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Abstract
The prediction of micro milling forces in difficult-to-machine materials such as titanium alloys, which have small dimensions 
and arc-thin-walled features, has become a major challenge due to coupling effects of multi-physics fields. This problem has 
become a key bottleneck in the development of aerospace, biomedical, and other fields. This study focuses on titanium alloy 
arc-thin-walled parts and develops a micro milling force prediction model that considers the dual flexible coupling deforma-
tion and geometric features of arc-thin-walled parts in the process of micro milling. Firstly, a micro milling force theoretical 
model is established based on the instantaneous cutter position angle and instantaneous uncut chip thickness. Secondly, 
the detailed geometric analysis is conducted to calculate the entry and exit angles and instantaneous uncut chip thickness 
considering the micro milling path characteristics. Subsequently, the Euler beam and Timoshenko beam are assumed based 
on the characteristics of the cutter and workpiece structure, as well as the force situations. The deflection deformation values 
are calculated by solving unit stiffness matrix. The coupling deflection deformation is introduced into the micro milling 
force prediction model by an iterative algorithm, and this improves the instantaneous uncut chip thickness model. Finally, 
the micro milling force data is obtained through arc micro milling experiments, and the coefficient of micro milling force 
is identified. The reliability and accuracy of the micro milling force prediction model are verified through experiments, of 
which the prediction error range is 9.005~12.427%. The proposed model and methodology have practical significance and 
provide a basis for optimizing micro milling processes and promoting the development of related fields.
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1  Introduction

In recent years, significant progress has been made in 
aerospace, medical, and defense fields, wherein the key 
technologies that play a leading role, namely, the process-
ing of mesoscale small parts and micro thin-walled com-
ponents, have become an urgent demand in these fields. 
The micro thin-walled structures are widely used in parts 
such as microchannel cold plates, micro impellers (mainly 
used for micro turbojet engines and noninvasive ventila-
tors), and micro molds. Among them, arc micro milling 
is an indispensable machining process of these parts with 
complex geometries. However, due to its high precision 
requirements and the research on micro cutting forces dur-
ing arc milling process has become a machining difficulty, 
key bottleneck that influencing small parts at mesoscale in 
the aforementioned fields.

The active prediction of milling forces plays a crucial 
role in reducing machining deformation, improving sur-
face integrity, and optimizing machining efficiency. Cur-
rently, there are several common methods, including the 
empirical model method, the finite element model method, 
and the model method, based on instantaneous uncut chip 
thickness. The milling force is a crucial factor influencing 
material removal and workpiece surface integrity. How-
ever, modelling the milling force at mesoscale is relatively 
difficult because micro milling is coupling results of pro-
cess system multiparameter [1]. Niaki et al. [2] proposed 
that the tool path during milling is a cycloid model and 
developed a method for calculating the instantaneous 
uncut chip thickness under low-speed cutting conditions. 
The model predicts the maximum cutting force in the feed 
direction, and the total average error was within 8%. By 
analyzing the geometric modeling, Li et al. [3] deduced 
the cutting path of the cutting edge in a cutting cycle, 
thus obtaining the actual cutting area, and established a 
general milling force prediction model based on instan-
taneous uncut chip thickness. The accuracy of the model 
established was superior to that of those known models. 
Sahoo et al. [4] proposed an improved mechanistic model 
for prediction of cutting forces in micro milling process. 
The combined influences of tool run out, trochoidal trajec-
tory of the tool center, overlapping of tooth, edge radius, 
and minimum chip thickness were incorporated in this 
model to realize the exact cutting process. A force-induced 
deformation prediction model based on static substruc-
ture method and a flexible error compensation strategy 
that considered deformation of the thin-walled part and 
tool in flank milling were proposed by Li et al. [5]. The 
deformation errors were greatly reduced through the pro-
posed error compensation strategy. Wojciechowski et al. 
[6] proposed an original force model that considers the 

micro end milling kinematics, geometric errors of the 
machine tool–toolholder–mill systems, elastic and plastic 
deformations of the workpiece correlated with minimum 
uncut chip thickness, and flexibility of micro end mill. The 
instantaneous micro milling forces predicted using the pro-
posed model were more consistent with the experimentally 
measured forces than those of the commonly used rigid 
micro end milling models.

The arc milling is a widely used machining technique 
in the field of milling, characterized by the tool moving 
along the arc path, which can achieve the processing of 
complex curves and form cylindrical surface features. In 
actual arc milling process, due to the relatively large con-
tact area between the workpiece and the tool, the mill-
ing tool is generally processed through forward milling 
to reduce heat and hardening phenomena. However, when 
the contact area and the radial radian of the feed increase, 
the milling force will change, so the unreasonable cutting 
parameters can easily cause chatter, resulting in damage 
to the tool and workpiece. During arc milling, the milling 
cutter and the workpiece constantly interact, resulting in a 
continuously changing contact state. This dynamic inter-
action leads to milling forces that vary in magnitude and 
direction over time and thus increases the complexity of 
the arc milling process. In recent years, several research 
progresses have been made in the analysis and prediction 
of milling force in arc milling process. Zhang et al. [7] 
introduced a novel approach to model the cutting force 
during circular milling in the presence of variations in 
radial cutting depth. Wei et al. [8] presented an approach 
to predict the cutting forces for the whole finishing pro-
cess of generalized pocket machining. The equivalent feed 
rate was introduced to quantify the actual speed of cutting 
cross-section in prediction of cutting force for curved sur-
face milling. The results show that the proposed approach 
can effectively predict the variation of cutting forces in 
generalized pocket machining. However, as an important 
factor affecting the milling force during arc milling, the 
actual instantaneous uncut chip thickness has not been 
taken into account in these studies. Li [9] and Guo et al. 
[10] have proposed new methods for determining the 
instantaneous uncut chip thickness and established models 
for various milling forces, yet the problem of arc milling 
was simplified into a linear milling process. Additionally, 
the geometric characteristics and the time-varying force 
coefficients were not taken into account been in the phased 
process of arc milling. Han et al. [11] proposed an actual 
undeformed chip thickness model based on the actual adja-
cent tooth trajectories for the prediction of cutting force in 
arc milling, which considered the geometric characteristics 
of tool trajectory, arc radius, and tool radius respectively, 
and the tool meshing angle is calculated. In summary, 
the researchers have initiated and conducted progressive 
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and thorough investigations into the arc milling process. 
However, there is a scarcity of studies regarding the micro 
milling of arc thin-walled parts.

One major issue encountered is the deflection deforma-
tion of micro milling cutters caused by the micro milling 
force. This deformation adversely impacts the dimensional 
accuracy and surface quality of the processed parts. To 
improve processing quality, some scholars have dedicated 
their efforts to studying the methodology of establishing a 
tool deflection deformation model. At present, the FEM-
based model method is usually used to calculate the tool 
deflection deformation, but the application of this method is 
greatly limited due to relatively complex programming data 
and low calculation efficiency [12, 13]. Sutherland et al. [14] 
first proposed to incorporate tool deflection into the model 
of milling force. Considering the micro milling cutter as a 
beam element model composed of the tool holder and the 
micro milling cutter head, Kim et al. [15] calculated the 
deformation caused by the milling force according to the 
stiffness. Simultaneously, Ryu et al. [16] proposed a general 
analytical expression, which can express the tool deflection 
deformation as a Fourier series related to the tool position 
angle and processing parameters. The validity and effective-
ness of the suggested method are verified through a series of 
cutting tests. Rodriguez et al. [17] developed a cutting thick-
ness model that takes into account the deformation caused 
by tool deflection. They subsequently used this model to 
investigate the influence of tool deflection deformation on 
the micro-milling process. The model prediction showed a 
good correlation with the experiments carried out on steel 
and aluminum alloys. Subsequently, Mamedova et al. [18, 
19] respectively established the micro milling force model 
in the cutting area dominated by shear effect and plow effect 
and determined the instantaneous tool deflection during the 
micro milling process of Al7050 and titanium Ti-6Al-4V 
alloys. However, in the process of calculating the micro 
milling force and instantaneous tool deflection deforma-
tion, the research ignores the tool runout (i.e., radial runout 
and oblique runout) and the actual machining trochoidal 
trajectory.

In addition to tool deflection deformation, due to the 
small processing scale and low stiffness of micro wall work-
pieces, they are also prone to deflection deformation during 
the processing process. This is primarily attributed to the 
small processing scale of the workpiece and its low rigidity. 
Wei et al. [20] introduced a method for modeling the milling 
forces in five-axis side milling. Their approach takes into 
account the deformation of the workpiece, aiming to address 
the issue of inaccurate milling force prediction caused by 
the time-varying contact between the tool and the work-
piece throughout the milling process. This method ingen-
iously integrates the shear effect and the plowing effect, 
thereby establishing a micro milling coordinate system and a 

prediction model. The deformation of the workpiece is then 
calculated using the well-established beam element theory. 
Guo et al. [21] put forward an autonomous contour tracking 
method for scanning deformed surfaces of workpieces using 
a multi-probe ultrasonic measurement system. This method 
is intended to address the challenge of controlling the resid-
ual wall thickness in mirror milling large thin-walled parts, 
which arises due to workpiece deformation that makes it 
difficult to directly employ the original tool path generated 
from the CAD model. Czyzycki et al. [22] employed a high-
speed camera and a laser displacement sensor to quantify the 
deflection of thin-walled workpieces resulting from cutting 
forces. The research proved the effectiveness of the use of 
high-speed camera in diagnostics of thin-walled workpieces 
during milling with an accuracy of up to 11% compared to 
measurements made with a displacement laser sensor.

When developing the milling force model, researchers 
typically tend to concentrate on one or two factors, disre-
garding the fact that milling force is influenced by multiple 
parameters that interact with each other. So, an arc micro 
milling force theoretical model will be established based on 
the instantaneous cutter position angle and the actual instan-
taneous uncut chip thickness. Detailed geometric analysis 
will be conducted to calculate the entry and exit angles and 
instantaneous uncut chip thickness considering the charac-
teristics of arc micro milling paths. The Euler beam and 
Timoshenko beam will be assumed based on the charac-
teristics of the cutter and workpiece structure, as well as 
the force situations. An iterative algorithm will be used to 
introduce the coupling deflection deformation into the micro 
milling force prediction model. The micro milling force data 
is obtained through arc micro milling experiments, and the 
coefficient of micro milling force will be identified.

2  Establishment of micro milling force 
model

2.1  Coordinate system of micro milling force

Developing a milling force model that relies on the instan-
taneous uncut chip thickness is of paramount importance 
when it comes to analyzing milling forces. In this paper, 
a discrete method was used to construct the micro milling 
force model. By differentiating and integrating the micro 
milling cutter along the z-axis direction, the cutting force 
distribution in the tool feed direction can be obtained. This 
helps us understand the interaction between the tool and 
the workpiece during the cutting process, the cutting in and 
out situation of the tool, and the changes in cutting force at 
different positions. This modeling method allows us to quan-
titatively analyze the distribution of cutting forces, thereby 
better predicting micro milling forces, optimizing cutting 
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parameters, and improving machining quality. To begin 
with, the origin of the coordinate system was defined as the 
center of the tool bottom. The tool axis was aligned with the 
z-axis, while the tangent and normal directions of the tool 
trajectory were aligned with the x and y axes, respectively. 
The tool was divided into M micro milling force elements 
along the tool axis, with a tool radius of R, a radial cutting 
depth of ae, and an axial cutting depth of ap. The axial thick-
ness of each micro element was dz= ap/M. The total mill-
ing force [23] is obtained by calculating the vector sum of 
the micro elements. The analysis focused on the m-th micro 
milling force element of the i-th cutting edge. By integrat-
ing the micro milling force along the height of the tool axis, 
the component of the overall milling force in the x, y, and z 
axes, i.e., Fn =

∑
i,m dFn(n = x, y, z) , for the cutting edge was 

determined. The micro-element coordinate system and the 
model of micro milling force are shown in Fig. 1.

2.2  Shearing effect dominants

In the process of micro milling, when the actual instantane-
ous uncut chip thickness (hr) is greater than the minimum 
cutting thickness (hmin), the interaction force between the 
workpiece and the tool is dominated by shear force. At 
this time, the cutting area of the workpiece is completely 
removed due to the shear effect and becomes chips. The 
milling force model [24] is basically equivalent to the tradi-
tional milling process, and then the tangential milling force, 
radial milling force, and axial milling force are as follows:

where dFt, dFr, and dFa are the components of the micro 
milling force element in the tangential, radial, and axial 
directions, respectively. Ktc, Krc, and Kac are the shear force 
coefficients in the tangential, radial, and axial directions, 
respectively. Ktj, Krj, and Kaj are the tangential, radial ,and 
axial edge force coefficients respectively. These six coeffi-
cients can be obtained by fitting the experimental and simu-
lated data using the least squares method.

In order to better represent the micro milling force, the 
cutter position angle θ(t,i) is introduced to transform the 
coordinate system.

where ω is the spindle speed, β is the helix angle of the micro 
milling cutter, and N is the number of cutting edges. The micro 
milling force acting on the micro-element converted to the three 
coordinate axes of x, y, and z can be expressed as follows:

By integrating the micro element forces along the tool 
axis and adding all the milling edges involved in cutting, 
the total milling force on the side edge of the tool can be 
obtained. The calculation formula is as follows:

In the Eq. (4), θen and θst are the cutting out and cutting in angles 
in the machining process, respectively. The instantaneous uncut chip 
thickness model under the shearing effect is shown in Fig. 2.

2.3  Ploughing effect dominants

When the actual instantaneous uncut chip thickness (hr) is less 
than the chip formation critical thickness (hs), the milling state 
at this time can be considered dominated by ploughing force, 
without generating any chips. In this state, when the tool interacts 
with the workpiece surface, it leads to elastic deformation, caus-
ing the materials to temporarily change shape. However, once 
the external force is removed, all elastic deformed materials will 
revert back to their original form. The micro milling force model 
Eq. (5) dominated by ploughing force is established as follows:

(1)
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Fig. 1  Micro-element coordinate system and model of micro milling 
force
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where Ktp, Krp, and Kap are the tangential, radial, and axial 
ploughing force coefficients, respectively. Ap is the plowed 
area. Then, the sum of the milling force on the entire tool 
side edge is as follows:

The instantaneous uncut chip thickness model under the 
ploughing effect is shown in Fig. 3.

2.4  Coupling effect dominates

When the actual instantaneous uncut chip thickness (hr) is 
less than the minimum cutting thickness (hmin), but greater 
than the chip formation critical thickness (hs), the milling 
state is the coupling effect of shearing effect and ploughing 
effect [24]. The deformation of the processed workpiece is 
elastic-plastic deformation, and some chips will be gener-
ated. Then, the tangential milling force, radial milling force, 
and axial milling force at this time are as follows:

(5)
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dFr = Krp · Ap dz + Krj dz
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The sum of the milling force on the side edge of the 
micro-milling cutter is expressed as follows:

where dFt, dFr, and dFa are the micro milling force compo-
nents received by micro-elements in tangential, radial, and 
axial directions respectively. Ap is the plowed area. Ktc, Krc, 
and Kac are the shear force coefficients in the tangential, 
radial, and axial directions, respectively. Ktj, Krj, and Kaj 
are the tangential, radial, and axial edge force coefficients 
respectively. Ktp, Krp, and Kap are the tangential, radial, and 
axial ploughing force coefficients, respectively. These coef-
ficients were obtained by fitting the experimental and simu-
lated data using the least squares method. The instantane-
ous uncut chip thickness model under the coupling effect is 
shown in Fig. 4.
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Fig. 2  Instantaneous uncut chip thickness model under shearing 
effect [24]
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Fig. 3  Instantaneous uncut chip thickness model under ploughing 
effect [24]



4756 The International Journal of Advanced Manufacturing Technology (2024) 130:4751–4767

3  Geometric analysis of micro milling 
arc‑thin‑walled parts

3.1  Calculation of cut‑in and cut‑out angle

In order to demonstrate the details of geometric fea-
tures during milling operation of arc-thin-walled parts, 
an analysis model of arc milling process based on the 
global Cartesian coordinate system was established, as 
shown in Fig. 5.

In Fig. 5, curve MN is the arc surface path of the tool in 
the finishing stage, curve EF is the arc surface path of the 
tool in the rough machining stage, curve O1O3 is the tool 
center path, and O2 is any point under the path. Let the tool 
center path radius be Rr, then:

And curve O1O3 can be expressed as follows:

At the same time, the curves MN and EF can also be 
expressed as follows:

Next, building upon the existing geometric calculations, 
this paper presents a refined mathematical model aimed at 
accurately determining the values of the instantaneous contact 
angle, cut-in angle, and cut-out angle within the arc micro 
milling process. The arc milling process is differentiated into 
micro-elements with equal cutting time intervals Δt = 1/(mN). 
Among them, N is the number of cutting edges, and m is the 
number of units of each milling segment. The micro milling 
cutter is then rotated by an angular interval Δt during each 
time interval Δθ, which can be expressed as follows:

Then, the coordinate position of any tool position O2 can 
be expressed as follows:

where k is the differential of the angle increment, and its 
value is expressed as follows:

Then, the coordinates of the entry and exit points P and 
Q at this arbitrary tool position can be expressed as follows:

(9)
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Fig. 4  Instantaneous uncut chip thickness model under coupling 
effect [24]

y

x

fz

O

O1

O2

O3

P

Q

Arc thin wall
ae

Finish machined surface

Rough machined surface

M

N

E

F

θ

Fig. 5  Geometry analysis of arc micro milling path



4757The International Journal of Advanced Manufacturing Technology (2024) 130:4751–4767 

Next, the relationship between the cut-in and cut-out 
angles of the tool can be defined. Because the experimental 
condition of the follow-up arc micro milling test is down 
milling, the cutting-out angle θex is a constant π, and the 
cutting-in angle θst can be expressed as follows:

Then, the instantaneous contact angle θen during arc 
micro milling can be expressed as follows:

3.2  Calculation of instantaneous uncut chip 
thickness

The instantaneous uncut chip thickness is a critical param-
eter for predicting the milling force of arc thin-walled parts. 
This section elaborates the actual tool arc feed path and the 
trochoidal trajectory at the top of the tool tooth in detail 
and clarifies the geometric analysis and calculation method 
of the instantaneous uncut chip thickness. Fig. 6 shows the 

(16)
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�
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√(
xP − xQ

)2
+
(
yP − yQ

)2
2R

geometric detail analysis of arc micro milling in down mill-
ing state.

In Fig. 6, the tool used in the finishing test is a micro 
end milling cutter with a radius of 0.5 mm. The process-
ing method employed is single-side down milling. The 
finished surface and rough-machined surface are the same 
as in Fig. 5, and the thin-walled characteristic thickness 
obtained by final finishing is 60 μm. The vertices of the 
tool teeth are defined as Mi1 and Mi2 (i = 1, 2, 3, 4). When 
the center of the tool is at O1, the instantaneous immersion 
angle of the tool measured at this time is φ. At the same 
time, the tooth that cuts-in the workpiece is M12, the other 
tooth is M11, and the angle between the two teeth is 180°. 
After a certain time, interval Δt, the tool center moves to 
O2. The coordinates of O2 can be expressed as follows:

When the tool center O1 moves to the O2 position, the 
corresponding cutting tooth rotates 180° from point M12 
to point M22, and the other tooth will move from point M11 
to point M21; both of these two points are on the peripheral 
path of the respective tooth apex, forming a hypocycloidal 
trajectory. For example, the curve M11M21 represents the 
trajectory of the tooth Mi1 (i = 1, 2, 3, 4) within the time 
interval Δt. The position angle between the two tools is 
define as γ. Based on the definition of cutting parameters 
in linear milling, fz is the feed per tooth, then

The coordinate position of the cutter tooth M21 is as 
follows:

The position of O2 is expressed as follows:

At this time, the feed per tooth should be the arc length 
instead of the straight-line length. The traditional method 
for calculating instantaneous uncut chip thickness is 
ht = fz sin (φ), ht should be the line segment M21P, and P 
is the intersection point of O2M21 and the previous tool 
position O1. The coordinates of point P can be obtained 
from the following relationship:

(19)
{

xO2
= Rrcos�

yO2
= Rrsin�

(20)� =
fz

Rr

(21)
{

xM21
= xO2

+ Rcos(� − � + �)

yM21
= yO2

+ Rsin(� − � + �)

(22)
{

xO1
= Rrcos(� + �)

yO1
= Rrsin(� + �)

y

x
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Fig. 6  Geometric analysis in down milling state
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Then, the conventional instantaneous uncut chip thick-
ness ht is calculated as follows:

Due to the position change caused by its arc milling 
trochoidal trajectory, the feed rate of the cutter center is 
not equal to the feed rate of the outer arc of the tool, so 
it should be analyzed separately. When the cutter center 
is at O1, the cutter moves in the opposite direction of the 
feed direction for an equal time interval Δt to O3, then the 
cutting tooth at O3 is M31. The other cutting tooth M32 
will move to the cutting tooth M12 at O1, forming a tra-
jectory M32M12. This trajectory intersects O2M21 at point 
P1, and then the actual instantaneous uncut chip thickness 
value (hr) should be the line segment M21P1, which is obvi-
ously greater than the traditional instantaneous uncut chip 
thickness.

In order to accurately calculate the actual instantane-
ous uncut chip thickness, the cutter center O4 is defined 
as a certain point in the machining process from O3 to O1, 
that is, O1 returns to O4 after a certain time interval Δt, 
and its cutting edge returns to M42 along M12. Let P1 and 
M42 coincide at this time, then the tool position angle of 
O4O1 is γ1, and at the same time, the tool rotates around 

(23)
⎧⎪⎨⎪⎩

�
xP − xO2

�2
+
�
yP − yO2

�2
= R2

�
yP−yM21

�
�
xP−xM21

� =

�
yM21

−yO2

�
�
xM21

−xO2

�

(24)ht = M21P =

√(
xP − xM21

)2
+
(
yP − yM21

)2

the main axis at an angle of β, as shown in Fig. 7; γ1 can 
represent as follows:

Rotation angle β can be expressed as follows:

The coordinates of O4 can be expressed as follows:

The coordinates of the point M42 can be represented as 
follows:

Then the actual instantaneous uncut chip thickness hrc is 
expressed as follows:

4  Analysis of dual flexibility coupling 
deformation

4.1  Establishment of element stiffness matrix

Micro milling cutters and micro thin wall components 
possess distinctive traits such as compact dimensions and 
reduced rigidity. When subjected to relatively large dynamic 
alternating forces, they will undergo small deformation. 
This deformation perpendicular to the processed thin wall 
is called deflection [25], which will have a certain impact on 
existing mathematical models and calculation results.

The Euler-Bernoulli beam theoretical model is employed 
in this article to calculate the deflection deformation of 
micro milling cutters during the micro milling process, while 
the theoretical model employed to calculate the deflection 
deformation of micro thin-walled parts is known as the 
Timoshenko beam theoretical model, as illustrated in Fig. 8. 
There are the following basic assumptions for the calculation 
and analysis of both:

(1) To simplify the model of micro milling cutters and micro 
thin-walled workpieces, an equivalent diameter cantile-

(25)�1 =
fz�N

Rr

�t

(26)� =
2���t

60

(27)
{

xO1
= Rrcos

(
� + �1 + �

)
yO1

= Rrsin
(
� + �1 + �

)

(28)

⎧⎪⎨⎪⎩

xM42
= xO2

+ Rcos
�
� + �1 + � − �

�

yM42
= yO2

+ Rsin
�
� + �1 + � − �

� ,

⎧⎪⎨⎪⎩

�
xM42

− xO2

�2

+
�
yM42

− yO2

�2

= R2

�
yM42

−yM21

�
�
xM42

−xM21

� =

�
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−yO2

�
�
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−xO2

�

(29)hrc = M21M42 =

√(
xM42

− xM21

)2
+
(
yM42

− yM21

)2

y

x

Arc thin wall

O

O4
O1

ae

fz

M42
M41

M22

M11

Finish machined surface

Rough machined surface

M12

M21

O2

P

1

β

Fig. 7  Calculation of actual instantaneous uncut chip thickness
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ver beam model is employed. This is due to the intricate 
geometric shapes involved, which make it challenging to 
accurately calculate their rotational inertia.

(2) In micro milling, the micro milling cutter comes into 
contact with thin-walled parts. The forces generated 
during the process, both the micro milling force and the 
reaction force, are significantly smaller in the z-direc-
tion along the machine tool-cutter axis compared to 
the x and y directions. Therefore, these forces can be 
disregarded or ignored. When analyzing tool deflection 
and workpiece deflection, it can be assumed that the 
deformation in the z direction is negligible. Therefore, 
these deflections are only related to the coordinates x 
and y, not to the z coordinate.

The strain energy Ue is obtained by solving the displace-
ment field, strain field, and stress field of the beam element, 
namely:

where qe is the node displacement matrix, l is the beam ele-
ment length, A is the cross-sectional area of the beam, B is the 
strain matrix, and E is the modulus of elasticity. The unit stiff-
ness matrix of the micro milling cutter is obtained by combin-
ing the moment of inertia I of the cross-section as follows:

Currently, the majority of research is centered around the 
development of continuous machining process models, pri-
marily utilizing the Euler-Bernoulli beam theory. In these 
models, the interaction between the workpiece and the cutter 
is predominantly attributed to the closely distributed shear 
forces. The high-frequency excitation and shearing effects 
generated by the workpiece cannot be ignored. Therefore, it is 
more accurate and reasonable to use Timoshenko beam theory 
to calculate the elastic deformation of micro thin-walled parts.

(30)

Ue =
1

2
qeT

[
∫

l

0
∫ A

BT · E · B · dA · dx

]
qe =

1

2
qeT · Ke

t
· qe

(31)Ke
t
=

E · I

l3

⎡⎢⎢⎢⎣

12 6l −12 6l

6l 4l2 −6l 2l2

− 12 −6l 12 −6l

6l 2l2 −6l 4l2

⎤⎥⎥⎥⎦
dx

When calculating the element stiffness matrix of a 
Timoshenko beam, it is split into a bending element stiffness 
matrix and a shear element stiffness matrix [26]:

For a two-node beam element with length l, the displace-
ment s and rotation angle γ of the element can be expressed 
using shape functions as follows:

where N1 and N2 are the shape functions for the element. s1 
and s2 are the nodal displacements. γ1 and γ2 are the nodal 
rotation angles.

The formula for calculating strain energy is given by the 
following expression:

Combined with shape functions and based on the prin-
ciple of minimum potential energy, the element stiffness 
matrices of bending Ke

b
 and shear Ke

s1
 in Timoshenko beam 

elements can be expressed as follows:
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Fig. 8  Theoretical model of 
beam element
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where G is the shear modulus and the shear force compensa-
tion coefficient is taken as 6/5.

The use of complete integration in establishing the stiff-
ness matrix of shear elements can lead to shear self-locking, 
resulting in theoretical calculations of deflection and strain 
being smaller than actual values and losing reference value 
[27]. Hence, the reduced integration method should be 
employed for computing the stiffness matrix of the shear ele-
ment. This approach involves utilizing a smaller number of 
integration points during numerical integration, as opposed 
to the number required for full integration. For the two-node 
element mentioned in this paper, a Gaussian integral shall 
be used in shear strain energy, and the results are as follows:

4.2  Solution of coupled deflection deformation

Based on the obtained element stiffness matrix of the cutter 
and workpiece, the overall element stiffness matrix can be 
solved separately, as shown below:

The global stiffness matrix K can be obtained from the 
element stiffness matrix k and node indices i and j. Assem-
ble the components of the beam element stiffness matrix to 
the corresponding positions in the global stiffness matrix K, 
with the formula:

(39)Ke
s
=

GA

4kl

⎡⎢⎢⎢⎣

4 2l −4 2l

2l l2 −2l l2

− 4 −2l 4 −2l

2l l2 −2l l2

⎤⎥⎥⎥⎦

(40)K =

⎡⎢⎢⎢⎣

K2i−1,2i−1 K2i−1,2i K2i−1,2j−1 K2i−1,2j

K2i,2i−1 K2i,2i K2i,2j−1 K2i,2j

K2j−1,2i−1 K2j−1,2i K2j−1,2j−1 K2j−1,2j

K2j,2i−1 K2j,2i K2j,2j−1 K2j,2j

⎤⎥⎥⎥⎦

(41)

K(2 ∗ i − 1, 2 ∗ i − 1) = K(2 ∗ i − 1, 2 ∗ i − 1) + k(1, 1);

K(2 ∗ i − 1, 2 ∗ i) = K(2 ∗ i − 1, 2 ∗ i) + k(1, 2);

K(2 ∗ i − 1, 2 ∗ j − 1) = K(2 ∗ i − 1, 2 ∗ j − 1) + k(1, 3);

K(2 ∗ i − 1, 2 ∗ j) = K(2 ∗ i − 1, 2 ∗ j) + k(1, 4);

K(2 ∗ i, 2 ∗ i − 1) = K(2 ∗ i, 2 ∗ i − 1) + k(2, 1);

K(2 ∗ i, 2 ∗ i) = K(2 ∗ i, 2 ∗ i) + k(2, 2);

K(2 ∗ i, 2 ∗ j − 1) = K(2 ∗ i, 2 ∗ j − 1) + k(2, 3);

K(2 ∗ i, 2 ∗ j) = K(2 ∗ i, 2 ∗ j) + k(2, 4);

K(2 ∗ j − 1, 2 ∗ i − 1) = K(2 ∗ j − 1, 2 ∗ i − 1) + k(3, 1);

K(2 ∗ j − 1, 2 ∗ i) = K(2 ∗ j − 1, 2 ∗ i) + k(3, 2);

K(2 ∗ j − 1, 2 ∗ j − 1) = K(2 ∗ j − 1, 2 ∗ j − 1) + k(3, 3);

K(2 ∗ j − 1, 2 ∗ j) = K(2 ∗ j − 1, 2 ∗ j) + k(3, 4);

K(2 ∗ j, 2 ∗ i − 1) = K(2 ∗ j, 2 ∗ i − 1) + k(4, 1);

K(2 ∗ j, 2 ∗ i) = K(2 ∗ j, 2 ∗ i) + k(4, 2);

K(2 ∗ j, 2 ∗ j − 1) = K(2 ∗ j, 2 ∗ j − 1) + k(4, 3);

K(2 ∗ j, 2 ∗ j) = K(2 ∗ j, 2 ∗ j) + k(4, 4);

where i and j are the numbers of the connection nodes of 
the beam element.

After obtaining the overall stiffness matrix, it is necessary 
to know the boundary and stress conditions of the structure 
in order to calculate the deformation εt and εw of the cutter 
and workpiece separately. Assuming that the boundary con-
ditions and forces are known, the deformation calculation 
is as follows:

After introducing deflection deformation, based on the 
tool position angle θ(t, i), it can be concluded that the actual 
instantaneous uncut chip thickness hr is:

Since micro milling force is a time-varying force, its varia-
tion can cause deformation of the tool, which in turn can lead to 
changes in milling force. Therefore, this article uses the iterative 
method for solving, and the iterative steps are as follows:

(1) Assuming that the micro milling force is zero at the 
initial moment, that is F0 = 0, the static analysis of the 
structure is carried out to obtain the initial deformation 
ε0 of the structure.

(2) For each iteration n, the predicted values of the micro 
milling force are estimated from the instantaneous uncut 
chip thickness calculated in the current iteration step.

(3) The right end force vector Fn of the current iteration 
step can be calculated using the initial deformation of 
the structure ε0 and the predicted milling force Fp

n+1
.

(4) Static analysis of the structure is performed using Eq. 
(45) to solve for new deformation εn + 1.

(5) The new instantaneous uncut chip thickness is calcu-
lated using Eq. (46), and thus the new micro milling 
force equation is as follows:

(6) To determine whether the iteration has ended, it can 
be determined based on whether the relative change in 
deformation or milling force is less than a certain thresh-
old. If the convergence criterion is not reached, return 
to step 2 to go on the iteration. The coupling deflection 
deformation value can be expressed as follows:

(42)� = K−1F

(43)hr = hrc(t, i) −
�

cos (�(t, i))

(44)F
p

n+1
= Fn + t

�F

�t

||||�=�n,F=Fn

(45)Fn = F
p

n+1
+ K

(
hrc(t, i) −

�0

cos (�(t, i))

)

(46)�n+1 = K−1
(
Fn − F

p

n+1

)
+ �n

(47)Fn+1 = Fn + K

(
�n − �n+1

cos (�(t, i))

)
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The calculated deflection deformation of the micro mill-
ing cutter and workpiece are illustrated in Fig. 9.

By using the above method, the actual instantaneous 
uncut chip thickness hr considering coupled deflection defor-
mation can be obtained.

5  Micro milling experiment of arc 
thin‑walled part

5.1  Experimental design

The machine tool used in this micro milling experiment 
for arc thin-walled parts is JDGR200T from Beijing Jin-
gdiao Group. Before conducting precision machining, it is 
necessary to perform rough machining. For this purpose, a 
KENNAMETAL F2AH0150AWS30L230 double-edge end 
milling cutter with a diameter of 1.5 mm has been selected. 
The KEYENCE shape measurement laser microscopy sys-
tem VK-X200K was used to capture and measure the bottom 
surface of the micro milling cutter. The laser microscopy and 
3D images of the bottom surface of the micro milling cutter 
in roughing are shown in Fig. 10a.

Mesoscale titanium alloy (Ti-6Al-4V) plate was selected 
as the workpiece material, with a length, width, and height 
of 40 mm * 5 mm * 10 mm; density of 4430 kg/m3; elastic 
modulus of 114 GPa; and Poisson’s ratio of 0.342. In order 
to ensure the machining quality, the cutter is replaced after 
each piece of blank is machined to ensure the cutting effect 
and accuracy and avoid the decrease in processing quality 

(48)�c = �t + �w

(49)hr = hrc(t, i) −
�c

cos (�(t, i))

caused by tool wear [28]. Six thin-walled blades are formed 
on each blank by micro milling. The rough machining of arc 
thin-walled parts is shown in Fig. 11.

Twelve sets of finishing experiments were conducted 
using KENNAMETAL F2AH0050AWM30L070 double-
edge end milling cutter with a diameter of 0.5 mm. The 
laser microscopy and 3D images of the bottom surface of the 
micro milling cutter during finishing are shown in Fig. 10b. 
The parameter settings for micro milling experiments are 
illustrated in Table 1. During finishing, the inner surface of 
the blade is processed using a single side milling and dry 
cutting method. Multiple milling operations are carried out 
according to the different axial cutting depths ap, until the 
entire thin-walled feature is processed. After each 6 blade 
features are processed, the tool is replaced. The micro mill-
ing force testing system used in this experiment is shown 
in Fig. 12. The dynamometer is Kistler 9527B, the data 
acquisition card is Kistler 5697A, and the signal amplifier 
is Kistler 5080A. The machining path is generated by the 
software JDSoft SurfMill, and the finishing of the arc thin-
walled parts is shown in Fig. 13.

The final finished arc thin-walled part is shown in Fig. 14, 
with a blade feature height of 1.2 mm, an outer arc radius of 
5 mm, and a thickness of 60 μm for each blade。.

5.2  Coefficient identification

After the processing is completed, the collected force signal 
is processed by Dynoware software, and band-pass filtering 
is performed according to the spindle speed in the actual 
processing parameters to obtain the force signal. The filter-
ing frequency is set in this article f = ωZ/60, ω is the spindle 
speed, and Z is the number of teeth. According to the force 
obtained at each moment ti, and in the micro milling pro-
cessing area dominated by the shearing effect, the following 
correspondence can be established:

Fig. 9  Deflection deformation 
values of the micro cutter and 
workpiece
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(50)

⎡⎢⎢⎣

dFt = Ktc · hr dz + Ktj dz

dFr = Krc · hr dz + Krj dz

dFa = Kac · hr dz + Kaj dz

⎤⎥⎥⎦
=

⎡⎢⎢⎣

cos�(t, i) −sin�(t, i) 0

sin�(t, i) cos�(t, i) 0

0 0 1

⎤⎥⎥⎦

−1⎡⎢⎢⎣

dFx

dFy

dFz

⎤⎥⎥⎦

In Eq. (50), there are six unknown variables: Ktc, Krc, Kac, 
Ktj, Krj, and Kaj. Therefore, at least six equations are required 
to solve for these unknown variables. The force at a point 
cannot determine these six unknown variables. If we assume 

Fig. 10  Laser microscopic 
image and 3D image of the 
bottom surface of the micro 
milling cutter: a roughing and b 
finishing

1475.202μm

(a) 

491.073μm

(b) 

Fig. 11  Rough machining of arc 
thin-walled parts: a machining 
path and b machining process

(a)                                        (b) 

Table 1  Micro milling force 
coefficient calibration test 
milling parameters

Processing 
number

Milling method Cutting velocity 
(m/s)

Feed per tooth 
(μm)

Radial depth of 
cut (μm)

Axial depth 
of cut (μm)

1 Down milling 18.84 3 20 200
2 Down milling 18.84 3 20 300
3 Down milling 18.84 5 40 400
4 Down milling 18.84 5 40 600
5 Down milling 18.84 7 60 200
6 Down milling 18.84 7 60 300
7 Down milling 28.26 3 20 400
8 Down milling 28.26 3 20 600
9 Down milling 28.26 5 40 200
10 Down milling 28.26 5 40 300
11 Down milling 28.26 7 60 400
12 Down milling 28.26 7 60 600
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that the experimental micro milling forces Ft, Fr, and Fa are 
obtained within one revolution of the tool, there are n pieces 
of data collected, and the frequency of data collection is high 
enough to make 3n > 6, then we can obtain a set of equations 
to solve these unknown variables:

(51)
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That is:

This system of regular equations can be solved 
using the method of least squares; assume A = MTM, 
Bp = MT[F(t1)F(t2)…F(tn)](p = t, r, a), and then after matrix 
operation, it can be solved directly to get:

(52)
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Fig. 13  Finishing of arc thin-
walled parts: a finishing path 
and b finishing process

(a)                                     (b) 

Fig. 12  Micro milling force 
testing system
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In the micro milling processing area coupled with the 
plowing effect, the calculation method of the ploughing 
force coefficients Ktp, Krp, and Kap is similar to the calcula-
tion process of the shearing force coefficients. Combined 
with the plough cut area Ap, the test plough cut force Ftp, 
Frp, and Fap, the calculation process is expressed as follows:

(53)

⎡⎢⎢⎢⎢⎢⎢⎣

Ktc

Krc

Kac

Ktj
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Kaj

⎤
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=
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A 0 0

0 A 0

0 0 A

⎤⎥⎥⎦

−1⎡⎢⎢⎣

Bt
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Ba

⎤⎥⎥⎦

That is:

Assume A = MTM, Bp = MT[F(t1)F(t2)…F(tn)](p = t, r, a). 
Also, using the least squares method, it can be solved 
directly to get:

And based on the least squares method, the coefficients 
Ktc, Krc, Kac, Ktj, Krj, Kaj, Ktp, Krp, and Kap are identified; its 
unit is N/mm2. By calculating these coefficients, an accurate 
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Table 2  Identification results of 
micro milling force coefficient

Ktc Krc Kac Ktj Krj Kaj Ktp Krp Kap

4568.682 1863.846 1177.896 17.10846 10.04944 8.714064 250.818 203.6634 116.9736

Table 3  Verification of 
experimental milling parameters

Processing 
number

Milling method Cutting velocity 
(m/s)

Feed per tooth 
(μm)

Radial depth of 
cut (μm)

Axial depth 
of cut (μm)

1 Down milling 15.70 3 20 200
2 Down milling 21.98 5 40 400
3 Down milling 25.12 7 60 600

Fig. 14  Image of finished arc thin-walled part
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Fig. 15  Comparison between 
experimental data and predicted 
data: a processing number 1, 
b processing number 2, and c 
processing number 3
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force prediction model for arc micro milling can be estab-
lished. Table 2 illustrates the identification results of micro 
milling force coefficients.

5.3  Verification experiment

To validate the accuracy of the micro milling force predic-
tion model for arc thin-walled parts, a verification experi-
ment was conducted following a similar procedure to that 
described in section 5.1 for roughing and finishing steps. The 
experimental parameters used in the verification experiment 
are presented in Table 3. The data from the proposed arc 
micro milling force prediction model in this paper was com-
pared and analyzed alongside the experimental measurement 
data. The results of this comparison are depicted in Fig. 15.

Based on the comparative analysis presented in Fig. 15, 
it can be concluded that the micro milling force model 
proposed in this paper exhibits excellent performance in 
terms of both amplitude and shape. This model integrates 
the coupling of dual flexible deflection and the influence 
of arc machining. Upon conducting calculations, the aver-
age error between the predicted and experimental results 
of micro milling force in the x direction is determined to 
be 12.427%. Similarly, the average error in the y direction 
amounts to 11.801%, while the average error in the z direc-
tion stands at 9.005%. These errors fall within an acceptable 
range, closely resembling the actual processing scenario, 
and offer a more precise reflection of real-world conditions. 
The accuracy of this model benefits from its comprehensive 
consideration of dual flexible coupling deformation and arc 
milling principles. Dual flexible deformation coupling plays 
a crucial role in the actual micro milling process, affect-
ing the transmission and distribution of cutting forces. Arc 
machining introduces complex geometric shapes and cutting 
paths, further increasing the complexity of the cutting force 
model. By incorporating these factors into the model, we can 
more comprehensively explain the mechanism of micro mill-
ing force generation, thereby more accurately predicting its 
performance in different working directions. Consequently, 
the outcomes of this study indicate that the utilization of 
this model can enhance the accuracy and reliability of micro 
milling force prediction. Moreover, it furnishes vital theo-
retical support and practical guidance for optimizing micro 
machining processes.

6  Conclusion

In this paper, considering the cutter-workpiece double flex-
ible coupling deformation and the machining geometry 
analysis of micro milling arc thin-walled parts, the micro 

milling force of titanium alloy is modeled, predicted, and 
experimentally analyzed. The conclusions are as follows:

(1) Based on the characteristics and motion trajectory 
of circular arc thin-wall in micro milling, a detailed 
geometric analysis is carried out, and the cutting-in, 
cutting-out angles, as well as instantaneous uncut chip 
thickness are calculated.

(2) A new iterative algorithm is proposed to introduce 
coupled deflection deformation values into the micro 
milling force modeling process, which improved the 
instantaneous uncut chip thickness model.

(3) The coefficients in the micro milling force prediction 
model were identified by arc micro milling experiment. 
The verification test based on the constructed micro-
milling force prediction model shows that the model 
has high accuracy in both amplitude and waveform, and 
its prediction error range is 9.005~12.427%, which fur-
ther confirms the rationality and accuracy of the model.
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