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Abstract
The deformation in superalloy investment casting under thermal-mechanical coupled stress results in significant waste of
materials and energy. In order to accurately predict the deformation of castings, it is crucial to develop and apply mechanical
models of both alloy and shell. The elastoplastic behavior of superalloy in a semi-solid zone is critical to the deformation during
solidification. This study focuses specifically on the deformation of ring-to-ring castings with Ni-based superalloy K4169.
To obtain the thermal-mechanical behavior of K4169 from solid region to semi-solid zone, physical simulated uniaxial
compression is performed. The measured yield stress and plastic modulus are imported into the database for numerical
simulation. Different thermal-mechanical models of both alloy and shell are compared. With elastoplastic model for alloy,
considering the deformability of shell with elastic model, the maximum error is limited to 0.34 mm. Among groups of
processing parameters, the deformation reaches the minimum when the initial temperature of alloy and shell are 1500 ◦C
and 900 ◦C. The research on the semi-solid performance of the alloy and the development of thermal-mechanical models can
provide theoretical insights for predicting deformation. Moreover, the research methodology holds promise for dimensional
control of castings and can be transported to dimensional control problems upon solidification process with different kinds
of materials and castings.
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1 Introduction

Investment casting has evolved significantly over thousands
of years and is now a crucial technique in the manufactur-
ing industry. In aircraft fabrication, especially parts in aero
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engines and gas turbines, investment casting has been widely
utilized, due to its high dimensional accuracy, well surface
finish, and the feasibility of castings with complex geomet-
ric properties [1, 2]. However, one of the major challenges
in investment casting is the deformation caused by thermal-
mechanical coupled stress, which can significantly impact
the quality of castings, leading to massive waste of materials
and lengthening of research and development periods. The
control of deformation is traditionally performed with the
iteration of trial-and-error process, which is time-consuming
[3]. To address this challenge, accurate prediction of defor-
mation is essential to reduce waste caused by experimental
iteration of trial-and-error. Numerical approaches, such as
finite element method, have been introduced into the predic-
tion of deformation with the development of computational
technology, which leads to a paradigm shift in casting design,
from physical, experimental, and empirical to digital and vir-
tual [4].

The majority of deformation in investment casting occurs
during the period of solidification [5]. This deformation is
primarily caused by the shrinkage of alloy, resulting from
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phase transformation and cooling contraction. The mechan-
ical model of the alloy during the solidification process is
essential to predict the deformation. Semi-solid zone, also
known as “mushy zone,” which lies between the nil-strength
temperature and the solidus, is the most complicated region
of deformation. Lewandowski and Overfelt [6] characterized
the mechanical behavior of IN718 superalloy in a semi-solid
state with mechanical test and microscopic observation and
preposed themechanism of grain boundary sliding caused by
intergranular liquid films. Guo et al. [7] focused on the duc-
tility of IN718 superalloy in the mushy zone, revealing the
effect of segregation and grain size on welding performance.
Lu et al. [8] established a quantified mechanical model of
Al-4Cu-Mg alloy with compression experiment within the
semi-solid zone, which revealed the mechanism of defor-
mation behavior affected by microstructure. Afazov et al.
[9] applied semi-solid performance in finite element method
(FEM) simulation to investigate the relationship between
residual stress and processing parameters.

Different models of the thermo-mechanical properties
have been applied to the alloy in investment casting, includ-
ing the pure elastic model, elastoplastic model [10], vis-
coelastic model [11], and elasto-viscoplastic model [12].
Wang et al. [4] simulated the deformation in elastoplastic
model with experimental data and restricted the deforma-
tion of a complex model within CT6 grade specification.
Panwisawas et al. [12] modeled the stress and strain evolu-
tion during the solidification process of CMSX-4 alloy with
elasto-viscoplastic model, which revealed the occurrence of
plasticity in two distinct regimes with different mechanisms
during this process. Galles et al. [13] applied the finite ele-
ment inverse method on elastoplastic model, resulting in a
deformation compensating model with residual deformation
of only 2% of the original model. Qiu et al. [14] focused
on specific dimension on turbine blade margin plate by sim-
ulating with different processing parameters, reducing the
shrinkage of margin plate by 21.8%.

The interaction between alloy and ceramic shell is also a
crucial factor influencing the deformation. During the cool-
ing process, as the alloy shrinks, the inner side of shell
supports the alloy structurally, obstructing the shrinkage. The
extent of this obstruction can be referred to as the deforma-
bility of the shell material. There are varieties of models that
represent the mechanical behavior of shell materials in the
casting process. Vacant model assumes zero modulus of the
shell, so that the alloy contracts freely, which is practical
in sand casting. Rigid model assumes zero deformation of
the shell or infinitive stiffness, which is more accurate in

die casting. These models can reduce calculation in stress
field simulation, but result in large accuracy loss in pre-
diction deformation in investment casting [4]. Galles and
Beckermann [15] investigated the impact of shell on pat-
tern allowance in sand casting, identified the importance of
dilation, and gave a quantified model. Yan et al. [16] took the
deformation of shell into consideration with FDM simula-
tion, resulting in agreement with practical cases in slot-board
material. Pattnaik et al. [17] measured thermo-mechanical
properties of the ceramic shell and applied these properties
in numerical simulation using COMSOLMultiphysics. Neto
et al. [18] researched the distortion of castings with shell
materials with different deformability, proving the relevance
in investment casting of alloys. Previous studies have demon-
strated the correlation between casting deformation and the
mechanical properties of the alloy, as well as the interaction
between the alloy and the mold shell. However, a definitive
conclusion regarding the most suitable deformation model
for accurately predicting the deformation remains elusive.

In this paper, the deformation of ring-to-ring castings
with Ni-based superalloy K4169 is researched. The thermo-
mechanical properties of both alloy and shell are measured.
Uniaxial compression based on physical simulation of cast-
ing process is carried on Ni-based superalloy K4169, while
the heat expansion of fiber-reinforced mullite is measured.
The deformation with both linear elastic and elastoplas-
tic models on alloy, as well as rigid and elastic shells, are
compared. The relationship between processing parameters,
including alloy temperature and shell preheated temperature,
and the dimensional distortion of casting, including shrink-
age compensating coefficient and ovality, are researchedwith
numerical simulation. Finally, a verification experiment is
performed to inspect the accuracy of the prediction of defor-
mation.

2 Materials andmethods

2.1 Materials

In this research, the experimental alloy material is K4169
Ni-based superalloy. The composition is shown in Table 1.

This composition benefits from the strengthening phase
γ ′ (Ni3(Al, Ti)) and γ ′ (Ni3Nb), which provides high tensile
strength, hardness, and fatigue life [19]. With these great
properties, this composition is widely applied in investment
casting, especially in the aerospace field.

Table 1 The nominal
composition of K4169 Ni-based
superalloy

Elements Al C Cr Fe Mo Nb Ti Ni

Composition (wt%) 0.50 0.02 18.3 18.9 3.0 5.0 0.97 Bal.
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Table 2 The composition of
fiber-reinforced mullite shell

Components Sintered Silica sol Aluminum Lignocellulose Defoaming
mullite silicate agent
powder fiber

Composition (wt%) 63 32.3 4 0.5 0.2

Mullite is a widely used material in ceramic shell for
investment casting. High-temperature performance is criti-
cal in casting process, which can avoid cracking and control
distortion [20]. Adding extra thickness could strengthen the
shell, but it leads to difficulty in post-processing and pinholes
at the surface [21]. By introducing fibers such as aluminum
silicate [22] and betel nut fiber [23], the strength and dam-
age tolerance of mullite can be significantly improved. The
composition (wt%) of fiber-reinforced mullite shell in this
research is shown in Table 2.

The SEM image of fiber-reinforced mullite is shown in
Fig. 1a compared with non-reinforced one in Fig. 1b. Coef-
ficient of thermal expansion (CTE) is measured with Linseis
DIL L75 PT horizontal dilatometer, and the result is shown
in Fig. 1c.

2.2 Mechanical models in casting numerical
simulation

Castings with complex structures, such as ring-to-ring struc-
ture and multi-thickness section, generate heterogeneous
temperature gradients, leading to uneven cooling, which
results in internal stress. The ideal model of casting is to
shrink homogeneously during the cooling process, so that a
simple scaling factor can compensate the dimensional devi-
ation from the shell to the finished casting. However, due
to unbalanced internal stress, the prediction of deformation
with simple factor is almost impossible. Additionally, in
complex ring-to-ring structures, geometric constrain, inter-
acting with the constrain of shell, makes the result away from
free shrinkage. Superalloy investment castings usually have

high-quality demand, with little dimensional tolerance, so
misprediction can result in massive waste.

In order to predict deformation accurately, numerical sim-
ulation has been widely applied in investment casting. The
thermo-mechanical behavior of alloys and shells is gener-
alized and numerically modeled, so that the deformation
can be simulated digitally. Versatile models of the strain–
stress property have been established, including the pure
elastic model, elastoplastic model, viscoelastic model, and
viscoplastic model.

The pure elastic model shows a pure linear relationship
between strain and stress, which is simple for computing.
However, the yield stress near solidus line is very low; there-
fore, plastic deformation is not negligible in the solidification
process. This model is only valid in the elastic region, hence
inadequacy for predicting deformation in complex casting
structure. In this model, the relationship between strain ε

and stress σ can be easily described with Hooke’s law with
Young’s modulus E :

ε = σ/E (1)

Viscoelastic and viscoplastic models are related to creep
behavior. Nonetheless, given the rapid cooling rate (rang-
ing from about 0.2 to 1.3 ◦C/s) [24] without insulation, the
cooling process is short without insulation, which results
in negligible creep. Therefore, these models are excessively
complex and time-consuming for numerical, which impedes
their utilization in investment casting numerical simulation.

The elastoplastic model is a well-balancedmodel between
complexity and accuracy in deformation prediction. At the

Fig. 1 a Microstructures of fiber-reinforced mullite, b normal mullite, and c CTE of mullite
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beginning of stress load, the material shows linear elastic-
ity, which can be recovered instantaneously after unloading.
Once the load exceeds a specific criterion (which is well
known as yield stress in 1-D model), the material undergoes
plastic deformation, resulting in a permanent strain that per-
sists even after the external load, or ceramic shell constrain
for investment casting, is removed. The majority of plasticity
can be described by the Holloman strain-hardening equation:

σ = K εn (2)

In the equation, K is the hardening index, while n is the
hardening exponential, which varies between 0 and 1 under
different conditions. By considering the pure elasticity before
yield (σ ≤ σy), elastoplastic model can be described as fol-
lows:

ε =
{

σ/E σ ≤ σy

[(σ − σy)/K ]1/n + σy/E σ > σy
(3)

In simulation softwares that support the elastoplastic
model, the model is simplified into a bilinear model using
a secant or tangent approximation of the exponential curve.
By replacing the hardening index K with plastic modulus P ,
the simplified strain–stress model in actual numerical simu-
lation can be demonstrated as follows:

ε =
{

σ/E σ ≤ σy

(σ − σy)/P + σy/E σ > σy
(4)

2.3 Semi-solid properties measurement

A part of the thermo-mechanical and physical properties of
K4169 alloy, such as liquidus, solidus, Young’s modulus,
and Poisson’s ratio, can be calculated within casting simula-
tion software ProCAST.However, other properties, including
yield stress and plastic modulus, which is indispensable in
simulationswith elastoplasticmodel, are not available.More-
over, unlike Young’s modulus, these properties are sensitive

to microstructures [25], so thermodynamic calculation may
lead to large errors.

The thermal-mechanical performance of this alloy is
measured with uniaxial compression in the Gleeble 3800
thermal-mechanical physical simulation system. The mea-
sured temperature points range from 600 to 1200 ◦C, with
intervals 100 ◦C below 1000 ◦C and 50 ◦C above, respec-
tively. In order to obtain accurate performance for alloy
solidification, a physical simulation approach is applied in
this research. The compressive sample is heated 20 ◦C/s from
room temperature to testing temperature, held for 5min, and
then compressed at 10−3s−1 strain rate. The physical simula-
tion setup is shown in Fig. 2a, while the required dimension
of compressive sample is shown in Fig. 2c.

The nil-strength temperature (NST) is crucial in the per-
formance of semi-solid zone [26], which is also measured in
this experiment. The dimensional requirement of specimen
is shown in Fig. 2b. A tiny load of 3MPa is applied on the
specimen at room temperature. The specimen is heated to
1200 ◦C with a constant rate of 20 ◦C/s and then heated to
the fracture point with a lower heating rate of 3 ◦C/s. The
temperature at which specimen fractures is the NST of the
specimen.

2.4 Numerical simulation setup

A featured ring-to-ring castingmodel, which is inspired from
the ring set structures in aero engines, is used in this study.
The dimension of this model is shown in Fig. 3. In this
research, the elastoplastic model and linear elastic model for
alloy are compared to study the effect of plasticity on the
deformation of castings. Linear elastic shell is compared to
rigid shell, in order to quantify the shell deformability and
its impact on the dimension of casting.

The simulation is set in ProCAST. Thermal-mechanical
properties of alloy and shell measured in the previous sec-
tion are imported into the database. Other required properties
of alloy, including heat capacity, heat conductivity, solid

Fig. 2 Physical simulation setup. a Gleeble 3800 system. b The dimension of NST sample. c The dimension of compressive sample
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Fig. 3 a Ring-to-ring casting model, b dimension of the model (unit: mm), and c model with gating system

fraction, and linear expansion coefficient, are calculated with
the built-in thermodynamic calculation model. Shell proper-
ties are partially extracted from the database in ProCAST.

Other boundary conditions are listed below. Alloy tem-
perature is 1500 ◦C, while shell temperature is 1000 ◦C.
Inlet time is 5 s. Heat transfer coefficient at the casting-shell
boundary is modified from IN738-mullite data in the Pro-
CAST database.

3 Result and discussion

3.1 Thermomechanical performance of K4169

The result of physical simulated compression test is shown
in Fig. 4ab. Nil-strength temperature results of two parallel
groups are shown in Fig. 4c. The results are 1264 ◦C and
1262 ◦C, respectively, so NST is measured to be 1263 ◦C.

Young’s modulus, yield stress, and plastic modulus are
calculated from the result above, which are shown in
Fig. 5. Young’s modulus obtained from the thermodynamic

calculation in both ProCAST and JMatPro is compared with
experimental result, along with the plastic modulus, which
is typically assumed as 1/20 of Young’s modulus by default.
The result shows that measured Young’s modulus closely
matches the thermodynamic calculation result. Plastic mod-
ulus is similar to the tendency of the emulated “calculation
results,” but the value is significantly different. Yield stress
is far from the calculation results, which might be attributed
to the difference in microstructure between the as-cast state
and heat-treated state.

Yield stress and plastic modulus are chosen to replace the
result from thermodynamic calculation and imported into the
database, for numerical simulation in the next sections. Semi-
solid regions between 1200 ◦C and NST are completed with
calculated data.

3.2 Elastoplastic deformation of alloy

The comparisonbetween elastoplastic and linear elasticmod-
els is shown in Fig. 6. The deformation in the elastoplastic
model is significantly smaller than the linear elastic model.

Fig. 4 Results of physical simulation tests. a Low-temperature thermal compression, b high-temperature and semisolid thermal compression, and
c nil-strength temperature measurement
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Fig. 5 Young’s modulus, yield stress, and plastic modulus of K4169

Except for the gating system, both models show the largest
deformation at the flange of outer ring under risers, which
are 1.94 mm and 2.45 mm, respectively. It is also obvious
that the deformation on both rings is not contracting evenly,
due to the support of a thin plate between rings.

Five critical points of the ring-to-ring model are selected
to quantify the variation of different dimensions in themodel.
Points 1 and 2 are set for the outer ring diameter and round-
ness, points 3 and 4 are set for the inner ring, and point 5
is for the thin plate between the two rings. The deformation
evolution of 5 points are shown in Fig. 7.

The deformation of point 5 on the thin plate is the smallest
in bothmodels. The elastoplastic model shows that the defor-
mation of the inner ring (points 3 and 4) is larger than the
outer ring (points 1 and2),while the linear elasticmodel gives
controversial outcomes. In the elastoplastic model, the dis-
placement is smoothly evolving with cooling process, while
in the elastic model, there are discontinuous points in the

deformation of points on both rings. With the contraction
of both casting and shell during the process of cooling, the
interspace between casting and shell occurs. When plasticity
is not considered, there is no permanent deformation, so the
stress relaxes instantly when the stress occurs, causing more
sudden jumps in displacement, which may lead to significant
error.

3.3 The deformability of shell

The simulation result with both elastic and rigid models of
shell is shown in Fig. 8. The deformation with elastic shell
is significantly larger than rigid shell, with the maximum of
1.94 mm and 1.18 mm, respectively. The maximum defor-
mation of shell is 1.45mm,which is in direct contact with the
point of maximum deformation on the casting. The deforma-
tion at same point is not the largest in rigid shell, which shows

Fig. 6 Deformation result with different alloy models. a Elastoplastic model and b linear elastic model
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Fig. 7 Critical points result with different alloy models. a Positions of critical points in ring-to-ring model, b elastoplastic model, and c linear
elastic model

the consequence of miscalculation without the deformability
of shell.

The deformation in the x-axis is shown in Fig. 9a and b.
The shrinkage with linear elastic shell is significantly larger,
because the deformability of the shell is considered. In con-
trast, in the case with rigid shell, the constraint of shell is
unlimited, which supports the casting from the inner side and
impedes shrinkage. The deformation process of two points
at the inner wall and outer wall is examined. Figure 9c shows
the shrinkage of the inner wall during the cooling process in
both models. The shrinkage is negative in both models as the
shrinkage of thin plate stretches the inner wall outward. After
reaching 1015 ◦C, the deformability of shell takes control
and restricts the deformation after about 600 ◦C. Figure 9d
shows the outer wall of the casting. With linear elastic shell,
after reaching 1230 ◦C, as the alloy solidifies, the casting
separates from the shell and shrinks inward, while the shell
“shrinks” outward. The deformability of shell enhanced the
stretch on the outer wall, leading to larger shrinkage after
1090 ◦C, compared to the rigid shell model.

3.4 The effect of processing parameters on
deformation

The result of simulations with different alloy initial tempera-
tures is presented in Fig. 10. For both the inner and the outer
rings, the deformation of the casting reaches minimumwhen
the initial temperature is set at 1500 ◦C, while the unifor-
mity of deformation improves with increasing temperature.
Figure 11 shows the maximum and the minimum deforma-
tion on the outer ring. It can be observed that the deformation
is almost identical until the casting cools down to about 500
◦C. After reaching this temperature, there is a sudden change
in the deformation rate with both 1500 ◦C and 1550 ◦C initial
temperatures, which can be attributed to the transition from
plasticity to elasticity in certain areas near the outer ring.

The effect of shell preheated temperature is illustrated in
Fig. 12. The deformation reaches the minimum at 900 ◦C,
with the best homogeneity among these cases. The maxi-
mum and the minimum deformation on the outer ring are
shown in Fig. 13. A sudden change in the deformation rate

Fig. 8 Deformation with different shell models. a Linear elastic model, b rigid model, and c shell deformability in linear elastic
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Fig. 9 X -axis section and shrinkage result. a Linear elastic model, b rigid model, c inner wall shrinkage, and d outer wall shrinkage

occurs in all cases at different temperatures. Specifically, in
the 900 ◦C case, the transition occurs at around 500 ◦C,while
in the 800 ◦C and 1000 ◦C cases, the transition happens at
approximately 390 ◦C and 380 ◦C, respectively.

The quantified deformation result of both inner and outer
rings is shown in Table 3. The diameter is the average amount
of the whole ring, while roundness is the difference between

the maximum and minimum radius of the ring. The initial
temperature of both the alloy and shell has a significant
impact on the dimension of final casting. With the alloy tem-
perature at 1500 ◦C and shell temperature at 900 ◦C, the
deformation reaches the minimum, while roundness can be
improved slightly by raising the alloy temperature to 1550
◦C.

Fig. 10 Deformation with different alloy initial temperatures. a 1450 ◦C, b 1500 ◦C, and c 1550 ◦C
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Fig. 11 Deformation on outer ring flange with different alloy initial temperatures. a Maximum and b minimum

Fig. 12 Deformation with different shell preheated temperatures. a 800 ◦C, b 900 ◦C, c 1000 ◦C

Fig. 13 Deformation on outer ring flange with different shell preheated temperatures. a Maximum and b minimum
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Table 3 The deformation of
rings with different processing
parameters

No. Alloy Alloy Outer ring Inner ring Outer ring Inner ring
temperature temperature diameter diameter roundness roundness
(◦C) (◦C)

1 1500 900 297.50 138.46 0.33 0.28

2 1450 900 297.12 138.25 0.41 0.35

3 1550 900 297.38 138.40 0.29 0.24

4 1500 800 297.32 138.35 0.35 0.29

5 1500 1000 297.34 138.35 0.37 0.30

Unit: mm

3.5 Experimental verification

In order to verify the simulated result, the ring-to-ring casting
model is manufactured in the real world at 1500 ◦C alloy
temperature and 900 ◦C shell temperature, with no shrinkage
compensation in casting process. The finished casting is 3D
scanned, and a comparison is madewith the simulation result
with different strain–stress models of both casting and shell.

Taking the outer ring flange as a critical dimension,
the comparison between the real casting and simulations
with different models are shown in Fig. 14b. Among the
various combinations of different strain–stress models, the
elastoplastic-elastic models for alloy and shell exhibit the
best predictive performance. The “periodic” trend in defor-
mation, attributed to the symmetry of the casting, is well
predicted by all these models. Prediction errors are primarly
observed at positions corresponding to thin plates and risers,
which are located at 90k◦ and (90k + 45)◦ angles, respec-
tively. The maximum error of 0.34 mm occurs at about 180◦,
specifically at the joints of the ring, thin plate, and riser.
To achieve more accurate predictions, further refinement of
constitutive models, along with additional research on the
deformation in wax pattern fabrication and other processes,
is crucial.

4 Conclusion

In this research, the elastoplastic model and linear elastic
model are applied on alloy and shell for numerical simu-
lation of deformation in investment casting. The following
conclusion can be drawn:

• By applying elastoplastic and linear elastic models
to alloy and shell respectively, in combination with
thermal-mechanical properties measurements, the simu-
lation closely aligns with the experimental results, with a
maximum misprediction of 0.34 mm. This performance
surpasses that of the elastic model for alloy and rigid
model for shell.

• The initial temperatures of both alloy and shell signifi-
cantly impact the deformation. The average deformation
reaches minimum with alloy initial temperature at 1500
◦C and shell preheated temperature at 900 ◦C.

• Themeasurement andmodeling ofmechanical properties
for both the alloy and the shell contribute to enhancing the
accuracy of numerical simulation. Consequently, these
findings can be generalized for dimensional prediction
and control upon solidification process for various mate-
rials and castings.

Fig. 14 Casting for verification. a Final product and b radial shrinkage at the flange of outer ring
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