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Abstract
Reliable prediction of the grinding force is essential for improving the grinding efficiency and service life of the 
grinding head. To better optimize and control the grinding process of the grinding head, this paper proposes a grind-
ing force prediction method of the grinding head that combines surface measurement, statistical analysis, and finite 
element method (FEM). Firstly, a grinding head surface measurement system is constructed according to the principle 
of focused imaging. The distribution model of abrasive grains in terms of size, spacing, and protruding height has been 
established by measuring and counting the characteristics of abrasive grains on the surface of a real grinding head. 
Then, the undeformed chip thicknesses when the abrasive grains are cut are analyzed in depth, the material model of 
abrasive grains and workpiece is established, and the cutting process of abrasive grains with different characteristics 
on the surface of the grinding head is analyzed by finite element simulation. A single abrasive grain grinding force 
model is obtained. Finally, the grinding force prediction of the grinding head was realized by combining finite element 
simulation with grinding kinematics analysis. In addition, grinding experiments with different grinding parameters 
were conducted to verify the grinding force prediction model. The results show that the predicted grinding force of 
the grinding head is in good agreement with the experimental values. The average error of tangential grinding force 
is 7.42%, and the average error of normal grinding force is 9.77%. This indicates that the grinding force prediction 
method has good accuracy and reliability.
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1 Introduction

Grinding is widely used in aerospace, automotive, biomedi-
cal, and other industries as a necessary technical means of 
machining parts [1]. Its essence is to obtain a higher quality 
workpiece surface by the interference between the work-
piece and multiple abrasive grains on the surface of the 
grinding head. Grinding force is an essential feature of the 
grinding process that significantly influences the integrity 
of the machined surface, the material removal rate, and the 
life of the grinding head. It is related to almost all grinding 
parameters [2]. Suppose the magnitude of the grinding force 
can be accurately predicted before the grinding process to 
reduce the time and cost of experimentation. In that case, it 

will be significant in optimizing the grinding parameters and 
improving the machined surface quality.

The shape, distribution, size, and attitude of the abra-
sive grains on the grinding head surface are highly rand-
omized, making it very difficult to predict the grinding force. 
Compared with the grinding head, research on the grind-
ing wheel is more extensive. Due to the similar structure 
between grinding wheels and grinding heads, the research 
results on grinding wheels can be used as reference for pre-
dicting the grinding force of grinding heads. Early scholars 
mainly established empirical models to predict grinding 
force, which requires a series of grinding experiments under 
specific conditions to develop the mathematical regression 
equation between the input parameters and the output results 
to predict the grinding force [3, 4]. This prediction model 
has some technical value but requires many experiments to 
construct the regression equation.

With the development of computer technology, some 
scholars apply the ideas of big data and machine learning to 
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the prediction of grinding force. Fuh et al. [5] proposed to 
improve the back propagation neural network with an error 
distribution function and applied it to predict the grinding 
force, which was more accurate than the theoretical force 
model. Zhou et al. [6] established a titanium alloy grinding 
force prediction model based on a back-propagation neu-
ral network BP model and a genetic algorithm optimized 
back-propagation neural network model, and its accuracy 
is much higher than the traditional regression equation pre-
diction results. Zhang et al. [7] established a grinding force 
model based on a multi-exponential function, and the results 
showed that the model could accurately predict the grinding 
force for unidirectional grinding of composites. This method 
also needs to analyze a large number of experimental data to 
achieve the prediction of grinding force.

In addition to empirical models, there are many ana-
lytical and semi-analytical models for predicting grind-
ing forces. Scholars divide the grinding process into three 
stages: friction, plowing, and cutting and use chip thick-
ness, friction coefficient, and stress coefficient to solve 
the magnitude of grinding force [8–11]. Hecker et al. [12] 
assumed that abrasive grain heights follow a Rayleigh dis-
tribution, developed a probabilistic model of undeformed 
chip thickness, and applied it to a grinding force predic-
tion model. Durgumahanti et al. [13] considered the effect 
of machining parameters and friction coefficients and 
developed mathematical models of grinding force per unit 
width for each of the three grinding phases. The results 
were more in agreement with the experiments. Dai et al. 
[14] found that the undeformed chip thicknesses of single-
layer CBN grinding wheel satisfy the regular distribution 
by conducting several grinding experiments and establish-
ing the grinding specific force and specific energy mod-
els. Li et al. [15] combined the empirical formulas and the 
theoretical derivations to analyze the forces in the three 
grinding stages based on the conical grain model. They 
established a grinding force prediction model in which the 
friction force accounted for the central part of the grinding 
force. This prediction model ignores the actual grinding 
process and is easy to cause errors.

To more accurately predict the grinding force and reveal 
the material removal mechanism, more and more scholars 
focus on the single-grain cutting process and analyze the 
kinematic model of grain-workpiece interaction based on 
the analytical model [16–18]. Li et al. [19] considered the 
protruding heights of different abrasive grains and the inter-
ference state between the abrasive grains and the workpiece 
at each moment. They found that friction and cutting are the 
two main phases among the three phases of grinding and 
established a grinding force prediction model based on the 
analytical model of friction force, plowing force, and cut-
ting force. Jamshidi et al. [20] considered the microscopic 
mutual interference between the abrasive grains and the 

workpiece. They found that the abrasive grains with nega-
tive rake angles would form the dead metal zone (DMZ) 
with the workpiece and constructed a grinding force pre-
diction model considering the dead metal zone (DMZ). 
Wang et al. [21] obtained the grinding specific energies 
corresponding to different undeformed chip thicknesses 
through single-grain grinding experiments. They con-
structed a grinding force prediction model by combining it 
with the single-grain grinding force model, and the results 
were more consistent with the experiments. Meng et al. [22] 
considered the distribution, attitude, shape, and size of abra-
sive grains on microstructured tools to develop a dynamic 
grinding force prediction model based on abrasive grain 
kinematics. Wu et al. [23] simplified the abrasive grains to 
a spherical shape, analyzed the instantaneous undeformed 
chip thickness of the abrasive grains by kinematic simula-
tion, and combined it with the material contact mechanics 
to achieve the prediction of the grinding force.

However, the empirical model requires a lot of grinding 
experiments to obtain the grinding force prediction model, 
and the grinding force prediction model needs to be updated 
when the working conditions change, which will waste a 
lot of time and economic cost. Many analytical and semi-
analytical models ignore many characteristics of the actual 
grinding process, such as the distributions of abrasive grains 
on the surface of the grinding head, the contact area between 
the abrasive grains and the workpiece, the material proper-
ties of the grinding head and the workpiece, and the actual 
process of the abrasive grains cutting the workpiece [24], 
which can lead to errors in the grinding force prediction. 
On the other hand, analytical and semi-analytical models are 
cumbersome to calculate, and it is difficult to analyze and 
discuss the grinding process by purely theoretical analysis 
and experimental methods.

Therefore, in this paper, the size, protruding height, 
and distribution of abrasive grains on the grinding head 
surface are measured and counted by the microfocus 3D 
reconstruction system. Then, the grinding process of dif-
ferent abrasive grains is simulated and analyzed using finite 
elements based on the actual topography of the grinding 
head surface. The finite element method can intuitively 
and accurately respond to the actual interference process 
between the abrasive grains and the workpiece, and its con-
sideration of the material properties of the workpiece can 
provide a more realistic grinding force. From the simula-
tion, the grinding force values of single grains are extracted 
and combined with the effective number of grains in the 
grinding arc area to realize the grinding force prediction. 
Finally, the accuracy of the prediction model is verified by 
grinding experiments. The grinding force prediction model 
obtained by this method will be more in line with the actual 
grinding process, and the method has better engineering 
practical significance.
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2  Measurement and modeling 
of the grinding head surface based 
on focused imaging

The characteristics of the abrasive grains on the grinding 
head surface are critical factors affecting the grinding force, 
including the shape, size, number, position, and protrud-
ing height of the abrasive grains. To accurately predict the 
grinding force of the grinding head, measuring and analyz-
ing the abrasive grains on the grinding head surface is neces-
sary. Usually, an optical microscope can only observe the 2D 
parameters of the abrasive grains on the grinding head sur-
face, and the 3D information of the abrasive grains cannot be 
obtained. For this reason, this paper builds a measurement 
and 3D reconstruction system of the grinding head surface 
based on focusing imaging.

2.1  The principle of focused imaging measurement

According to the microscopic focusing imaging principle 
[25], the collimation plane of the optical measurement sys-
tem is fixed and unique. Its distance from the lens is μ, as 
shown in Fig. 1. When the grinding head is in the initial 
position, the positions on the surface of the grinding head 
within the depth of field ΔT centered on the focal plane z1 
are clearly imaged, and the rest of the positions are blurred. 
By moving the distance between the grinding head and the 
lens in micrometer steps Δz, the surface of the grinding head 
at different height positions is focused on the newly acquired 
image, and an image sequence of the grinding head surface 
acquired at equal distances in the direction of the height 
of the abrasive grains can be obtained. The best-focused 
image position of each pixel point is determined by calcu-
lating the focus value of each pixel in each image frame. 
Then, by combining the best-focused image positions of all 
pixel points on the grinding head surface with their position 

information in the height direction, height information on 
the topography of the grinding head can be obtained.

As shown in Fig. 2, the primary processes of the grind-
ing head surface measurement based on focus imaging are 
acquiring nk grinding head surface images at equal intervals 
to obtain a sequence of grinding head surface images, Using 
the focus sharpness function to calculate the focus value E 
of each pixel point in the image and fitting the focus value 
curve to calculate the number of image frames fk correspond-
ing to the maximum focus value Emax. According to the map-
ping relationship between the number of image frames and 
the height information of the focused pixel point, the height 
information matrix is established. Then, the 3D surface 
topography of the grinding head can be reconstructed pre-
cisely by combining with the 2D information of the image.

2.2  Statistical modeling of abrasive grains

In order to analyze the distribution of abrasive grain charac-
teristics on the grinding head surface, a 100# electroplated 
CBN grinding head was used as the object of study. Twelve 
areas of the grinding head surface, selected randomly along 
the periphery, were measured, and the number of abrasive 
grains in each area is shown in Fig. 3 (172 abrasive grains 
total). The number of abrasive grains in the unit area is 
shown as:

where Sr is the total area of the selected region, and N is 
the total number of abrasive grains in the selected region. 
By using an optical microscope to observe the shape of the 
abrasive grains on the grinding head surface, it can be found 
that the abrasive grains in the form of the triangular plat-
form account for more than 65%. While ensuring that the 
abrasive particle model on the grinding tool surface closely 

(1)na =
N

Sr

Fig. 1  Principles of microscopic focusing measurement
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approximates the actual surface, this study assumes that the 
shape of the abrasive particles on the grinding tool surface 
is the regular triangular platform to facilitate calculation and 
analysis.

The distribution spacing L of the abrasive grains affects 
the number of abrasive grains involved in cutting during the 
grinding transition and changes the magnitude of the grind-
ing force. In order to obtain the distribution patterns of abra-
sive grain spacings, the spacings between the abrasive grains 
in each of the 12 regions were measured using an optical 
microscope. After statistical analysis, the distribution pattern 
satisfies the normal distribution, and the mean value is cal-
culated to be 141.08 μm, and the standard deviation is calcu-
lated to be 27.41 μm. The fitting results are shown in Fig. 4.

Abrasive grain sizes are related to the specifications of the 
grinding head and are generally measured by the minimum 
outer ball diameter. Since the abrasive grains on the surface 
of the grinding head are held in place by the bonding agent 
and cannot be rotated in 3D space to measure the minimum 
outer ball diameter, this paper takes the minimum outer cir-
cular diameter Dg of the abrasive grains measured on the 
2D plane as the abrasive grain sizes, as shown in Fig. 5. The 
abrasive grain sizes on a single grinding head usually vary 
within a specific range. The abrasive grain sizes in each of 

the above 12 regions are measured by optical microscopy. As 
shown in Fig. 6, the statistical analysis shows that the abra-
sive grain sizes roughly follow the normal distribution law, 
with the mean and standard deviation of 138.6 μm and 19.2 
μm, respectively, and the fitting results are shown in Fig. 6.

The protruding height of the abrasive grain h is an essen-
tial parameter of the grinding head surface, and the ordi-
nary optical microscope can only obtain the parameters of 
the abrasive grain surface, but not the depth information. 
In order to measure the protruding heights of the abrasive 
grains, this paper builds a measurement and 3D reconstruc-
tion system of grinding head surface based on focused imag-
ing, as shown in Fig. 7, which controls the grinding head to 
move along the z-axis at micrometer level by servomotor, so 
that the acquisition system traverses the whole abrasive grain 
in the height direction, reconstructs the surface topography 
of the grinding head, and realizes the measurement of the 
height of the abrasive grain. The 12 regions were recon-
structed using this measurement system, as shown in Fig. 8a. 
Comparison with the actual image shows that the shape and 
position of the reconstructed abrasive grains are the same 
as those of the real abrasive grains. The maximum feature 
size difference between the reconstructed and actual abrasive 
grains is within 2 μm, and the maximum distribution error 

Fig. 2  The primary processes of 
micro-focusing measurement
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Fig. 3  The surface morphology of electroplated CBN grinding head

Fig. 4  The distribution pattern of abrasive grain spacing
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is within 3 μm. The measurement reconstruction system can 
accurately reconstruct the geometric features and positional 
distribution of the abrasive grains in the grinding head. 
Statistical analysis of the protruding heights of all abrasive 
grains, as shown in Fig. 8b, shows that the distribution con-
forms to the normal distribution, and the mean and standard 
deviation are 39.34 μm and 12.14 μm, respectively.

3  Grinding force modeling

The essence of grinding is to interfere with the workpiece 
through the mutual coupling of multiple abrasive grains on 
the surface of the grinding head, and the collection of forces 

generated by each abrasive grain, as it interferes with the 
workpiece, constitutes the grinding force of the grinding 
head. By analyzing the magnitude of the force generated 
by each abrasive grain, a grinding force predictive model 
of the grinding head during the actual grinding process can 
be established. Unlike the previous models, this model is 
obtained by the finite element simulation method to get the 
force generated when a single abrasive grain interferes with 
the workpiece, which considers the material properties of 
the workpiece during the interference process and makes the 
result analysis more accurate, intuitive, and realistic. In addi-
tion, the modeling considers the geometric characteristics, 
the distribution spacing, and the actual grinding thickness of 
the abrasive grains on the grinding head surface, which can 
reflect the real grinding process and provide a more accurate 
prediction of the grinding force.

3.1  Undeformed chip analysis

There are several abrasive grains distributed on the grind-
ing head surface, but not all of them can interfere with the 
workpiece, which depends on the grinding depth and the 
protruding height of the abrasive grains. As shown in Fig. 9, 
the grinding depth ap is generally based on the maximum 
protruding height of the abrasive grain hmax. The grinding 
depth must be specified before machining, and the abrasive 
grain can interfere with the workpiece only when the pro-
truding height of the abrasive grain h satisfies Eq. 2. This 
part of the abrasive grains is called active abrasive grains:

As the grinding depth increases, the number of active abra-
sive grains increases. When the grinding depth increases to 

(2)hmax − ap ≤ h ≤ hmax

Fig. 5  The schematic diagram of abrasive grain size

Fig. 6  The distribution pattern of abrasive grain size
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the lowest abrasive grain interference depth, the number of 
active abrasive grains reaches the maximum, and because the 
total number of abrasive grains on the surface of the grinding 
head is limited, at this time, the grinding depth continues to 
increase, and the number of active abrasive grains remains 
unchanged.

The actual thickness of a single abrasive grain when inter-
fering with the workpiece is characterized by the maximum 
undeformed chip thickness hm (abrasive grain depth of cut), 
which varies with the protruding height of the abrasive grain. 
In order to easily calculate the maximum undeformed chip 
thickness hm, the cutting path of the abrasive grain can be 
approximated by a circular arc, as shown in Fig. 10a. The abra-
sive head moves from point O to point O′, then the maximum 
undeformed chip thickness hm can be expressed as:

where ds is the diameter of the abrasive grain at the instant of 
rotation, and de is the diameter of the grinding head. Assum-
ing that the abrasive grains are arranged at intervals L along 
the circumference of the grinding head, the distance s that 
the cutting path of the previous abrasive grain travels along 

(3)hm = AC = O�C − O�A =
ds

2
− O�A =

de + 2h

2
− O�A

Fig. 7  The grinding head surface measurement and reconstruction 
system

Fig. 8  The distribution pattern 
of abrasive grain protruding 
height

Fig. 9  The distribution of abrasive grain on the surface of the grinding head
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the feed direction can be expressed as the product of the 
interval time te between two successive cuts and the work-
piece feed speed vw:

where vs is the linear velocity of the grinding head, and in 
△OO′A, the length of O′A can be expressed as:

where ξ is the angle between OO′ and OA, and

In △OAB, there is cos θ = 1 − 2a/ds, which can be sub-
stituted into Eq. 6 to obtain the following:

where a is the depth at which abrasive grain can interfere 
with the workpiece, and a = ap − hmax + h, substituting Eq. 7 
into Eq. 5 follows:

(4)s = OO� =
Lvw

vs

(5)O
�
A =

(
OA

2 + OO
�2 − 2 ⋅ OA ⋅ OO

�
⋅ cos �

)1∕2

=

[(
d
s

2

)2

+ s
2 − sd

s
cos �

]1∕2

(6)cos � =
(
1 − cos2�

)1∕2

(7)cos � =

(
1 −

(
1 −

2a

ds

)2
)1∕2

Due to a ≪ ds and s ≪ ds, the second term in the brackets 
in Eq. 8 is much smaller than unity. Then, the equation can 
be simplified as:

After substituting Eq. 9 into Eq. 3, it can be concluded 
as follows:

Due to a ≪ ds, a∕ds ≪ 1 , the maximum undeformed chip 
thickness hm can be as follows:

After determining the maximum undeformed chip thick-
ness hm for each grain on the grinding head surface, it is 

(8)

O�A =

(
ds

2

)[
1 −

(
8s

ds

(
a

ds

)1∕2(
1 −

a

ds

)1∕2

−
4s2

ds
2

)]1∕2

(9)

O�A =

(
ds

2

)(
1 −

(
4s

ds

(
a

ds

)1∕2(
1 −

a

ds

)1∕2

−
2s2

ds
2

))

(10)hm = 2s

(
a

ds

)1∕2(
1 −

a

ds

)1∕2

−
s2

ds

(11)hm = 2s

(
a

ds

)1∕2

−
s2

ds

Fig. 10  Schematic diagram of 
the abrasive grain cutting pro-
cess: a abrasive grain interfer-
ing with the workpiece process; 
b undeformed chip geometry
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used as the abrasive grain cutting thickness for finite ele-
ment simulation to obtain the grinding force when the single 
abrasive grain cuts.

3.2  Simulation modeling of single abrasive grain 
grinding force

In this study, the interaction process between the abrasive 
grain and the workpiece was simulated using ABAQUS/
Explicit simulation software, and the grinding force model 
for a single abrasive grain was analyzed. It is worth noting 
that this study did not focus on the deformation/fracture of 
the abrasive grains, so the abrasive grains were considered 
rigid bodies in the simulation.

3.2.1  Modeling

According to the analysis in Sect. 2.2, the shape, size, posi-
tion, and protruding height of the abrasive grains on the 
surface of the grinding head have a high degree of ran-
domness. In order to simplify the simulation analysis, it is 
assumed that the shape of the abrasive grains is the regular 
triangular platform, and the abrasive grains are arranged at 
intervals of 200 μm in the circumferential direction of the 
grinding head. The attitudes of the abrasive grains around 
the z-axis change periodically, as shown in Fig. 11. When 
the rotational speed of the grinding head is different, the 
cutting speed of the abrasive grains is also different, which 
will lead to different forces generated by the abrasive grains 
cutting the same thickness of the workpiece, so different 
rotational speeds of the grinding head must be analyzed 
separately, and the parameters of the single abrasive grain 
cutting simulation are shown in Table 1. Randomly selected 
abrasive grains of different sizes, attitudes, and protruding 
heights are used as tools for finite element simulation. It is 
worth noting that the cutting edges of the abrasive grains at 
the macro scale are generally considered sharp, while at the 

microscale, considering the manufacturing and wear of the 
abrasive grains, the cutting edges of the simulation model 
are bluntly rounded.

The maximum undeformed chip thickness hm for abrasive 
grain grinding can be calculated from Eq. 11. According 
to Fu et al. [26], it can be seen that the actual undeformed 
chip thickness increases slowly along the cutting path to the 
maximum value hm and then decreases sharply to zero, as 
shown in Fig. 10b, and its grinding force varies approxi-
mately linearly. Since the workpiece model hm is very small, 
it is difficult to mesh, so the workpiece is simplified as an 
ortho-hexahedron for orthogonal cutting simulation. At this 
time, the grinding force obtained is the maximum in the 
abrasive grain cutting process, and after that, the fitting can 
be approximated to obtain the process of changing the grind-
ing force.

3.2.2  Material properties

Inconel 718 has good corrosion resistance, thermal stability, 
and thermal fatigue properties at high temperatures and has 
been widely used in many fields, such as aerospace, aviation, 
and naval vessels [27]. CBN abrasives have better machin-
ing performance in grinding nickel-based superalloy, espe-
cially at higher grinding speeds [28]. Compared with other 
abrasive materials, CBN has excellent thermal conductivity, 
thermal stability, and wear resistance [29]. In this paper, 
Inconel 718 material is used as the machining workpiece, 

Fig. 11  Schematic diagrams of abrasive cutting in different attitudes

Table 1  Simulation parameters for single abrasive grain cutting

Simulation parameters Value

Cutting speed (mm/s) 840
Depth of cut (μm) 0.1023, 

0.1178, 
0.1314
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and the CBN grinding head is used as the machining tool. 
The physical properties of CBN and Inconel 718 material 
are shown in Table 2 [30].

The constitutive model of the workpiece material is used 
to describe the relationship between stress and strain, and the 
selection of the constitutive model in the grinding process 
affects the state of the workpiece material, which in turn 
affects the magnitude of the grinding force. In metal mate-
rial cutting simulation, the J-C constitutive model can better 
reflect the behavior of metal materials and can accurately 
reproduce the cutting workpiece process [31]. The model 
expresses the material yield stress as follows:

where A, B, c, m, n are determined by the material prop-
erty, A is the initial yield strength of the material, B is the 
hardening constant of the material, c is the strain rate coef-
ficient of the material, m is the thermal softening index of 
the material, n is the hardening index of the material, ε is the 
equivalent plastic strain of the material, 

⋅

� is the equivalent 
plastic strain rate, 

⋅

�0 is the reference plastic strain, T is the 
instantaneous temperature of the material during grinding, 
Tr is the ambient temperature, and Tm is the melting point 
of the material.

In addition to the constitutive model of the workpiece 
material, the selection of the failure criterion affects the chip 
formation and the grinding force value of grinding. Dur-
ing the grinding process, the workpiece undergoes elastic-
plastic deformation by extruding abrasive grains, and when 
the deformation of the workpiece reaches a critical value, 
damage fracture occurs, and chips are formed. To simulate 
this process, the J-C failure model in the simulation process 
adopts the fracture equivalent plastic strain �f  . The failure 
parameter w determines the failure criterion, and the expres-
sion is as follows:

(12)� =
[
A + B(�)n

][
1 + c ln

(
⋅

�
⋅

�0

)][
1 −

(
T − Tr

Tm − Tr

)m]

(13)

⎧⎪⎨⎪⎩

�f =
�
D1 + D2 exp

�
D3

P

q

���
1 + D4 ln

�
⋅

�

�0

���
1 + D5 ln

�
T−Tm

Tm−Tr

��

w =
∑�

Δ�

�f

�

where �f  is the equivalent plastic fracture strain; D1, D2, D3, 
D4, D5 are the failure constants at room temperature; and 

⋅

� 
is the equivalent plastic strain rate; �0 is the equivalent refer-
ence strain rate; P is the compressive stress; q is the equiva-
lent stress, and Δ� is the equivalent plastic strain increment 
for each incremental step.

When the workpiece material is damaged and fractured, 
the workpiece’s load-bearing capacity and deformation 
resistance are gradually reduced, eventually leading to 
material failure. In order to simulate this damage process, 
it is necessary to use the damage evolution criterion based 
on the equivalent plastic strain increment based on the J-C 
damage criterion. The damage parameter 

⋅

d in the damage 
evolution criterion can describe the degree of stiffness deg-
radation, which usually has a linear, tabular, or exponential 
relationship with the equivalent plastic strain increment uf  . 
In the case of linear evolution, the expression of the damage 
parameter 

⋅

d is as follows:

where I is the characteristic length of the cell grid. When 
⋅

d = 1 , it indicates that the workpiece material has been 
destroyed and is in a failed state. At this point, the element 
mesh is deleted, and uf  is defined as the failure displacement 
at the time of material failure, which can be expressed as:

Erice et al. [30] proposed the J-C constitutive model and 
damage parameters for Inconel 718 material, as shown in 
Tables 3 and 4.

3.2.3  Analysis of single‑grain grinding simulation results

Different abrasive grain sizes (100, 120, and 140 μm), dif-
ferent abrasive grain protruding heights (40, 50, and 60 
μm), and different angles (0°, 30°, and 60°) were selected 
as cutting tools for orthogonal cutting simulation. As 
shown in Fig. 12, the variation curves of the grinding force 
when a single abrasive grain (abrasive grain size of 140 

(14)
⋅

d =
I
⋅

�

uf
=

⋅

uf

uf

(15)uf = I
⋅

�

Table 2  Physical properties of CBN and Inconel 718 materials

Material Inconel 718 CBN

Density (kg/m3) 8220 3400
Young's modulus (GPa) 208 710
Poisson's ratio 0.3 0.15
Heat conductivity (W/(m K)) 11.4 80
Specific heat capacity (J/(kg K)) 203 430
Linear expansion coefficient  (K−1) 1.3×10−5 2.2×10−6

Table 3  J-C constitutive model 
parameters for Inconel 718

Parameter Value

A (MPa) 1200
B (MPa) 1284
c 0.006
n 0.54
m 1.2
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μm, protruding height of 50 μm, and angle of 0°) cuts the 
workpiece.

In the initial contact stage, the blunt round cutting edge 
continuously squeezes the workpiece, the workpiece at the 
leading edge of the abrasive grain undergoes elastic-plastic 
deformation to form a bulge, and the squeezing and plowing 
behaviors dominate. Until the workpiece is broken, chunky 
chips are formed at the leading edge, curly chips are formed 
on both sides of the leading edge, and shearing behavior 
gradually becomes dominant. The grinding force reaches the 
maximum value when the abrasive grain is completely cut 
into the workpiece. Currently, the grinding force is approxi-
mately equal to the maximum grinding force in the actual 
cutting process of the abrasive grain. After that, the abra-
sive grain is cut out of the workpiece, the grinding force 
gradually decreases, and the chips are separated from the 
workpiece.

The simulation results of partially abrasive grain cut-
ting the workpiece are shown in Fig. 13. As the size and 
protruding height of the abrasive grains increase, the mor-
phology of the deformation area on the workpiece remains 
relatively consistent. The contact area generates its cor-
responding chips, but the attitudes of the abrasive grains 
significantly impact the chip shape. At an angle of 0°, 

the grain comes in contact with the workpiece on both 
sides and forms identical curly chips. Due to the blunt 
and rounded cutting edge, the chip does not break in half 
at the cutting edge. And the workpiece is squeezed by the 
cutting edge, resulting in chunky chips. At an angle of 
30°, the workpiece is primarily squeezed by the side of the 
abrasive grain. However, the squeezing effect of the two 
sides of the abrasive grain on the workpiece is different. 
The left side of the abrasive grain makes initial contact 
with the workpiece, forming chunky chips with a higher 
height on the left and a lower height on the right in the 
contact area. At an angle of 60°, the squeezing effect of 
the abrasive grain on the workpiece is further enhanced. 
As a result, a more neatly formed chunky chip is observed 
in the contact area.

The maximum grinding force generated during the cut-
ting process by abrasive grains with different characteristics 
varies. It is primarily influenced by the size, attitude, and 
protruding height of the abrasive grains. The protruding 
height also affects the maximum undeformed cutting thick-
ness. Based on the previous simulation results, a quadratic 
polynomial fitting expression can be derived to quickly 
obtain the maximum grinding force generated by abrasive 
grains with different characteristics. The expression for fit-
ting the maximum grinding force of abrasive grains with 
different characteristics is as follows:

w h e r e  f
(
dg, �, hm

)
=
[
fFt

(
dg, �, hm

)
fFn

(
dg, �, hm

)]
 , 

fFt

(
dg, �, hm

)
 , and fFn

(
dg, �, hm

)
 represent the maximum 

grinding forces in the X and Y directions, respectively. G 
is a 2 × 10 coefficient matrix that needs to be calibrated. 
X
(
dg, �, hm

)
=
[
d2
g
�2 h2

m
dg� dghm �hm dg � hm 1

]
 . To 

calibrate and calculate the coefficient matrix using the least 
squares method, Eq. 16 can be rewritten as follows:

Using maximum likelihood estimation, it can be obtained 
that:

The coefficient matrix G to be calibrated can be expressed 
as:

Substituting the size, attitude, and protruding height 
of the abrasive grains and the simulated grinding forces 
obtained into Eq. 19:
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(
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)
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(
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(
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(
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Table 4  J-C damage model 
parameters for Inconel 718

Parameter Value

D1 0.04
D2 0.75
D3 − 1.45
D4 0.04
D5 0.89

Fig. 12  Variation curve of the grinding force of a single abrasive 
grain
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Where X(dgj, αj, hmj) is the vector obtained by substituting 
the size, attitude, and protruding height of the jth abra-
sive grain into X(dg, α, hm), and f(dgj, αj, hmj) is the maxi-
mum grinding force obtained from the simulation of the jth 
abrasive grain. According to Eqs. 16 and 20, the maximum 
grinding force generated during the cutting process by abra-
sive grains with any size, attitude, and protruding height can 
be fitted, as shown in Fig. 14.

3.3  Modeling of grinding force for grinding heads

3.3.1  Kinematic analysis of the grinding process

The area of contact between the grinding head and the work-
piece during the grinding process is called the grinding arc 

region, as shown in Fig. 15, and the area of this region affects 
the number of abrasive grains momentarily acting on the work-
piece. If the deformation of the grinding head and the work-
piece is ignored, the area Se of the grinding head in contact 
with the workpiece at a given moment is expressed as:

where le is the length of the contact arc between the grinding 
head and the workpiece, and ye is the width of the work-
piece to be ground by the grinding head. And the contact 
arc length le can be expressed as:

(21)Se = le ⋅ ye

(22)le =
de�

2

Fig. 13  The simulation results 
of partially abrasive grain cut-
ting the workpiece
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where δ is the angle between the arc regions of contact. It 
can be expressed as:

Since 2ap ≤ de, the approximation can be obtained for small 
angles:

Substituting Eqs. 22, 23, and 24 into Eq. 21 gives

Combined with the number of abrasive grains in 
the unit area na on the surface of the grinding head in 
Sect. 2.2, the total number of abrasive grains momentar-
ily in contact with the workpiece in the grinding arc is:

(23)� = arccos

(
1 −

2ap

de

)

(24)cos � = 1 −
�2

2

(25)Se =
(
apde

)1∕2
⋅ ye

Fig. 14  The maximum grinding 
force generated by abrasive 
grains has different character-
istics

Fig. 15  Grinding head grinding process
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The contact arc length le is usually referred to as the 
static contact length between the grinding head and the 
workpiece. When the motion deformation between the 
grinding head and the workpiece is considered, as shown 
in Fig. 10, the actual cutting length lk of the abrasive 
grain is called the dynamic contact length, which can be 
expressed as:

In the B′XZ coordinate system fixed to the workpiece, the 
trajectory of a single abrasive grain can be expressed as:

where ψ is the angle of rotation of the abrasive grain in 
time t and t = dsψ/2vs, “+” stands for reverse abrasion; “−” 
stands for forward abrasion. Since ψ < θ, then Eq. 28 can be 
simplified as:

And dlk can be expressed as:

Substituting Eqs. 29 and 30 into Eq. 27 gives:

Since θ is small, the second term is ignored, then:

As seen in Sect. 3.2, the variation process of the grind-
ing force can be fitted according to the actual cutting 
length lk of the abrasive grain and the maximum grinding 
force during the cutting process of the abrasive grain.

3.3.2  Prediction of grinding force for grinding head

To accurately predict the grinding force of the grinding 
head during the grinding process, it is necessary to estab-
lish a surface topography model of the grinding head. This 
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model is used to analyze the positions and states of the 
abrasive grains in the instantaneous grinding region to 
obtain the instantaneous grinding force generated by each 
abrasive grain. The grinding force for the grinding head 
is considered to be the sum of the grinding forces gener-
ated by all abrasive grains within the grinding arc region. 
Figure 16 illustrates the process flowchart for modeling 
the grinding force of the grinding head.

First, the variation patterns of abrasive grain size, num-
ber, distribution spacing, and protruding height obtained 
from the measurement analysis in Sect. 2.2 are taken as 
input parameters. A virtual grinding head model that closely 
resembles the actual grinding head surface is generated. 
Then, a kinematic analysis is performed on the generated 
grinding head model based on the machining parameters to 
calculate the static contact arc length, dynamic contact arc 
length, and maximum undeformed chip thickness of each 
abrasive grain. Next, the grinding arc region is analyzed at 
each moment. The size, attitude, and maximum undeformed 
chip thickness of the active abrasive grains within the grind-
ing arc region are substituted into an empirical formula, 
along with the dynamic contact arc length, to obtain the 
grinding force curve for a single abrasive grain. By correlat-
ing the instantaneous position of the abrasive grain with the 
grinding force curve, the instantaneous grinding force of the 
abrasive grain can be determined. Finally, the instantane-
ous grinding forces of all active abrasive grains within the 
grinding arc region are summed to obtain the instantaneous 
grinding force value of the grinding head.

In order to analyze the grinding arc region at each 
moment of the grinding process, the grinding head is 
divided into nt regions according to the grinding parameters, 
as shown in Fig. 17, where nt is the ratio of the perimeter 
πde of the grinding head to the length le of the grinding 
arc. When the grinding head is grinding the workpiece, the 
grinding arc region at any moment can be considered as the 
part of the grinding head where a certain region overlaps 
with the workpiece. For the surface of the grinding head, 
each region of the abrasive grain characteristics and distri-
bution is different, resulting in each region of the effective 
number of abrasive grains and single-grain grinding force to 
have significant differences, thus affecting the value of the 
grinding force of the grinding head at different times. The 
fluctuation curve of the grinding force during the grinding 
process can be obtained by analyzing and calculating the 
grinding force corresponding to different areas.

4  Experimentation

In order to validate the grinding force prediction model pro-
posed in this paper, experiments on grinding Inconel 718, a 
nickel-based superalloy, with a grinding head are required.
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4.1  Experimental setup and program

The workpiece selected for experimentation was a size 
74mm × 74mm nickel-based superalloy Inconel 718 with 
a grinding width of 4 mm. In order to ensure precise con-
trol of the grinding width, the workpiece was designed 
with an overhanging state and fixed to the sensor using 
screws, as shown in Fig. 18a. The experiment utilized a 
100# plated CBN grinding head with a 16-mm diameter 
to ensure consistency with the predicted model in terms of 
abrasive grain characteristics and distribution. Before the 

experiment, the workpiece surface was polished to prevent 
any influence from previous processing traces.

The experiment utilized the DYDW-100-type six-axis 
force sensor for measuring force. This sensor has a meas-
urement range of 200 N, a measurement accuracy of 0.001 
N, and allows a maximum of five times overload. The meas-
urement signals from the force sensor are transmitted to the 
D.R304-type multi-component sensor signal processor, 
which amplifies, filters, decouples, converts, and corrects the 
sensor output signals. The processor transfers the required 
grinding force data for the experiment to the host computer 

Fig. 16  Flowchart for modeling 
grinding force of grinding head

Fig. 17  Variation mechanism of 
grinding force
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via an ethernet interface, as shown in Fig. 18b. The sampling 
rate for measuring grinding force during the experiment is 
set at 1 kHz.

The grinding experiments were conducted on a VC600 
CNC machine tool, with a maximum spindle speed of 8000 
rpm, a maximum feed speed of 10000 mm/min, and a posi-
tioning accuracy of 0.001 mm. Before the experiment, the 
connecting body of the sensor and the workpiece were fixed 
on the CNC machine tool with precision flat-nosed pliers. 
Due to the high temperatures generated during the grind-
ing of nickel-based superalloys, which can easily lead to 
abrasive grain detachment from the grinding head surface 
and workpiece surface burnout, a wet grinding experiment 
was used. Multiple groups of grinding experiments were 
conducted to minimize experimental error with varying 
grinding depths, feed speeds, and rotational speeds of the 
grinding head. Some of the experimental process parameters 
are shown in Table 5.

4.2  Experimental results analysis

In order to fully demonstrate the effectiveness of the proposed 
method in predicting grinding forces, a comparison was made 
between the grinding forces predicted by the method in this 
paper and the grinding forces measured in grinding experi-
ments. Figure 19 shows the overall comparison of grinding 
forces for some parameters. It can be observed that the pre-
dicted grinding forces show certain fluctuations compared 
to the experimental grinding forces, and this is because the 
sampling rate of the force sensor is relatively low, resulting 
in long sampling intervals that cannot capture the continu-
ous changes in grinding forces during the individual grinding 
process of each abrasive grain. Therefore, it cannot accu-
rately reflect real-time variations in grinding forces during 
the grinding process. However, under different machining 
parameters, the moving average curve of the predicted grind-
ing forces (PMAC) closely matches the moving average curve 

of the experimental grinding forces (EMAC). The overall 
fluctuation range of both curves is essentially the same. It 
indicates the feasibility and accuracy of the proposed predic-
tion method in this paper to a large extent.

The grinding force curve is complex and variable, 
making it difficult to directly validate the effectiveness of 
the prediction method in numerical terms. Therefore, the 
grinding force data needs to be averaged and quantified. 
Figure 20 shows a numerical comparison of the grind-
ing force for some parameters. It can be observed that 
the overall error of the tangential grinding force in the 
x-direction does not exceed 11.44%, with an average error 
of 7.42%, and the overall error of the normal grinding 
force in the y-direction does not exceed 14.25%, with an 
average error of 9.77%. The average prediction error is 
lower than those of the previous models with an average 
deviation in the range of 8–14% [14, 19, 20]. These results 
demonstrate the accuracy of the grinding force prediction 
method. The sources of error are:

1. In order to facilitate the simulation analysis, the model still 
simplified the surface topography of the grinding head.

2. The finite element simulation did not consider the 
effect of temperature changes during cutting on mate-
rial mechanical properties, such as changes in material 
elastic modulus with temperature.

Fig. 18  Grinding experimental 
equipment

Table 5  Grinding experimental process parameters

Number Rotational speeds of the 
grinding head (rpm)

Feed speed 
(mm/min)

Grind-
ing depth 
(mm)

1 4000 60 0.03
2 4000 90 0.04
3 4000 120 0.05
4 4000 150 0.06
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3. Complex situations may arise during grinding experi-
ments, such as abrasive grain wear, detachment, and 
workpiece deformation, which cannot be accurately 
predicted.

4. The predictive model only analyzed the interference 
between abrasive grains and the workpiece without con-
sidering the influence between abrasive grains. For adja-
cent abrasive grains along the circumferential direction 
of the grinding head, whether the latter abrasive grain 
interferes with the workpiece depends on the distance and 
protruding height difference between the former and lat-
ter abrasive grains. It can result in the predicted grinding 
forces being larger than the experimental grinding forces.

Although there is a certain error between the predicted 
and experimental values, the predicted grinding force is 

Fig. 19  Comparison between 
predicted grinding force and 
experimental grinding force

Fig. 20  Average value of predicted grinding force and experimental 
grinding force
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more consistent with the experimental values regarding the 
overall trend and numerical quantification, which can reflect 
the actual grinding process. Therefore, the grinding force 
prediction method proposed in this paper has a certain fea-
sibility and accuracy.

4.3  Influence of grinding parameters on grinding 
force

Many studies have shown that the grinding parameters are 
the key factors affecting the grinding force [32], and the cor-
rectness of the grinding force prediction method proposed in 
this study can be further verified by analyzing the influence 
law of grinding depth and feed speed on the grinding force.

4.3.1  Influence of grinding depth on grinding force

The variation in grinding depth directly affects the maxi-
mum undeformed chip thickness and the area of the grinding 
arc region during abrasive grain cutting. It is related to the 
grinding force of a single abrasive grain and the number of 
abrasive grains in the grinding arc region, ultimately affect-
ing the final grinding force. In general, as the grinding depth 
increases, the grinding force gradually increases.

Figure 21 shows the average values of the predicted and 
experimental grinding forces at different grinding depths. 
It can be observed that the changing trend of the predicted 
grinding force is basically consistent with the experimental 
grinding force. As the grinding depth increases, both the 
tangential and normal grinding forces show a significant 
synchronous increase. However, the difference between the 
experimental and predicted values gradually increases. The 
main reason is that the grinding force prediction method 
proposed in this paper does not consider the interference of 
abrasive grains distributed axially on the grinding head sur-
face during the cutting process. The cutting paths between 
axially adjacent abrasive grains may overlap as the grinding 
depth increases. The overlapped portion was not removed 
when predicting the grinding force, resulting in the predicted 
value being larger than the experimental value.

The increase in grinding force in Fig. 21 slows down as the 
grinding depth increases because the protruding heights of 
the abrasive grains on the surface of the grinding head follow 
a normal distribution. According to the analysis in Sect. 2.2, 
when the grinding depth is 30 μm, most of the abrasive grains 
cannot interfere with the workpiece, and at this time, the 
grinding force is relatively small. When the grinding depth 
increases to 40 μm, the number of abrasive grains interfering 
with the workpiece increases significantly, and the grinding 
force increases rapidly. As the grinding depth continues to 
increase, the rate of increase in the number of abrasive grains 
involved in the grinding process slows, and the magnitude of 
the increase in grinding force decreases. Since the number of 

abrasive grains on the grinding head surface is fixed, all the 
abrasive grains are involved in grinding when the grinding 
depth exceeds a critical value. At this time, as the grinding 
depth continues to increase beyond this critical value, the vari-
ation in grinding force gradually tends to stabilize.

4.3.2  Influence of feed speed on grinding forces

Feed speed is the basis of continuous grinding, and Fig. 22 
shows the average values of predicted and experimental 
grinding forces at different feed speeds. As the feed speed 
increases, the material removal rate per unit time increases, 
and the undeformed chip thickness of the abrasive grains also 
increases. Hence, both the predicted and experimental grind-
ing forces show an increasing trend. However, the increment 
is small due to the feed speed being very small compared to 
the rotational speed of the grinding head. According to the 
analysis in Sect. 3.1, it can be seen that under the premise of 
the rotational speed of the grinding head is unchanged, the 
feed speed has less influence on the thickness of the unde-
formed chip, and the number of abrasive grains through the 
grinding arc area per unit time of the increase in feed speed 
increases only a little. Therefore, the tangential grinding force 
and normal grinding force are relatively stable.

5  Results and discussion

This paper proposes a method that combines statistical analysis 
and finite element simulation to simulate and analyze the grind-
ing process of different characteristic abrasive grains, aiming 
to predict the grinding force of the grinding head. The method 
establishes a single-grain model based on the surface topogra-
phy of the actual grinding head, and considers the interference 

Fig. 21  Grinding forces at different grinding depths
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problems in the actual grinding process as well as the material 
properties of the workpiece in the finite element simulation. 
The prediction accuracy is effectively improved, and the grind-
ing force can be predicted quickly and intuitively. The main 
conclusions of this paper can be summarized as follows:

1. The microfocus measurement method can accurately 
reconstruct the surface morphology of the grinding head 
with a maximum size error of 2 μm and a maximum 
distribution error of 3 μm. Through measurement and 
analysis, it can be seen that the size, protruding height, 
and distribution spacing of the abrasive grains on the 
grinding head surface follow a normal distribution.

2. By analyzing the undeformed chip thickness of single 
abrasive grains based on the geometric parameters of the 
real abrasive grain and performing cutting simulation of 
different abrasive grain characteristics, the cutting process 
of abrasive grains can be effectively simulated, the cutting 
mechanism of abrasive grains can be revealed, and the 
real grinding process can be more accurately reproduced.

3. The predicted grinding force obtained based on single 
grain cutting simulation and statistical analysis can 
reflect the actual value of the grinding force to a certain 
extent. Compared with the experimental grinding force, 
the fluctuation range of the predicted grinding force is 
the same. The average error of the tangential grinding 
force Ft is 7.42%, and the average error of the normal 
grinding force Fn is 9.77%, which is more accurate than 
previous models.

4. The variation trend of the predicted and experimen-
tal grinding forces is the same. As the grinding depth 
increases, the maximum undeformed chip thickness 
increases, and the grinding force increases significantly, 
but the increase gradually becomes slower. As the work-

piece feed speed increases, the grinding force tends to 
increase because the value of the feed speed is relatively 
small, and the increment of the grinding force is small.

The grinding force prediction method can guide the 
industrial grinding process to a certain extent (optimize 
grinding parameters, improve grinding efficiency, and 
control the range of grinding force). In order to make the 
prediction results more accurate, it is also necessary to 
further analyze the interference problem between the abra-
sive grains and abrasive grains and the workpiece during 
the grinding process of the grinding head, which is more 
consistent with the actual grinding process.
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