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Abstract
Tool orientation is an important factor for improving machining stability in five-axis milling. However, there is still a lack
of tool orientation planning strategy that is applied to the milling of curved thin-walled parts. This paper proposes a process
mechanics-based method to optimize tool orientation to suppress chatter during five-axis ball-end milling of thin-walled
parts. First, a coupling dynamic model considering both the flexible tool and workpiece is presented in the tool coordinate
system, the model can predict the cutting stability of the entire process of milling thin-walled parts. Then, a binary search
algorithm-based single-frequency method is presented to calculate limiting cutting depth. The method does not rely on the
initial cutting depth and the increment of cutting depth which selected for calculation, the proposed method can expedite
the convergence process for calculating the limiting cutting depth. Moreover, an iterative strategy of first generating smooth
tool orientations through the representative tool orientations (RTOs) of typical cutter locations (CLs), and then checking the
machining stability and adjusting the tool orientations is proposed to generate chatter-free tool orientations along the tool
path. A machining stability factor is proposed to select tool orientation, and the tool orientation with a higher value of the
machining stability factor is selected as the RTO. The proposed method only needs to obtain the chatter-free tool orientation
regions at typical CLs, the calculation process is rapid. The proposed method has been experimentally proven in five-axis
ball-end milling of the block workpiece and curved thin-walled part.
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1 Introduction

Due to the better tool accessibility and the increased flexi-
bility of machining, five-axis milling has been widely used
in machining parts with complex sculpture surfaces, such as
turbine blades, impellers, and dies. There have been signifi-
cant researches reported in tool orientation planning and tool
path generation, mainly based on geometry, kinematics, and
mechanics[1, 2]. Interference and collision are the primary
factors that need to be considered in geometrical analysis.
Singularity and smoothness are the primary factors that need
to be considered in kinematics. The deformation caused by
statics and chatter caused by dynamics are the primary fac-
tors that need to be considered in mechanics. The neglect of
process mechanics may lead to excessive cutting force and
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chatter, resulting in decreased productivity, and poor surface
quality. To overcome this problem, this paper proposes a pro-
cess mechanics-based method to generate chatter-free tool
orientations along the tool path in five-axis ball-end milling
of thin-walled parts.

Firstly, the studies of the influence of the tool orientation
on the cutter-workpiece engagement (CWE), cutting force,
and machining stability will be presented. Then, the research
status of the tool orientation optimization based on statis-
tics is described. Moreover, an overview of tool orientation
optimization based on dynamics is presented.

Tool orientation in five-axis ball-end milling affects local
undeformed chip thickness and CWE, which result in the
cutting force and machining stability varying with tool ori-
entation. The study [3] found that both the CWE and cutting
force vector varied with the changes in tool orientation.
Ozturk et al. [4] investigated the effect of tilt and lead angles
on cutting forces, torque, form errors, and stability of five-
axis ball-end milling processes. It was shown that the cutting
geometry, mechanics, and dynamics vary significantly and

123

/ Published online: 6 July 2024

The International Journal of Advanced Manufacturing Technology (2024) 133:5715–5742

http://crossmark.crossref.org/dialog/?doi=10.1007/s00170-024-14053-1&domain=pdf


non-linearly with tool posture. Zhan and Jiang et al. [5] ana-
lyzed the effect of tool orientation on the stability prediction
of five-axis ball-endmillingwith variable pitch tools and reg-
ular tools. Tang and Peng et al. [6] compared and analyzed
the effect of tool orientation on process damping and stabil-
ity boundary, they found that the increment of critical cutting
depth was significantly correlated with the tool orientation.
Tang and Zhu et al. [7] investigated the effect of the lead and
tilt angles on the critical cutting depth based on stability con-
straint. Falta et al. [8] proposed an alternative mathematical
formulation of the ZOA-basedmachining stability prediction
for 5-axis ball-end milling. They analyzed the influence of
lead angle and tilt angle on the cutting force Jacobian and
then explained the influence of lead angle and tilt angle on
stability. They have not studied the generation of chatter-free
tool orientations along the tool path. In addition, the studies
[9–12] showed that the lead and tilt angles of tool orientation
had a significant effect on the absolute stability limit. Hence,
the process mechanics should be considered to optimize tool
orientations.

To reduce the cutting force-induceddeformation inmilling
thin-walled parts, Cai et al. [13] proposed a stiffness
matching-based algorithm to optimize cutter orientation.
Zhang et al. [14] developed an analytical method to calcu-
late the instantaneous CWE conditions by incorporating tool
orientation and cutter runout. Then they studied the influ-
ence of lead and tilt angles on the maximum cutting force
and form error for three kinds of geometrical characteris-
tics. Subsequently, a tool orientation optimization strategy
was presented with different constraints in roughing and fin-
ishing for the plane, cylindrical, and spherical surfaces. Yigit
et al. [15] proposed amechanics-based approach to select the
tool postures for five-axis ball-end milling of flexible parts,
the proposed method involved cutting force, torque, vibra-
tion, and surface quality. However, the papers [13–15] only
considered the influence of static cutting force, but they did
not consider the influence of dynamic cutting force.

Although numerous researches on machining stability
have been presented as described in the paper [16], there has
been a very limited effort reported in optimizing the tool ori-
entation to avoid chatter. Tunc et al. [17] proposed a process
simulation integrated tool orientation selection approach to
adjust the tool orientation along an already generated five-
axis milling path for improved process in terms of cutting
forces, stability, and machine tool motion. Wang et al. [18]
constructed the posture stability graphs to select chatter-free
cutter postures. In addition, Sun and Altintas [19] modelled
the stability of five-axis ball-end milling, and they searched
the chatter-free tool orientations using the Nyquist criterion.
Then, they adjusted the tool orientation to avoid chatter along

the tool path. Zhao and Wang et al. [20] constructed the
posture accessibility and stability diagram (PASD) by identi-
fying interference- and chatter-free cutter postures based on
geometric analysis and machining dynamic analysis. Also,
they analyzed the relationship between surface roughness and
maximum cutter deformation force and proposed a surface
roughness prediction model. Then, based on the proposed
PASD and surface roughness prediction model, they pro-
posed a cutter posture optimization algorithm to minimize
surface roughness. However, in the papers [17–19], the
regions of chatter-free tool orientation at each cutter location
(CL) point should be obtained, the efficiency may be limited.
To achieve a balance between the smooth tool orientations
and suppression of chatter and surface location error, Huang
et al. [21] presented a minimax optimization approach for
planning tool orientations. This method did not need to get
the regions of chatter-free tool orientation at each CL point
in advance.

The studies [17–21] focused on the milling of rigid work-
piece. The paper [11] studied the influence of lead and tilt
angles on the stability limits during five-axis milling thin-
walled workpiece, however, this paper did not propose a
strategy to generate chatter-free and smooth tool orienta-
tions along the tool path. Karimi and Altintas [22] studied
the effects of tool orientation on the cutting stability and
forced vibration through simulations. Then tool orientation
was optimized to mitigate chatter and forced vibration prob-
lems caused by the high flexibilities of thin-walled blades
and slender cutting tools in five-axis ball-end milling oper-
ations. However, in the reference [22] the thickness of the
thin-walled blades is 8mm which is too thick. There is still
a lack of efficient tool orientation planning strategy that is
applied to themilling of curved thin-walled parts. Themilling
of thin-walled parts is more complicated than the milling
of rigid parts. During the milling of thin-walled parts, the
material removal causes a change in workpiece dynamics.
Moreover, the change of local workpiece dynamics along
the tool path will change the machining system from a flexi-
ble workpiece to a flexible tool. In the process of machining
the free end of the workpiece, the workpiece is the flexible
body, while in the process of machining the fixed end of the
workpiece, the tool is the flexible body.

In this paper, a tool orientation optimization method is
presented to generate a chatter-free tool path in the five-axis
ball-end milling of curved thin-walled parts. To improve cal-
culation efficiency, a binary search algorithm-based method
is proposed to calculate limiting cutting depth for milling
of thin-walled parts. A dynamic model considering both the
flexible tool and workpiece is modeled in the tool coordinate
system. Moreover, an iterative strategy of first generating the
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smooth tool orientations through the representative tool ori-
entations (RTOs), and then checking the machining stability
and adjusting the tool orientation is proposed to optimize tool
orientation. Amachining stability factor is proposed to select
tool orientation, the tool orientation with a higher value of
machining stability factor is selected as the RTO. The effec-
tiveness of the presented method has been experimentally
verified in the five-axis ball-end milling of the block work-
piece and the curved thin-walled part.

The paper is organized as follows. In Section 2, the process
coordinate systems and the transformations between these
coordinate systems are defined. In Section 3, the stability pre-
diction model for the milling thin-walled part is constructed.
In Section 4, the tool orientation optimizing and smoothing
strategy is proposed. In Section 5, simulations and tests are
carried out to verify the effectiveness of the proposedmethod.

2 Definition of process coordinate systems
and transformations

The configuration for the table-tilting type five-axis machine
tool is shown in Fig. 1a, θB , and θC are the rotation angles
of the B and C axes of the machine tool, respectively. In
order to illustrate the calculation process, four coordinate sys-
tems are defined, namely,machine coordinate system (MCS),
feed coordinate system (FCS), workpiece coordinate system
(WCS), and tool coordinate system (TCS). In the FCS, F is
the feed direction, C is the cross-feed direction, and N is the
surface normal direction of the workpiece. The lead angle is
defined as the angular rotation of the tool axis about C , and
the tilt angle is defined as the angular rotation of the tool axis
about F.

The surface normal N can be obtained by setting the lead
and tilt angles to be zero in the process of generating the CL
file by CAD/CAM software, the surface normal is coincident
with the tool orientation in the CL file, and the CL point is
equal to the cutter contact (CC) point. The feed direction F
can be expressed as follows:

F = (xp+1 − xp, yp+1 − yp, z p+1 − z p)√
(xp+1 − xp)2 + (yp+1 − yp)2 + (z p+1 − z p)2

(1)

where (xp, yp, z p) and (xp+1, yp+1, z p+1) are the coordi-
nates of the two consecutive CC points. The cross-feed
direction C is generated by the cross product of N and F.
For the lead angle α and tilt angle β, the tool orientation with
respect to WCS can be obtained as follows:

A(α, β) = R(C, α)R(F, β)N (2)

The expressions of R(C, α) and R(F, β) are shown in
Appendix.

The CL point is written as follows:

CL(α, β) = CC + R0(N − A(α, β)) (3)

where R is the radius of the tool. The axis directions of TCS
are defined as follows:

⎧
⎪⎨
⎪⎩

zT (α, β) = A(α, β)/|A(α, β)|
yT (α, β) = (A(α, β) × F)/|A(α, β) × F|, A(α, β) × F �= 0
xT (α, β) = yT (α, β) × zT (α, β)

(4)

The frequency response functions (FRFs) of the work-
piece are measured in WCS, and the FRFs of the tool are
measured in MCS, however, the cutting force is calculated
in TCS. Thus, the transformations between WCS, MCS, and
TCS should be constructed, and the stability of the machin-
ing system should be analyzed in TCS. The rotation matrix
from TCS to WCS can be defined as:

W
T R(α, β) = [xT (α, β), yT (α, β), zT (α, β)] (5)

In this paper, when the rotation angles of the B and C axes
of the machine tool are zero, theWCS is not aligned with the
MCS, and the rotation matrix from MCS to WCS is written
as:

W
M R0 =

⎡
⎢⎣

0 1 0
−1 0 0
0 0 1

⎤
⎥⎦ (6)

For themachine tool used in this paper, the tool orientation
in CL file can be expressed as a function of θB and θC :

A(α, β) =
⎡
⎢⎣
i(α, β)

j(α, β)

k(α, β)

⎤
⎥⎦ =W

M R0Rz(θC )Ry(θB)AM

=
⎡
⎢⎣

0 1 0
−1 0 0
0 0 1

⎤
⎥⎦

⎡
⎢⎣
cos θC − sin θC 0
sin θC cos θC 0
0 0 1

⎤
⎥⎦

⎡
⎢⎣

cos θB 0 sin θB

0 1 0
− sin θB 0 cos θB

⎤
⎥⎦

⎡
⎢⎣
0
0
1

⎤
⎥⎦

=
⎡
⎢⎣

sin θC sin θB

− cos θC sin θB

cos θB

⎤
⎥⎦ (7)
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Fig. 1 a Configuration for table-tilting five-axis machine tool, workpiece coordinate system (WCS), tool coordinate system (TCS), feed coordinate
system (FCS), lead angle, and tilt angle of tool axis; and b the solution subspaces of (θB , θC )
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where AM is the tool orientation with respect to MCS. Then:

cos θB = k(α, β), tan θC = −i(α, β)/ j(α, β) (8)

The two solution subspaces of (θB , θC ) are given in Fig. 1b.
After the rotational angles θB and θC are obtained, the trans-
formation matrix from MCS to WCS can be written as:

W
M R(α, β) = W

M R0Rz(θC )Ry(θB)

=
⎡
⎢⎣

sin θC cos θB cos θC sin θC sin θB

− cos θC cos θB sin θC − cos θC sin θB

− sin θB 0 cos θB

⎤
⎥⎦ (9)

The transformation matrix from TCS toMCS can be writ-
ten as:

M
T R(α, β) = W

M R−1(α, β)WT R(α, β), MW R(α, β) = W
M R−1(α, β)

(10)

where W
M R−1(α, β) is the inverse matrix of W

M R(α, β).

3 Predicting stability for five-axis ball-end
milling of thin-walled part

Ozturk and Budak [10] proposed an iterative method to
calculate stability limits. The iteration was performed by
incrementing the cutting depth of �a until all the calcu-
lated limiting cutting depths were less than the cutting
depth in the analysis. However, if an improper value is
selected as the initial cutting depth, and the value of limiting
cutting depth is great, this method is inefficient. More-
over, in industry practice, the acceptable chatter-free cutting
parameters is often ensured by the lobe’s outer contour,
which is also a single-valued function of spindle speed
[23]. Hence, to improve calculation efficiency, a binary
search algorithm-based single-frequency method is adopted
to calculate limiting cutting depth. The iteration process for

calculating limiting cutting depth b is described as follows:

1. Select a small cutting depth a1 and calculate the CWE,
the calculated limiting cutting depth is b1, select the min-
imum cutting depth a2 which is greater than b1.

2. Set L = a1, U = a2, M = (a1 +a2)/2, the allowance error
ε = 1× 10−2 mm; for the cutting depth M , the calculated
limiting cutting depth is B, and a1 < B < a2.

3. Compare M and B:

(a) if B < M and M − B < ε, then b = B;
(b) if B < M and M − B > ε, set U = M , if B > L, set

L = B, then M = (L +U )/2, for the cutting depth M ,
calculate the limiting cutting depth B, go to step 3;

(c) if B > M and B − M < ε, then b = B;
(d) if B > M and B − M > ε, set L = M , if U > B, set

U = B, then M = (L +U )/2, for the cutting depth M ,
calculate the limiting cutting depth B, go to step 3.

Next, the expression for limiting cutting depth will be
presented. Generally, during finishing milling of thin-walled
parts, the tool is regarded as a rigid body compared with
the flexible workpiece [24]. However, for cantilever-shaped
structures, as the cutter advances from the free end of the
workpiece to the fixed end, themachining systemwill change
from flexible workpiece and flexible tool to rigid workpiece
and flexible tool as shown in Fig. 2. Both the flexible tool
and flexible workpiece should be considered. To describe the
calculation process conveniently, the tool paths are marked
by curve h as shown in Fig. 2, where h is the distance from
the cutting position to the upper surface of the part along the
z direction, the unit is mm.

For ball-end milling, the dynamic cutting force acting on
the lth disk can be expressed as:

[
Fd
l,x,y,z(x, z, α, β, t)

]
= �zAl (x, z, α, β, t)

[
�T (x, z, α, β, t)

]

(11)

with

[
�T (x, z, α, β, t)

]
=
⎛
⎜⎝

⎡
⎢⎣
xTT (x, z, α, β, t)

yTT (x, z, α, β, t)

zTT (x, z, α, β, t)

⎤
⎥⎦−

⎡
⎢⎣
xTW (x, z, α, β, t)

yTW (x, z, α, β, t)

zTW (x, z, α, β, t)

⎤
⎥⎦

⎞
⎟⎠

−
⎛
⎜⎝

⎡
⎢⎣
xTT (x, z, α, β, t − τ)

yTT (x, z, α, β, t − τ)

zTT (x, z, α, β, t − τ)

⎤
⎥⎦−

⎡
⎢⎣
xTW (x, z, α, β, t − τ)

yTW (x, z, α, β, t − τ)

zTW (x, z, α, β, t − τ)

⎤
⎥⎦

⎞
⎟⎠

(12)
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Fig. 2 Evolution of machining system as cutter advances from free-end to fixed-end

where (xTT (t), yTT (t), zTT (t))T and (xTW (t), yTW (t), zTW (t))T rep-
resent the dynamic displacements of the tool and workpiece
at present tooth period in TCS frame, (xTT (t − τ), yTT (t −
τ), zTT (t−τ))T and (xTW (t−τ), yTW (t−τ), zTW (t−τ))T represent
the dynamicdisplacements of the tool andworkpiece at previ-
ous tooth period,�z is the height of the disk, Al (x, z, α, β, t) is

the directional coefficient matrix.When the single-frequency
method [25] is adopted to calculate the limiting cutting depth,
the average component of the Fourier series expansion is
adopted to represent [A(t)], then:

[
Fd
l,x,y,z(x, z, α, β, t)

]
= �zAl,0(x, z, α, β)

[
�T (x, z, α, β, t)

]

(13)

where

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�z = �a

cos γ (α, β)
, γ (α, β) = cos−1

(
N · A(α, β)√|N||A(α, β)|

)

Al,0(x, z, α, β) = N

2π

⎡
⎢⎣

α0
l,xx (x, z, α, β) α0

l,xy(x, z, α, β) α0
l,xz(x, z, α, β)

α0
l,yx (x, z, α, β) α0

l,yy(x, z, α, β) α0
l,yz(x, z, α, β)

α0
l,zx (x, z, α, β) α0

l,zy(x, z, α, β) α0
l,zz(x, z, α, β)

⎤
⎥⎦

(14)

where

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α0l,xx = 1

4

[
Kl,tc cos 2θ − Kl,rc(sin κl )(2θ − sin 2θ) − Kl,ac(cos κl )(2θ − sin 2θ)

] |θl,exθl,st

α0
l,xy = 1

4

[−Kl,tc(2θ + sin 2θ) + Kl,rc sin κl cos 2θ + Kl,ac cos κl cos 2θ
] |θl,exθl,st

α0
l,xz = 1

2

[
2Kl,tc cot κl sin θ − 2Kl,rc cos κl cos θ − 2Kl,ac cos κl cot κl cos θ

] |θl,exθl,st

(15a)

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α0l,yx = 1

4

[
Kl,tc(2θ − sin 2θ) + Kl,rc sin κl cos 2θ + Kl,ac cos κl cos 2θ

] |θl,exθl,st

α0
l,yy = 1

4

[−Ktc cos 2θ − Kl,rc(sin κl )(2θ + sin 2θ) − Kl,ac(cos κl )(2θ + sin 2θ)
] |θl,exθl,st

α0
l,yz = 1

2

[
2Kl,tc cot κl cos θ + 2Kl,rc cos κl sin θ + 2Kl,accosκl cot κl sin θ)

] |θl,exθl,st

(15b)
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⎧
⎪⎪⎨
⎪⎪⎩

α0l,zx = [−Kl,rc cos κl cos θ + Kl,ac sin κl cos θ
] |θl,exθl,st

α0
l,zy = [Kl,rc cos κl sin θ − Kl,ac sin κl sin θ

] |θl,exθl,st

α0
l,zz = [(−Kl,rccosκl cot κl + Kl,ac cos κl

)
θ
] |θl,exθl,st

(15c)

where Ktc, Krc, Kac are the cutting force coefficients, they are
calibrated by the method proposed in [26]; θl,st and θl,ex are
engagement angles (start and exit angles) for the lth discrete
slice, they are calculated by the triple dexel based method
presented in [26].

According to Eq.13, the dynamics of the system in the
frequency domain can be expressed as

[
Fd
x,y,z(x, z, α, β, iω)

]
= �a

cos γ

(
m∑
l=1

Al,0(x, z, α, β)

)[
�T (x, z, α, β, iω)

]

= �a

cos γ

(
m∑
l=1

Al,0(x, z, α, β)

)
(1 − e−iωτ )

�T
TW (x, z, α, β, iω)

[
Fd
x,y,z(x, z, α, β, iω)

]
(16)

where m is the number of the disk along the tool axis; �T
TW (iω)

is the relative FRF between the tool and workpiece in TCS,
it can be written as:

�T
TW (x, z, α, β, iω) = (WT R(α, β))−1�W

W (x, z, iω)WT R(α, β)

+(WT R(α, β))−1(MW R(α, β))−1�M
T (iω)MW R(α, β)WT R(α, β)

(17)

where �W
W (x, z, iω) is the FRF of the workpiece inWCS, �M

T (iω)

is the FRF of the machine tool inMCS.When the cross FRFs
are omitted, and only the direct FRFs are considered, the
direct FRFs of the workpiece at point q can be expressed as
follows:

�W
W (x, z, iω) =

⎡
⎢⎢⎣

�
qq
W ,x (x, z, iω) 0 0

0 �
qq
W ,y(x, z, iω) 0

0 0 �
qq
W ,z(x, z, iω)

⎤
⎥⎥⎦ (18)

with
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

�
qq
W ,x (x, z, iω) =

n∑
j=1

(φW ,x,q, j (x, z))2

ω2
n,W , j − ω2 + i2ξW , jωn,W , jω

�
qq
W ,y(x, z, iω) =

n∑
j=1

(φW ,y,q, j (x, z))2

ω2
n,W , j − ω2 + i2ξW , jωn,W , jω

�
qq
W ,z(x, z, iω) =

n∑
j=1

(φW ,z,q, j (x, z))2

ω2
n,W , j − ω2 + i2ξW , jωn,W , jω

(19)

where ωn,W , j is the jth order natural frequency of workpiece;
ξw, j is the jth order damping ratio of workpiece; φW ,x,q, j ,
φW ,y,q, j , φW ,z,q, j are the component of jth order modal shape
at point q; ω is the frequency of excitation. For the machine
tool, the FRFs correspond to the most flexible points PX1
and PY1 (Fig. 5) are written as follows:

�M
T (iω) =

⎡
⎢⎢⎣

�M
T ,xx (iω) 0 0

0 �M
T ,yy(iω) 0

0 0 0

⎤
⎥⎥⎦ (20)

with⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

�M
T ,xx (iω) =

n∑
j=1

(
φT ,x,PX1, j

)2
ω2
n,T ,x, j − ω2 + i2ξT ,x, jωn,T ,x, jω

�M
T ,yy (iω) =

n∑
j=1

(
φT ,y,PY1, j

)2
ω2
n,T ,y, j − ω2 + i2ξT ,y, jωn,T ,y, jω

(21)

where φT ,x, j and φT ,y, j are the jth order modal shapes of
tool in x and y directions, respectively; ωn,T ,x, j and ωn,T ,x, j are
the jth order natural frequency of tool in x and y directions,
respectively; ξT ,x, j and ξT ,y, j are the jth order damping ratio
of tool in x and y directions, respectively; ω is the frequency
of excitation.

Equation16 has nontrivial solutions if the following deter-
minant is equal to zero:

det|I − λ(x, z, α, β, iω)�(x, z, α, β, iω)| = 0 (22)

with

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ(x, z, α, β, iω) = �a(x, z, α, β, iω)

cos γ (α, β)

(
1 − e−iωτ

) = λR(x, z, α, β, iω) + iλI (x, z, α, β, iω)

�(x, z, α, β, iω) =

⎡
⎢⎢⎣

�xx (x, z, α, β, iω) �xy(x, z, α, β, iω) �xz(x, z, α, β, iω)

�yx (x, z, α, β, iω) �yy(x, z, α, β, iω) �yz(x, z, α, β, iω)

�zx (x, z, α, β, iω) �zy(x, z, α, β, iω) �zz(x, z, α, β, iω)

⎤
⎥⎥⎦

=
(

m∑
l=1

Al,0(x, z, α, β)

)
�T

TW (x, z, α, β, iω)

(23)

Since the size of the matrix �(x, z, α, β, iω) is 3 × 3, the
solution of Eq.22 has three different eigenvalues for each
frequency ω. For each eigenvalue, the limiting cutting depth
is calculated, and the eigenvalue that results in the mini-
mum positive limiting depth is used in the stability diagrams.
Defining κ(x, z, α, β, iω) = λI (x, z, α, β, iω)/λR(x, z, α, β, iω), for the
CL point q, the elemental critical depth �alim and the limiting
cutting depth alim can be written as follows:

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

�alim(x, z, α, β, iω) = 1

2
λR(x, z, α, β, iω)

(1 + κ2(x, z, α, β, iω)) cos γ (α, β)

alim(x, z, α, β, iω) = m�alim(x, z, α, β, iω)

(24)

The corresponding spindle speed ns can be written as fol-
lows:

ns (x, z, α, β, iω) = 60ω

N [(2k + 1)π − 2 arctan κ(x, z, α, β, iω)]
(25)
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Compared with the iterative method presented in [10],
which calculated the limiting cutting depth by incrementing
the cutting depth of�a until all the calculated limiting cutting
depths were less than the cutting depth in the analysis, the
binary search algorithm basedmethod presented in this paper
is efficient.

4 Tool orientation optimizing strategy

This section provides an efficient method to optimize tool
orientation to suppress chatter during the five-axis milling
process. It is supposed that the interference-free tool path
has been already determined by a commercial CAM system.

The basic idea of the proposed method is to proceed iter-

atively by first generating the smooth tool orientations, and
then checking the machining stability and adjusting tool ori-
entations, the method contains three steps. The first step is to
assign initial RTOs at crucial areas based on processmechan-
ics. The second step is to interpolate smooth tool orientations
at general areas from the RTOs by the quaternion interpola-
tion (QI) algorithm. The third step is to check machining
stability at each CL point, if chatter occurs, the chatter-free
tool orientation is selected and added to the RTOs. Then,
back to the second step to interpolate new tool orientations.
This process is repeated until all tool orientations along the
tool path are chatter-free.

After the crucial CL points are selected, the chatter-free
tool orientations at each crucial CL point are obtained using
the Nyquist criterion [27]. According to Eq.22, the charac-
teristic equation of the system can be rewritten as:

[1 − �z(1 − cosωτ + i sinωτ)�xx (iω)] ×

⎧
⎪⎪⎨
⎪⎪⎩

[
1 − �z(1 − cosωτ + i sinωτ)�yy(iω)

]

× [1 − �z(1 − cosωτ + i sinωτ)�zz(iω)
]

−�z2(1 − cosωτ + i sinωτ)2�yz(iω)�zy(iω)

⎫
⎪⎪⎬
⎪⎪⎭

+ [�z(1 − cosωτ + i sinωτ)�xy(iω)
]×

⎧
⎪⎪⎨
⎪⎪⎩

[−�z(1 − cosωτ + i sinωτ)�yx (iω)
]

× [1 − �z(1 − cosωτ + i sinωτ)�zz(iω)
]

−�z2(1 − cosωτ + i sinωτ)2�yz(iω)�zx (iω)

⎫
⎪⎪⎬
⎪⎪⎭

− [�z(1 − cosωτ + i sinωτ)�xz(iω)
]×

⎧
⎪⎪⎨
⎪⎪⎩

[
�z(1 − cosωτ + i sinωτ)�zx (iω)

]

× [1 − �z(1 − cosωτ + i sinωτ)�yy(iω)
]

+�z2(1 − cosωτ + i sinωτ)2�yx (iω)�zy(iω)

⎫
⎪⎪⎬
⎪⎪⎭

= 0

(26)

The stability can be investigated by separating the charac-
teristic equation of the system into real and imaginary parts
and plotting its real and imaginary parts on a complex plane.

Since the characteristic equation represents the closed-loop
system, the process is stable if the polar plot does not encircle
the origin.

In the papers [18, 19], for the given spindle speed and
cutting depth, the cutter postures are divided into stable and
chatter zones byNyquist stability criteria and Floquet theory,
respectively. However, due to the errors in calibrating cutting
force coefficients and calculating CWE, and the error caused
by using linear cutting law, the tool orientations located in the
boundary region between stable and unstable zones may lead
to chatter. Moreover, the limiting cutting depth will change
with the change of tool orientation. In order to improve
machining stability, a machining stability factor is proposed
as an index to select RTOs. Based on Eq.24, the machining
stability factor for the machining system is defined as:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ζ(x, z, α, β) = m cos γ (α, β)

2
minpos

⎡
⎢⎢⎣

R(E(�(x, z, α, β, iω)))(
1 +

(
I (E(�(x, z, α, β, iω))

R(E(�(x, z, α, β, iω)))

)2
)
⎤
⎥⎥⎦

ω = (1 + ξ)ωn , ξ ∈ [ξn,T ,x , ξn,T ,y , ξn,W ], ω ∈ [ωn,T ,x , ωn,T ,y , ωn,W ]

(27)

where minpos represents to calculate the minimum positive
value of the function, E(�(x, z, α, β, iω)) represents to calcu-
late the eigenvalue of the matrix �(x, z, α, β, iω). Equations 24
and 27 show that the tool orientation with a bigger value of
machining stability factor would lead to a greater limiting
cutting depth, and machining chatter is less likely to occur.
The selection of RTOs at key CL points can be expressed as
an optimization problem as follows:

Optimization Goal : ζ(x, z, α, β) → max

s.t . chatter − f ree condition (Nyquist cri terion)
(28)

where ζ(α, β) → max means to take the larger value that tends
to the maximum, the optimization constraint condition of
chatter-free is checked using Eq.26 according to Nyquist
criterion [27].

For calculating the stable region of tool orientation at the
typical CLpoints, the sampling range and interval for the lead
angle and tilt angle are selected. For a given tool orientation,
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the CWEs, cutting force coefficient, and other parameters are
calculated, and the stability of the tool orientation is judged
according to theNyquist stability criterion. After themachin-
ing stability of the tool orientations in the sampling range has
been checked, the boundary between the stable region and
the chatter region can be obtained. Meanwhile, the machin-
ing stability factors for the tool orientations are calculated.
Then, the tool orientation located in the stable region and
with a larger cutting stability factor is selected as the RTO of
the typical CL point.

After the RTOs at crucial CL points are selected, spherical
QI is used to interpolate smooth tool orientations at general
areas. For the given two vectors A1 and An , a formula for
spherical QI from A1 to An , with parameter i moving from 2
to n − 1, can be obtained as [28]:

Ai = sin(θ − i−1
n−1 θ)

sin θ
A1 + sin( i−1

n−1 θ)

sin θ
An , i ∈ [2, n − 1] (29)

where θ = cos−1(A1 · An), and Ai is the interpolated tool orien-
tation. If A1 and An are close, a linear interpolation is used to
avoid division by zero.

In the third step, the algorithms of checking chatter and
adjusting tool orientation are used to verify and correct the
generated tool orientations, respectively. If there is no chat-
ter occurs for the CL data generated by the previous step, the
tool orientations generated from Eq.29 are used for five-axis
CNCmachining. If chatter appears, the chatter CL points are
identified, assuming the chatter tool orientation is (αi , βi ) at
the ith chatter CL point. Next, the chatter tool orientation is
adjusted to the chatter-free direction. The chatter-free tool
orientation is determined so that the smallest tool orientation
distance, fmin(α

c
i , β

c
i ), is achieved between the chatter tool ori-

entation (αi , βi ) and its candidate chatter-free tool orientation
(αc

i , β
c
i ). The tool orientation adjustment can be presented as

a minimization problem as follows:

min f (αc
i , β

c
i ) =

{
(αc

i − αi )
2 + (βc

i − βi )
2
}

s.t . chatter − f ree condition (Nyquist cri terion)
(30)

According to the Nyquist criterion [27], the constraint
condition of chatter-free is checked by Eq.26. The gradient
method [29] is adopted to solve the optimization problempre-
sented in Eq.30. After a set of chatter-free tool orientations
is determined at chatter CL points, these tool orientations
are added to the RTOs list. The procedures of generating the
tool orientations and checking the machining stability are
carried out again until the tool orientations for all CL points
are chatter-free. In this paper, the cutting depths are selected
through simulation to ensure that chatter-free tool paths can
be generated through tool orientation optimization. If the cut-
ting depth is too large, cutting chatter may occur for all tool
orientations, and then Eq. 30 has no solution. At this time,
stable cutting can be ensured by reducing the cutting depth,

adjusting the cutting speed, or increasing the rigidity of the
cutting system.

The procedure of generating chatter-free tool orientations
is shown in Fig. 3, it can be summarized as follows:

1. Select the typical CL points along the cutting path, get the
stable tool orientation region by Eq.26 based on Nyquist
criterion, calculate machining stability factor by Eq.27,
select the tool orientation, and obtain the RTOs.

2. Interpolate smooth tool orientations at general areas from
the RTOs by the QI algorithm as shown in Eq.29.

3. Check machining stability at each CL point by Eq.26
based on Nyquist criterion, if no chatter occurs, the tool
orientations generated in the previous step are used for
five-axis CNC machining.

4. If chatter occurs, the steepest descent method is used to
solve (30) to determine the chatter-free tool orientations
at the chattering CL points, and then add these tool ori-
entations to the RTOs, go to step 2.

5 Simulations and experimental verification

The milling of the block workpiece (Fig. 4), the thin-walled
part with curved surfaces (Fig. 9a), and the thin-walled blade
(Fig. 17a)were carried out on a five-axismachining center JD
GR200-A10SH with the maximum spindle speed of 28,000
rpm. The workpiece material is titanium alloy with a density
of 4500 kg/m3, Young’s modulus of 104 GPa, and Poisson’s
ratio of 0.305. The 4-fluted ball-end mills with 8mm diame-
ter were used in the tests. An impact hammer Dytran Model
5800B, an accelerometer Dytran 3224A1, and the data acqui-
sition system ECON-AVANT-8008 were used in the tests.

To identify the state of the machining process, the
accelerometer was used to collect acceleration signals of the
machining system, the sampling rate was set to 25600 Hz.
The mobile roughness measuring instrumentMasurfM300C
was used to measure the surface roughness of blades. For
each area, measurements were repeated three times and the
average value was calculated. The occurrence of chatter is
identified by checking the spectrum of the acceleration sig-
nals at frequencies close to the natural frequencies of the
machining system but not coinciding with the tooth passing
frequency (TPF) and its harmonics. Moreover, the chatter
can be identified by the appearance of chatter marks on the
machined surface.

5.1 Example 1−milling of block workpiece

The FRFs of the tool were measured at three locations in x

and y directions, as shown in Fig. 5. Due to the inability to
attach the sensor to the tipping point of the tool, when mea-
suring the dynamic parameters of the tool axis system, the
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Fig. 4 Tool path for Example 1
with the cutting depth of 0.6 mm
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Fig. 5 Measurement points of impact tests and measured FRFs of tool

sensor was attached to the position located approximately
4mm above the tipping point of the cutter. The measure-
ment points PX1/PY1, PX2/PY2, and PX3/PY3were located
at 4, 15, and 30mm away from the cutter tip. For the x-
direction test, the accelerometer was fixed at PX1, while the
tool was respectively excited at PX1, PX2, and PX3. For the
y-direction test, the accelerometer was fixed at PY1, while
the tool was excited at PY1, PY2, and PY3. The identified
frequency, damping ratio and mode shapes of the tool are
presented in Table 1.

The fitting model of the cutting force coefficient proposed
in [26] is used to calculate the cutting force coefficient. The
fitting model is written as:

Kx = W0 + W1z + W2z2 + W3z3 + W4z4 + W5n + W6n2 + W7n3,

(x = tc, rc, ac, te, re, ae)
(31)

where z is the position of the cutting element, that is, the
distance from the cutting element to the tool tip along the
axial direction, and the unit of z is mm; n is the spindle speed,
and the unit of n is rpm. The values of W0, W1, W2, W3, W4, W5,
W6, and W7 are shown in Table 2.

To determine the cutting depth used in the simulation,
the method proposed in Section 3 is used to calculate lim-
iting cutting depth. Meanwhile, to illustrate the advantage

of the proposed method in Section 3, a comparison analysis
was conducted between the proposedmethod and themethod
presented in reference [10] for calculating the limiting cut-
ting depth. For the CL point A1 and the tool orientation of
(α, β) = (20◦, 20◦), the convergence process of calculating the
absolute stability limiting cutting depth is depicted in Table 3
and Table 4. It shows that compared with the method pre-
sented in reference [10], the method proposed in Section 3
can quickly calculate the limiting cutting depth. Moreover,
the method proposed in the reference [10] relies on the
selected initial cutting depth and the increment of cutting
depth �a, the method proposed in this article does not have
this shortcoming.

In this part, the tool is flexible and the workpiece is rigid,
the dynamic parameters of the workpiece are set to 0 in
the calculation process. The chatter-free tool orientations at
each crucial CL point are obtained using Eq.26 according to
Nyquist criterion [27]. The predicted feasible tool orienta-
tions and calculated stability factor at location B1 are shown
in Fig. 6. According to Fig. 6, at location B1, the inclination
angle of (α, β) = (10◦, 5◦) is an unstable tool orientation, the
inclination angles of (α, β) = (25◦, 5◦) and (α, β) = (25◦, 20◦) are
the stable tool orientations but with different stability factors.
Figure6 shows that the stability factor for the tool orientation
of (α, β) = (25◦, 20◦) is bigger than that for the tool orientation

Table 1 Identified modal
parameters in x and y directions
for the tool with the overhang of
48mm

Direction Mode Frequency (Hz) Damping ratio (%) Mass normalized mode shape (1/
√
kg)

x 1 1233 1.335 [0.5621, 0.4608, 0.3764]

2 1685 2.727 [1.3034, 0.8499, 0.7323]

3 2575 1.816 [1.3761, 0.5993, 0.2961]

4 2875 2.889 [0.3213, −0.0062, 0.0213]

y 1 1234 1.158 [0.6122, 0.4089, 0.4361]

2 1682 4.456 [1.6495, 0.8225, 1.0711]

3 2615 2.237 [1.7613, 1.0587, 0.4420]

4 2954 1.284 [0.3943, −0.0015, 0.0002]
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Table 2 The fitted polynomial
coefficients of Ktc, Krc, Kac,
Kte, Kre, Kae

Ktc Krc Kac Kte Kre Kae

W0 2806.58 1645.38 −1361.96 −12.02 1.3 −2.91

W1 −5234.37 −4189.23 3679.93 −14.5 −1.7 4.41

W2 4254.6 4025.75 −3872.36 19.06 −7.9 −8.41

W3 −1494.65 −1634.1 1710.31 −10.17 6.4 3.99

W4 191.41 237.468 −267.88 1.87 −1.26 −0.54

W5 0.67 0.46 0.29 0.018 2.87 × 10−3 4.14 × 10−3

W6 −1.57 × 10−4 −1.04 × 10−4 −6.92 × 10−5 −4.42 × 10−6 −7.11 × 10−7 −1.02 × 10−6

W7 1.22 × 10−8 7.82 × 10−9 5.32 × 10−9 3.55 × 10−10 5.73 × 10−11 8.05 × 10−11

of (α, β) = (25◦, 5◦), this means the machining process with
(α, β) = (25◦, 20◦) is more stable than the machining process
with (α, β) = (25◦, 5◦).

To verify the accuracy of the predictions, three tests were
carried out and the tool orientations along the whole tool
path were fixed at (α, β) = (10◦, 5◦), (α, β) = (25◦, 5◦) and (α, β) =
(25◦, 20◦), respectively. The accelerometer was attached to the
stator of the spindle to measure the acceleration signals. The
machined surfaces, themeasured surface roughness, themea-
sured acceleration signals, and the spectral analysis of the
acceleration signals are shown in Fig. 7. For spectral analy-
sis, the signals within a period of time near the CL points A1,
B1, and C1 are selected for Fourier transform to determine the
cutting status. In Fig. 7, A1,Ad j , B1,Ad j , and C1,Ad j respectively
represent a segment of acceleration signals in the adjacent
areas of CL points A1, B1, and C1.

As can be seen from Fig. 7, at the location B1, the tool ori-
entation of (α, β) = (10◦, 5◦) leads to the chatter at frequency
2945Hz, and produces a rough finished surface, the chatter is
caused by the fourth-order natural frequency of tool at 2875
Hz or 2954 Hz; the tool orientations of (α, β) = (25◦, 5◦) and
(α, β) = (25◦, 20◦) diminish the chatter, the acceleration spec-
trum is dominated by the TPF (433 Hz) which is caused by
forced vibrations. Moreover, compared with the tool orienta-
tion of (α, β) = (25◦, 5◦), the tool orientation of (α, β) = (25◦, 20◦)
leads to the smaller amplitude of acceleration signal. The
amplitude of the acceleration signal represents the vibration
intensity of the machining system. In addition, the tool ori-
entation of (α, β) = (25◦, 5◦) leads to chatter at locations A1 and
C1, the chatter frequency (CF) is 2946 Hz which is caused by

the fourth-order natural frequency of tool at 2875 Hz or 2954
Hz. The tool orientation of (α, β) = (25◦, 20◦) leads to chatter
at location A1 and the CF is 2964 Hz which is caused by the
fourth-order natural frequency of the tool at 2875 Hz or 2954
Hz, but this tool orientation diminishes the chatter at location
C1. These results mean that compared with the tool orienta-
tion of (α, β) = (25◦, 5◦), the tool orientation of (α, β) = (25◦, 20◦)
leads to a more stable machining process. The above experi-
mental results are in accordance with the simulation results.

The experimental results show that the CF during the
milling process is somewhat different from the measured
natural frequency as shown in Table 1. This is because
the contact between the tool and the workpiece during the
machining process is equivalent to applying a support to the
tool at the tip position, the rigidity and the natural frequency
of the tool are improved.

The spectral analysis indicates that the tool orientation of
(α, β) = (25◦, 5◦) and the tool orientation of (α, β) = (25◦, 20◦) can
guarantee the milling stability at location B1, however, these
two tool orientations cannot guarantee the milling stability
on the whole tool path. This is because the change of feed
direction (F) along the curved tool path leads to the continu-
ous change of CWE,which leads to themilling process being
stable at location B1 while it is unstable at location A1. Hence,
the tool orientations need to be replanned.

In order to demonstrate the proposed tool orientation opti-
mization method, according to the predicted feasible tool
orientations and calculated machining stability factors, the
inclination angles of tool at locations A1, B1 and C1 are set
to (α, β) = (30◦, 15◦), (α, β) = (25◦, 20◦), (α, β) = (20◦, 25◦), respec-

Table 3 The convergence process of the absolute stability limiting cutting depth calculated by the proposed method (unit: mm)

Cutting depth in analysis Calculated absolute stability limiting cutting depth Difference L U M

0.15 1.3 1.15 0.15 1.3 0.725

0.725 0.5515 0.1735 0.5515 0.725 0.63825

0.63825 0.5756 0.06265 0.5756 0.63825 0.6069

0.6069 0.591 0.0159 0.591 0.6069 0.599

0.599 0.596 0.003
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Table 4 The convergence
process of the absolute stability
limiting cutting depth calculated
by the method presented in
reference [10] (unit: mm)

Cutting depth in analysis Calculated absolute stability limiting cutting depth Difference

0.15 1.3 1.15

0.20 1.017 0.817

0.25 0.9019 0.6519

0.30 0.833 0.533

0.35 0.745 0.395

0.40 0.719 0.319

0.45 0.682 0.232

0.50 0.654 0.154

0.55 0.626 0.076

0.60 0.595 0.005

tively. The method proposed in Sect. 4 is used to generate
the tool path. In the simulation calculation, the number of
CL points is set to 20, and the number of CL points will
be increased in the actual milling process. The tool orien-
tations along the tool path are interpolated from the three
initial RTOs using Eq.29, and then, the machining stabil-
ity is checked at each CL point. It can be found that chatter
occurs at CL 7, and the inclination angle of tool orientation
is (α, β) = (26.5734◦, 18.4735◦). The gradient method is used to
solve the minimization problem as presented in Eq.30, the
initial candidate chatter-free tool orientation is selected as
(α, β) = (28◦, 19◦), and the step-size is set as 0.25. After cal-
culation, the chatter-free tool orientation at CL 7 is set to
(α, β) = (27.2867◦, 18.7368◦), then, this tool orientation is added

to the RTOs. The adjusted tool orientations are generated
using Eq.29 through the new RTOs. There is no chatter that
occurs after the first adjustment, the generated tool orien-
tations are used for five-axis CNC machining. The process
for generating chatter-free and smooth tool orientations for
milling of block workpiece is shown in Fig. 8a.

The machined surface, measured acceleration signal and
the results of spectral analysis for the test with the optimized
tool orientations are displayed in Fig. 8. The acceleration sig-
nal spectrum is dominated by the TPF of 433 Hz which is
caused by forced vibration. Compared with the original tool
orientations (Fig. 7), the optimized tool orientations (Fig. 8a)
can ensure the stable machining along the whole tool path
and obtain a smooth machined surface.

The machining stability factor
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Fig. 7 continued
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Fig. 8 continued
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For themilling of the rectangular workpiece, 20 CL points
are discretized along the tool path during simulation calcu-
lation, the ranges of lead and tilt angles are respectively set
as α ∈ [0, 45◦] and β ∈ [0, 40◦], and the sampling interval is set
to 1◦. For the method presented in the reference [17–19], it is
necessary to calculate the feasible tool orientation domain of
20 CL points, the number of calculations is 45∗40∗20. For the
algorithm proposed in this article, only 3 CL points need to
be calculated, then the machining stability of 17 CL points is
checked, and then an iterative calculation which contains 4
steps is performed to obtain the stable tool orientation, then
the machining stability of 16 CL points are checked. The
number of calculations is about 45 ∗ 40 ∗ 3 + 17 + 4 + 16. From
the above analysis, it can be seen that the proposed algorithm
can improve computational efficiency.

5.2 Example 2−milling of thin-walled part
with curved surfaces

In this part, themilling of the curved thin-walled part (Fig. 9a)
is used to validate the proposed tool orientation optimization
algorithm. The overhang of tool was set at 50mm, the depth
of cut was fixed at 0.3 mm, the spindle speed was set at 7000
rpm, and the feed rate was set at 260mm/min. The ranges

of lead and tilt angles are respectively set as α ∈ [0, 45◦] and
β ∈ [0, 40◦], and the sampling interval is set to 1◦ for both lead
and tilt angles.

Themodal shapes of the thin-walled part are calculated by
the method proposed in [30], the meshed model of the work-
piece is shown in Fig. 9b, the calculated first three orders
of modal shapes are shown in Fig. 9c. The damping ratio
should be extracted from the impact test. For the impact
test performed on the thin-walled part, the positions of the
response and excitation points are shown in Fig. 10a. The
accelerometer was fixed at point 3, while the thin-walled
part was respectively excited at six points using an impact
hammer. The identified natural frequency and damping ratio
of the initial thin-walled part is presented in Table 5. For the
tool with the overhang of 50mm, the FRFs of the tool were
measured at three locations in x and y directions, as shown in
Fig. 10b. The measurement points PX1/PY1, PX2/PY2 and
PX3/PY3 were located at 4, 15 and 30mm away from the
tool tip. The identified frequency, damping ratio, and mode
shapes of the tool are presented in Table 6.

For the machining along curve 32.5, the machining sys-
tem will change from flexible workpiece to flexible tool, and
then to flexible workpiece. The machining along curve 32.5 is
selected to verify the effectiveness of the proposed method,
and the CL points A2, B2, and C2 are selected as the typical
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Fig. 10 Measurement points of impact tests and measured FRFs: a thin-walled part; and b tool

locations. At the locations A2 and C2, the dominant vibration
mode is the second-order mode of the workpiece; at the loca-
tion B2, the tool is flexible while the workpiece is relatively
rigid.

The relatively flexible body of the machining system will
change during the milling of cantilever-shaped thin-walled
parts. The dominant vibration mode of the machining system
is determined by the limiting cutting depth, themodewith the
lower limiting cutting depth is the dominant vibration mode.
The workpiece is divided into three regions, the region where
the dominant vibration mode is the first-order mode of the

Table 5 Identified modal parameters for the initial curved thin-walled
part

Mode Frequency (Hz) Damping ratio (%)

1 1575 1.227

2 3262 0.571

3 8293 1.203

workpiece, the region where the dominant vibration mode is
the second-order mode of the workpiece, the region where
the tool is flexible, as shown in Fig. 11. The material removal
will cause a change inworkpiece dynamics in themilling pro-
cess. The dynamic parameters of the thin-walled part during
the milling process are calculated by the method proposed
in the paper [30]. In order to calculate the dynamics of the
workpiece in process, according to the cutting depth of 0.3
mm, the workpiece near the cutting area is meshed into ele-
ments with length of 3mm along the z direction, as shown in
Fig. 12. The process of obtaining stiffness and mass matri-
ces of the workpiece in the process is shown in Fig. 12, then
the workpiece dynamics can be calculated by the matrices.
The calculated first three orders of frequency for different
machining steps are shown in Table 7, and the calculated
first three orders of modal shape along tool path for different
machining steps are shown in Fig. 13. Step 1 to Step 5 respec-
tively represents the workpiece has been machined along the
tool path with the distance of 10mm, 20mm, 30mm, 40mm,
and 50mm. To improve the calculation accuracy, the dynam-
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Table 6 Identified modal
parameters in x and y directions
for the tool with the overhang of
50mm

Direction Mode Frequency (Hz) Damping ratio (%) Mass normalized mode shape (1/
√
kg)

x 1 1225 1.599 [0.6682, 0.3868, 0.2872]

2 1656 2.692 [1.4869, 0.7949, 0.6884]

3 2511 1.800 [1.2593, 0.4949, 0.2327]

4 2918 0.112 [0.3445, −0.0073, 0.0246]

y 1 1226 1.465 [0.7728, 0.7245, 0.4800]

2 1627 2.912 [1.5063, 1.3509, 0.8882]

3 2522 1.377 [1.4754, 0.9022, 0.2002]

4 2851 0.119 [0.4147, −0.0021, −0.0003]

ics of the workpiece in the process as shown in Table 7 and
Fig. 13 are used for simulations.

The predicted feasible tool orientations and calculated
machining stability factors at the locations A2 and C2 are
shown in Fig. 14.Moreover, in order to illustrate the necessity
of considering both the flexible workpiece and tool during
the milling of thin-walled parts, the model only considers
the flexible workpiece and the model considers both flex-
ible workpiece and tool respectively used to calculate the
feasible tool orientations and machining stability factors at
location B2. The feasible tool orientations and machining
stability factors calculated by the model only considering
flexible workpiece are shown in Fig. 15a, the results calcu-
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Fig. 11 Regions of thin-walled part which partitioned by dominant
vibration modes of machining system

lated by the model considering both flexible workpiece and
tool are shown in Fig. 15b.

At location B2, Fig. 15a shows that the inclination angle of
(α, β) = (10◦, 15◦) is a stable tool orientation; however, Fig. 15b
shows that this inclination angle is an unstable tool orienta-
tion, and the inclination angle of (α, β) = (20◦, 20◦) is a stable
tool orientation. Since the tool is more flexible than thework-
piece at location B, and the result presented in Fig. 15a only
considers flexible workpiece, hence, the result presented in
Fig. 15b should be used to select chatter-free tool orienta-
tions. To verify the simulation results, two tests along curve

32.5 were carried out, and the tool orientations were fixed
at (α, β) = (10◦, 15◦) and (α, β) = (20◦, 20◦), respectively. The
vibration signals of the thin-walled part were obtained by
the accelerometer attached to the free-end of workpiece.

The machined workpiece surfaces, the measured acceler-
ation signals and the results of spectral analysis are shown
in Fig. 16a. In the figure, A2,Ad j , B2,Ad j , and C2,Ad j respectively
represents a segment of acceleration signals in the adjacent
areas of CL points A2, B2, and C2. The tool orientation of
(α, β) = (10◦, 15◦) leads to chatter along the whole tool path.
The spectrums of acceleration signal are dominated by dif-
ferent vibration modes along the tool path. At location A2,
the chatter frequencies are 1330 Hz and 3267 Hz, the fre-
quency of 1330 Hz is the chatter frequency of tool (CFT)
which is caused by mode 1 of tool, the frequency of 3267
Hz is the chatter frequency of workpiece (CFW) which is
caused by mode 2 of workpiece. Moreover, since the value
of the spectrum of CFW is greater than that of CFT, the
mode 2 of workpiece is the dominant vibration mode. At
location B2, the chatter frequencies are 1330 Hz and 3262 Hz
which are respectively caused by mode 1 of tool and mode
2 of workpiece. The mode 1 of tool is the dominant vibra-
tion mode. At location C2, the chatter frequencies are 1330
Hz and 3256 Hz which are respectively caused by mode 1
of tool and mode 2 of workpiece. The mode 2 of the work-
piece is the dominant vibration mode. The changes of the
natural frequency of workpiece are caused by the material
removal during milling process. For the tool orientation of
(α, β) = (20◦, 20◦), the changes of CWE and workpiece dynam-
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Fig. 12 Process of obtaining stiffness and mass matrices of workpiece in process

ics along the tool path lead to themilling process being stable
at location B2, while it is unstable at locations A2 and C2. At
location A2, the vibration frequencies are 1400 Hz and 3269
Hz, the frequency of 1400 Hz is the harmonic of TPF, and
the frequency of 3269 Hz is the CFW which is caused by
mode 2 of the workpiece. At location B2, the vibration fre-
quency is 1400 Hz which is the harmonic of TPF. At location
C2, the vibration frequencies are 1400 Hz and 3259 Hz, the
frequency of 1400 Hz is the harmonic of TPF, and the fre-
quency of 3259 Hz is the CFW which is caused by mode
2 of the workpiece. At CL points A2 and B2, the simulation
results are consistent with the test results. However, at CL
pointC2, there is somedifference between simulation and test.
Figure14 shows that the tool orientation of (α, β) = (20◦, 20◦) is
located in the machining stability region, but chatter occurs
during milling process as shown in Fig. 16a. This is because
there are calculation errors in the dynamic parameters of the
thin-walled part, CWE, etc. As a result, there is a certain
error in the calculated stable tool orientation region. As the
tool orientation of (α, β) = (20◦, 20◦) is located at the boundary
region between the stable region and chatter region as shown
in Fig. 14b. The predicted stable tool orientation causes chat-
ter during machining. Therefore, the tool orientation farther
from the boundary should be selected.

Table 7 First three orders of frequency (Hz) of thin-walled part for
different machining steps

Step 1 Step 2 Step 3 Step 4 Step 5

Mode 1 1570 1567 1562 1557 1554

Mode 2 3260 3253 3245 3238 3233

Mode 3 8292 8288 8286 8282 8280

The results presented in Fig. 16a are consistent with the
simulation results that at location B2, the angle of (α, β) =
(10◦, 15◦) is an unstable tool orientation while the angle of
(α, β) = (20◦, 20◦) is a stable tool orientation. And, at location
B2, the mode of tool is the dominant vibration mode, while at
locations A2 and C2, the mode 2 of the workpiece is the domi-
nant vibration mode. The simulation and test results indicate
that it is important to consider both the flexible workpiece
and flexible tool during milling of thin-walled parts.

To generate chatter-free tool orientations along tool path,
according to the predicted feasible tool orientations and cal-
culated machining stability factors, the lead and tilt angles
of tool at locations A2, B2 and C2 are set as (α, β) = (30◦, 20◦),
(α, β) = (20◦, 20◦), (α, β) = (30◦, 20◦), respectively. After the tool
orientations along the tool path are interpolated from the three
initial RTOs, the machining stability is checked at each CL
point. In this case, there is no chatter occurs for the tool
orientations generated by the second step of the proposed
method, it does not need iterative calculations. The gener-
ated chatter-free tool orientations along the tool path, the
machined workpiece surface, the measured acceleration sig-
nals, and the results of spectral analysis of the signal are
shown in Fig. 16b.

Figure16 shows that compared with the tool orientations
of (α, β) = (10◦, 15◦) and (α, β) = (20◦, 20◦), the optimized tool
orientations lead the amplitude of the acceleration signal to
decrease significantly. Moreover, for the milling with opti-
mized tool orientations, the spectrum of the acceleration
signal is dominated by TPF (466 Hz) and its harmonic (1400
Hz) which means the machining process is stable along the
whole tool path. Both the result of the frequency spectrum
of the acceleration response and the quality of the machined
surface show that the optimized tool orientations can sup-
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Fig. 14 The predicted feasible tool orientations and calculated machining stability factors at the point on curve 32.5: a A2; and b C2
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Fig. 15 The predicted feasible tool orientations and calculated machining stability factors at the location B2 on curve 32.5: a calculated by the
model only considers flexible workpiece; and b calculated by the model considers both flexible workpiece and tool

press chatter and improve the machining stability in five-axis
ball-end milling of curved thin-walled part.

5.3 Example 3−milling of thin-walled blade

In this section, the proposed method is used for the milling
of thin-walled blade, as shown in Fig. 17a. The lengths of the
inlet and exhaust sides are both 45.0 mm. The thicknesses at

the thinnest and thickest positions of the blade are 0.83 mm
and 2.45 mm respectively, which is a twisted structure. The
points 1, 2, 3, 4, 5, 6, 7, and 8 are selected as the typical CL
points, as shown in Fig. 17a.

The calculated feasible tool orientation regions and
machining stability factors at CL points 2 and 4 are shown
in Fig. 17b and c. According to the calculated results, the
tool orientations at the CL points 2, 3, 4, 6, 7, and 8 are set to
(35◦, 30◦), the tool orientations at CL points 1 and 5 are set to
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Fig. 16 Machined surface, measured acceleration signals, and spectrum of the acceleration signals for milling of thin-walled parts with: a unopti-
mized tool orientations; b chatter-free and smooth tool orientations generated by the proposed method

(45◦, 30◦). Then, the proposed method is used to generate the
optimized and smooth tool orientations along the tool path,
as shown in Fig. 17d

The milling of thin-walled blade was carried out on the
five-axis machining center JD GR200-A10SH. The blank
was a rectangular workpiece, its size was 50mm×20mm×
70mm, and its material was titanium alloy TC4.

The blades were cut according to the rough machining,
semi-finishing machining, and finishing machining process.
During rough machining, the peripheral milling method was
used to removemost of the allowance; the spiral circumferen-
tial milling method was used in semi-finishing/finishing, the
tool path can form a closed loop, and the tool path is smooth
and consistent, which can improve machining efficiency. At
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Fig. 16 continued

the same time, the tool path is uniform and the tool path is
easy to control.

The 4-fluted ball-end mills with a diameter of 8mm and
a nominal helix angle of 40◦ were used in the test, the tool
overhang L = 50 mm. In rough machining, the cutting depth
ap = 0.6 mm, the rotation speed n = 3000 rpm, the feed speed
f = 360 mm/min. In semi-finishing, the cutting depth ap = 0.4

mm, the transverse feed a f = 0.2 mm, the rotation speed n =
6500 rpm, and the feed speed f = 760 mm/min. In finishing

machining, the cutting depth ap = 0.1 mm, the transverse feed
a f = 0.1 mm, the rotation speed n = 7670 rpm, and the feed
speed f = 760 mm/min. In order to show the effectiveness of
the proposed method, the tool orientation of α = 10◦, β = 10◦,
and the optimized tool orientations as shown in Fig. 17dwere
used for milling.

Due to the limitations of experimental conditions, a con-
tact acceleration sensor was used to measure the vibration
acceleration signal during the cutting process. Since the
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Fig. 17 Milling of thin-wall blade: a typical CL points, b stable tool orientation region and machining stability factors at CL point 2, c Stable tool
orientation region and machining stability factors at CL point 4; d chatter-free and smooth tool orientations generated by the proposed method

workpiece was rotating with the workbench during the
machining process, the acceleration sensor was fixed on the
stator of the spindle to measure the vibration acceleration
during the machining process. However, due to the small
cutting amount during thefinishingprocess, the cutting vibra-
tion amplitude at the location of the acceleration sensor was
small, and coupledwith the influence of external interference

signals, the measured acceleration signal data was poor, so
the measurement is not presented. The surface morphology
and surface roughness of the machined workpiece are used
to analyze the difference in results obtained by machining
with unoptimized tool orientation and optimized tool orien-
tation. The mobile roughness measuring instrument Masurf
M300Cwas used tomeasure the surface roughness of blades.

123

5739The International Journal of Advanced Manufacturing Technology (2024) 133:5715–5742



Fig. 17 continued

For each area, measurements were repeated three times and
the average value was calculated.

The surface morphology of the workpiece machined by
different tool orientations is shown in Fig. 18. For workpiece
1, the tool orientation is α = 10◦ and β = 10◦, there are obvious
vibration marks on the machined surface of the blade tip
part. The optimized tool orientations were used to machine
workpiece 2, and the blade surface transition is smooth and
there are no chatter marks. The measured surface roughness
of the area A1 on workpieces 1 is 1.253 μm. The measured
surface roughness of the area A2 on workpiece 2 is 0.447
μm. The above results show that for the tip part of blade,
the unoptimized tool orientation causes chatter and result
in poor surface quality; while the process is stale for the
machining with optimized tool orientation, and the surface
quality is better. The vibration suppression strategy based
on tool orientation optimization proposed in this article can
effectively suppress the cutting chatter during the milling
process of thin-walled blades and improve the surface quality
of thin-walled blades.

6 Conclusions

A process mechanics based method is presented to generate
chatter-free and smooth tool orientations for milling curved
thin-walled parts. Firstly, a coupling dynamic model consid-
ering both the flexible tool and workpiece is presented in the
TCS, the model can predict the cutting stability of the entire
process of milling thin-walled parts. Then, a binary search
algorithm based single-frequencymethod is presented to cal-
culate limiting cutting depth. Themethod does not rely on the
initial cutting depth and the increment of cutting depth which
selected for calculation, the proposed method can expedite
the convergence process for calculating the limiting cutting
depth. In addition, an iteratively strategy of first generating
smooth tool orientation through the RTOs at the typical loca-
tions, and then checking themachining stability and adjusting
tool orientation is proposed to generate chatter-free tool ori-
entations along tool path. During this process, a machining
stability factor is presented as a criterion to select tool orien-
tation, and the tool orientations have higher value of stability

Plan 1
α=10°
β=10°
Ra= 1.253 μm

Plan 2
Optimized 
tool orientations
Ra= 0.447 μm

Workpiece 1 Workpiece 2

measurement 
 direction

measurement 
 directionA1 A2

Fig. 18 Comparison of surface morphology of thin-walled blades machined by different tool orientations
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factor are selected as the RTOs. The proposed method only
needs to obtain the chatter-free tool orientation regions at typ-
ical CL point. Moreover, for the thin-walled part studied in
this paper, the proposed method can generate the chatter-free
tool orientations without iterative calculation, the calculation
process is rapid. The simulations andmilling tests performed
on both blockworkpiece and curved thin-walled part indicate
that the proposed method can effectively generate chatter-
free and smooth tool orientations, and improve the quality of
machined surface.

7 Appendix

R(C, α) =

⎡
⎢⎢⎣

c2i + (1 − c2i )C(α) ci c j V (α) + ck S(α) ci ckV (α) − ck S(α)

ci c j V (α) − ck S(α) c2j + (1 − c2j )C(α) c j ckV (α) + ci S(α)

ci ckV (α) + ck S(α) c j ckV (α) − ci S(α) c2k + (1 − c2k )C(α)

⎤
⎥⎥⎦

(A1)

whereC(α) = cos(α), S(α) = sin(α), V (α) = 1−cos(α), C = [ci , c j , ck ]T .

R(F, β)=

⎡
⎢⎢⎣

f 2i + (1 − f 2i )C(β) fi f j V (β) + fk S(β) fi fk V (β) − fk S(β)

fi f j V (β) − fk S(β) f 2j + (1 − f 2j )C(β) f j fk V (β) + fi S(β)

fi fk V (β) + fk S(β) f j fk V (β) − fi S(β) f 2k + (1 − f 2k )C(β)

⎤
⎥⎥⎦

(A2)

where C(β) = cos(β), S(β) = sin(β), V (β) = 1 − cos(β), F =
[ fi , f j , fk ]T .
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