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Theoretical Tolerance Stackup Analysis Based on Tolerance
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In this paper, both dimensional tolerance stackup and geo-
metrical tolerance stackup in one-, two-, and three-dimensions
are theoretically analysed. The tolerance analysis in this study
is based on the analysis of tolerance zones. The manufacturing
errors are classified into two general types, locating errors
and machining errors. Generative formulation of tolerance
stackup is explored. A simulation example of 3D geometrical
tolerance stackup is illustrated.
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1. Introduction

1.1 The Motivation for this Study

The purpose of this work is as follows:

1. Tolerance stackup analysis is used to deal with dimensional
tolerances in one-dimension, the resultant tolerance is always
the sum of the component tolerances [1]. Analysis and control
of dimensional tolerances are relatively well developed com-
pared to those for geometric tolerances [2]. The stackup of
geometrical tolerances was usually ignored or replaced by the
stackup of component tolerances. In this paper, both dimen-
sional tolerances and geometrical tolerances will be considered
in one, two, and three-dimensions.

2. Mathematical presentation is a feature of dimensioning and
tolerancing [3]. HB Voelcker predicted that one of the most
important advances in geometrical tolerancing would be made
in the next decade: “One or more generative formulations of
geometrical tolerancing will be produced. A generative formu-
lation will be more general than current practice but should
contain the current GD&T facilities as special cases. A generat-
ive formulation should be teachable in the engineering colleges
because it will be based on a small set ofunderlying mathemat-
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ical principles” [4]. This paper is acontribution to the generative
formulation of geometrical tolerancing.

1.2 Tolerance Stackup Versus Error Stackup

Toleranceis the total amount that a specific feature is permitted
to vary, it is the difference between the maximum and mini-
mum limits [5]. Error (variation) is the deviation of a feature
(geometrical element, surface, or line) from its nominal size
or shape [6]. Hence, tolerance stackup deals with the variation
limits in machining, whereas error stackup deals with virtual
variation. In this paper, tolerance stackup analysis is based on
error stackup analysis. The mathematical formulae for tolerance
stackup and those for error stackup coincide by substituting
error variables with tolerance variables.

1.3 Principle of Tolerance Independency

It is complicated to consider dimensional tolerance and
geometrical tolerance simultaneously, in error and tolerance
analysis. The International Standard Committee ISO/TC10/SC5
“Technical drawings, dimensioning and tolerancing” and ISO/
TC3 “Limits and fits”, in ISO 8015 stated that the principle
of independency is the fundamental tolerancing principle. It
states that:

“Each requirement for dimensional or geometrical tolerancing speci-
fied on a drawing shall be met independently, unless a particular
relationship is specified, i.e. maximum material requirement, least
material requirement, or envelope requirement.”

This study conforms to the principle of tolerance inde-
pendency.

1.4 Tolerance Zone

Chase et al. considered geometric feature variations in the
tolerance analysis of mechanical assemblies [7]. The tolerance
zone can be regarded as limits of feature variation. The toler-
ance analysis in this study is based on the analysis of tolerance
zones. Henzold [6] discussed all kinds of tolerance zones.
Those tolerance zones can be summarised as typical types, as
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Fig. 1. Typical tolerance zones. (a) 1D, (b) 2D, and (c) 3D tolerance
zones.

Fig. 2. The projecting relation of tolerance zones.

shown in Fig. 1. The size of the tolerance zone is usually 10−3

to 10−5 of the feature size. In the following figures, the
tolerance zone is exaggerated for illustration.t represents toler-
ance value. There are three typical tolerance zones:

1. 1D tolerance zones.
2. 2D tolerance zones.
3. 3D tolerance zones.

Dimensional tolerance zones belong to type 1. Types 2 and 3
refer to geometrical tolerance zones. In the Cartesian coordinate
system, 3D tolerance zones can be projected onto 2D tolerance
zones, and 2D zones onto 1D zones, as shown in Fig. 2. Most
tolerance zones are 3D; however, tolerance chain and tolerance
analysis are usually carried out in two-dimensions or in one-
dimension.

1.5 Manufacturing Errors Classification

K. Whybrew and G. A. Britton have summarised 27 sources
of errors in a machining process for the following 8 items in
machining [4]:

1. Machine.
2. Cutting tool.
3. Fixture.
4. Workpiece.
5. Coolant.
6. Operator.

7. Environmental conditions.
8. Process variable.

Each aspect of the above sources deserves specific study in
precision manufacturing. The errors can be classified into two
groups: those that arerandom, unpredictable, and cannot be
controlled, and those that areconstant, time dependent or
capable of being controlled. Constant errors are added
algebraically, while random errors are added arithmetically. A
resultant error can be calculated by the following formula:

D = Om
i=1

aiFi + !SOn
j=1

(bjUj)2D (1)

where
D: resultant error
ai (i = 1,2, 3,. . .,m): weights of constant error components,
with signs
Fi (i = 1,2,3,. . .,m): constant error components
bi (i = 1,2,3,. . .,n): weights of random error components
Fi (i = 1,2,3,. . .,n): random error components

The value of bi depends on the distribution status of the
random error component and its geometrical relationship with
the resultant error. Much work is required to establish the
weights and error components in Eq. (1). However, the ex-
ploration of specific sources of the locating error and machining
error is unnecessary in this study.

In this study, all types of error source are classified according
to their influence on the geometrical positions of the locating
features and machining features of the on-line part. Hence,
there are two types of error that are directly related to the
accuracy of a part:

1. Locating error. The variation between the position of a
practical datum feature and the position of an ideal datum.
After a workpiece has been located and clamped, the set-
up error remains constant unless the workpiece is removed
from the fixture. Therefore, a locating error is a deterministic
error within each set-up.

2. Machining error. The variation between the position of a
practical machining feature and the position of an ideal
machining feature. A machining error is a random error.

Both locating error and machining error are the result of a
number of constant and random errors.

2. Dimensional Tolerance Stackup

As shown in Fig. 1, the tolerance zone of a dimension is
strictly 1D, hence the formulation of dimensional tolerance
stackup is relatively straightforward. Suppose that in a space,
the relation of a resultant dimensiond with its component
dimensions is as follows:

d = f (x1x2,. . .,xl,y1y2,. . .,ym,z1,z2. . .,zn) (2)

where,
d: resultant dimension
xi, (i = 1,2,3,. . .,l) component dimensions in theX-coordinate
yj, (j = 1,2,3,. . .,m): component dimensions in theY-coordinate
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Fig. 3. Dimensional relation of 3 holes in a plane.

zk (k = 1,2,3,. . .,n): component dimensions in theZ-coordinate

Theoretically, in the worst case:

Dd = Ol

i=1
|­f
­xi

Dxi| + Om
j=1

| ­f
­yj

Dyj| + On
k=1

| ­f
­zk

Dzk| (3)

where,
Dd: variation of resultant dimension
Dxi,Dyj,Dxk: variations of component dimensions

In the statistical case:

Dd = FOl

i=1

S ­f
­xi

DxiD2

+ Om
j=1

S ­f
­yj

DyjD2

+ On
k=1

S ­f
­zk

DzkD2G.

(4)

In the following text, only the worst case is dealt with. The
statistical case and worst case can be used to deduce similar
conclusions in qualitative analysis.

For example, 3 holes are to be drilled in a plane with their
dimensional relation shown in Fig. 3. The horizontal dimensions
are omitted to simplify the analysis.

The machining procedure and machining requirements are:

Step 1. Use faceA as the machining datum and drill hole 1.
The vertical dimension from hole 1 to faceA is a.
Step 2. Use faceA and hole 1 as the machining datum and
drill hole 2. The vertical dimension from hole 2 to faceA is
b, the angle from the horizontal line to the connecting line of
hole 1 and hole 2 isu.
Step 3. Use faceA as the machining datum and drill hole 3.
The vertical dimension from faceA to hole 3 isb′.

Dimensionsc and c′ are the resultant dimensions.
For c′, there is a dimension chain as shown in Fig. 4.

c′ = b′ − a (5)

In the worst case,

Dc′ = |­c′
­a| Da + |­c′

­b′| Db′ (6)

= Da + Db′

Fig. 4.Dimension chain ofc′.

Fig. 5.Dimension chain ofc.

The dimension chain ofc′ is 1D, which is what “dimension
chain” used to mean. In a 1D case, the variation stackup is
independent of the values of the component dimensions.

For c, there is a dimension chain as shown in Fig. 5.

c =
b − a
sinu

(7)

In the worst case,

Dc = |­c
­a| Da + |­c

­b| Db + |­c
­u| Du (8)

=
1

sinu
Da +

1
sinu

Db +
(b − a)cosu

sin2 u
Du

The dimension chain ofc is 2D. From Eq. (6), 2D error
stackup is dependent not only on component errors but also
on the basic values of the component dimensions.

A tolerance chart is usually used for dimensional tolerance
stackup analysis. Forrotational parts a single chart per work-
piece is sufficient to control tolerances along the axis of the
workpiece. There is no possibility of stackups occurring in the
radial direction. Forprismatic parts it is necessary to control
tolerance stackups in at least two dimensions and three charts
are necessary for each workpiece. These charts will, in general,
not be independent, as some surfaces, and hence tolerance,
will appear on more than one chart. The charts must be linked
together through common surfaces [8].

3. Geometrical Tolerance Stackup

3.1 One-Dimensional Geometrical Tolerance
Stackup Analysis

One-dimensional geometrical tolerance stackup applies to the
situation in which component tolerance types are the same and
the basic dimensions do not affect tolerance stackup. As an
example, a part with 5 identical parallel slots is shown in
Fig. 6. FacesA, B, C, D, andE are set-up datums for machining

Fig. 6. One-dimensional geometrical tolerance stackup analysis.
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Fig. 7.Tolerance zone distributions for 1D tolerance stackup.

facesB, C, D, E, andF, respectively, as shown in Fig. 6. The
following notations are used for error stack-up analysis:

GM M = A, B, C, . . . parallelism of locating face relative
to ideal vertical face, also called
locating error,

lM M = A, B, C, . . . parallelism of machining face rela-
tive to ideal vertical face, also
called machining error,

TMN M, N = A, B, C, . . . the parallelism between facesM
and N.

In Fig. 6, the parallelism tolerance stackup can be specified
as follows:

TAB = GA + lB (9)

TAC = TAB + GB + lC

= GA + GB + lB + lC (10)

TAD = TAC + GC + lD

= GA + GB + GC + lB + lC + lD (11)

TAE = TAD + GD + lE

= GA + GB + GC + GD + lB + lC + lD + lE (12)

TAF = TAE + gE + lF

= GA + GB + GC + GD + GE + lB + lC + lD + lE + lF

(13)

Apparently, in a 1D case, the resultant tolerance is always
equal to the sum of the component tolerances. The types of
case of ID geometrical tolerance stackup are limited, the
tolerance zone distributions of some typical cases for 1D
geometrical tolerance stackup are shown in Fig. 7. The case in
Fig. 6 belongs to case (a) in Fig. 7.

The machining method for the part in Fig. 6 uses faceA as
the set-up datum and machines facesB, C, D, E, and F in
the same set-up. This machining method is common in CNC
machine. In this situation, the operational datum, design datum,
and set-up datum are the same face –A. Hence, there is no
error stackup. The error relations are as follows:

TMN = (GM + lN), M = A, N = B,C,D,E,F (14)

3.2 Two-Dimensional Geometrical Tolerance Stackup
Analysis

Figure 8 shows a 2D view of the tolerance zone of faceB.
From Fig. 8, the tolerance zone indicates two possible

maximum movements of the part: horizontal translation ofDB

Fig. 8. Two-dimensional tolerance zone of faceB of the part.

Fig. 9. The effect of the translation of faceB.

Fig. 10.The effect of the rotation of faceB.

and rotation ofu. Suppose faceB is used as a machining
datum for machining faceD and faceC, and the error zone
of face B is equal to the tolerance zone of faceB. The error
of face D used to be considered as equal to the translation of
face B (as shown in Fig. 9):

DD = DB (15)

The translation of faceB has no effect on the error of face
C. The effect of the error of faceB on faceC is through the
rotation of u, as shown in Fig. 10.

From Fig. 10,

tanu >
DB

L3

>
DC

L1

(16)

Dc >
L1

L3

DB (17)

However, there are two problems here:

1. Is u the maximum rotation angle here?
2. Is Eq. (14) still correct ifL3 ± L3′?

For the first problem, the answer is no. An actual feature
can make the rotation angle either larger or smaller thanu.
Furthermore, in actual locating and clamping, the other locating
and clamping faces may affect the rotation angle. However,
for theoretical analysis,u can adequately represent the average
rotation angle.

For the second problem, ifL3 ± L3′, it seems that Eq. (14)
should be changed to:

Dc =
L3′
L3

DB (18)
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That is, it is also affected by the rotation angle ofu.
However, with the restraints of the other locating and clamping
faces in addition to the primary datum [9], for two faces in
the same coordinate direction, translation rather than rotation
is dominant. Hence, Eq. (14) is still approximately correct
when L3 ± L3′.

3.3 Three-Dimensional Geometrical Tolerance
Stackup Analysis

For 3D geometrical tolerance analysis, the kinematic analysis
of a rigid body is helpful. Basic transformation of a rigid
body includes translation and rotation. Mathematically, the
transformation is represented in matrix form,T. Any point P
in a 3D Cartesian coordinate frame (OXYZ) is defined by its
homogenous coordinates [x, y, z, 1]. To transform the point
into a new pointP′ with coordinates [x′, y′, z′, 1] in the OXYZ
frame [10],

P′ = P T (19)

where T is a 4× 4 matrix.
To transform a point by [a, b, c] on the X-, Y-, and Z-

axes, denote the translation matrix asTt,

Tt = 3
1 0 0 0

0 1 0 0

0 0 1 0

a b c 1
4 (20)

In homogeneous coordinates, the 4× 4 transformation matrix
for rotating (named rotation matrix) about theX-axis by angle
a, about theY-axis by angleb, and about theZ-axis by angle
g can be written asTX, TY, and TZ, respectively, as follows:

TX = 3
1 0 0 0

0 cosa sin a 0

0 −sin a cosa 0

0 0 0 1
4, TY = 3

cosb 0 −sin b 0

0 1 0 0

sin b 0 cosb 0

0 0 0 1
4,

TZ = 3
cosg sin g 0 0

−sin g cosg 0 0

0 0 1 0

0 0 0 1
4 (21)

In set-up planing we usually select plane faces or cylindrical
faces (either convex cylindrical faces or concave cylindrical
faces) as locating faces. The tolerance zone of a plane face is
usually as (c1) or (c2) in Fig. 1. The tolerance zone of a
cylindrical face is usually as (c3) or (c4) in Fig. 1.

The transformation matrices of Fig. 1 (c1) are:

Tt = 3
1 0 0 0
0 1 0 0
0 0 1 0
0 0 t 1

4 TX = 3
1 0 0 0

0 cosSarctan
t
bD sinSarctan

t
bD 0

0 −sinSarctan
t
bD cosSarctan

t
bD 0

0 0 0 1

4

TY = 3cosSarctan
t
aD0−sinSarctan

t
aD0

0 1 0 0

sinSarctan
t
aD 0 cosSarctan

t
a
) 0

0 0 0 1
4TZ = 3

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
4

(22)

The transformation matrices of Fig. 1 (c2) are:

Tt = 3
1 0 0 0
0 1 0 0
0 0 1 0
0 0 t 1

4 TX = 3
1 0 0 0

0 cosSarctan
t
dD cosSarctan

t
dD 0

0 −sinSarctan
t
dD cosSarctan

t
dD 0

0 0 0 1
4

TY = 3cosSarctan
t
dD 0 −sinSarctan

t
dD 0

0 1 0 0

sinSarctan
t
dD 0 cosSarctan

t
dD 0

0 0 0 1
4 TZ = 3

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

4
(23)

The transformation matrices of Fig. 1 (c3) and (c4) are:

Tt = 3
1 0 0 0
0 1 0 0
0 0 1 0
0 t t 1

4 TX = 3
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

4
TY = 3cosSarctan

t
lD 0 −sinSarctan

t
lD 0

0 1 0 0

sinSarctan
t
lD 0 cosSarctan

t
lD 0

0 0 0 1
4

Tz = 3 cosSarctan
t
lD sinSarctan

t
lD 0 0

−sinSarctan
t
lD cosSarctan

t
lD 0 0

0 0 1 0
0 0 0 1

4 (24)

For 3D tolerance stackup analysis, the space positional
relationship of the tolerance zones determines which of the
matrices are to be used. By Eqs (20) and (21) and the projecting
relationship of tolerance zones shown in Fig. 2, 3D tolerance
stackup can be decomposed into a series of 2D tolerance
stackup analyses based on the coordinate relationship.

4. An Example

For the part shown in Fig. 11, suppose the machining pre-
cedence of all the faces is:D ⇒ B ⇒ C ⇒ E ⇒ F ⇒ A. The
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Fig. 11.A part for 3D tolerance stackup analysis.

Fig. 12.Tolerance graph of the part.

machining datums of facesB, C, E, F, and A are D, B, C, E,
and F, respectively. The assumed machining tolerance of each
step is specified in Fig. 11, denoted as:

tMN: the tolerance of faceM by using faceN as machin-
ing datum

All the specified tolerances in Fig. 11 are component toler-
ances, suppose the given values are (units: mm):

tDD tBD tCB tEC tFE tAF L1 L2 L3

0.01 0.01 0.02 0.03 0.03 0.02 500 300 400

The geometrical tolerance chain for the part is shown in
Fig. 12. Suppose the resultant tolerances illustrated by dotted
lines are to be estimated. The component tolerances are illus-
trated by arrowed lines.

The formulae of tolerance stackup in this paper were coded
in a program. The running result of the example is:

INPUT:
t DD t BD t CB t EC t FE t AF L1 L2 L3
0.01 0.01 0.02 0.03 0.03 0.02 500 300 400
UNITS: mm
OUTPUT:
Resultant tolerance Worst case Statistical case

t CD 0.0450 0.0320
t ED 0.0900 0.0522
t FD 0.1200 0.0602
t AD 0.1100 0.0634

UNITS: mm

It can be seen thattCD , tED , tFD , tAD have increasing
component tolerances. However, from the output of the worst
case, there is one exception,tFD . tAD. The exception is because
the geometrical tolerance stackup is affected by the basic
dimensions of the related features (as discussed in Section
3.2), and so the resultant tolerance is not the straight sum of
the component tolerances.

5. Conclusion and Discussion

In this paper, both dimensional tolerance stackup and geo-
metrical tolerance stackup in one, two, and three dimensions
are theoretically analysed. The tolerance analysis in this study
is based on the analysis of tolerance zones. The principle of
tolerance independency is fulfilled, and the dimensional toler-
ances and geometrical tolerances are discussed separately. The
manufacturing errors are classified into two general types,
locating errors and machining errors. The basic size of toler-
anced features used to be considered to be unrelated to 1D
tolerance stackup. This paper shows that in two and three
dimensions, tolerance stackup is dependent not only on com-
ponent tolerances but also on the basic sizes of component
features.

In this paper, only a primary datum face is considered for
tolerance stackup analysis. In practical locating and clamping,
a secondary datum face and tertiary datum face should also
be considered. The situation will be more complicated and
need further study. However, the primary datum face still plays
a dominant role, and the analytical methods of this paper can
be used as the basis for general tolerance analysis in the set-
up planning and fixture planning in future study.
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