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Abstract
To minimize the cutting force during milling of unidirectional carbon-fiber-reinforced plastics (CFRPs), we present a method 
that uses a predictive cutting-force model to optimize the feed direction. A CFRP with six different absolute fiber-orientation 
angles was used to derive specific cutting forces. Cutting force was predicted using regression of the specific cutting force 
and verified by milling tests, with 2–10-mm radial depths of cut at each fiber-orientation angle. The fiber cutting angle, 
which significantly affects CFRP cutting characteristics, can easily be changed by varying the feed direction. Therefore, the 
optimal feed direction is derived by predicting the cutting force in the feed direction in the range 0–180° using the cutting-
force model and comparing the cutting forces in all feed directions. The optimal feed direction is expressed by a second-order 
polynomial function of the radial depth of cut. In the validation of the proposed method, the cutting force and cycle time in 
the optimal feed direction were reduced by 54% and 53%, respectively. Because only the feed-direction angle is changed, 
which is a relatively easy adjustment in the milling process, this method efficiently reduces the cutting force in CFRP mill-
ing. Also, as a predictive cutting-force model is employed, it is possible to derive the optimal feed direction under various 
cutting conditions with minimal experimentation.
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Nomenclature
∅	� Fiber cutting angle (deg)
�	� Cutting-tool rotation angle (deg)
�S	� Cutting-tool entry angle (deg)
Rd	� Radial depth of cut (mm)
D	� Cutting-tool diameter (mm)
�E	� Cutting-tool exit angle (deg)
�c	� Immersion-angle range of the cutting tool (deg)
�	� Fiber-orientation angle (deg)
�a	� Absolute fiber-orientation angle (deg)
fd	� Feed direction (deg)
Ft,Fr	� Tangential cutting force (N), radial cutting force 

(N)

dFt, dFr	� Differential tangential cutting force (N), differ-
ential radial cutting force (N)

Fx,Fy	� Milling force in x-direction (N), milling force in 
y-direction (N)

Kt,Kr	� Tangential specific cutting force (N/mm2), 
radial specific cutting force (N/mm2)

h	� Chip thickness (mm)
a	� Axial depth of cut (mm)
da	� Differential axial depth of cut (mm)
ft	� Feed rate (mm/rev-tooth)
R	� Cutting-tool radius (mm)
�	� Run-out error (mm)
�	� Run-out error angle (deg)
Fres	� Resultant cutting force (N)
Nt	� Number of teeth on the cutting tool
Fsum	� Sum of the resultant cutting forces (N)

1  Introduction

Carbon-fiber-reinforced plastics (CFRPs) exhibit excellent 
strength-to-weight ratios, thereby enhancing fuel efficiency 
in the transportation field. CFRPs constitute more than 
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50% of the weight of the B787 aircraft [1, 2]. Given the 
expanding use of CFRPs, the demands imposed on machin-
ing are rising [3–5]. Various CFRP manufacturing methods 
are actively being studied for use in civil and infrastructure 
applications [6, 7]. Cutting CFRP is problematic: anisot-
ropy attributable to the fiber-orientation angle, and carbon-
fiber and matrix inhomogeneities, can cause delamination, 
splintering, and fiber pullout during cutting [8, 9]. Excessive 
cutting-tool wear is also a serious issue [10]. Orthogonal 
cutting tests have been used to analyze such characteristics, 
which found that fiber-orientation angles critically affect cut-
ting characteristics [11–16].

Although many studies have investigated CFRP cutting-
force optimization, they had some limitations. First, in terms 
of cutting-force models, most studies have focused only on 
cutting force prediction, rather than the use of cutting-force 
models. Since no cutting-force model is currently employed 
for stabilization of CFRP cutting, one is needed. Second, 
studies to lower the cutting force via re-design of cutting 
tools and addition of further processes are ongoing. How-
ever, such studies (e.g., focusing on cutting-tool design) 
are challenging to conduct in the field. Third, studies have 
adopted a trial-and-error approach when changing the cut-
ting conditions because the initial tool path was experimen-
tally derived under limited conditions, i.e., a single radial 
depth of cut. Fourth, the addition of new processes increases 
costs, and optimization remains challenging.

To determine the necessary machine-tool power and 
rigidity of the cutting tool and fixtures, reliable modelling of 
the cutting force is important [17–20]. Efforts to stabilize the 
cutting process using dynamic modeling of both the machine 
and cutting tools are underway [21, 22]. Several cutting-
force models have been proposed for CFRP milling [23–31] 
and drilling [32–35]. Kalla et al. [23] modeled the mecha-
nistic cutting force of a helical end mill for CFRPs. The 
specific cutting force was derived through orthogonal cutting 
tests and then applied to oblique-cutting-force prediction; 
agreement with the experimental results was found. Karpat 
et al. [24] modeled specific cutting forces as simple sine 
functions of the fiber cutting angle through unidirectional 
CFRP milling tests. Multidirectional CFRP milling cutting 
forces were then predicted using this specific cutting-force 
model; the results were in good agreement with the experi-
mental data. An attempt was made to predict cutting forces 
during double-helix angle milling [25]. Sheikh-Ahmad and 
Yadav [26] used regression analysis to model specific cut-
ting forces. They predicted the cutting forces when milling 
unidirectional and multidirectional CFRPs. Sheikh-Ahmad 
et al. [27] used multiple regression analysis and a committee 
neural network in a specific-cutting-force model of cutting 
forces when milling CFRPs and concluded that the com-
mittee neural network was better than multiple regression 
analysis. Xiao et al. [28] derived the specific cutting force 

as a function of the equivalent chip thickness and fiber ori-
entation, and predicted milling cutting forces for multidi-
rectional CFRPs. They confirmed that reducing the flank 
contact force reduced the surface roughness and flank wear. 
Ning et al. [29] predicted the average milling cutting force 
for multidirectional CFRPs based on the segmented specific 
cutting force. Wang et al. [30] confirmed that the peak cut-
ting force varied periodically, and frequency–response func-
tions were used to derive the dynamics of the workpiece 
and predict cutting-force fluctuations. Mullin et al. [31] 
proposed a method to derive specific cutting force using the 
average milling force, and verified their technique. Karpat 
et al. [32] predicted the cutting force of a double-point-angle 
polycrystalline diamond (PCD) drill. The thrust force and 
torque were used to derive the specific cutting force and 
edge coefficient. Seo et al. [33] characterized the chisel-edge 
region as an extrusion and predicted drilling cutting force by 
assuming that the lip was a small orthogonal element. Mai 
et al. [34] used the geometric angle of the drill to predict 
the cutting force. Wang et al. [35] used an artificial neural 
network and a genetic algorithm to derive the specific cut-
ting force and predict the drilling cutting force. These mod-
els used numerical analysis to derive the cutting forces of 
solid cutting tools such as the drills and end mills employed 
for machining CFRPs. The specific cutting force for CFRPs 
changes continuously depending on the fiber orientation, 
the cutting-tool rotation angle, and geometry. The specific 
cutting force has been expressed as a polynomial or simple 
sine function of the fiber cutting angle. Some studies have 
sought to derive specific-cutting-force models using neural 
networks and machine learning [23, 27, 35].

Many studies have sought to stabilize the cutting force 
and ensure cutting quality by modifying the design of the 
cutting tool, fiber-orientation angle, and other param-
eters [3, 36–44]. Some have focused on cutting tools that 
reduce and stabilize the cutting force [36–39]. Chatelain 
and Zaghbani [36] compared cutting forces among three 
milling-tool geometries. They confirmed that a compres-
sive thrust force was generated in a crossed helical milling 
tool, and fluctuations in the thrust force and feed force 
were reduced using a groove milling tool. Kwon et al. 
[37] analyzed thrust forces to design a step-drill geom-
etry and confirmed that delamination could be reduced 
by reducing the thrust force. Wang et al. [38] analyzed 
the burr-formation and fracture modes associated with the 
edge radius of a milling tool. They confirmed that a small 
edge radius and shallow radial cutting depth could reduce 
burr generation. Ashworth et al. [40] identified various 
contributory factors and applied analysis of variance to 
cutting-tool geometry and machine tools. Others have 
performed in-depth analyses of milling-tool cutting char-
acteristics for all CFRP orientation angles [38, 41–43]. 
Geier [43] determined the fiber-orientation angle at which 
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the cutting force was minimized under a specific cutting 
condition. Hosokawa et al. [44] used inclination milling to 
reduce the axial cutting force imparted by the helix angle, 
thus improving the quality of CFRP milling at high helix 
angles. Both of these studies [43, 44] focused on minimiz-
ing the cutting force by modifying the tool path. Although 
previous research [36–38, 40–44] contributed significantly 
to the stabilization of cutting forces and cutting quality, 
the results are applicable only under certain conditions 
because they were based on experiments. Additionally, 
these previous studies focused on factors that cannot be 
controlled during the cutting process, such as the cutting-
tool geometry and machine-tool rigidity.

Some studies have attempted to stabilize the cutting force 
via workpiece preheating, ultrasonic vibration, or cryogenic 
machining [45–47]. Kim et al. [45] confirmed that preheat-
ing CFRP reduced the thrust force and tool wear, as the 
epoxy was softened prior to drilling. Wang et al. [46] found 
that elliptical ultrasonic vibration reduced the cutting force 
in the feed direction, and Morkavuk et al. [47] found that 
cryogenic machining reduced delamination and damage to 
the machined surface. However, these methods are expen-
sive and must be optimized, such that field application is 
currently difficult.

In contrast, we present an efficient method for determin-
ing the optimal feed direction to minimize the cutting force. 

The method can be efficiently adopted for G-code genera-
tion in the field, even when the cutting-tool geometry and 
workpiece shape are fixed. Also, the cutting-force-prediction 
model can be used under various cutting conditions.

We first analyzed the relative angle between the cutting 
tool and the CFRP. Because the fiber cutting angle has the 
most significant effect on the cutting characteristics, we 
explored how engineers might easily change that angle dur-
ing cutting. We built an algorithm that uses the cutting-force 
model to find the feed direction that minimizes the cutting 
force. Face-milling experiments employing a PCD tool were 
conducted to verify the method, which confirmed that the 
cutting force stabilized and productivity improved, indicat-
ing that the model is efficient.

2 � Model approach and experimental 
procedure

2.1 � Optimal milling feed direction model

When milling CFRPs using a solid cutting tool, i.e., a face 
mill or an end mill, the angle of interaction between the fiber 
and the cutting-tool teeth changes continuously due to the 
cutting-tool rotation angle ( � ) and the fiber-orientation angle 
( � ) (Fig. 1). It is difficult to analyze cutting characteristics 

Fig. 1   Variation in the fiber cutting angle with the cutting-tool rotation angle
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based on these angles, which significantly affect the cut-
ting force. Therefore, a detailed analysis of these angles 
is required, although this is challenging for milling tools. 
It is nonetheless important to understand the relationship 
between the rotation angle of the cutting tool and the fiber 
cutting angle by researching orthogonal cutting.

Figure 2 presents the relationships between the fiber-
orientation angle, the cutting-tool rotation angle, and the 
cutting force. The absolute fiber-orientation angle ( �a ) is 
the angle that the fiber makes (in a clockwise direction) 
with the x-direction of the Cartesian co-ordinate system. 
This varies with the shape of the CFRP and the location 
of the CFRP on the machine-tool table. The fiber-orienta-
tion angle ( � ) is the angle the fiber makes (in a clockwise 
direction) with the feed direction ( fd ). This angle varies 
with the feed direction. The angle of interaction between 
the cutting-tool teeth and the fiber is the fiber cutting angle 
( ∅ ), thus the angle the fiber makes (in the counterclock-
wise direction) with the tangent to the cutting-tool teeth.

The cutting forces Ft , Fr (in cylindrical co-ordinates) gen-
erated during milling can be expressed as Fx , Fy values via 
co-ordinate transformation.

The range of the fiber cutting angle depends on the cut-
ting-tool rotation angle and the fiber-orientation angle.

The entry angle ( �S ) is a function of the radial depth of 
cut ( Rd ) and the cutting-tool diameter (D). The exit angle 
( �E ) is the angle at which the teeth of the cutting tool exit 
the workpiece after cutting, and �c is the immersion angle of 
cutting-tool rotation [17].

(1)
∅ = (𝜃 − 𝜑) + 180◦ for − 180◦ < 𝜃 − 𝜑 ≤ 0◦

∅ = (𝜃 − 𝜑)
◦ for 0◦ < 𝜃 − 𝜑 < 180◦

The cutting-force model is a mechanistic model that 
divides the axial depth of cut and cutting-tool rotation 
angle into the axial lengths and rotation angles of a finite 
number of disks. The cutting forces applied to each disk 
are calculated using Eq. (3) [48, 49]. As orthogonal cut-
ting is assumed, the model addresses only the tangen-
tial and radial cutting forces, and not the axial force. Kt , 
Kr are the tangential and radial specific cutting forces 
required to remove a unit chip, respectively. dFt, dFr are 
the differential tangential and radial cutting forces act-
ing on a disk, respectively, and da is the differential disk 
length of axial depth.

For a metal, it can be assumed that the specific cutting 
force is the same in all feed directions; these values can 
be derived easily via experiments. However, as discussed 
above, CFRP cutting forces differ according to the fiber 
cutting angle. Thus, derivation of specific cutting forces 
is needed for milling tools. We derive the specific cutting 
forces using Eq. (4). The tangential and radial cutting 
forces of Eq. (4) are experimental values.

(2)

�E = 180◦

�S = 180◦ −

{(

arc cos
(

1 −
Rd

D

)

×
180

�

)}

�C = �E − �S

(3)
dFt = Kthda

dFr = Krhda

(4)
K
t
=

dF
t

hda

K
r
=

dF
r

hda

Fig. 2   Schematic showing 
the interactive angles and the 
cutting force between the cut-
ting tool and the CFRP during 
milling
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We ignore rubbing effects that reflect tool wear and edge 
chipping because we use a laser to sharpen the tool continu-
ously [23].

The chip thickness and area can be expressed as Eq. (5), where 
h is the chip thickness based on the cutting-tool rotation angle 
and hda is the area of the chip. ft is the feed rate (mm/rev-tooth).

Run-out error occurs when the center of rotation of the 
cutting tool differs from that of the spindle or tool holder 
[49]. Although the cutting tool per se may be in error, this 
can be ignored because the error is included in the other two 
errors mentioned above. The radius of rotation of the cut-
ting tool changes on run-out; the chip thickness removed by 
each tooth differs. Equation (6) provides the changes in the 
cutting-tool radius ( R ) and chip thickness based on the run-
out: here, � is the run-out error in the horizontal direction, 
and � is the run-out error angle.

Figure 3 presents the changes in chip thickness based on 
run-out [Eq. (6)]. Figure 3a shows the chip thickness when 
the run-out is 0 and Fig. 3b shows that when � is 2 μm and 
� is 0. When run-out occurs, the chip thickness fluctuates 
from 0.023–0.027 mm, which causes large fluctuations in 
the cutting force depending on the depth of cut. Differences 
in the chip thickness of each tooth change the cutting force 
and induce fluctuations in surface roughness. In severe cases, 
the wear of a specific tooth is accelerated. While efforts are 
made to eliminate run-out in machining, complete elimina-
tion is impossible. Therefore, it is necessary to assess differ-
ences in the cutting forces applied to the teeth by predicting 
the changes in the cutting force when run-out occurs.

The tangential and radial cutting forces on a disk [Eq. (3)] 
can be transformed into Cartesian co-ordinates:

(5)
h = ft sin�

hda = ft sin� ⋅ da

(6)
Rj(k) = R + �cos

[

�� − � + (k − 1)
2�

Nt

]

hj(k) = Rj(k) − Rj(k − 1) + ft sin�

The final cutting force is calculated by summing the 
forces imparted by all teeth of a disk [Eq. (8)]; Fres is the 
resultant cutting force. The cutting-tool tooth-index number 
is k, and the number of cutting-tool teeth is Nt . The number 
of disks that are axially sliced is l , and the index number of 
the axial disk is j.

As mentioned above, the fiber cutting angle significantly 
affects the cutting characteristics. A change in the angle thus 
also influences the cutting characteristics. Because the fiber 
cutting angle is a function of the fiber orientation and cut-
ting-tool rotation angles during milling (Fig. 1), these angles 
must be changed when the cutting characteristics need to be 
changed. The immersion angle range of cutting-tool rotation 
is a function of the radial depth of cut and the cutting-tool 
diameter. The fiber-orientation angle is a function of the feed 
direction and the absolute fiber-orientation angle. Table 1 
lists these relationships.

The parameters in Table 1 must be adjusted when the 
cutting characteristics are to be changed. During milling, 
some parameters are determined by the part to be milled 
and the location of machining, and these parameters are 
difficult to vary. The absolute fiber-orientation angle and 
the cutting-tool diameter are determined by the design 
of the part and the required cutting process, but the feed 

(7)
[

dFx

dFy

]

=

[

cos � sin �

− sin � cos �

] [

dFt

dFr

]

(8)
Fx =

Nt
∑

k=1

l
∑

j=1

dFxkj
Fy =

Nt
∑

k=1

l
∑

j=1

dFykj
Fres =

Nt
∑

k=1

l
∑

j=1

√

dFxkj

2
+ dFykj

2

Fig. 3   Chip thickness based 
on run-out: cutting-tool 
diameter 20 mm, Rd 10 mm, 
a � = 0 �m, � = 0 . b 
� = 2 �m, � = 0  

Table 1   Parameters affecting 
the fiber cutting angle

Angle Related parameter

∅ f
(

�
C
,�

)

�
C

f (D,R
d
)

� f (f
d
,�

a
)
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direction and the radial depth of cut can be changed eas-
ily. However, the latter affects the material removal rate 
and the cycle time; this parameter thus cannot be greatly 
reduced. In short, only the feed direction can be adjusted 
easily to change the fiber cutting angle in the cutting pro-
cess. In particular, the feed direction in face milling can 
be modified easily because such milling only removes 
chips; no specific shape is encountered.

Experiments can yield an optimal feed direction, but 
simulation is preferable: if experiments are performed 
under limited conditions, more trial-and-error experi-
mentation is required when the conditions change. We 
use a cutting-force model to adjust the feed direction 
to minimize the cutting force. Figure 4 shows the pro-
cess of determining the optimal feed direction. The red 
box in Fig. 4 represents the cutting-force model. Feed 

Fig. 4   Flowchart for detecting the feed direction that minimizes the cutting force
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directions of 0–180° are repeatedly input into the model, 
which derives the cutting force for each feed direction 
(m) and compares the sum of the resultant cutting forces 
( Fsum ). The optimal feed direction is that for which Fsum 
is lowest.

The milling feed may be a straight line in one direction or 
in two directions (zigzag) depending on the characteristics of 
the material and the condition of the workpiece. We consider 
only a straight line in one direction.

2.2 � Experiments

In the milling test, we used a CFRP with six different 
absolute fiber-orientation angles: 0, 30, 60, 90, 120, and 
150°. The plate thickness was 10 mm and each prepreg 
thickness was 0.137 mm. Table 2 lists the properties of 
the CFRP.

The CFRP was fixed to a tool dynamometer (Fig. 5a). 
A vertical machining center (Doosan NX6500II, maxi-
mum rpm 20,000) was used (Fig. 5b). The cutting tool 
was a 20-mm-diameter, two-tooth, flat PCD milling tool. 

The Illjin CFW PCD features a diamond grain size of 
4 μm and is manufactured by brazing PCD onto a tung-
sten-carbide (WC) body. The edge of the cutting tool 
was prepared using a nano-pulsed laser (DMG MORI 
Lasertec 20). The edge radius was maintained at under 
6 μm via laser treatment prior to every test. The clear-
ance angle of the PCD tool was 20° and the rake angle 
was 0° (Fig. 5c). The cutting forces in the x, y, and z 
directions were measured using a Kistler 9119AA2 tool 
dynamometer operating at 5000 Hz. A low-pass filter 
(2000  Hz) and a moving-average filter were used to 
remove high frequencies (Fig. 5d). All experiments were 
conducted under dry conditions, and dust was removed 
using a vacuum cleaner.

Table  3 lists the cutting conditions. The specific-
cutting-force data were collected at 2547  rpm (cut-
ting speed = 160 m/min), a feed rate of 127.3 mm/min 
(0.05 mm/rev), and radial and axial depths of cut of 10 
and 1 mm, respectively. The cutting-force model was vali-
dated by measuring the cutting forces associated with a 
radial depth of cut in the range 2–10 mm at each fiber-
orientation angle. The optimal feed direction was tested at 
1615 rpm (cutting speed 100 m/min), with a feed rate of 
either 161 or 350 mm/min, up to radial and axial depths of 
cut of 2 and 5 mm, respectively. All cutting speeds were 
below 160 m/min, because faster cutting speeds introduce 
other effects on the cutting force [23, 24, 50]. The CFRP 
cutting force varies depending on the depth of cut, fiber-
orientation angle, feed rate, and cutting-tool diameter. As 
it was not possible to consider all changes experimentally, 
partial conclusions were obtained based on previous stud-
ies; each parameter was fixed in the experimental studies. 

Table 2   Properties of the CFRP

Property Value

Carbon/resin weight (g/m2) 150/64
Prepreg thickness (mm) 0.137
Tensile strength (MPa) 653
Tensile modulus (MPa) 58
Flexural strength (MPa) 806
Flexural modulus (GPa) 74.63

Fig. 5   CFRP cutting-force 
measurements (the experimental 
setup). a Fixture. b Machine 
tool. c PCD cutting tool. d Fil-
tering of the measured force
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However, we propose a model-based simulation method. 
Although changes in cutting speed can affect the specific 
cutting force, the effect is minimal compared to those of 
the depth of cut, fiber-orientation angle, feed rate, and 
cutting-tool diameter.

3 � Results and discussion

3.1 � Specific cutting force

To derive the specific cutting forces, the cutting forces 
(in Cartesian co-ordinates) were transformed to cylin-
drical co-ordinates. Figure 6 presents the cutting forces 
and chip areas (yellow line) based on the fiber-orientation 
angle. During down milling, the chip area was largest at 
the entry angle of the cutting tool, and was 0 at the exit 
angle. Therefore, the cutting force was generally largest at 
the entry angle (in proportion to the chip area) and 0 at the 
exit angle. However, at fiber-orientation angles of 30°, 60°, 
and 90°, the cutting forces differed from the theoretical 
values. For these fiber-orientation angles, the fiber cutting 
angles were 60–150°, 30–120°, and 0–90°, respectively. 
The specific cutting forces in these ranges differed from the 
changes in chip thickness, as shown in Fig. 7.

The immersion-angle range of the cutting tool is 
90–180° when the radial depth of cut is 0.5 D. To elimi-
nate cutting-force instability around the entry angle 
and the size effect around the exit angle, specific cut-
ting forces were derived at cutting-tool rotation angles 
of 100–120° in 10° units. Signal processing using a 
low-pass, moving-average filter removed unpredict-
able errors, but high-frequency fluctuations remained. 
The specific cutting forces were derived by measuring 
the forces during four rotations of the cutting tool; this 
reduced the errors.

Figure 7 presents the specific cutting forces for each 
fiber cutting angle. In the tangential direction, the specific 
cutting force decreased at fiber cutting angles of 0–40°, 
increased up to a fiber cutting angle of 60°, remained at 
this value to 140°, and then decreased to a fiber cutting 

angle of 180°. In the radial direction, the specific cutting 
force decreased at fiber cutting angles of 0–30° and then 
increased at angles of up to 130°.

At a fiber cutting angle of 0°, severe fiber buckling 
occurred because the rake angle of our cutting tool was 0°. 
When the fiber cutting angle was greater than 0°, the tooth 
applied pressure to the fiber in the direction of the cut, 
and the fibers peeled away from the matrix. The fractures 
were a mix of mode-I and mode-II fractures. At a fiber 
cutting angle of 40°, the specific cutting force was less 
than that at 0° because mode II was dominant. When the 
fiber cutting angle was in the range 45–90°, fiber delami-
nation and interlaminar shear forces between the fiber and 
matrix caused severe deformation. Extensive elastic bend-
ing occurred because of compression at the cutting edge, 
resulting in cracks and long discontinuous chips. Elastic 
recovery occurred as the fiber was cut, producing fluctua-
tions in the cutting force and increasing the variance in the 
tangential direction. At fiber cutting angles in the range 
90–130°, the fiber contacted the rake face rather than the 
tooth edge because the cutting-tool rake angle was 0°. At 
fiber cutting angles in the range 130–165°, chipped seg-
ments slid up the rake face, similar to metal cutting. How-
ever, elastic recovery developed at the machined surface, 
which led to fiber contact with the flank face of the cutting 
tool, and an increased radial specific cutting force. These 
results agree well with the literature in terms of chip for-
mation and make it possible to understand chip formation 
using a milling tool [11, 15, 16].

For CFRP cutting, a specific-cutting-force model must 
reflect changes in the force at all fiber cutting angles and 
at high sampling rates; some studies have used a simple 
sine function or machine learning to this end. However, 
we used regression, because this is straightforward. We 
employed tenfold cross-validation to create and validate 
the regression [51]. We found the polynomial order that 
minimized the root mean square error (RMSE): a satis-
factory RMSE was obtained at order 6 (Eq. (9)).

(9)
K
t
= 1012.3 − 4731.1∅ + 10408∅2 − 9320.5∅3 + 4410.6∅4 − 1100.7∅5 + 112.5∅6

K
r
= 1207.7 − 6852.5∅ + 16852∅2 − 18917∅3 + 10745∅4 − 2930.3∅5 + 303.4∅6

Table 3   Cutting conditions during milling

Parameter Specific-cutting-force derivation Cutting-force model validation Optimal-feed-direction validation

Rotational speed (rpm) 2547 2547 1615
Cutting speed (m/min) 160 160 100
Feed rate (mm/min) 127.3 127.3 161 or 350
Radial/axial depth of cut (mm) 10/1 (2, 4, 6, 8, 10)/1 2/5
Cutting tool Diameter 20 mm, two-tooth

PCD milling tool
Diameter 20 mm, two-tooth
PCD milling tool

Diameter 19.7 mm, two-tooth
PCD milling tool

Material and fiber-orientation angle UD CFRP 0, 30, 60, 90, 120, 150° UD CFRP 0, 30, 60, 90, 120, 150° UD CFRP 0°
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3.2 � Cutting‑force‑model validation

The predicted and experimental cutting forces were com-
pared by the radial depth of cut at each CFRP orientation 
angle to verify the model (red box in Fig. 4). At each of the 

five tested fiber-orientation angles, the cutting-force predic-
tions were verified at five radial depths (0.1, 0.2, 0.3, 0.4, 
and 0.5 D [diameter]) of cut; the experimental and predicted 
values were in good agreement. Some representative results 
of the prediction are shown in Fig. 8.

Fig. 6   Chip areas and cylindri-
cal co-ordinates of the cutting 
forces at various fiber-orienta-
tion angles: a � = 0 ◦ , b 30 ◦ , c 
60 ◦ , d 90 ◦ , e 120 ◦ , and f 150 ◦

Fig. 7   Specific cutting forces 
by the fiber cutting angle. a 
Tangential direction. b Radial 
direction
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The cutting forces predicted by our model, and those 
obtained under the same cutting conditions in the literature, 
are shown in Fig. 9 [43]. A 50-mm-diameter cutting tool was 
used to make radial and axial depths of cut of 3 and 7 mm, 

respectively. Although the CFRP properties and cutting tool 
differed from those described in the literature, the relation-
ship between the cutting force and the fiber-orientation angle 
was similar. The fiber-orientation angle for the minimum 

Fig. 8   Comparison of real (experimental) and predicted forces: 2547 rpm, 127 mm∕min,A
d
1 mm : a R

d
6 mm, � 0◦ , b R

d
2 mm,� 30◦ , c 

R
d
4 mm, � 60◦ , d R

d
6 mm, � 90◦,  e R

d
8 mm, � 120◦,  f R

d
10 mm, � 150◦  
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cutting force (120°) was identical to those reported in the 
literature. The cutting-tool specifications and changes in cut-
ting speed significantly affected the quality of the cut [11, 
42]. However, many predictive cutting-force models do not 
consider the tool geometry or cutting speed. If these factors 
are not extreme, they affect only the offset of the cutting 
force magnitude, and not the maximum and minimum force 
with respect to fiber orientation. Thus, the specific cutting 
forces reported in several studies were derived using dif-
ferent conditions but demonstrated similar characteristics 
[24, 26, 31]. Therefore, when CFRP-specific cutting-force 

data are available, cutting-force trends under various condi-
tions can be estimated using the cutting-force model. As our 
method is not experimental, it is possible to derive the opti-
mal feed direction efficiently with minimal experimentation, 
even when the shape of the cutting tool changes.

3.3 � Optimal milling feed direction validation

Figure 10 presents the optimal feed direction derived using 
the steps in Fig. 4. The optimal feed direction should be 
derived, after the CFRP workpiece has been fixed on the 
machine tool in an arbitrary direction in terms of the abso-
lute fiber-orientation angle. First, the fiber-orientation angle 
that minimizes the cutting force is derived, as shown in 
Fig. 10. The optimal feed direction is calculated by Eq. (10).

The range of fiber cutting angles changes with the radial 
depth of cut, as shown in Fig. 2, so the optimal feed direc-
tion depends on that depth. Figure  10a presents 

∑

Fres 
values based on changes in the feed direction when the 
radial depth of cut increases from 1 mm to the diameter 
(20 mm) of the cutting tool. As might be expected, as the 
depth increases, the cutting force rises, as does 

∑

Fres . The 
cutting forces differ greatly with the feed direction. Since 
the optimal feed direction can lower the cutting force, the 
MRR can be increased by increasing the radial depth of cut. 
Figure 10b presents the feed directions associated with the 
lowest cutting forces for each radial depth of cut. The opti-
mal feed direction decreases from approximately 140° to 

(10)
�a − fd = �

fd = �a − �

Fig. 9   Predictions of resultant cutting forces based on fiber-orienta-
tion angles: 1464 rpm, 397 mm∕min,A

d
7 mm : R

d
3 mm , cutting-

tool diameter 50 mm, Nt 5

Fig. 10   Variations in the cutting force with the radial depth of cut and the feed direction. a The trend in
∑

F
res

 . b Optimal feed direction as indi-
cated by the R

d
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50° as the radial depth of cut increases from 1 mm to slot-
ting. If various CFRPs require machining, or if the optimal 
feed direction of various radial depths of cut must be deter-
mined quickly, the fitted curve (the orange line) obtained via 
regression analysis is useful.

Since the specification of the CFRP in this study was 
fixed, a specific-cutting-force database is needed to apply 
this method to various specifications of CFRP. However, 
when specific-cutting-force data are available, the optimal 
feed direction for various types of CFRPs can be determined 
using the proposed method, as shown in Fig. 10b.

When the 
∑

Fres decreases are expressed as percentages 
of the maximum after determining the feed direction, the 
effect becomes greater as the radial depth of cut decreases 
(Fig. 11). The cutting-force reduction is more marked when 
using a cutting-tool path with a low radial depth of cut. 
Cutting-force optimization is generally used when rough-
ing rather than during finishing. Cycle times or MRR is 
more important than cutting quality when roughing. A low 
feed rate or shallow depth of cut can significantly reduce 
the cutting force. However, these methods are not used for 
cutting-force optimization because they affect the cycle time 
or MRR. If quality is important, such as during finishing, 
machining is performed under stable conditions regardless 
of the cycle time; typically, the finishing radial depth of cut 
is low. Even though the effect of a reduction in CFRP cutting 
force is more significant when the radial depth of cut is low, 
it is important to consider cutting quality under finishing 
conditions such as a low radial depth of cut.

We performed face-milling tests to verify the data in 
Fig. 10. The first test was conducted prior to optimiza-
tion of the feed direction; the absolute fiber-orientation 
angle of a CFRP specimen 70 × 100 × 5 mm3 in volume 
was 0°, the horizontal feed direction ( � = 0◦) was in play, 

this is a general method (Fig. 12a, top). The yellow line 
of the toolpath is the G01 path. Figure 12(a) presents the 
experimental cutting forces (middle) and the predicted 
forces (bottom). The maximum cutting force was approxi-
mately 280 N (both experimentally and predicted). We 
changed the feed direction to a fiber-orientation angle of 
135° (the optimal feed direction; Fig. 10b) and compared 
the experimental (blue line in the top panel) and predicted 
(blue line in the bottom panel) cutting forces. The maxi-
mum experimental and predicted cutting forces were both 
approximately 145 N. After feed-direction optimization, 
the cutting forces decreased by more than 54% (based on 
the mean value), decreasing the burdens imposed on the 
cutting and machine tools, and the fixture. The cycle time 
was reduced by increasing the feed rate, because use of 
the optimal feed direction lowered the cutting force. The 
orange line in Fig. 12b shows the cutting forces when the 
feed rate was increased to reduce the cycle time. The feed 
rate was changed from 161 to 350 mm/min; the maximum 
cutting force then became similar to that prior to optimiza-
tion. Removal of 70 × 100 × 5 mm3 initially required 28 min 
at a feed rate of 161 m/min; after feed-direction optimiza-
tion, it required 15 min at 350 m/min. It was thus possible 
to reduce the cycle time by at least 53% without changing 
the cutting force.

4 � Conclusion

We present a method for determining the feed direction 
that minimizes the cutting force. We first confirmed that 
it is possible to change the fiber cutting angle, which sig-
nificantly affects CFRP cutting characteristics, by modify-
ing the feed direction. Our method uses a cutting-force 
model to determine the optimal feed direction. To verify 
this method, we used a PCD milling tool and found that the 
cutting force was well-stabilized. This method increases 
CFRP cutting efficiency; only the feed direction is changed. 
Using this predictive cutting-force model, the optimal feed 
direction under various cutting conditions can be derived 
with minimal experimentation. Our key findings are as 
follows.

The fiber cutting angle is expressed as a function of the 
absolute fiber orientation and the cutting-tool diameter, the 
feed direction, and the radial depth of cut. Of these param-
eters, only the feed direction is easy to vary; the other 
parameters are determined by the shape of the cut part. 
Our method minimizes the cutting force by changing the 
feed direction, which engineers can easily achieve. Feed 
directions from 0 to 180° are individually (and repeatedly) 
entered into the cutting-force model and analyzed. The 
optimal feed direction is then derived by summing the 
cutting forces in each direction. Because this method is Fig. 11   Cutting force reduction ratio with radial depth of cut
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predictive rather than experimental, it is possible to deter-
mine the optimal feed direction efficiently under various 
cutting conditions, such as for different cutting-tool diam-
eters, radial depths of cut, and fiber-orientation angles.

We used a mechanistic cutting-force model and 
derived the specific cutting force via regression. The 
predicted and experimental forces were in good agree-
ment. If the specific cutting forces of various types of 
CFRPs are available, the optimal feed direction under 
various conditions can be determined, because even if the 
cutting-tool and CFRP specifications change, the trend 
in the cutting force based on the fiber-orientation angle 
is not dramatically affected.

The feed direction that minimizes the cutting force 
changes from 140 to 50° as the radial depth of cut 
increases from 1 mm to the diameter of the cutting tool. 

Regression analysis allows the optimal feed direction to 
be expressed as a fitting curve. Because various cutting 
conditions require time to find the optimal feed direction, 
if there is no need to simulate the cutting-force details, 
the optimal feed direction can be determined using the 
fitting curve.

Our method was verified using PCD face-milling 
experiments. The cutting force was reduced by 54% 
and the feed rate could be increased. Finally, the 
cycle t ime could be reduced by 53% at the same 
cutting force. Therefore, use of our method to deter-
mine the optimal feed direction reduces the cut-
ting force required for CFRPs, thereby improving 
productivity.

Cutting-force optimization is best used for roughing, 
when the cycle time or MRR is more important than cut 

Fig. 12   Cutting force based on the optimized feed direction. a Before optimization. b After optimization. [ Diameter 19.75 mm, Rd 2 mm, Ad 5 mm, 1, 615 rpm

: a φ 0◦, 161 mm∕min , b φ 135◦, 161 mm∕min (blue line), 350 mm∕min (orange line)]
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quality. Our method can efficiently reduce cutting forces 
during roughing. If CFRP cutting quality and defects 
are also to be considered, both cutting force and quality 
could be stabilized. Therefore, our future work will focus 
on optimizing the feed direction considering both cutting 
force and quality simultaneously.
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