
Vol.:(0123456789)1 3

https://doi.org/10.1007/s00170-022-10494-8

ORIGINAL ARTICLE

Optimization of tool axis vector for mirror milling of thin‑walled parts 
based on kinematic constraints

Long Qian1 · Liqiang Zhang1 · Qiuge Gao1 · Jie Yang1

Received: 22 June 2022 / Accepted: 7 November 2022 
© The Author(s), under exclusive licence to Springer-Verlag London Ltd., part of Springer Nature 2022

Abstract
In mirror milling of thin-walled parts, the machining path and change in tool axis vector will affect the surface quality of the 
workpiece and machining efficiency. Reasonable planning of the tool axis vector can avoid the occurrence of overcutting and 
undercutting and prevent a collision between the tool and the workpiece and damage of the spindle. At the same time, the 
rapid change in tool axis vector will also affect the machining quality, so optimization of the tool axis vector is very impor-
tant in mirror milling. In this paper, the optimization of the tool axis vector for titanium alloy skin processing is divided into 
two steps. The first optimization is carried out on the basis of the planning of the machining path. First, the machining path 
is obtained according to constraints of mirror milling, and the iterative algorithm of the tool position is used. The tool loca-
tion point is obtained, and then the tool location point is projected onto the parameter plane to optimize the tool axis vector. 
The second optimization is to optimize the tool axis vector based on kinematic constraints. The rotation axis of the machine 
tool needs to meet the constraints of the maximum angular velocity, the maximum angular acceleration, and the maximum 
angular jerk. First, the optimal feed rate of the mirror milling machine tool is obtained. The tool axis vector is optimized for 
optimization goals with minimum motion fluctuation stop and minimum adjacent machining time. Subsequently, the opti-
mized machining path and the tool axis vector were simulated and tested. Finally, the simulation and experimental results 
were determined by an analysis that proved the feasibility of the optimized model proposed in this paper. At the same time, 
the results of the experimental measurements also showed that the optimized machining path had been greatly improved in 
terms of quality and efficiency.
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1  Introduction

In modern engineering, the technology of machining com-
plex curved surfaces has become one of the important stand-
ards for assessing the level of development of a country’s 
machinery manufacturing industry. In particular, in the 
aerospace sector, large thin-walled parts are widely used as 
aircraft exterior parts [1]. Especially in the processing of 
large-scale skins on the surface of aircraft due to large size, 
weak rigidity, small thickness, and large removal amount 
of parts, the parts are easily deformed during processing, 
which affects the processing quality [2]. For the processing 

of the skin, traditional methods [3] often adopt the method 
of chemical milling, but this method had serious pollution 
and low processing precision, which cannot meet the pro-
cessing quality requirements of aircraft skin. Mirror milling 
is a new green processing method proposed over the past 
few years [4]. The mirror milling system consists of two 
symmetric horizontal machine tools with five axes, one of 
which is the milling side and the other is the support side. It 
can be indicated from Fig. 1 that the milling side is respon-
sible for removal of materials, while the support side locally 
maintains the processing position of thin-walled parts and 
reduces small deformations. In comparison to chemical mill-
ing, mirror milling can improve processing efficiency and 
quality, reduce pollution, and further reduce costs. It is a 
developing trend in skin processing at the present time.

The mirror milling technology belongs to the multi-axis 
digital control processing. The processing path planning 
of the surface and the tool axis vector planning of the tool 
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position has a very important influence on the process-
ing quality and processing efficiency of the skin surface. 
Reasonable planning of the tool axis vector can avoid the 
occurrence of overcutting and undercutting and prevent a 
collision between the tool and the workpiece and damage of 
the spindle. At the same time, a rapid change in the tool axis 
vector will also affect the machining effect. Unreasonable 
path planning will not only seriously affect the stability of 
surface processing but also damage the workpiece and affect 
the accuracy of the machine tool. Therefore, the operating 
axes of the machine can move smoothly through reasonable 
path planning. Similarly, the optimization of the machine is 
particularly important to improve the quality and efficiency 
of mirror milling.

Scholars at home and abroad have carried out extensive 
research to improve the five-axis digital curve machining 
technology. First, in terms of path-planning technology, He 
et al. [5] studied the tool path generated by spline curves 
for complex surfaces and obtained better surface quality 
and processing efficiency. Ding et al. [6] proposed to select 
unequal section plane spacing for different processing areas. 
This method can avoid redundant tool positions and improve 
efficiency. Xiao [7] generated a five-axis machining path 
based on the equal residual height algorithm, which reduced 
the path length and shortened the machining time. In terms 
of planning of the feasible direction of the tool, Zhu et al. 
[8, 9] modified the rake angle of the tool at the same time 
and modified the side angle of the tool to a certain extent to 
ensure the local optimal matching of the tool and the work-
piece, which not only improved the machining process effi-
ciency and guarantee the machining accuracy. The rolling 
ball method [10, 11] and the arc length intersection method 
[12, 13] proposed by Gray et al. solved the phenomenon of 
local interference and over-cutting in the machining of flat 
and circular cutters, thereby improving the surface quality of 

the workpiece. To further improve the smoothing of the tool 
direction, Ho et al. [14] and Ji et al. [15] used spline interpo-
lation to plan a smooth and interference-free tool axis vec-
tor. Hu et al. [16] and Lu et al. [17] optimized the feed rate 
from the point of view of the kinematics of each axis. Wang 
et al. [18] further improved the stability of the machine tool 
based on the constraints of angular velocity and acceleration. 
Hu et al. [19] also further improved the smoothness of tool 
movement by optimizing the tool axis direction of the tool 
movement. Affouard et al. [20], Yang et al. [21], and Wan 
et al. [22] fitted the tool axis vector of each tool position 
point to a spline curve and adjusted the control points of the 
spline curve to ensure the smoothness of the tool axis vector. 
Hu et al. [23] integrated the kinematic performance of each 
axis of the machine tool and the effective cutting width to 
further improve the processing efficiency while obtaining a 
more efficient planning path.

To further improve the mirror milling efficiency and the 
surface quality of the assembled workpiece, the complete 
tool path planning process in this study is shown in Fig. 2. 
The key research object in Fig. 2 is “optimization of tool 
axis vector,” which combines discrete geometric methods, 
fitting the surface and the spline curve. The tool position 
and processing path are initially obtained by using the above 
method. After the kinematic transformation of mirror mill-
ing and milling, the feed rate of the machine tool is further 
optimized according to the kinematic constraints of the max-
imum angular velocity, maximum angular acceleration, and 
maximum angular jerk of the rotary axis. Then, a model is 
established whose optimization objective is the minimum 
sum of the motion fluctuation of the rotary axis and the pro-
cessing time. Finally, the feasibility and efficiency of the 
model proposed in this paper were verified by simulation 
and actual processing.

2 � Kinematic transformation of the mirror 
milling system

Mirror milling is a mirror-synchronized motion of dual five-
axis. The cutting axis and the supporting axis are distributed 
mirror-symmetrically on both sides of the skin. During the 
cutting process, the support shaft follows the movement of 
the cutting shaft to prevent deformation of the workpiece. 
In the double five-axis mirror milling process, the milling 
side is a C1-A1 double swing head structure machine tool, 
and there are travel constraints on the rotation axes A1 and 
C1, which are [− 90°, 90°] and [− 360°, 360°], respectively. 
The support side is a B2-A2 double swing head structure, 
and the travel constraints of the rotation axes A2 and B2 are 
[− 65°, 65°] and [− 65°, 65°], respectively. Shown in Fig. 3 
are the model of the machine tool and its transmission chain 
in the process of mirror milling of thin-walled parts where 

Fig. 1   Mirror milling system

848 The International Journal of Advanced Manufacturing Technology (2023) 124:847–861



1 3

OwXwYwZw is the coordinate system of the workpiece in 
the initial state, Ot1Xt1Yt1Zt1 is the coordinate system posi-
tion of the tool movement on the milling side during the 

machining process, and Om1Xm1Ym1Zm1 is the position of 
the rotary coordinate system of the tool movement on the 
milling side during the machining process. Correspondingly, 

Fig. 2   Overall processing flow chart

Fig. 3   Machine simulation 
model and kinematic chain for 
mirror milling
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Ot2Xt2Yt2Zt2 is the position of the driving point coordinate 
system of the support side during the movement process, 
and Om2Xm2Ym2Zm2 is the rotary coordinate system of the 
support side.

2.1 � C1‑A1 milling side machine kinematics 
conversion

The milling side is a C1-A1 five-axis double swing head 
structure machine tool, and the rotation axes of the milling 
side are recorded as A1 and C1, respectively. Then, for the 
milling side of the double five-axis machine tool, the expres-
sion of the tool axis vector (i, j, k)T is

According to the vector expression of the cutter axis on 
the milling side, the solutions of the angles A1 and C1 can 
be obtained through the inverse kinematics transformation 
of the milling side:

In the equation, the value range of A1 is [−90◦, 90] , and 
the value range of C1 is [−360◦, 360◦] , kA1 = ±1 , kC1 = 0 , 
or kC1 = ±2.

According to Eq. (2), k determines the amount of change 
in the rotation axis A1, while i and j determine the amount 
of change in the rotation axis C1. For the problem of mul-
tiple solutions in the solution process of the rotation axis, 
the inverse trigonometric function image is used here. The 
solution can be indicated from the following Fig. 4.

From Fig.  4, it can be analyzed that there are two 
groups of corresponding basic solutions, (A11,C11) and 
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(A12,C12) or (A11,C11

�

) and (A12,C12

�

) , and A11 + A12 = 0◦ , 
C11 − C12 = ±180◦ in the range of A1 ∈ [90◦, 90◦] and 
C1 ∈ [−180◦, 180◦] for the rotation axis, while in the actual 
solution process, the value range of the rotation axis C1 is 
[−360◦, 360◦] , one more cycle than the interval where the 
basic solution C1 axis is located, so there are two more sets 
of solutions for the C1 axis, and finally there are four sets of 
solutions for the A1 and C1 angles.

2.2 � B2‑A2 structural machine tool kinematics 
transformation

The support side is a double head pivoting machine B2-A2, 
and the rotation amount of its rotating shaft is recorded as 
A2 and B2, respectively. Then, on the support side in the 
mirror milling process, the expression of the tool axis vec-
tor (i, j, k)T is

According to the kinematic transformation of the mirror 
milling, there are several solutions in the solution of the 
rotating axis on the support side. When j = ±1 , the solutions 
for angles A2 and B2 are obtained as

Then, when j = ±1 , the obtained solutions of the A2 and 
B2 angles are

The value range of A2 is [−65◦, 65◦] , and the value 
range of B2 is [−360◦, 360◦] , kB2 = 0 , or kB2 ± 2 . For the 
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+ kB2�

Fig. 4   Solving for rotation axes A1 and C1
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multi-solution problem of the rotation axis, the inverse trigo-
nometric function image is also used to solve the problem, 
as shown in Fig. 5.

According to Fig. 5, during the mirror milling process, 
there are two groups of corresponding basic solutions, 
(A21,B21) and (A22,B22) or (A21,B21

�

) and (A22,B22

�

) , and 
B21 − B22) = ±180◦ within the range satisfying ∈ [−65◦, 65◦] 
and B2 ∈ [−180◦, 180◦] for the rotation axis on the support 
side, while in the actual solution process the value range of 
the middle rotation axis B2 is [−360◦, 360◦] , which is one 
cycle longer than the range where the B2 axis of the base 
solution is located. Therefore, there are two additional series 
of solutions for the B2 axis. Finally, there are four sets of 
solutions for the A2 and B2 angles.

3 � Determination of tool position 
under the constraints of kinematics

In the mirror milling process, which is used for the planning 
of the tool position trajectory in aircraft skin machining, 
the boundary of the surface to be machined is used as the 

benchmark and adopts the method of “first outside and then 
inside,” the method of first machining the outer contour and 
then the inner contour. Moreover, the constant parametric 
method is used to generate the initial machining tool path. A 
series of tool location points,Pi(xi, yi, zi, ii, ji, ki) , is given at 
a certain angular interval on the generated path to tool loca-
tion. The tool location point data includes the tool nose point 
coordinate (xi, yi, zi) and the tool axis vector (ii, ji, ki) in the 
corresponding position.

3.1 � Workpiece geometry

A series of point cloud data,Dm(xm, ym, zm, im, jm, km) , is 
exported from the obtained digital model to be processed in 
CATIA, as shown in Fig. 6 below.

According to the surface fitting based on the overall 
least-squares proposed in the literature [24], the point 
cloud data is fitted by the quadratic surface equation, and 
the quadratic surface function equation can be expressed 
as

(6)z = a1x + a2y + a3x
2 + a4y

2 + a5xy + a6

Fig. 5   Solving for rotation axes A2 and B2

Fig. 6   Point cloud data
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In Eq. (7), A is the coefficient matrix of m × (m + 1), L is the 
observation value vector of m × 1, and X is the model parameter 
vector to be solved. Then, the equation can be written in the form 
of solving the least squares adjustment equation, and the adjust-
ment effect is performed by MATLAB, as shown in Fig. 7.

3.2 � Tool path design for machining area

On the surface to be machined, after matching the point 
cloud data with the boundary as the constraint, the tool 

(7)

A =

⎡
⎢⎢⎢⎣

x1 y1 x2
1
y2
1
x1y1 1

x2 y2 x2
2
y2
2
x2y2 1

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

xm ym x2
m
y2
m

xmym 1

⎤
⎥⎥⎥⎦
,X =

⎡⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3
a4
a5
a6

⎤⎥⎥⎥⎥⎥⎥⎦

, L =

⎡
⎢⎢⎢⎣

z1
z2
⋮

zm

⎤
⎥⎥⎥⎦

path is generated on the surface using the equal parameters 
method. Additionally, this method prioritizes the outer 
contour and then the inner contour, as shown in Fig. 8.

(a) Point cloud (b) Point cloud fitting

(c) Local point cloud position 1 (d) Local point cloud position 1 fitting

(e) Local point cloud position 2 (f) Local point cloud position 2 fitting

Fig. 7   Point cloud fitting renderings

Fig. 8   Tool path design
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In the mirror milling process, to ensure that the thick-
ness measured by the measuring instrument on the support 
side is the remaining thickness after machining in the cur-
rent tool position, the step length of the machining tool 
path must meet the effective cutting width condition of the 
tool. As shown in Fig. 9, the step length of the tool must 
be greater than the radius of the bottom edge of the tool.

In the process of mirror milling, to guarantee that the 
thickness measured by the measuring instrument on the 
support side is the remaining thickness after machining 
in the current tool position, the step length l  of the tool 
movement needs to be guaranteed to match the conditions 
of the actual cutting width of the tool, as shown in Fig. 9, 
that is, the conditions that need to be met for the tool step 
l are as follows:

where r is the radius of the bottom edge of the tool.

3.3 � Determination of tool position

In the tool positioning path generated in Fig. 8, a set of 
tool positioning points is given at a certain interval. Due 
to the complex change in the curvature of the thin-walled 
part, it is difficult to determine the relationship between 
the cutting step length and tool position points. Priority 
is given to organization of tool paths along the direction 
of the curvature change law, and then under this premise, 
the tool position points are planned. In this paper, the tool 
position points are distributed equally over each curve seg-
ment. The new tool localization point is based on the tool 
localization point iteration algorithm specified and given 
in the literature [25]. The tool location diagram for the 
entire machining path is shown in Fig. 10.

During the mirror milling process, the milling head and 
the support head travel symmetrically and synchronously, 

(8)r < l < 2r

and an ultrasonic measuring sensor is installed on the sup-
port gauge. During the machining process, the remaining 
wall thickness of the machining location can be measured in 
real time. During the machining process, the tool axis vector 
of the current tool position point and the normal direction of 
the workpiece surface where the current tool position point 
is located should be consistent, namely:

In the equation, ��⃗V = (ii, ji, ki)
T represents the tool axis 

vector, which belongs to the position of the current tool 
point; �⃗nz represents the normal vector of the workpiece sur-
face, which also belongs to the position of the current tool 
point.

Under the constraints of Eq. 9, a series of tool position 
data, Pi(xi, yiii, ji, ki) , is obtained. The tool locations and the 
surface of the 3D are projected onto the UV parameter plane 
of the curved surface for further optimizing the existing tool 
paths and improving the machining quality. The tool posi-
tion points are denoted as Qi

(
x
′

i
, y

′

i
, z

′

i
, i

′

i
, j

′

i
, k

′

i

)
 , and these tool 

position points are fitted to a cubic B-spline curve. For the 
tool position points on the B-spline curve, the curvature of 
each tool path developed in this paper changes regularly, 
so there is a one-to-one correspondence between the node 
parameters and the corresponding tool position point inter-
vals. It is approximately proportional, that is, the trajectory 
of the tool position point with approximately equal steps can 
be obtained by the equal parameter method. Take the s-th 
tool path as an example, as shown in Fig. 11.

According to the method for measuring the smoothness 
of the tool path proposed in the literature [26], the goal is to 
minimize the sum of the weights of the smoothness measure-
ment values of the tool tip point (x�

i
, y

�

i
, z

�

i
) and the tool axis 

vector (i�
i
, j

�

i
, k

�

i
) of the tool position data while satisfying the 

Eq. (8) constraints on the cutting step length:

(9)��⃗V = �⃗nz

(10)F
(
�s

)
= �afa

(
�s

)
+ �tft(�s)

Fig. 9   Effective cutting conditions
Fig. 10   Tool point distribution map
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In Eq.  (10), F(�s) is the weighted sum of the tool 
nose point and the tool axis vector smoothness measure-
ment value, �a is the tool axis vector smoothing weight, 
�s = [�s,1,⋯�s,t,⋯�s,m] is the shape control parameter 
of the s-th tool path, m is the number of nodes, fa

(
�s

)
 

is the tool axis vector smoothness measurement value, 
�t is the tool nose point smoothing weight, and ft(�s) 
is the tool nose point smoothness measurement value, 
which is generally set to 𝜆t > 5𝜆a here but in the process 
of practical application, it is properly adjusted according 
to the requirements of the smoothness weight, and then 
we obtain the shape control parameter �s of each curve 
node through Eqs. (11) and (12). In this paper, Eq. (10) 
is used as the objective function; under the effective cut 
width constraint of Eq. (12), the differential evolution 
algorithm is used to solve the problem, and the curve 
node shape control parameter �s is obtained in the case 
of the minimum weighted sum.

(11)min

s,m∑
s,1

F(�s)

(12)s.t.r < l < 2r

According to the obtained control parameters, the 
control point (xε

i
, yε

i
, zε

i
) on the new parameter plane can 

be obtained, and the corresponding point position on 
the fitting plane can be reversely obtained through the 
UV parameter plane, that is, the control point (xε

i
, yε

i
, zε

i
)  

on the parameter plane can be brought into Eq. (6). and 
the point-to-plane solution principle can obtain the node 
(xc

i
, yc

i
, zc

i
) on the corresponding surface. At the same 

time, in the mirror milling process, the tool axis vec-
tor of the machining tool position is always perpen-
dicular to the workpiece surface, so the tool position 
Pc
i
(xc

i
, yc

i
, zc

i
, ic
i
, jc
i
, kc

i
) of the adjusted curved surface can be 

obtained according to the following equation:

In Eq. (14), F′

x
 is F(x, y, z) = 0 for partial derivatives of 

x, F′

y
 is for F(x, y, z) = 0 of partial derivatives of y, and F′

z
 is 

for F(x, y, z) = 0 of partial derivatives of z. Then, we solve 
the equation according to the surface normal vector to get 
(ic
i
, jc
i
, kc

i
)

(13)F(x, y, z) = a1x
2 + a2y2 + a3xy + a4x + a5y + a6

(14)F
�

x
= 0,F

�

y
= 0,F

�

z
= 0

(a) Direct projection path (b) Preliminary optimization path

Fig. 11   Preliminary optimization of tool paths
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Then, the tool position point of the fitted surface tool is 
finally obtained, which can be expressed by MATLAB, and 
the result is shown in Fig. 12 below.

4 � Tool axis vector optimization 
under kinematic constraints

For the tool position point Pc
i
(xc

i
, yc

i
, zc

i
, ic
i
, jc
i
, kc

i
) determined 

in Determination of tool position under the constraints of 
kinematics, to further improve the efficiency, it is also neces-
sary to comply with the constraints of the kinematic charac-
teristics of the machine tool, that is to say the rotation axis of 
the machine tool meets the maximum velocity limit, maxi-
mum acceleration limit, and maximum jerk limit. Therefore, 
when the velocity, acceleration, and jerk at certain points of 
the tool position exceed the limit by adjusting the feed rate, 
a model is established with the minimum sum of the motion 
fluctuations of the rotary axis and the minimum processing 
time as the optimization goals to ensure machining quality 
and machining efficiency.

4.1 � Mirror milling post processing

In combination with Fig. 3 drive chain and the obtained 
cutter position Pc

i
 , the cutter position on the milling side 

is expressed as −(xc
i
, yc

i
− zc

i
, ic
i
− jc

i
, kc

i
) , the offset length 

from the midpoint of the A1 axis to the zero position of the 
machine tool is (mx,my,mz) , and the offset length from the 
central position of the A1 axis to the central position of the 
C1 axis is (Lx, Ly, Lz) . At the same time, the cutter position 
of the supporting side can be set to (xc

i
, yc

i
zc
i
,−ic

i
− jc

i
,−kc

i
) , so 
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the offset length from the midpoint of the A2 axis to the zero 
position of the machine tool is (Ltx, Lty, Ltz) , and the offset 
length from the central position of the B2 axis to the central 
position of the C2 axis is (Lax, Lay, Laz) . Then, the coordinate 
point data on both sides can be expressed as follows:

In Eqs. (16) and (17), X1, Y1, and Z1 are the coordinate 
point data on the milling side, the complete tool position 
point on the milling side is (X1, Y1,Z1,A1,X1,C1) , and X2, Y2, 
and Z2 are the coordinate point data on the supporting side. 
The position is (X2, Y2,Z2,A2,B2) ; the values of the rotary 
axes A1 and C1 on the milling side can be obtained from Eqs. 
(1) and (2), and the values of the rotary axes A2 and B2 on 
the support side can be obtained from Eqs. (3), (4), and (5).

4.2 � Determination of machine tool feed speed

Since the five-axis motion on both sides of mirror milling is 
synchronous; that is, the rate of change of motion on both 
sides is consistent, and the coordinate point data on both 
sides processed by the post-processing of the milling head 
and the support head system are based on the transformation 
of the tool position point data. Therefore, the milling side 
treatment is used as an example to for optimizing the motion 
changes of the A1 and C1 rotation axes.

According to the kinematic transformation of mirror 
milling in Kinematic transformation of the mirror milling 
system, it can be known that if the tool axis vector (ic

i
, jc
i
, kc

i
) 

is projected to the IJ plane, the angle of the tool axis vec-
tor between the forward and backward positions determines 
the amount of change in the C1 rotational axis. The specific 
variation is illustrated in Fig. 13.

In Fig. 13,Pc
i−1

,Pc
i
 , Pc

i+1
 , and Pc

i+2
 are four consecutive tool 

points of a section of the path. The angle between OPc
i
 and 

OI is the location of the C1 axis. The values of the C1 axis of 
the four tool points can be expressed as Oc1

i
 , Oc1

i−1
 , Oc1

i+1
 , and 

O
c1
i+2

 , and ΔOc1
i

 is the change of the C1 axis from Pc
i
 to Pc

i+1
 . 

Because the distance between the tool positions is small 
enough and the feed rate is continuous during the machin-
ing process, the default feed rate between the tool positions 
is a constant value of f  , and theoretically, the running time 
between adjacent cutter locations is the same as the C1 axis, 
so the relationship is as follows:

(16)
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Fig. 12   Final adjustment of the surface cutter point
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In the equation, vC1

i
 is the speed of the C1 axis, so the 

speed of the rotating axis can be calculated according to 
Eq. (18), and then the acceleration and jerk of the rotating 
axis can be obtained as follows:

The kinematic performance parameters obtained by the 
above equation serve as constraints. Assume that under 
the kinematic constraints, the maximum angular velocity, 

(18)
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maximum angular acceleration, and maximum angular jerk 
that can be reached by the rotating axis are vC1

max , a
C1

max , 
and jC1

max , respectively. When the machine tool reaches the 
kinematic performance constraints, the maximum feed rate 
that the machine tool can achieve can be derived by Eqs. 
(19), (20), and (21):

The fv,i, fa,i , and fj,i in Eqs. (22), (23), and (24) are the 
maximum feed rates that the rotation axis C1 reaches 
under the constraints of the machine tool kinematics 
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Fig. 13   Angle of rotation axis C1
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performance. To ensure efficient treatment, the optimal 
feed rate is selected while respecting the kinematic per-
formance constraints of the A1 and C1 axes. The feed rate 
can be obtained by the following equation:

In the same way, the optimal feed rate fmax,�A1
 of the 

rotary axis A1 can be obtained. Because the rotation axes A1 
and C1 have a certain correlation in the movement process, 
the final selected machine tool feed rate can be expressed 
as:

(25)fmax,�C1
= min[fv,i, fa,i, fj,i]

(26)fmax = min[fmax,�A1
, fmax,�C1

]

4.3 � Multi‑objective tool axis vector optimization

Since the variation of the axes A1 and C1 of each cutter loca-
tion is different, the variation of the axis A1 of some cutter 
locations is larger; at the same time, the variation of the axis 
C1 of some cutter locations is larger, so the fluctuation of the 
axes A1 and C1 can be minimized to improve machining effi-
ciency. The minimum sum of the movement fluctuation of 
the rotating axis and the minimum machining time is used as 
the optimization objective, and we establish a model based 
on the kinematic performance constraints; that is to say, the 
angular velocity, angular acceleration, and angular accelera-
tion of the rotation axis are required to satisfy the respective 
maximum ranges. According to Eqs. (22), (23), and (24), 
the kinematic performance constraints of each axis can be 
known. In addition to the range of motion of the rotation axis 

Fig. 14   Flowchart of two opti-
mizations

Fig. 15   Mirror milling experiment platform
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of the mirror milling machine, the following constraints are 
established based on both:

In Eq. 27, v�
i
 is the angular velocity at any rotation axis, a�

i
 is 

the angular acceleration of any rotation axis, j�
i
 is the angular 

jerk of any rotation axis, v�
max

 is the maximum angular velocity 
of the corresponding rotation axis, a�

max
 is the maximum angle 

of the corresponding rotation axis acceleration, and j�
max

 is the 
maximum angular jerk corresponding to the rotation axis.

While satisfying the smooth movement of the rotating axis, 
the kinematic performance of the original tool position points 
of the tool is maintained at the maximum measurement. The 
objective function is determined by the minimum sum of the 
rotational axis motion fluctuation values. The motion change 
time is optimized, the time change amount of the rotary axis 
of the adjacent tool position point is set to ti as the minimum 
value of the time change amount of the rotary axis of the next 
tool position point, the maximum value of the change time is 
ti + ∇ , and ∇ is the iteration of time change. Therefore, the 
objective function of tool axis vector optimization is

(27)
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s.t. ti ≤ Ti ≤ ti + ∇

In Eq. (28), v�
i,ori

 is the original angular velocity of the 
rotating shaft, \ v�

i,opt
 is the optimized angular velocity of the 

rotating shaft, a�
i,ori

 is the original angular acceleration of the 
rotating shaft, a�

i,opt
 is the optimized angular acceleration of 

the rotating shaft, and j�
i,opt

 is the original angle of the rotat-
ing shaft. j�

i,opt
 is the optimized angular jerk, and Ti is the 

optimized rotation axis change time.
Due to the linkage relationship between the rotation axes 

A1 and C1, it is impossible to achieve their respective opti-
mal values in the same tool position at the same time, so 

Table 1   Experimental 
parameters

Parameter Parameter value Parameter Parameter value

Material TC4 Diameter 16 mm
Size 1000 mm*800 mm Tool material Carbide
Processing area 100 mm*90 mm*2 Radial cut width 8 mm
Blank wall thickness 2.2 mm Cooling method Coolant
Target wall thickness 1.6 mm Feed rate 0.03 mm/z

Fig. 16   Workpiece geometry

Fig. 17   Velocity, acceleration, and jerk profiles of the A1 axis
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the optimization weights should be reasonably allocated. 
Finally, a reasonable machining condition can be achieved to 
improve the calculation efficiency. In this paper, the method 

of equal distribution is adopted, so the kinematic perfor-
mances of the A1 and C1 rotational axes are limited.

In order to better reflect the optimization process of the 
research method in this paper, flowchart 14 is given. The 
detailed process of the first optimization and the second opti-
mization is included in Fig. 14.

5 � Simulation and experiment

To verify the validity of the method proposed above, pro-
cessing experiments are conducted on a dual five-axis mir-
ror milling platform, as shown in Fig. 15. In this paper, 
processing time and wall thickness are used as evaluation 
targets. The processing time is the actual running time of 
the machine tool; the monitoring and recording data based 
on the time interval can be derived in the mirror milling 
processing control platform, and it includes acquisition time, 
thickness measurement before filtering, thickness measure-
ment after filtering, water pressure measurement, eddy cur-
rent distance and so on. In this paper, the tool path design 
trajectory is continuous, no tool lifting, no cross, and the 
acquisition time starts from the starting point of the tool to 
start the acquisition, the middle process of no tool lifting 
time, until the complete path run, when the collection time 
stops, the processing time can be obtained. Reasonable plan-
ning of the cutter axis vector can avoid the over-cutting and 
under-cutting phenomenon and prevent a collision between 
the cutter and the workpiece and damage of the spindle. At 
the same time, the fast change of tool axis vector will also 
affect the machining effect, and the tool axis vector will have 
some influence on the wall thickness, so the wall thickness 
is used as the evaluation target.

The workpiece material used in this paper is the TC4 
titanium alloy, the rigidity of the workpiece is poor, the 

Fig. 18   Velocity, acceleration, and jerk profiles of the C1 axis

Fig. 19   Machining surface 
comparison

(a) Machined surface before optimization (b) Optimized machined surface
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size of the workpiece is 1000 mm × 800 mm, and the arch 
height of the workpiece is 100 mm. The cutter used in 
this paper is a flat-bottomed milling cutter with a diame-
ter of 16 mm and a fillet radius of 3 mm. The material of 
the cutter is cemented carbide and the number of cutting 
edges is 4. The clamping mode of the cutter is a spring 
shank. The wear condition of the cutter is good, and the 
movement accuracy of the mirror milling machine tool 
is 0.02 mm. The experimental parameters are shown in 
Table 1.

Depending on the part geometry model suggested 
in Determination of tool position under the constraints 
of kinematics, the fitting surface must be machined, 
as shown in Fig. 16. At the same time, the tool posi-
tion data is obtained, and through the optimization 
method proposed in Tool axis vector optimization 
under kinematic constraints, the rotation axes A1 and 

C1 on the milling side are selected for optimization 
research in the simulation. Following the calcula-
tion, the feed rate for CNC machines selected in this 
paper is 360 mm/min, and the spindle speed is 1600 
r/min. The angular velocity limit of the A1 axis is 
[−0.20◦∕s, 0.20◦∕s] , the angular acceleration limit of 
the A1 axis is [−2.35◦∕s2, 2.35◦∕s2] , the angular jerk 
limit of the A1 axis is [−10.35◦∕s3, 10.35◦∕s3] , the angu-
lar velocity limit of the C1 axis is [−1.20◦∕s, 1.20◦∕s] , 
the angular acceleration limit of the C1 axis is 
[−8.05◦∕s2, 8.05◦∕s2] , and the angular jerk limit of the 
C1 axis is [−35.75◦∕s3, 35.75◦∕s3] . The optimization 
goal is to minimize the sum of the motion fluctuation 
values of the rotary axis and the minimum tool travel 
time, as shown in Eq. (28), which constrains the kin-
ematic parameters of the rotary axis within a given 
range, as shown in Figs. 17 and 18.

As a matter of fact, to confirm the validity of the cal-
culation results, the machined surfaces before and after 
optimization through actual machining are compared, as 
can be seen in Fig. 19. At the same time, we compare the 
unit changes in the A1 and C1 axes, as shown in Figs. 20 
and 21.

Figure  19 (a) shows the machined surface before 
optimization. On the one hand, the vibration of the tool 
caused by the problem of overshooting motion leads to 
the phenomenon of chatter marks. On the other hand, 
because of the unit change in the rotation axis during 
the movement, the larger size results in significant tool 
marks on the surface of the workpiece, both of which 
increase the wall thickness error and affect the process-
ing quality. On the optimized surface of the workpiece, 
it can be seen in Fig. 19 (b) that chatting lines and tool 
marks have been eliminated and that the machining 
quality has been significantly improved. It is repre-
sented in the Figs. 20 and 21 that the unit change in the 
C1 axis after optimization is more obvious than that in 
the rotation axis A1, so the optimized rotation axis C1 
has a higher proportion in the optimization process, 
and the maximum unit arc length C1 axis rotation is 
reduced from 0.215 to 0.0465°/mm, which is a decrease 
of 78.37%. The final experimental results can be seen 
in Table 2 below.

By comparing the processing time and the wall thick-
ness error in Table 2, the machining results before and after 
optimization can be clearly visible. First, the processing time 
is reduced by 17.5%, the minimum wall thickness error is 
decreased by 44.4%, and the maximum wall thickness error 
has a 33.3% reduction. Moreover, the total error range has 
a 38.1% reduction compared to without using the optimiza-
tion method. In short, this method can be applied to actual 
machining, and the resulting surface quality and machining 
efficiency are significantly improved.

Fig. 20   Unit change of rotation axis A1

Fig. 21   Unit change of rotation axis C1

Table 2   Comparison of experimental results

Tool path Target wall 
thickness (mm)

Processing 
time (s)

Wall thickness
error (mm)

Before optimization 1.6 227.4 [− 0.09, 0.12]
Optimized 1.6 187.6 [− 0.05, 0.08]
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6 � Conclusion

With the discrete fitting of the digital model, under the con-
straints of effective cutting width and mirror milling, the 
tool path is generated, and then the tool position data was 
preliminarily optimized based on the spline curve. On this 
basis, the tool axis vector was further optimized, that is, the 
rotary axis of the machine tool meets the kinematic perfor-
mance of each axis of the machine tool, and by optimizing 
the feed rate of the machine tool, the minimum sum of the 
motion fluctuations of the rotary axis and the processing 
time was used as the optimized target to establish a model. 
Finally, the validity of the method presented in this paper has 
been demonstrated by simulation and experiments of thin-
walled workpieces. In addition, by comparing the machining 
area, machining time, and wall thickness error, the proposed 
method was verified as superior to the previous method.
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