (1981) and Leipnik (1990) pointed out that several
well-known distributions, such as Pareto, lognormal, gamma, Singh-Maddala and
generalized beta II, might be selected if one uses a criterion of maximum entropy.
Nonetheless, most of the densities used in the literature are characterized by just two
moment functions that take care of lower, middle and upper income levels at the same
time. As it will become clear later in this article, these two moment functions are not
enough to extract all the relevant information from the data, whereas adding one more
moment function to the maximum entropy problem makes the specification under
consideration more consistent with the amount of information (or uncertainty) present
in the data, while achieving almost identical goodness-of-fit.

The rest of this article is organized as follows: in Sect. 2, we derive the basic statis-
tical properties of the new distribution and give formulas for the shape, moments and
standard tools for inequality measurement. In Sect. 3, an empirical application is made
to personal income data for Italian households from 1989 to 2006: first, an attempt is
made to determine how well the proposed statistical distribution fits the income data;
second, the fit is checked against the performance of other existing distributions. A
summary of the article is given in Sect. 4.

2 The k-generalized distribution
2.1 Definitions and basic properties

A random variable X is said to have a x-generalized distribution, and we write X ~
k-gen (o, B, k), if it has a probability density function given by (5). Its cumulative
distribution function can be expressed as

F(x;a,B,6) =1—exp[—(x/B)]. (6)

Figure 1 illustrates the effects on the shape of the distribution of different values of
the parameters.

The exponent « quantifies the curvature (shape) of the distribution, which is less
(more) pronounced for lower (higher) values of the parameter. The constant 8 is a
characteristic scale, since its value determines the scale of the probability distribution:
if B is small, then the distribution will be more concentrated around the mode; if § is
large, then it will be more spread out. Finally, the parameter k measures the heaviness
of the right tail: the larger (smaller) its magnitude, the fatter (thinner) the tail.

2 See e.g. Kapur (1989) for a comprehensive account.
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Fig. 1 «-generalized densities (left) and log—log complementary distributions (right) for some different
values of the parameters

As k — 0, the distribution tends to the Weibull distribution; it can be easily verified

that

a—1
lim f (x; 0, Buk) = % (%) exp [~ (x/B)°] (7a)
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and
1in%)F (x;a,B,6) =1 —exp [— (x/,B)“] . (7b)

Since the exponential distribution is a special case of the Weibull with shape parame-
ter equal to 1, one directly determines that for «k — 0 and o = 1, the exponential law
is also a special limiting case.’

For x — O™, the distribution behaves similarly to the Weibull model (7), whereas

for large x it approaches a Pareto distribution with scale (2/()*% and shape ¢, i.e.

1%
@[]
f(.x,()l, ﬂ7K)x_;:_OO x%-{-]
and
B (2) "
Floa B ~ 1— |22 2
xX—>+00 X

thus satisfying the weak Pareto law (Mandelbrot 1960).*
Equation 6 implies that the quantile function is available in closed form

1
F—l(u;a,ﬁ,/c)zﬂ[ln,((liu)}a, 0O<u<l, 8)

an attractive feature for the derivation of Lorenz-ordering results and simulation pur-
poses (see Sect.2.3). From (8), we easily determine that the median of the distribution
is

Xmed = B lIn, )15 .

3 The Weibull distribution was used only sporadically as an income distribution. Some quite recent applica-
tions can be found in Bartels (1977), Espinguet and Terraza (1983), McDonald (1984), Atoda et al. (1988),
Bordley et al. (1996), Brachmann et al. (1996) and Tachibanaki et al. (1997).

xf(x)

4 Further generalizations of the Pareto law were introduced by Kakwani (1980), limy— 400 17 o =%

and Esteban (1986), limy_— 400 [1 + xj]["é/(\);)] = —a. Since we have

f e, B

K

s

X e fe) =% and  lim 1+
x—>+too 1 = F(x;a, k) & T

xf/ (x;a, B, K)] o

the distribution also obeys these alternative versions of the weak Pareto law.
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The mode occurs at

€1
2

42 (02 — K?) (o — 1?2 .

[0 + 22 (@ — D]

1
o+ 2 (@ —1) |
xl’]‘lOde:ﬂ 2 2 2
2K (a —K)

if « > 1; otherwise, the distribution is zero-modal with a pole at the origin.

2.2 Moments and related statistics

The rth-order moment about the origin of the k-generalized distribution equals

/_Oor A _ ar —LF(1+§)F(%_£)
ur—O/xﬂx,a,ﬁ,x)dx—ﬂ QTR ETE O

where I" () denotes the gamma function, and exists for —o¢ < r < % Specifically,
't = m is the mean of the distribution and

0,2 =M'2—m2

K
1428 T (5 +,

()

v 1425 r(ﬁ+5) -
)
(L d)

It is also possible to define the standardized measures of skewness and kurtosis,

respectively, given by
w's — 3 am + 2m3

" = M3 _
=53 o3
and
' —6u 2 _ 3 4
o e —4usm —6p/am? = 3m
)/2 - 0_4 - 0_4 ’
where 1, = 37 (;) (=D w';m" =/ is the moment about the mean.
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2.3 Lorenz curve and inequality measures

Since the quantile function of the x-generalized distribution is available in closed
form, its normalized integral, the Lorenz (1905) curve

u

L(u):%/F‘l(t)dt, u €0, 1],

0

can be expressed analytically (Gastwirth 1971). Therefore, we have

=

2r

2k 2«

1.1 | 1
+Bx(%—ﬁ+1,é)], (10)

where By (-, -) is the incomplete beta function with X = (1 — u)%. Clearly, the curve
exists if and only if ¥ > 1. Given two «-generalized distributions X and X, the fol-
lowing theorem gives the parameter constellations for which their Lorenz curves do
not intersect, and we have X| <y X», i.e. when the Lorenz curve of X lies nowhere
below that of X» (in symbols: Ly, (#) > Ly, (u),forallu € [0, 1]), and consequently
X1 exhibits less inequality than X5 in the Lorenz sense:

Theorem 1 Let X; ~ k-gen (o, Bi, ki), i = 1,2, be k-generalized distributions.
Then,
)

a
X <L Xo<—:a; >ay and —12—. (11
Kl — K2

Proof See Appendix B. O

Figure 2 provides an illustration of (11), showing that the less unequal distribution (in
the Lorenz sense) always exhibits lighter tails.

According to the results of Sect. 2.2, several measures of inequality can be consid-
ered. In particular, the Gini (1914) coefficient can be derived using the representation
in terms of order statistics G = 1 — m ™! fooo [1— F (x)]*dx due to
Arnold and Laguna (1977); this yields

oo 20T (=) T o +50) 12
2t w T (g4 50) T — )

5 Within three-parameter families, the Lorenz-ordering has been settled by Taillie (1981) and Wilfling
(1996b) for the generalized gamma distribution, and by Wilfling and Krdamer (1993) and Kleiber (1996) for
the most popular Singh-Maddala and Dagum type I distributions, respectively. Both these distributions are
special cases of McDonald (1984) four-parameter generalized beta II distribution. For this family, Wilfling
(1996a) was able to derive a necessary and also a sufficient condition.
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Fig. 2 Tails a and Lorenz curves b for two k-generalized distributions. As shown by the dotted line, the
Lorenz curves intersect if the parameters are not chosen according to Theorem 1

Furthermore, the generalized entropy class of inequality measures (Cowell 1980a,b;
Shorrocks 1980; Cowell and Kuga 1981a,b) is given by

1 B\ [ )y e T (- £) )
GE(G)_QZ_Q{(Z) [1+§KF(2L+%)F(1+5) 1}, 60,1

(13)

Equation 13 defines a class because the index G E (0) assumes different forms depend-
ing on the value assigned to 6. In applied work, two limiting cases of (13) are of
particular interest for inequality measurement: the mean logarithmic deviation index

MLD:elin})GEK(@)—l[V-FI/f( : )+ln(2/<)—a1n(fl)+'<] (14)

where y = — (1) is the Euler—-Mascheroni constant and ¥ (z) = I'/ (z) /T (z) is the
digamma function, and the Theil (1967) index

T =limg1 GEc 0) = L[ (1+ 1) = 3w (s = &) = 3w (& + &) — I 20)

+aln (£) - 2 ). (15)

Expression for each index other than for the cases (14) and (15) can be derived by
straightforward substitution. In particular, the Atkinson (1970) class of inequality
indices can be easily computed from (13) by exploiting the relationship [e.g. Cowell
(1995)]

A =1—[e(e—1)GE(l —e)+ 1T, (16)

@ Springer



568 F. Clementi et al.

where e =1 —60, € > 0and € # 1, is the inequality aversion parameter. The limiting
form of (16) ase€ — 11is

A(l)=1—exp(—MLD).

3 Empirical results

The proposed statistical distribution has been fitted to Italian household incomes for
the years 1989 to 2006. The source of data is the Annual database of the Bank of Italy
“Survey on Household Income and Wealth” (SHIW), including nine biennial waves of
data on around 8,000 households (the survey for 1997 was shifted to 1998).% Income
in the SHIW is recorded net of payments of taxes and social security contributions.
It is the sum of four main components: compensation of employees, pensions and
net transfers, net income from self-employment, property income (including income
from buildings and income from financial assets). We have omitted from the analysis
observations with zero or negative values for income’ and converted, when necessary,
to euros (i.e. for the period 1989-2000). Furthermore, incomes have been equival-
ized for differences in household size® and weighted by using appropriate sampling
weights provided by the Bank of Italy. Finally, we have deflated all figures so as to
obtain distributions of “real” income. To do so, we have employed the consumer price
index deflator (yearly series based on year 2000) reported by the OECD.?

Table 1 contains several summary statistics of the distribution of Italian household
income for the period considered.

According to the SHIW evidence, the fall in household incomes caused by the reces-
sion of the early 1990s continued for some time. In 1995, real mean income was still
around 3% below its 1991 level. It then rose in each of the following years, reaching
about the same level of 1989 only in 2002. As displayed in Fig. 3a, the pattern of evo-
lution of Gini and Theil coefficients over the sample period indicates that the negative
business cycle led to a sharp rise in inequality between 1991 and 1993, followed by a
substantial stability in the following years, save for a temporary increase in 1998 and

6 The SHIW data are publicly available online at http://www.bancaditalia.it/statistiche/indcamp/bilfait.
For the main features of the SHIW, its sample design, interviewing procedures and response rates, see
Brandolini (1999).

7 The possibility that even a few incomes may be nonpositive raises some issues of principle for inequality
measurement. For example, many of the standard inequality measures are simply undefined for negative
incomes and some of these measures will not work even for zero incomes [see e.g. Amiel et al. (1996)].
For these reasons, we adopt here the common practice in the formal literature on income inequality and
measurement of taking only positive values for income.

8 In this article, the “modified OECD” equivalence scale has been used. This scale allocates points to each
person in a household by taking the first adult as having a weight of 1 point, whereas each additional person
who is 14 years or older is allocated 0.5 points, and each child under the age of 14 is allocated 0.3 points.
Equivalized household income is derived by dividing total household income by a factor equal to the sum
of the equivalence points allocated to the household members. The modified OECD scale enjoys a wide
degree of acceptance. Since the late 1990s, it has been adopted as a standard by Eurostat for all statistics
on income and living conditions, by replacing the old OECD scale. Unlike the old scale, the modified one
gives less weight to any additional household member, allowing for higher economies of scale.

9 Available at http://www.sourceoecd.org.
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Fig. 3 Inequality a and the k-generalized distribution b across years

2004. Looking at the quintile income shares, we observe that the households in the top
quintile hold about two-fifths of the total income, while the two-fifths of households
with the lowest income (i.e. the bottom 40%) receive about one-fifth of the overall
income. The share of the total income received by the bottom 20% of households is
just about 7% over the whole period. In particular, the evolution of the income share
of top 20% seems to have driven the inequality in income distribution: after rising to a
peak in 1998, the income share of top quintile went down and then it increased again
in 2004.

The maximum likelihood estimates of the model for all the years, including the
negative log-likelihood value (—1n L) as well as the values of Akaike (1973) and
Schwarz (1978) information criteria (AIC and BIC), are presented in Tables 2, 3, 410
The parameters were very precisely estimated, and the fit, as judged by visual inspec-
tion of Figs. 4, 5, 6, was fairly good over the whole range of income for all sets of data.
In particular, the scale parameter (8) reflects the changes in real mean income over the
period. The other parameters (« and k), characterizing distributional shape, are easiest
to interpret by comparing predicted values for key distributional summary measures
with their sample counterparts, as the effect of changing one of them is contingent on
the value of the other parameter. For example, Fig. 3b shows that the Gini implied by
the estimated functional form tracks the statistic calculated from the data closely—the
correlation coefficient between the two series is 0.9821, which is highly significant
(p value < 0.0001). The changes of the parameters « and « are the mirror images of
the pattern of inequality over time. Therefore, to give some idea of how inequality
depends on the two parameters, and to assess overall goodness-of-fit, we plot in Fig.7
the Gini coefficient given by Eq. 12 as a function of @ and « (the range of values for
the parameters is equal to that estimated during the sample period).

As suggested by the positively sloped contours, increases in o and « are associ-
ated with declining levels of the Gini coefficient, whereas the profile of inequality is
reversed if one moves along the opposite direction of change. Furthermore, higher

10 L ikelihoods have been maximized with respect to the parameters by using a PORT routine as supplied
by the R function n1lminb (R Development Core Team 2008).
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Fig.4 Observed and predicted density (/eft) and log—log complementary distribution (right) for the Italian
household income data in 1989, 1991 and 1993. The density has been estimated using an Epanechnikov
kernel

« values holding « constant are associated with increased inequality, whereas higher
values of o holding « constant leads to declines in inequality.'!

11 The region around the origin of the x-generalized distribution is governed by «, the upper tail by both «
and k. In particular, as shown in Fig. 1, increasing « leads to a thicker upper tail, whereas increasing o lowers
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Fig.5 Observed and predicted density (/eft) and log—log complementary distribution (right) for the Italian
household income data in 1995, 1998 and 2000. The density has been estimated using an Epanechnikov
kernel

Footnote 11 continued

both the tails and yields a greater concentration of probability mass around the peak of the distribution.
Hence « is an “inequality” parameter, and « can be called “equality” parameter because the Gini coefficients
increases with the former and decreases with the latter. The same results (available upon request) hold true
for the other measures of inequality derived in Sect.2.3.
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Fig. 6 Observed and predicted density (leff) and log—log complementary distribution (right) for the Italian
household income data in 2002, 2004 and 2006. The density has been estimated using an Epanechnikov
kernel

For comparison, the results of fitting other existing functional forms that have
been considered successful in describing the income size distribution are also shown
in the tables and figures above. Namely, these models are the four-parameter gen-
eralized beta II distribution (GB2) introduced by McDonald (1984), which has the
density
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axap—]

baP B (p, q) [1 + (x/b)* """

>0, a,b,p,q >0,

f(x;a,b,p,q) =

where B (-, -) is the beta function, and the three-parameter Singh-Maddala (SM) and
Dagum type I (D) distributions, corresponding to the special cases

SM (a,b,q) = GB2(a,b,1,q) and D(a,b, p) =GB2(a,b, p,1)."?

By inspection of AIC and BIC values, it emerges that among the three-param-
eter models the k-generalized provides the best fit in 1995 and 2004, while the
Singh-Maddala is the favorite in 1989 and 1991. The Dagum distribution results in
a better fit in 5 out of nine cases, i.e. in 1993, 1998, 2000, 2002 and 2006. Using
a likelihood ratio test at the 5% level of significance,'? the four-parameter GB2
provides a statistically significant improvement over its nested Singh-Maddala dis-
tribution in all cases, whereas the differences between the GB2 and Dagum are not

12 These relationships can be seen in greater detail in McDonald and Xu (1995).

13 The likelihood ratio provides the basis for comparing nested models. The asymptotic distribution of
2 [ln L (éU) —InL (éR)] is X2 with degrees of freedom (d.f.) equal to the number of independent restric-
tions imposed on the more general model in order to yield the nested one. éU and éR, respectively, denote
maximum likelihood estimators of the unrestricted and restricted model. This test can not be used to compare

nonnested models. In the tables, asterisks are placed next to the likelihood ratio values if the improvement
gained in adding a further parameter is of practical significance.
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A model of personal income distribution 581

significantin 1993, 2004 and 2006, and also in 1995 if one lowers the significance level
at the 1%.

To examine if the differences between our fitted model and the others are statistically
significant, the Vuong (1989) approach to model selection in the case of nonnested
hypotheses has been implemented. The approach is probabilistic and is based on test-
ing the null hypothesis that the competing models are equally close to the true data
generating process against the alternative hypothesis that one model is closer. The
resulting likelihood ratio statistic is asymptotically distributed as a standard normal
under the null hypothesis; the actual test is then

R

under Hy : V = N, (17)

B

o

where

L filxi6y)
R=S>In——"7
; " ha 6)

being ) i, J = 1,2, the maximum likelihood estimator of the unknown parameters for
the model F;, and

2 A2
~_ |1 - f1(xi5 61) ! 2 fi(xis 61)
o= " Z |:1n AR éz):| |:n Zln —fz(xi; éz) .

i=1 fxis i=1

Chosen a critical value z from the standard normal distribution corresponding to the
desired level of significance, if |V| < z, the null that models are the same and cannot
be rejected, whereas if V' > z, the model F can be considered better than model F>,
and the reverse is true if V < —z. Since the Vuong test is sensitive to the number of
estimated parameters in each model, we have chosen to apply the correction for the

model dimensionality
- d d
R=R-— [(?1) Inn — (72) lnn], (18)

where d; is the number of estimated parameters within distribution j, which corre-
sponds to Schwarz information criterion (Vuong 1989, p.318). The adjusted statistic
(17) has the same asymptotic properties of (18).

Table 5 reports the calculated Vuong statistics for comparison between our model
and the other distributions. In nearly all of the cases considered (seven out of nine,
from 1993 to 20006) the k -generalized distribution is observationally equivalent to the
Singh-Maddala if one takes 5% as the relevant significance level; furthermore, in three
out of these seven cases (1998, 2000 and 2002) its superiority as a descriptive model
is found to be statistically significant. In the same number of cases similar results are
obtained when comparing to the Dagum distribution, whereas the four-parameter GB2
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A model of personal income distribution 583

distribution provides a statistically significant better fit relative to the x-generalized
only in 1998. There are just two exceptions to this rule. Indeed, in 1989 and 1991, our
model is significantly outperformed by every other distribution, with the GB2 being
selected as the one providing the best fit. The figures of Table 1 show that between 1989
and 1991 the middle mass of the income density increased, so reducing the thickness
of the tails and therefore the income inequality. Consequently, the GB2 density with
its additional parameter is more appropriate than the best three-parameter model to
reflect the impact of economic fluctuations on the income distribution in those years.
However, if one lowers the significance level at 1% in almost every situation (eight
cases out of nine, from 1991 to 2006) the performance of our distribution is at least
as good as that of the others (except for the 1991 wave, where the Singh-Maddala
distribution performs significantly better).

Finally, to get a more formal idea of the fit of each distributional model, we look
at the informational entropy of the observed data and compare it to the entropy of
different fitted distribution functions.'# The results are listed in Table 6 and visually
displayed in Fig.8. What is immediately notable is that the entropy for the Singh-
Maddala, Dagum and GB2 distributions is much larger than the entropy of the data.
This fact means that there are relevant moment constraints that have been neglected in
these distributional models, i.e. there is testable information relevant to the description
of the data that is not being considered. By contrast, the x-generalized distribution is
found to give a better entropy match, even though the entropy based on this model is
now slightly lower than the empirical one. This could suggest that this model is mildly
over-constrained, but at least no relevant information is being left unused.

4 Summary

One of the main objectives of research on income distribution is to provide a mathe-
matical description of the size distribution of income for approximating the underlying
“true” distribution. Starting from the Pareto contribution, a wide variety of functional
forms have been considered as possible models for the distribution of personal income
by size, and other approaches can no doubt be suggested and deserve attention.

In this work, we have proposed a three-parameter distribution based on the «-
deformation of the standard exponential and logarithm functions that follows from
Kaniadakis (2001, 2002, 2005). Expressions for the moments and various tools for
the measurement of income inequality are given that are functions of the parameters
in the model. Given estimates of the parameters, these expressions can be used to esti-
mate corresponding population characteristics of interest as well as to provide indirect
checks on the validity of the parameter estimation. The model is able to describe the

14 Comparing the entropy of the data to the entropy based on a particular probability distribution can
provide relevant insights into the appropriateness of the distributional model given the data. If the entropy
of the data is lower than the entropy based on an assumed distribution function, then there is information
in the data that is not being taken advantage of to specify the distribution function. On the other hand, if
the entropy of the data is greater than that based on the hypothetical distribution function, more structure
is being assumed than is justified by the data. See Jaynes (1978) for a more thorough discussion of this
approach.
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Fig. 8 Observed and predicted entropy across the years

entire income range, including the Pareto upper tail, and fits the Italian income data
from 1989 to 2006 fairly well. We find that in a satisfactory number of cases the
performance of this model is not to be considered inferior from the statistical point
of view to that of the Singh-Maddala, Dagum and generalized beta II distributions,
whereas its ability of matching the entropy of the data dominates these others.

It is important to note that income in other countries is likely to be distributed
differently. Furthermore, using different definitions of income can cause relevant
changes in the observed distribution (e.g. accounting for the government redistribu-
tion generally alters the distribution of pre-tax household income in many countries).
Therefore, further analysis using both data from a diverse set of countries and dif-
ferent definitions of income are needed in order to draw definitive conclusions about
our and the other distributional models. This will be the next step in our research
agenda.
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Appendix A: Maximum entropy derivation of the «-generalized distribution

The Lagrangian of the continuous maximum entropy program (2—4) is given by

3 00
L=S— ZO/\, Jojx:0) fx)—Cj |,
j= 0
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where A ; are multipliers. The expressions for the functions ¢; (x; @), involving the
parameter vector #, and the constants C; can be recovered by matching terms in the
set of constraints (3) and (4). In particular, the normalization constraint correspond to
Jj = 0 by setting ¢o (x; ) and Cq equal to 1.

The first-order condition

3
oL
——— =—Inf(x) — (1 4+ Xp) — Aidi(x;0)=0
8f x) S 0 jzz; j¢j
implies that the solution has the functional form
S (x:0) = gy oxP Zx ¢j (x;0) |, (A1)
where
%® 3
Q(8) = exp (1 + A0) =/exp — >0 (x:0) (A2)
0 =1

is the partition function that normalizes the density and can be determined from Eq. 3.
In order to determine the values of the multipliers as a function of the parameters
0 = {«, B, k}, we observe that for each j it holds (Kaniadakis, 2009)

as
Ai=—. A3
=3 (A3)

Hence, taking log of Eq. 5, multiplying it by [— f (x)] and integrating between 0 and
00, we get

o 00 00 o
zln'B——(a—l) 1nxf(x)dx+l/ln|:l+/c2(£) i|f(x)dx
a 2 B
0

[e )

1 x\*
——/smh — fx)dx

K B

0

1301
ln——(Ol— HC+ = Cz— C3,

which, applying (A.3), produces

1 1
M=1l—a, X=- and A3 =——. (A4)
2 K
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Finally, by inserting these results into (A.2) and solving the integral yields 2 () =

’i—a, which can be substituted for together with (A.4) into (A.1) leaving us with Eq. 5
in the main text.

Appendix B: Proof of Theorem 1

Since the Lorenz curve is invariant under scale changes, the parameter S does not
enter expression (10) and can be chosen as 1 without loss of generality. Furthermore,
we state the following:

Lemma 1 (Hardy et al. 1929; see also Marshall and Olkin 1979) Ler X;,i = 1, 2,
be positive random variables having finite mean my,. Then X1 < X if and only if

ofv ) == o))

for all continuous and convex functions ¥ : Ry — R for which the expectation
exists.

Now we can prove the first direction of Theorem 1, i.e. necessity of conditions
o] > oy and i—: > )’;‘—; for Lorenz-ordering of x-generalized distributions. Consider
the family of continuous convex functions

xith—1

YO =T

x>0, —oco<t<oo, t#-—1,0.

As can be seen in Taillie (1981), corresponding to W one can obtain the family of
inequality measures

)

1 [E(X‘“)

- +1
te+D | mh

—1:|, x>0, —oco<t<oo, t#-—1,0

that preserve the Lorenz-ordering. This family includes some standard indices as spe-
cial cases, such as one-half the squared coefficient of variation (H;) and the Theil
index (Hp). From Lemma 1, we know that

H; (X1) < H; (X7), (B.1)
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where
H; (X1)
s T (14 (-5
CZSV JES 1 1+l
_ 1 a r(o ) B
) () ()
(2/(1) oy 1+£l ’:1 "l‘l
ar T tm)
+1
r+1 1 4l 1 1
R L i ) | IR S G |
ot +1 t+1 1, 1+l 1 1 1 -
t+D | 1+ 57k F(mjLTl) F(Ha—.)r(m—m)

follows from (9) and is not defined outside the interval (—oq -1, i‘—: — 1). A sim-

ilar expression obtains for H; (X3). Recalling that lim,_.o I’ (z) = 400, the terms

r (1 + %) and T (2171 - %) tend to infinity as ¢ approaches —a; — 1 from above

and %11 — 1 from below, respectively. Similarly, H; (X7) is not defined outside the inter-

val (—0[2 -1, % — 1), and tends to infinity ast — —ap — l and t — ‘;—; — 1. Hence,

in conjunction with (B.1), it follows that —a; — 1 < —ap — 1 and 2’—; —1> ‘;—; —1,
or equivalently o) > ap and i—]' > %

It remains to prove the reverse direction, i.e. that the conditions of Theorem 1 are
also sufficient. Since the quantile function is available in a simple closed form, we

can check for star-shaped ordering X| <, X» (e.g. Arnold 1987) by verifying that the

derivative with respect to u of the ratio

1 1
_ 1 @ A=) 2 (-2 |
Fi! (u; a2, k) _ [l“Kz (ﬂ)] _ [ %0 ]

1 = T = T
FXI (u; ap, k1) [1nK1 ( 1 ):I"l I:(l—u)f'q—(l—u)'(l :|0‘1

1—u 2K

is nonnegative. After some straightforward manipulations, one ends up with the result

o [(1 e U u)’“] ) [(1 i N U M)Kz]
ki LA =)™ + (1 =w) ] " o L0 —w)™ + (1 —w)? ]’

which holds true assuming that oy > op and ‘;—11 > ‘;—; Therefore, conditions (11) are
sufficient for the star-shaped order of X with respect to X», which in turn implies the
Lorenz-ordering X1 <;, X» (e.g. Chandra and Singpurawalla 1981).

Figure 9 shows the decomposition of (al,"Kl—:)—space into regions where X; domi-
nates or is dominated by X», given o and i—;, and where instead the two distributions

are not comparable because their Lorenz curves cross.
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Fig. 9 Lorenz-ordering within the k-generalized family
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