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Abstract
The compressive residual stress distribution in shot peening can be simulated using the nonlinear elastic–plastic finite ele-
ment method (FEM) or obtained using various measurement methods; however, a simple and efficient prediction is desirable 
for practical applications. The residual plastic strain component produced by shot peening, known as the inherent strain or 
Eigenstrain, has a simple distribution and can be used to predict the residual stress via linear elastic analysis. In this study, 
the residual stress distributions in aluminum–magnesium alloy plates due to various shot velocities and shot diameters were 
simulated using the nonlinear FEM; further, the residual stress distributions were verified using the X-ray diffraction method. 
The inherent strain was identified using these results as datasets, and the strain distribution was quantitatively expressed 
using a simple equation. Finally, an analytical method for shot peening residual stress prediction using inherent strain and 
plate bending theory was developed. The residual stress distributions predicted from the inherent strain determined for 5 
-mm-thick plate were consistent with the experimentally measured and numerical simulated results for 2-, and 1 -mm-thick 
plates with different shot blasting machines and shot diameters.
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1 Introduction

Shot peening is widely used to improve the fatigue strengths 
of aircraft and automotive parts. Shot peening parameters 
include the diameter, material, velocity of the shot, impact 
angle, and coverage. In pneumatic shot peening, shot veloc-
ity is controlled by air pressure, nozzle shape, and shot mass 
flow. The relationship between these parameters and the 
compressive residual stress distribution has been clarified 
in several studies. Schiffner [1], Tao and Gao [2], Gallitelli 
et al. [3], and Li et al. [4] used numerical simulation to inves-
tigate the relationship between the residual stress distribu-
tion and shot diameter and velocity. Wang et al. [5], Zinn 

and Scholtes [6], and Miao et al. [7] experimentally inves-
tigated the relationship between the residual stress distribu-
tion and shot diameter. They demonstrated that the depths of 
the maximum residual compressive stress and compressive 
stress increase with shot velocity and diameter.

Moreover, the effects of shot diameter and velocity on the 
residual stress distribution have been quantitatively demon-
strated. Al-Hassani [8] and Al-Obaid [9] established a rela-
tionship between the depth of plastic strain, shot velocity, 
and diameter at single shot impact. Ogawa and Asano [10] 
proposed an equation describing the relationship between 
the maximum residual compressive stress, shot velocity, 
diameter, and density. Robertson [11] presented a simple 
equation for the residual stress distribution after shot peen-
ing. Tao and Gao [2] proposed a method for predicting the 
residual stress distribution by correlating the coefficients of 
the equation proposed by Robertson [11] with shot velocity 
and diameter using up to third-order linear regression. Ohta 
et al. [12] expressed the coefficients of Robertson's equation 
as a simple function of shot diameter and shot velocity and 
they demonstrated that the residual stress distribution could 
be predicted under an unknown shot peening condition. 
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However, the prediction equation using Robertson's equa-
tion can only be applied to a single thickness. Gallitelli et al. 
[3] proposed complex equations for surface stress, maximum 
compressive stress, and depth as functions of shot veloc-
ity, diameter, and density. Li et al. [4] obtained the optimal 
parameters by employing the Box–Behnken design response 
surface method for the shot velocity, standoff distance, and 
coverage using the finite element method.

The residual plastic strain produced by shot peening, 
known as the inherent strain (or eigenstrain), has a sim-
ple distribution, does not change even if the specimens are 
cut after shot peening, and can be used to reproduce the 
residual stress using linear elastic analysis. Fujimoto et al. 
[13], Ueda and Ma [14], Nakacho et al. [15], and Korsun-
sky [16] reported the relation of inherent strain to resid-
ual weld stress. The inherent strain {g} can be expressed 
as {g} = {�} −

{

�e
}

 , where {�} and 
{

�e
}

 are the total and 
elastic strains, respectively. The relationship between the 
residual stress {�} and inherent strain can be expressed as, 
{�} = [D][H∗]{g} , where [D] is the elastic stress–strain 
matrix and [H∗] is the elastic response (inherent strain –elas-
tic strain) matrix [13–15]. The residual stress corresponds 
elastically and uniquely to the inherent strain, which can be 
used to determine the residual stress distribution using linear 
elastic calculations.

Niku-Lari [17] proposed the stress source method to cal-
culate residual stress in shot peening. Terasaki et al. [18] 
proposed a method for measuring the inherent strain gener-
ated by shot peening and measured the inherent strain dis-
tribution in plates and cylindrical objects. Kitamura et al. 
[19] explained the difference in residual stress due to the 
shot shape using inherent strain. Korsunsky [20] proposed 
a method to calculate the residual stress distribution using 
the inherent strain for shot peening and demonstrated its 
effectiveness. Korsunsky [21] measured the residual elas-
tic strain of a laser shock-peened titanium alloy plate using 
high-energy synchrotron radiation X-ray diffraction and pro-
posed a method to estimate the most likely inherent strain 
profile. Achintha and Nowell [22] simulated the residual 
stress induced by laser shock peening by modeling the shock 
wave as a dynamic pressure load with an explicit finite ele-
ment and incorporating the plastic strain distribution as an 
inherent strain distribution in a static finite element model. 
Coratella et al. [23] investigated the feasibility of applying 
the inherent strain method to predict residual stresses in 
laser shock peening for samples with curved geometries. 
To simulate the effect and evolution of the residual stress 
during low-cycle fatigue, Song et al. [24] employed a finite 
element model considering both the inherent strain induced 
by shot peening and the effect of hardening on subsequent 
deformation. Salvati and Korsunsky [25] presented a method 
using inherent strain to predict the residual stress field pro-
duced by laser shock peening and carburizing material 

surfaces in three-dimensional geometries. Faucheux et al. 
[26] performed simulations using inherent strain in peen 
forming and stress peen forming and showed that the panel 
shape changed from spherical to cylindrical with decreasing 
panel thickness. Hu et al. [27] developed an inherent strain-
based modeling procedure to simulate the prestress effects 
on the bending deformation and residual stresses in laser 
peen forming. Ohta et al. [28–30] simulated the deformation 
during peen forming by inputting the plastic strain obtained 
via the dynamic explicit finite element method during shot 
impact as an inherent strain into the static implicit method. 
Miao et al. [31] evaluated the effects of various sources of 
anisotropy in uniformly peen-formed aluminum sheets by 
using inherent strain and observed that the bending loads 
induced by the initial residual stresses in the rolling direc-
tion of the plate, resulted in uniformly peen-formed sheets.

In addition, these reports indicate that the method of 
calculating residual stress using inherent strain is effective 
in surface treatments such as shot peening and laser shock 
peening; however, the variation in the inherent strain distri-
bution with shot peening conditions, such as shot diameter, 
shot velocity, and specimen thickness, has not been quanti-
tatively investigated.

Therefore, in this study, an equation for estimating the 
residual stress distribution in shot peening is developed by 
considering the shot velocity, diameter, and specimen thick-
ness. An estimation method for the residual stress distribu-
tion is established by using the inherent strain distribution 
and assuming that the inherent strain distribution can be 
expressed as a function of only the shot velocity and diame-
ter. Because the inherent strain distribution is not affected by 
the geometry of the specimen, the advantage of this method 
is that the estimated inherent strain distribution from small-
size specimens can be used to predict the residual stress 
distribution for practically large-size components or cut 
geometries for various purposes that have not been tested or 
simulated. In this study, the effect of thickness on residual 
stress was predicted using this method. Based on the residual 
stress distribution simulated using the finite element method 
(FEM), an inverse analysis of the inherent strain distribution 
was performed. The obtained residual stress distributions 
were verified using experimental results.

2  Residual stress calculation using inherent 
strain distribution

Directly measuring the inherent strain distribution is usually 
difficult. Therefore, residual stress measurements or numerical 
simulation results can be used to determine the inherent strain 
distribution using inverse analysis. The inherent strain distribu-
tion can be determined with a small number of coefficients by 
expressing the inherent strain distribution as a function. Ueda 
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and Ma [14] and Nakacho et al. [15] proposed a functional 
representation of the inherent strain distribution, which was 
effective in calculating the residual welding stress distribution 
in a small region. Salvati and Korsunsky [25] calculated the 
residual stresses using a Gaussian distribution of the inherent 
strain distribution within the thickness of shot peening. Song 
et al. [24] described the inherent strain distribution within the 
thickness of shot peening as a combination of two Gaussian 
distributions.

The x, y, and z directions represent the thickness, longi-
tudinal, and width directions, respectively. In shot peening, 
the strain generated by the impact of steel balls is axisym-
metric, so the inherent strain components gy and gz in the y 
and z directions are the same, and the distribution remains the 
same throughout the material. Therefore, the inherent strain at 
a depth of x from the surface is indicated as g(x) . The inherent 
strain gz in the thickness direction and the inherent shear strain 
components ( gxy , gyz , gzx ) were not considered in this study 
because their contribution to the residual stress distribution is 
small. The inherent strain distribution g(x) within the thickness 
is described by the Gaussian distribution, as shown in Eq. (1):

where x is the depth from the peened surface; A is a coeffi-
cient indicating the area of inherent strain distribution; S and 
Xd are coefficients indicating the depth and depth of peak of 
inherent strain distribution, respectively.

As shown in Fig. 1, the inherent z-directional stress �z∗ and 
y-directional stress �y∗ occur when external force F0 and bend-
ing moment M0 are applied to the material to prevent elonga-
tion and bending (in the fully constrained case). Because �z∗ 
and �y∗ are equal, the inherent stress at depth x is denoted as 
�1(x) and is expressed as shown in Eq. (2):

where E is Young's modulus, and ν is Poisson's ratio. Fig-
ure 2 shows the distribution of �1(x) calculated using Eq. (2) 

(1)g(x) =
A

√

2�S
exp

�
�

x − Xd

�2

2S2

�

(2)�1(x) = −
1 + �

1 − �2
Eg(x)

assuming the inherent strain distribution (A = 0.001 mm, 
S = 0.15 mm, Xd = 0.10 mm), E = 70 GPa, and ν = 0.3. The 
compressive stresses correspond to the inherent strain.

The external force F0 restrains elongation in the y- and 
z-directions. A force in the opposite direction of F0 gener-
ates stress as calculated in Eq. (3). Stresses in the y- and 
z-directions are equal and are denoted by �2(x) and can be 
calculated as per Eq. (3):

where h is the thickness and b is the width. Figure 2 shows 
the distribution of �2(x) calculated by applying Eq. (3). The 
tensile stress is constant within the thickness and is balanced 
by the force generated by �1(x).

The bending moment M in the y- and z-directions is oppo-
site to the bending constraint M0 , and the peened surface 
is deformed convexly. y- and z-direction bending moments 
are equal and are denoted as M. The bending moment in the 
x- and y-directions is denoted as M.  M is calculated using 
Eq. (4) as follows:

The bending moment causes the deformation of the plate. 
M causes the plate to bend to the same radius of curvature 
R in the y- and z- directions, deforming it into a spheri-
cal shape. The radius of curvature R is given by Eq. (5), as 
follows:

M causes bending stresses �3(x) in the y- and z-directions. 
�3(x) is shown in Eq. (6):

(3)�2(x) = −
∫ h

0
�1(x)bdx

hb

(4)M = ∫
h

0

�1(x)b(x − h∕2)dx

(5)R =
Ebh3(1 + �)

12M
(

1 − �2
)

Fig. 1  Constraints for Eq. (2)
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culated from the inherent strain distribution. Plots show the result 
simulated by FEM using Marc
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Figure 2 shows the distribution of �3(x) calculated using 
Eq. (6). The peened surface shows tensile stress, and the 
back surface shows compressive stress.

The residual stress distribution within the thickness is the 
sum of �1(x) , �2(x) , and �3(x) as expressed in Eq. (7):

The aforementioned equations can be used to analyze 
the residual stress distribution in the thickness based on the 
inherent strain distribution. Figure 2 shows the calculated 
residual stress distribution within the thickness based on 
the inherent strain distribution. In this example, the bend-
ing deformation is pronounced because h = 2 mm, and R, 
calculated using Eq. (5), is approximately 1058 mm. The 
residual stress distribution varies depending on the thickness 
even with the same inherent strain distribution.

Elasticity calculations were performed using the static 
implicit finite element method to validate these equations. 
Marc was the finite element method (FEM) code used. Fig-
ure 3 shows the finite element (FE) model of the validation 
of these calculations. The dimensions of the model were 
76 mm (length) × 19 mm (width) × 2 mm (thickness). Three 
nodes were constrained to prevent rigid body movement. A 
composite element was used and divided into layers of a 
thickness of 0.02 mm up to 0.6 mm from the surface, and 
layers with thicknesses of 0.05 mm and 0.2 mm thereafter. 
The composite shell element allows the spacing of the inte-
gration points (layers) to be freely changed, and physical 
property values can be entered for each layer. The inherent 
strain was input for each layer as virtual thermal strain. The 
inherent strain distribution, E and ν, are the same as those 
shown in Fig. 2. The FEM results are shown in Fig. 2. The 
calculation and FEM results are consistent with the equa-
tions, and therefore, the proposed equations are validated. 
The use of inherent strain enables the simulation of the 
residual stress distribution via elasticity calculations.

This study shows that the residual stress distributions can 
be analyzed for various peening conditions and thicknesses 

(6)�3(x) =
E(1 + �)

1 − �2

(x − h∕2)

R

(7)�(x) = �1(x) + �2(x) + �3(x)

by expressing A, S, and Xd as functions of shot diameter and 
shot velocity.

3  Finite element model

Numerical simulations were performed using the FEM to 
determine the inherent strain distribution. The FEM was 
simulated in two steps using LS-DYNA [32, 33]. In the first 
step, a dynamic explicit method was used to simulate shot 
collisions. Owing to the oscillation of the stresses in the 
dynamic explicit method, equilibrium stresses were simu-
lated in the second step using the static implicit method. 
The conditions used for the numerical simulations are listed 
in Table 1. Figure 4 shows the FE model. Three different 
shot diameters were used. Further, h was 5 mm, and the 
model dimension L was nine times the shot diameter. The 
dimension l of the region where the shot was impacted was 
three times the shot diameter. The number of elements was 
maintained constant. The element size near the surface of 
the shot impact area was 0.0195 mm in the depth direc-
tion and 0.0938 times the shot diameter in the length and 

Fig. 3  FE model for validation of equations using Marc

Table 1  Shot peening conditions for the FEM

Shot diameter [mm] Shot velocity [m/s] Number 
of shots

0.3 10, 19, 26, 35, 46, 65, 75 200
0.5 10, 15, 22, 30, 35, 44, 70 200
0.7 10, 15,20, 35, 44 200

Fig. 4  FE model　(a) FE model and (b) Stress–strain curve of the 
specimen
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width directions. In the first step, the bottom surface was 
constrained in the x-direction, except in the region where 
the shots were impacted to prevent the oscillation of the FE 
model. In the second step, only three nodes were constrained 
to prevent rigid body movement, leaving the bottom surface 
free.

To reduce simulation time, the shots were placed such 
that they overlapped with each other, as shown in Fig. 4. 
The shots were given with an initial velocity. The shots 
were randomly positioned and spaced 0.2 times the shot 
diameter in the height direction to prevent two shots from 
colliding simultaneously. The shot was elastic, and was 
made of steel. Further, E = 206 GPa, ν = 0.3, and density 
� = 7.0 × 10

−9
ton∕mm3 . The Coulomb coefficient of friction 

between the shot and the specimen was set to 0.2.
The specimen material was an aluminum–magne-

sium alloy (A5052-H34) with E = 70 GPa, ν = 0.3, and � 
= 2.7 × 10

−9
ton∕mm3 . The stress–strain curve of the mate-

rial is shown in Fig. 4b. The mixed hardening law was used 
because repetitive loading was applied during shot peening.

4  Experimental method

One direct-pressure-type and two suction-type shot blasting 
machines were used in the experiment. The shots were made 
of low-alloy steel that included manganese and silicon with 
a hardness of 45–52 HRC. The specimen was an aluminum-
magnesium alloy (A5052-H34) plate, and its dimensions 
were as follows: width = 19 mm, length = 70 mm, and thick-
ness = 5 or 2 mm. This alloy had a hardness of 68–70 HV, 
proof stress of 188 MPa, and tensile strength of 244 MPa. 
A5052-H34 was formed by the solid solution strengthen-
ing of magnesium and work hardening by cold working 
and did not undergo transformation owing to temperature 
increase or plastic deformation. Using steel shots on alu-
minum alloys may result in poor corrosion resistance. For 
example,　Zupanc and Grum [34] shot peened aluminum 
alloy A7075-T651 using steel shot to investigate the effect 
of pitting corrosion on fatigue strength and reported that shot 
peening improved fatigue strength. Aghaie-Khafri et al. [35] 
shot-peened aircraft aluminum alloy parts (aircraft wheels) 
using steel shots and confirmed an increase in service life. 
Because steel shot has been used in aluminum alloys, this 
study used low-alloy steel shots (Aerospace Material Speci-
fications 2431/1D: ASR70, ASR170, and ASR230) to deter-
mine the effects of shot diameter and shot velocity on the 
residual stress distribution.

The experimental conditions are listed in Table 2. The 
shot velocity was calculated by recording the flight of the 
shot using a high-speed camera and particle image veloci-
metry [12, 32, 33]. In Table 2, shot velocities are listed 
with the standard deviation of the measurement. In the 

direct-pressure-type machine, ASR170 and ASR230 had 
different shot mass flow; therefore, ASR230, which had a 
larger shot diameter, had a higher shot velocity. The nozzle 
hole diameters of the suction type-A and -B were different, 
and type-B had a higher shot velocity. The coverage was set 
to 200% for each condition.

The residual stress was measured by the X-ray diffrac-
tion method using device μ-X360 (Pulstec Co., Ltd.) based 
on the cosα scheme [36]. The diffraction peak of the (311) 
plane of aluminum in the Cr Kα line was used. The incident 
angle of the X-ray beam was 25°and the diffraction angle 
was 139.497°. Young's modulus and Poisson's ratio of the 
specimens were set to 69.31 GPa and 0.348, respectively; 
the values were entered as standard in the μ-X360.　The 
X-ray beam diameter used in the residual stress measure-
ment was approximately 2 mm. Electropolishing and stress 
measurements were repeatedly performed to measure the 
residual stress distribution inside the plate. Stress changes 
caused by electropolishing were corrected using the method 
suggested by Moore and Evans [37]. The maximum stand-
ard deviation of the measured residual stress was 15 MPa. 
One specimen was used for each shot peening condition, and 
residual stresses were measured in z- and y-directions at the 
same depth. Because significant difference in stresses was 
not observed between the z- and y-directions, the stresses 

Table 2  Experimental conditions

Shot 
blasting 
machine

Shot Mean 
shot 
diameter
D [mm]

Air 
pressure 
[MPa]

Shot veloc-
ity
V [m/s]

Thickness
h [mm]

Suction-
type A

ASR70 0.3 0.2 9.5 ± 4.5 5
0.6 25.5 ± 7.3

ASR170 0.5 0.2 8.3 ± 4.6 5
0.6 22.4 ± 6.9

ASR230 0.7 0.2 7.6 ± 3.8 5
0.6 20.5 ± 5.6

Suction-
type B

ASR70 0.3 0.2 30.7 ± 7.8 2
0.5 63.2 ± 11.5

Table 2   (Continued)

Shot 
blasting 
machine

Shot Mean 
shot 
diameter
D [mm]

Air 
pressure 
[MPa]

Shot veloc-
ity
V [m/s]

Thickness
h [mm]

Direct-
pres-
sure-
type

ASR170 0.5 0.14 30.2 ± 4.0 5
0.30 43.8 ± 4.9

ASR230 0.7 0.14 36.9 ± 4.4 5
2
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in the z- and y-directions were indistinguishably treated in 
this study.

5  Finite element method results and inverse 
analysis of inherent strain distribution

5.1  Inverse analysis of inherent strain distribution

Figure  5 shows the residual stress contours simulated 
using the FEM for shot diameter D = 0.5 mm, shot veloc-
ity V = 30 m/s, a number of shots N = 200, and thickness 
h = 5 mm. Only the area ( l × l ) impacted by shots is shown. 
On the peened surface, low tensile and high compressive 
stresses were mixed over a small area. The same results were 
obtained from the FEM by Ohta et al. [32, 33] and residual 
stress measurements performed in a small area by Yasukawa 
et al. [38]. Compressive stresses existed over the entire sur-
face inside the material near the surface. The stress distribu-
tions in the z- and y-directions were different, though they 
were equivalent on average. Therefore, the z-direction stress 
was used in this study.

Figure 6 shows the FEM results of the residual stress dis-
tribution. The FEM results were used to plot the stress for 
all elements. The stresses in each element near the peen-
ing surface were distributed from tensile to compressive. 
The coefficients A, S, and Xd of the Gaussian distribution in 
Eq. (1), which minimizes the sum of the squares of the errors 
between the stresses in each element and the stress analyzed 
using Eq. (7), were determined. The stress analyzed using 
Eq. (7) is represented by the line.

The FEM simulated residual stresses exhibited a 
large range near the surface, even at the same depth. 
Regression analysis was performed to examine the plausible 
distributions. Residual stress distributions were examined 
by regression analysis using machine learning. Gaussian 
kernel support vector regression (SVR) was used to perform 
the regression analysis. The Gaussian kernel SVR requires 
the specification of hyperparameters (relaxation factor 

C, margin ε, and inverse of variance γ) to determine the 
learning range, which can be arbitrarily specified. C is a 
coefficient that determines how much error is tolerated 
in classification during training. ε is the margin, which 
indicates the error insensitivity zone. The inverse of the 
variance, γ, is used to adjust the accuracy of the training 
data. The SVR was performed using Python's Scikit-Learn 
library [39].

Figure 6 displays the results of the SVR with a double 
line. A total of 29,696 depth and residual stresses in the FE 
model were used as training data for supervised learning. 
The hyperparameters were determined using a grid search 
to minimize the sum of squares of the errors. The following 
values were used: C = 500, ε = 3, and γ = 30. The SVR results 
of the FEM data and the residual stress distribution analyzed 
using Eq. (7) were consistent.

The plot shows the residual stress distribution measured 
when ASR170 was projected at 0.2 MPa, in the direct-
pressure type machine. The measured results of the residual 
stress distribution were consistent with the FEM results and 
the analysis results obtained using Eq. (7).

Fig. 5  Residual stress contours 
simulated using FEM when 
shot diameter D = 0.5 mm 
and shot velocity V = 30 m/s 
(a) z-direction stress, and (b) 
y-direction stress
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As described earlier, if A, S, and Xd are determined such 
that the sum of squares of the errors between the residual 
stress distributions analyzed using the FEM and Eq. (7) are 
minimized, an inverse analysis of the inherent strain distri-
bution can be performed.

5.2  Results of residual stress distribution

Inverse analysis was performed to obtain the inherent strain 
distribution from the FEM residual stress distribution, as 
shown in Fig. 6. Figure 7a shows the inherent strain distribu-
tion when h = 5 mm and D = 0.3 mm. As the shot velocity 
increases, the peak of inherent strain is located at a greater 
depth and is larger. The depth at which inherent strain is 
introduced also increases. In Fig. 7b, the lines show the 
analyzed residual stress distribution, and the plots show 
the experimental results using ASR70. Corresponding to 
the inherent strain, the location of the peak of the compres-
sive residual stress is more deeply located and the peak is 
larger as the shot velocity increases. The depth at which 

compressive residual stress is introduced also increases. The 
experimental and analyzed residual stress distributions are 
in good agreement.

Figures 8a and 9a show the inherent strain distributions at 
D = 0.5 mm and D = 0.7 mm, respectively. The relationship 
between the shot velocity and inherent strain distribution is 
the same for D = 0.3 mm. As the shot diameter increases, the 
peak position of the inherent strain becomes deeper, and the 
peak value increases. The depth at which the inherent strain 
is introduced also increases with an increasing shot diameter. 
At D = 0.7 mm and V = 44 m/s, the depth at which inherent 
strain is introduced is approximately 1.2 mm. Figures 8b 
and 9b show the residual stress distributions at D = 0.5 and 
0.7 mm, respectively. The lines show the analyzed residual 
stress distribution, and the plots show experimental results 
using ASR170 in Fig. 8b and ASR230 in Fig. 9b. Corre-
sponding to the inherent strain, the peak of the compressive 
residual stress is located at a greater depth and becomes 
larger as the shot diameter increases. The depth at which 
compressive residual stress is introduced also increases. The 
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experimental and analyzed residual stress distributions are in 
good agreement, although shot peening is performed using 
different experimental machines.

5.3  Relationship between inherent strain 
distribution, shot diameter, and shot velocity

The inherent strain distribution is described by the Gauss-
ian distribution shown in Eq. (1). The relationships between 
coefficients A , S , and Xd , shot diameter D , and shot velocity 
V  were investigated. After attempting several approximation 
equations, the method of approximating shot velocity by a 
quadratic equation and shot diameter by a power function 
was selected in this study because it yields small error and 
the few coefficients. To identify the three coefficients of the 
quadratic equation, three levels of shot velocity in experi-
ments are sufficient. More than three levels of experiments 
can be better to evaluate the function-fitting error. Figure 10 
illustrates the relationship between A, D, and V. A is a coef-
ficient indicating the area ( ∫ g(x)dx ), which increases with V 

and D. The relationship between A and V was approximated 
using a quadratic equation, and the relationship between A 
and D was approximated using an n-power equation, as indi-
cated by the lines in Fig. 10. The approximate equation is 
shown in Eq. (8), as follows:

The unit for V is m/s, D is mm, and A is μm.
Figure 11 shows the relationship between S, D, and V; S 

is a coefficient that indicates the spread of the inherent strain 
distribution. S increases with increasing D and V. Similar to 
A, the lines approximated by Eq. (9) are shown in Fig. 11.

The unit for V is m/s, D is mm, and S is mm.
Figure 12 shows the relationship between Xd, D, and V. 

Xd, is a coefficient indicating the depth of the inherent strain 

(8)
A(D,V) =

(

−5.316 × 10
−4V2 + 1.495 × 10

−1V − 8.286 × 10
−1
)

D1.647

(9)
S(D,V) =

(

−7.367 × 10
−5V2 + 1.617 × 10

−2V + 1.791 × 10
−3
)

D1.229
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peak. Xd, increases with increasing D and V. Similar to A, 
the lines approximated by Eq. (10) are shown in Fig. 12.

The unit for V is m/s, D is mm, and Xd is mm.
As described previously, the relationship between the 

coefficients shown in Eq. (1), D, and V can be expressed 
using an approximate formula. Even under conditions that 
have not been simulated via the FEM, the inherent strain 
distribution can be analyzed using Eqs. (8)–(10). However, 
the applicability is limited to the range of conditions for 
which the FEM simulations are conducted.

6  Verification of the prediction 
of the residual stress distribution

In the previous chapter, the effects of shot velocity and diam-
eter on the inherent strain distribution were formulated for a 
5 mm-thick specimen. This chapter presents that the inherent 
strain distribution determined for a 5 -mm-thick specimen 
is valid for different thicknesses assuming that the inherent 
strain distribution is not affected by thickness. Therefore, we 
verified the results of the residual stress distribution analysis 
by varying the thickness under three peening conditions.

6.1  Verification at D = 0.3 mm and V = 30 m/s.

FEM simulations were performed by varying the thickness 
under conditions not included in Table 1. The FE model is 
the same as that shown in Fig. 4 except for the thickness. The 
element sizes near the peened surface are the same. When 
D = 0.3 mm, and V = 30 m/s, the FEM results for thickness 
h = 2 and 1 mm are shown in Figs. 13 and 14, respectively. 
Under these conditions, the depth of the inherent strain 
(3S + Xd) is approximately 0.3 mm. The FEM results are 

(10)
Xd(D,V) =

(

3.270 × 10
−6V2 + 4.023 × 10

−3V + 7.229 × 10
−2
)

D0.921

used to plot the stress for all elements. The residual stress 
distribution analyzed from the inherent strain distribution 
determined at h = 5 mm using Eqs. (8), (9), and (10) is rep-
resented by the line in the figure. The residual stress distribu-
tion analyzed from the approximated inherent strain distribu-
tion is in close agreement with the FEM results. Figure 13 
shows the experimental results at V = 30.7 ± 7.8 m/s using 
ASR70. The experimental and analyzed results are in good 
agreement.

The shot-blasting machines used, as shown in Figs. 7 and 
13, are different; however, the same inherent strain distribu-
tion equation can be applied using the shot velocity.

The inherent strain distribution is predicted from the FE 
model with h = 5 mm. However, under these peening condi-
tions, the same inherent strain distribution can be applied up 
to h = 1 mm. Therefore, it can be inferred that the inherent 
strain distribution is not affected by the thickness.
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6.2  Verification at D = 0.3 mm and V = 65 m/s.

The study was conducted at D = 0.3 mm and V = 65 m/s, 
which is the maximum shot velocity. The FEM results for 
thicknesses h = 2 and 1 mm are shown in Figs. 15 and 16, 
respectively. The FEM results are used to plot the stress 
for all elements. The residual stress distribution analyzed 
from the inherent strain distribution determined at h = 5 mm 
using Eqs. (8), (9), and (10) is represented by the lines in 
the figure. Under this condition, the depth of the inherent 
strain (3S + Xd) is approximately 0.6 mm. Figure 15 shows 
the experimental results at V = 63.2 ± 11.5 m/s using ASR70. 
The residual stress distribution analyzed from the inherent 
strain distribution determined using Eqs. (8), (9), and (10) 
are consistent with the experimental and FEM results.

Under these peening conditions, the same inherent strain 
distribution can be applied up to h = 1 mm. Therefore, it can 
be inferred that the inherent strain distribution is not affected 
by the thickness.

6.3  Verification at D = 0.7 mm and V = 35 m/s.

The analysis of the residual stress distribution in the 
region with a large shot diameter and high shot veloc-
ity is validated. At D = 0.7 mm and V = 35 m/s, the FEM 
results for thicknesses h = 5, 2, and 1 mm are shown in 
Figs. 17, 18, and 19 respectively. The residual stress dis-
tribution analyzed from the inherent strain distribution 
determined at h = 5 mm using Eqs. (8), (9), and (10) is 
represented by the lines in the figure. Under these condi-
tions, the depth of inherent strain (3S + Xd) is approxi-
mately 1.1 mm. The experimental results obtained using 
ASR230 at V = 36.9 ± 4.4 m/s are plotted in Figs. 17 and 
18. The residual stress distributions analyzed from the 

inherent strain distributions are consistent with the experi-
mental and FEM results.

Based on the above results, the approximations of the 
inherent strain distributions in Eqs.  (8), (9), and (10) 
obtained from the simulations of the FE model with 
h = 5 mm are valid for h ≥ 1 mm. The use of inherent strain 
distributions yields quantitative predictions of the effects 
of shot velocity and diameter on residual stress distribu-
tions at different thicknesses for which no experimental or 
numerical simulations were performed. This result is an 
advantage of this method.

7  Results calculated for steel plates

The method of calculating residual stresses using inherent 
strain was applied to Guagliano's results [40] for steel plate. 
These results were calculated using FEM with shot diameters 
of 0.3, 0.5, 0.7, and 1.0 mm and shot velocities of 40, 60, 
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80, and 100 m/s for a 50-mm-thick 39NiCrMo3 steel plate 
(tensile strength: 1053 MPa, yield stress: 950 MPa). Young's 
modulus was set to 206 GPa and Poisson's ratio to 0.3. The 
inverse analysis for inherent strain was performed using the 
residual stress distributions obtained as the FEM results. The 
relationship between the coefficients, and shot velocity and 
shot diameter is expressed in Eqs. (11), (12), and (13).

The unit for V is m/s, D is mm, A is μm , Xd is mm , and S 
is mm.

Figures 20 and 21 show the FEM results from Guagliano 
[40] and the inherent strain and residual stress distributions 

(11)
A(D,V) =

(

−4.416 × 10
−5V2 + 1.059 × 10

−2V + 2.074 × 10
−4
)

D0.7205

(12)
Xd(D,V) =

(

1.006 × 10
−6V2 + 2.045 × 10

−4V + 5.837 × 10
−2
)

D0.7489

(13)
S(D,V) =

(

3.739 × 10
−6V2 + 2.016 × 10

−4V + 5.568 × 10
−2
)

D0.7604

calculated using Eqs. (11), (12), and (13) for the shot diam-
eter of 0.3 mm and 1.0 mm, respectively. Because the plate 
was 50 mm thick, little bending deformation occurred, and 
the calculated residual stresses showed compressive stresses 
near the surface and approximately zero residual stresses on 
the inside of the plate. The compressive stress distribution near 
the surface agrees well with the FEM and calculation results 
using the inherent strain for both D = 0.3 and 1.0 mm.

FEM showed localized tensile stress just inside the depth 
where the compressive stress was zero, but no tensile stress 
was observed in the calculation from the inherent strain. There-
fore, a new function of the distribution of inherent strain was 
introduced to better simulate the residual stress distribution. 
The function of the distribution of inherent strain is shown in 
Eq. (14).

� , β, ω, and γ are coefficients, which are determined to fit 
the FEM results.

Figure 22 shows the distribution of inherent strain and 
residual stress calculated using Eq. (14) when D = 1 mm. 
The inherent strain distribution is tensile near the sur-
face, with a small compressive strain below the depth at 

(14)g(x) = �{cos(� + �x)}e−�x
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z-direction stress distribution calculated by inverse analysis when 
D = 0.3 mm and h = 50 mm for 39NiCrMo3 steel plate. Marks show 
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which tensile strain is zero. The difference between the 
FEM and calculated residual stress results is even smaller. 
For thicker plates, the inherent strain distribution using 
Eq. (14) agrees better with the FEM results than using 
Eq. (1).

Guagliano obtained the residual stress distribution in 
the Almen strip (type A, SAE 1070 steel, tensile strength: 
1270 MPa, yield stress: 1120 MPa) using FEM and experi-
ments [40]. The thickness of the Almen strip was 1.27 mm. 
Young's modulus was set to 206 GPa and Poisson's ratio to 
0.3.　The residual stress distribution for D = 0.3 mm and 
V = 100 m/s is shown in Fig. 23. The residual stress distribu-
tion, calculated from the inherent strain obtained by inverse 
analysis from FEM result using Eq. (1), is shown in Fig. 23a. 
The calculated results are in close agreement with the FEM 
results of Guagliano [40].　The radius of curvature calculated 
by Eq. (7) was 990 mm. When converted to arc height meas-
ured with an Almen gauge [41], it was 0.16 mm, which was 
smaller than the experimental result of 0.30 mm.

The residual stress distribution calculated from the inherent 
strain obtained by performing inverse analysis from experi-
mental result using Eq. (1) is shown in Fig. 23b. The calculated 
results are in close agreement with the experimental results of 

Guagliano [40].　The radius of curvature calculated by Eq. (7) 
was 571 mm. The arc height measured with an Almen gauge 
was 0.28 mm, which was approximately equal to the experi-
mental result of 0.30 mm. Inverse analysis is possible both 
from experimental results and FEM results.

As described earlier, a comparison with literature data [40] 
indicates that our method can be used for both aluminum alloy 
and steel.

8  Discussion

As shown in Chapter 6, the residual stress distributions 
for thicknesses of 1 mm and 2 mm can be calculated using 
the inherent strain distributions determined from the FEM 
results for a thickness of 5 mm.

Figure 24 demonstrates the effect of thickness on the 
residual stress distribution analyzed using inherent strain 
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obtained at h = 5 mm when D = 0.3 mm, and V = 30 m/s 
shown in Figs. 7, 13, and 14. Figure 25 demonstrates the 
effect of thickness on the residual stress distribution ana-
lyzed using inherent strain obtained at h = 5 mm when 
D = 0.3  mm, and V = 65  m/s shown in Figs.  7, 15, and 
16. Figure 26 demonstrates the effect of thickness on the 
residual stress distribution analyzed using inherent strain 
obtained at h = 5 mm when D = 0.7 mm, and V = 35 m/s 
shown in Figs. 17, 18, and 19.

Even under the same peening conditions, the residual 
stress distribution is different when the thickness h is dif-
ferent. As the h becomes thinner, the bending deformation 
increases; therefore, the compressive residual stress on the 
peened surface decreases and the compressive stress is gen-
erated on the back surface. This tendency becomes more 
pronounced as the depth of the inherent strain increases. 
In the case of h = 1 mm shown in Fig. 26, the depth of the 
inherent strain is 1 mm or more, and the residual stress at the 
peened surface is tensile. On the other hand, in Fig. 20 and 
21, the thickness is 50 mm; therefore, no effect of bending 
deformation exists.

The residual stress distribution varies depending on the 
thickness and peening condition; however, the inherent 
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Fig. 23  The results of Guagliano [40] and inverse analysis of the 
residual z-direction stress distribution in the Almen strip using 
Eq. (1). a inverse analysis using FEM results, and b inverse analysis 
using experimental results

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

-200

-150

-100

-50

0

50

100

0 1 2 3 4 5

In
h
er

en
t 

st
ra

in

]a
P

M[
sserts

la
u

dise
R

Depth from surface [mm]

5 mm
2 mm
1 mm
Inherent strain

h = 5 mm

h = 2 mm
h = 1 mm

Fig. 24  Effect of thickness on residual stress distribution analyzed by 
inherent strain distribution approximated at h = 5 mm using Eqs. (8)–
(10) when D = 0.3 mm and V = 30 m/s

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

-200

-150

-100

-50

0

50

100

0 1 2 3 4 5

In
h
er

en
t 

st
ra

in

]a
P

M[
sserts

la
u

dise
R

Depth from surface [mm]

5 mm

2 mm

1 mm

Inherent strain

h = 5 mm

h = 2 mm
h = 1 mm

Fig. 25  Effect of thickness on residual stress distribution analyzed by 
inherent strain distribution approximated at h = 5 mm using Eqs. (8)–
(10) when D = 0.3 mm and V = 65 m/s

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

-200

-150

-100

-50

0

50

100

0 1 2 3 4 5

In
h
er

en
t 

st
ra

in

]a
P

M[
sserts

la
u

dise
R

Depth from surface [mm]

5 mm

2 mm

1 mm

Inherent strain

h = 5 mm

h = 2 mm
h = 1 mm

Fig. 26  Effect of thickness on residual stress distribution analyzed by 
inherent strain distribution approximated at h = 5 mm using Eqs. (8)–
(10) when D = 0.7 mm and V = 35 m/s



3078 The International Journal of Advanced Manufacturing Technology (2024) 130:3065–3079

1 3

strain distribution is determined by the peening condi-
tion. As shown in Fig. 26, this method is valid even when 
the inherent strain depth is greater than the thickness. The 
advantage of this method is that the residual stress distribu-
tion under different shot peening conditions and thicknesses 
can be predicted by setting approximate equations of the 
inherent strain distribution in a small number of numerical 
simulations or experiments. For example, this method can 
be used for shot peening of unevenly textured parts, such as 
aircraft parts. By inputting the inherent strain distribution to 
the FE model using the composite shell, as shown in Fig. 3, 
the residual stress distribution of a complex structure can 
be calculated.

9  Conclusion

The residual stress distributions in aluminum–magnesium 
alloy plates at various shot velocities and shot diameters 
were analyzed using a nonlinear elastic–plastic finite ele-
ment method and experimentally verified via measurements. 
Based on these results, a quantitative equation for the inher-
ent strain distribution for a wide range of shot velocities and 
shot diameters was developed for the analytical prediction of 
the residual stress distribution. The following conclusions 
can be drawn.

(1) The inherent strain distribution is inversely identified 
from the residual stress distribution simulated using the 
nonlinear elastic–plastic finite element method.

(2) The inherent strain distribution is presented as a 
Gaussian distribution, and its three coefficients can be 
approximated using a quadratic equation of the shot 
velocity and a power-law equation of the shot diameter.

(3) The residual stress distribution analyzed using the 
inherent strain under the new shot peening conditions is 
consistent with the experimental results. This analysis 
method can be applied to experimental results obtained 
using different shot blasting machines.

(4) Because the inherent strain distribution is not affected 
by thickness, the inherent strain obtained in the 5 -mm-
thick plate is the same as that in a plate of different 
thickness. The different residual stress distributions at 
thicknesses of 5, 2 and 1 mm can be analyzed using the 
same inherent strain distribution. The advantage of this 
method is that the estimated inherent strain distribution 
can be used to predict the residual stress distribution for 
thicknesses that have not been tested or simulated.

(5) The proposed method can also be applied to residual 
stress distributions in alloy steels. The method is appli-
cable both aluminum alloy and steel.
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