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Abstract
To save manufacturing costs and enhance design flexibility in gear skiving, a dual closed loop, including inner and outer closed 
loops, is proposed to generate skived gear tooth flanks with different pressure angles and helix angles using the same cutter. The 
skiving cutter is firstly generated based on the suitable form of the corrected rack, which is defined according to the target tooth 
surface. The additional motions considering the motion limits of an electronic gearbox for the machining axis are added in the 
form of polynomials. The inner closed loop based on the Levenberg–Marquardt algorithm is developed to attain the coefficients 
of polynomials in fitting the skived gear tooth flanks to the target surface. After completing a cycle of the inner closed loop, 
the skived gear’s pressure/helix angle is changed in the outer closed loop to renew the target surface, and then a new cycle of 
the inner closed loop is restarted. The suitable range of the skived gear’s pressure/helix angle is satisfied when the dual closed 
loop is fully ended. The effectiveness and practicality of the proposed method are verified by the presented numerical examples.

Keywords Gear skiving · Grinding stock · Double-crowned · Topology modification

Abbreviations
a   Polynomial coefficient
C   Machine axes
�   Unit normal vector in z-direction
�   Upper-left 3 × 3 submatrix of �
m   Gear module
�   Transformation matrix
�   Unit normal vector
�   Position vector
s   Grinding stock of work gear
S   Coordinate system
t   A half of gear pitch
�   Tangent vector
u   Profile parameter of normal rack
v   Longitudinal parameter of inclined rack

�   Reference pressure angle
�   Reference helix angle
�   Rake angle of skiving cutter
�   Damping parameter
�   Relief angle of skiving cutter
�   Side clearance angle
�   Rotation angle of cutter

Subscripts
b1   Rotation axis of spindle assembly
c   Skiving cutter
c1   Rotation axis of cutter
c2   Rotation axis of work gear
f    Pitch point
n   Normal section
oc   Operation parameter of cutter
ow   Operation parameter of work gear
p   Reference pitch circle

1 Introduction

Power skiving has recently received increasing attention 
in gear production since it constitutes a highly qualitative 
and productive machining method for external and internal 
gears [1–4]. The meshing relationship between a skiving 
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cutter and a work gear is similar to that between a pair of 
non-intersecting axis gears. Accordingly, one skived gear 
demands one cutter with pre-defined parameters of pres-
sure angle and helix angle. Therefore, to save manufactur-
ing costs and enhance design flexibility in gear skiving, it 
is essential to explore a correction tooth flank method that 
allows using the same cutter for generating skived gears 
with different pressure angles and helix angles.

According to the theory of gearing [5], the work gear 
tooth flank can be corrected by cutter modification. Several 
researchers have found novel methods to improve the skived 
gear tooth flank more accurately by correcting the skiving 
cutter. Chen et al. [6, 7] proposed a complete mathemati-
cal model to construct and grind the prominent flank face 
of an error-free spur slice cutter, ensuring non-interference 
situations. Guo et al. [8] reported a corrected rack method 
to reduce the normal deviation of the skived gear based on 
analytical geometrics of the skiving cutter. In another study, 
the same author [9] developed an optimization method of 
skiving cutter profile to improve the twist phenomena of 
the skived gear tooth flank. Guo et al. [10] reported that 
the tooth profile error of the skived gear is affected by the 
inherent error of the conventional skiving tools and the lon-
gitudinal error of the cutting edge. Moriwaki et al. [11] then 
generated the cutting edge of a cylindrical skiving cutter 
from the intersection curve between the rake face and the 
conjugate barrel-shaped pinion surface to avoid the machin-
ing error of the skived gear. Shih and Li [12] presented an 
error-free flank face constructed by a set of intersection 
curves between generating gears and rake faces according 
to re-sharpened lengths. Recently, Tsai [13] established a 
cylindrical skiving cutter based on a barrel-shaped surface 
to avoid interference problems and achieve high accuracy 
of the skived gear surface. Subsequently, Shih et al. [14] 
proposed a cylindrical skiving cutter for internal circular 
splines with an error-free tooth flank by generating a cut-
ting edge from the intersection curve of the rake face and 
barrel generating gear. Luu and Wu [15] developed a coni-
cal skiving cutter from a corrected normal rack to obtain 
even grinding stock on the tooth flank of the skived gear. 
The abovementioned studies successfully modified the gear 
surface by correcting the cutter profile with each pressure 
angle or helix angle of a pre-defined workpiece. However, 
an investigation into improving the flexibility of the cutter 
for generating skived gears with different pressure and helix 
angles has not yet been reported.

Many researchers, however, applied the method of motion 
modification of the computer numerical control (CNC) 
machine to modify the work gear tooth flank. For the skiving 
process, Guo et al. [16] modified the conjugation relation-
ship between the standard shaper cutter and the skived gear 
by optimizing the setting parameters as a zero-order correc-
tion of the center distance, shaft angle, and rotation speed 

on the CNC machine. Zheng et al. [17] then investigated the 
effect of adding a coefficient for axis movement on normal 
deviation, path of contact, and transmission error in the gear 
skiving process. In addition, the motion modification method 
was applied in other machining processes. Fong [18] pre-
sented the third-order correction for CNC axis movement to 
improve the error on the universal hypoid generator. Shi and 
Fong [19] proposed a model to achieve the desired ease-off 
topographies of spiral bevel and hypoid gears tooth flank by 
modifying the original motions of the CNC machine up to 
degree six. Shi and Chen [20] corrected the motions for a 
CNC grinding machine by adding six-degree polynomials to 
enhance single-flank and dual-flank grinding accuracy. Tran 
and Wu [21] developed a closed-loop topology modification 
to attain double crowning with a minimum amount of twist 
for the external gear during the gear honing process. Shen 
et al. [22] used the approximation functions by Taylor expan-
sion for displacement motions to obtain the double-crowned 
tooth geometry of face gear on a six-axis CNC machine 
using a disc grinding wheel. Jiang and Fang [23] devel-
oped a correction model for each axis motion of a CNC hob 
machine using the adding function in terms of high-order 
polynomial function to generate the anti-twist tooth flank 
of helical gears. The motion modification method, however, 
can produce a significant error due to the motion modifica-
tion limit of the machining axis and the pre-defined surface 
conditions, such as a double-crowning surface or an even 
grinding stock surface. Furthermore, applying the motion 
modification method for using the same cutter to generate 
skived gears with different pressure angles or helix angles 
has not been considered in previous studies.

Based on the development of CNC machining technolo-
gies, many researchers proposed the method of manufac-
turing gear by combining the adjustments of tool design 
and tool path. Boa et al. [24, 25], Bizzarri and Barto [26], 
and Rajain et al. [27] presented the optimization cycle of 
a custom-shaped tool and its machining motions to attain 
high manufacturing accuracy and avoid overcutting on screw 
rotor, gears, or blisks. Accordingly, every tooth groove of 
the work gear is generated in one machining cycle. In addi-
tion, the work gear with a specific pressure angle or helix 
angle usually requires a customized cutting tool. There-
fore, these methods consume manufacturing time and cost. 
Recently, Sandvik company [28] developed a technique 
named InvoMilling to productively manufacture gear using 
the special tool design and cutting path. Accordingly, the 
gear profile is flexibly changeable and manufactured without 
re-designing the tool. However, this method is more feasi-
ble for external gears, large module parts, and small batch 
production.

In view of these deficiencies, this paper proposes a novel 
approach to correct the skived gear tooth flank by combin-
ing the geometrical correction of the cutter and motion 
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modification of the CNC machine in one process. Firstly, the 
segment on the normal rack is identified by a linear function 
or quadratic function depending on three cases of the target 
tooth surface: even grinding stock surface; non-grinding 
stock surface; or double-crowning surface. The cutting edge 
of the skiving cutter is then achieved by the intersection of 
the cutter body and the rack plane. The tangential feed, the 
center distance between the cutter and the skived gear, and 
the rotation angles of the skived gear on the CNC skiving 
machine are modified by adding the polynomial functions 
of the axial feed and rotation angle of the cutter. The motion 
limit of the electronic gearbox that shows the highest order 
of additional functions for each axis movement is consid-
ered. Finally, after several iterations of the inner closed loop, 
the skived gear tooth flank will fit the target surface. The 
coefficients of the machining axes are stored, and the pre-
defined conditions of normal deviation on the entire skived 
gear surface are checked in the outer closed loop. If the con-
ditions are not met, a new cycle of the inner closed loop is 
activated by a change of the skived gear’s pressure angle or 
helix angle. If the conditions are met, the changing range 
of pressure angle or helix angle is completely determined. 
Numerical examples validate the proposed method for the 
gear skiving process.

2  Mathematical model for generating 
a conical power skiving tool

The skiving cutter is divided into two types: conical-shaped 
and cylindrical-shaped. The clearance angle of the skiv-
ing cutter is constructed by either geometric design for the 
conical type or position correction of the cutter on the CNC 
machine for the cylindrical type. The conical shape has been 
shown to be more useful for the skiving cutter in terms of 
cutting resistance and machine settings than the cylindrical 
shape [3, 29]. Therefore, this section presents a mathemati-
cal model for generating a conical skiving based on the con-
jugating motion between an inclined rack and the cutter.

Figure 1 presents a helical conical skiving cutter, in 
which the top relief angle � and side clearance angle � are 
automatically generated due to the continuous changing of 
shift coefficient between transverse sections. To construct 
the rake angle � , an original plane is firstly located in a 
perpendicular direction with the lead line of the skiv-
ing cutter, and then rotated about the x-axis by an angle 
of � to generate a rake plane πr . Subsequently, a cutting 
edge which fully conjugates with the work gear during 
the skiving process is defined by an intersection curve 
between πr and the cutter tooth flank. After a period of 
machining time, the skiving cutter will be re-sharpened 
on the rake plane to construct a new cutting edge for the 
next time.

The skiving cutter tooth flank can be generated by 
the conjugation relationship between an inclined rack 
and skiving cutter, as shown in Fig. 2a. Accordingly, the 
inclined rack is constituted by arranging several trans-
verses racks on transverse planes under an incline angle � 
also called the relief angle of the skiving cutter. Figure 2b 
illustrates the transformation coordinate system from the 
inclined rack to the skiving cutter, where the coordinate 
systems Sr(xr, yr, zr) and Sc(xc, yc, zc) are rigidly attached to 
the inclined rack and the skiving cutter, respectively, and 
S1(x1, y1, z1) , S2(x2, y2, z2) , and S3(x3, y3, z3) are auxiliary 
coordinate systems. The position vector �r and the nor-
mal vector �r of the inclined rack in coordinate system Sr 
are presented through the position vector of the corrected 
normal-rack, �n(u) =

[
xn(u), yn(u), 0, 1

]T , which was intro-
duced by Luu and Wu [15], as follows:

where u is the curve parameter of the corrected normal-rack; 
v is the longitudinal parameter of the inclined rack; and �c is 
the helix angle of the skiving cutter. In addition, the explicit 
equations for each segment of the corrected normal rack are 
also presented in Table 8 of the Appendix.

By applying the transformation matrix from coordinate 
systems Sr to Sc , the position vector �r and normal vector 
of skiving cutter �r can be derived as:

where

(1)
�r(u, v) =

[
xr(u, v), yr(u, v), zr(u, v), 1

]T

=
[
xn(u), yn(u) + v tan �, v − xn(u) tan �c, 1

]T

(2)�r(u, v) =
�u
[
xr, yr, zr

]T
× �v

[
xr, yr, zr

]T
|||�u

[
xr, yr, zr

]T
× �v

[
xr, yr, zr

]T |||

(3)
�c(u, v,�) =

[
xc(u, v,�), yc(u, v,�), zc(u, v,�), 1

]T
= �cr(�)�r(u, v)

(4)�c(u, v,�) = �cr(�)�r(u, v)

�cr = �c3�32�21�1r

�cr =

⎡⎢⎢⎢⎣

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
0 0 0 1

⎤⎥⎥⎥⎦
, �cr =

⎡⎢⎢⎣

a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤⎥⎥⎦

a11 = cos �c cos�, a12 = − sin�,

a13 = − cos� sin �c, a14 = �rp cos� − rp sin�,

a21 = cos �c sin�, a22 = cos�,

a23 = − sin �c sin�, a24 = �rp sin� + rp cos�,
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in which � is the rotational angle of the skiving cutter; and 
rp is the pitch radius of the skiving cutter.

According to the theory of gearing [5], the meshing 
relationship between the inclined rack and the skiving 
cutter in coordinate systems Sc could be presented by the 
meshing equation as follows:

The rotational angle � and the longitudinal parameter 
v for each point on a transverse section of the skiving cut-
ter are acquired by substituting specific values of the rack 
parameter u , and solving a set of Eq. (5) and z-component 
equation that is in a constant value for each transverse sec-
tion. Therefore, the position vector and the normal vector 
of each point on the transverse section of the skiving cutter 
can be completely defined from Eqs. (3) and (4) based on 
a set of the above adopted values (u, v,�).

a31 = sin �c, a32 = 0, a33 = cos �c, a34 = 0,

(5)f0 = �c ⋅
�
[
xc, yc, zc

]
��

= 0

Moreover, the rotational angle � and the longitudinal 
parameter v for each point on the cutting edge of the skiv-
ing cutter can be attained by substituting specific values of 
the rack parameter u and solving the rake plane equation 
and Eq. (5) simultaneously. The equation of the rake plane 
πr is given as follows:

wherein

where �f  , �f  , and lf  are the position vector, the normal vector, 
and the z-component of the reference point on the rake plane 
in the coordinate system of cutter Sc , respectively; and � and 
mn are the design shift coefficient and the normal module of 
the skiving cutter, respectively.

(6)nxf (x − xf ) + nyf (y − yf ) + nzf (z − zf ) = 0

(7)

�f =
[
xf , yf , zf

]T
=
[
−rp sin� , rp cos� , lf

]T
, � =

lf tan �c

rp
, lf =

�mn cos �c

tan �

(8)
�f =

[
nxf , nyf , nzf

]T
=
[
− cos � sin �c,− sin � , cos �c cos �

]T

Fig. 1  Geometric definitions of the conical skiving cutter
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Additionally, the conjugation relationship between the 
cutting edge and the skived gear dominates the gear skiv-
ing process. Therefore, to simulate the cutting process, the 
tangent vector for each point of cutting edge �c needs to be 
determined by substituting the value (u, v,�) of each point 
on the cutting edge into the following equation:

where �c is the normal vector of the cutter flank face; and 
�� , �v are the tangent vectors corresponding to the variables 
� and v of the cutter flank face, respectively.

3  Mathematical model for modifying 
the axis movements on a multi‑axis CNC 
power skiving machine

In manufacturing gear by a CNC skiving machine, modifica-
tion of each axis movement by adding a polynomial function 
is used to save manufacturing costs because the same skiving 
cutter can be used to manufacture the skived gear with dif-
ferent tooth profiles. However, the order of additional func-
tions for each axis movement is limited for different CNC 
skiving machines. This issue has not yet been considered in 
extant literature. Therefore, this section presents a motion 
correction model for a CNC skiving machine considering the 

(9)

�c = �c × �rp =
(
�� × �v

)
× �rp =

(
�
[
xc, yc, zc

]
��

×
�
[
xc, yc, zc

]
�v

)
× �rp

motion limit of the electronic gearbox based on an industrial 
CNC machine named Matrix GBG-3210.

As shown in Fig. 3, a CNC six-axis machine is considered 
based on the machine structure of GBG-3210 developed by 
Matrix Co., Ltd., with three linear and three rotational move-
ments: the tangential feed X, radial feed Y, axial feed Z, and 
the rotation axis C1 of the skiving cutter, and the tilt axis 
B and the rotation axis C2 of the work gear, respectively. 
The coordinate systems Sc(xc, yc, zc) and Sw(xw, yw, zw) are 
rigidly attached to the cutter and work gear, respectively, 
while the coordinate systems S1(x1, y1, z1) , S2(x2, y2, z2) , 
and S3(x3, y3, z3) are the auxiliary coordinate system for the 
coordinate transformation between the skiving cutter and the 
skived gear during the skiving process.

Figure 4 presents the motion control diagram for the 
skiving process. Two tangent circles box icon illustrates 
the original relative motion between the skiving cutter and 
the work gear. The curve box icons present the additional 
motions for the original relative motions. The additional 
motions for each axis movement are added in the form of 
polynomials and connected by an electronic gearbox. The 
maximum degree order of polynomials is based on the 
control characteristics of the CNC machine for each axis 
movement. The tangential feed X and radial feed Y axis 
can be adjusted to second-order; the rotation axis C2 of the 
work gear can be adjusted to first-order; and the tilt axis 
B can be adjusted to zero-order. Therefore, the relative 
functions between the skiving cutter and the work gear on 
the CNC machine can be written as:

(a) (b)

Fig. 2  Meshing relationship between a skiving cutter and an inclined rack; a assembly relationship, and b relative coordinate systems
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where roc , �oc , and Zc represent the operation pitch, opera-
tion helix angle, and tooth number of the skiving cutter, 

(10)

⎧⎪⎪⎨⎪⎪⎩

Cy = aw = roc + �row + a0 + a1Cz + a2C
2
z

Cb = Σ = �ow + ���oc + b0
Cx = −�Cz tanCb + d0 + d1Cz + d2C

2
z

Cc2 = Cc1
Zc

Zw
− ��

Cz tan �ow

row cosCb

+ c0 + c1Cc1 + c2Cz

respectively; row , �ow , and Zw represent the operation pitch, 
operation helix angle, and tooth number of the skived gear, 
respectively; a0 ∼ a2 , b0 , c0 ∼ c2 , and d0 ∼ d2 are polynomial 
coefficients of additional functions.

The position vector �w and tangent vector �w of the skived 
gear can be expressed as follows:

(11)�w(Cc1,Cz) =
[
xw, yw, zw, 1

]T
= �wc(Cc1,Cz)�c

(12)�w(Cc1,Cz) = �wc(Cc1,Cz)�c

�wc =

⎡⎢⎢⎢⎣

a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
0 0 0 1

⎤⎥⎥⎥⎦
, �wc =

⎡⎢⎢⎣

a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤⎥⎥⎦

a11 = cosCb cosCc1 cosCc2 − � sinCc1 sinCc2,

a12 = cosCb sinCc1 cosCc2 + � cosCc1 sinCc2,

a13 = �� cosCc2 sinCb,

a14 = Cx cosCc2 cosCb + ��Cz cosCc2 sinCb − �2Cy sinCc2,

a21 = − sinCc1 cosCc2 − � cosCb cosCc1 sinCc2,

a22 = cosC
c1 cosCc2 − � cosC

b
sinC

c1 sinCc2, a23 = −��2 sinC
c2 sinCb

,

a24 = −�Cx sinCc2 cosCcb − �Cy cosCc2 − ��2Cz sinCcb sinCc2,

Fig. 3  Coordinate system for multi-axis CNC of the gear skiving machine

Fig. 4  Electronic gearbox schematic of the CNC machine for the 
modified tooth surface
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where �c and �c are the position vector and the tangent vec-
tor of the cutting edge in coordinate system Sc ; � indicates 
the helix direction of the skived gear along the gear-rotating 
axis, which is equal to 1 or −1 for right-hand or left-hand 
directions, respectively; � = 1 denotes the external skived 
gear; � = −1 denotes the internal skived gear; Cx , Cy , and 
Cz indicate the three linear feeds of axes x, y, and z, respec-
tively; Cc1 and Cc2 are the rotational angle of the skiving cut-
ter and the work gear spindle, respectively; and Cb represents 
the cross-axis angle of the skived-gear rotating axis.

At every instant of time, the position of cutting edge in 
the coordinate system Sw is determined by specifying Cc1 
and Cz in Eq. (11). As shown in Fig. 5a, the cutting edge 
moves according to the specific path during a period of time 
(tin ~ tout), and contacts with the skived gear flanks along the 
instant contact curve.

Based on the theory of gearing, the unknown parameters 
Cc1 and Cz of the instant contact point can be obtained by 
solving a set of two equations after substituting each set of 
the known coefficients, (a0, a1, a2, b0, c0, c1, c2, d0, d1, d2) . 
The first equation is the meshing equation of the skived gear 
in coordinate system Sw , and the second is the equation of 
setting the position for the transverse plane in the z-axis 
direction. These equations are described as:

a31 = −�� cosCc1 sinCb,

a32 = −�� sinCc1 sinCb,

a33 = cosCb, a34 = Cz cosCb − ��Cx sinCb

(13)

{
f1 = �w ⋅

(
���

w

�Cz

×
���

w

�Cc1

)
= 0

zw = lz

where lz is the longitudinal length of gear tooth to be defined, 
and �′

w
 is the first three components of �w . To solve the 

instant contact points on a specified transverse tooth sec-
tion, lz is predefined first, the unknowns Cc1 and Cz are then 
solved by Eq. (13). By substituting the solved values of Cc1 
and Cz into Eq. (11), the position of instant contact points on 
a transverse section of skived gear is successfully attained, 
as shown in Fig. 5b.

Furthermore, the trajectory of the skiving tool in the cut-
ting process intersects with the transverse plane by a set of 
points called the cutting point cloud, where the unknown 
parameter Cc1 of these points can be calculated by solving a 
set of equations:

where Nz is the number of cuts when the cutter per-
forms the axial feed motion from Cz,min to Cz,max . By sub-
stituting the solved values of Cc1 and Cz into Eq.  (11), 
the positions of the cutting point cloud are completely  
acquired.

To perform the overcutting checking, the point cloud of 
cutting trajectories and the skived gear tooth profile in one of 
transverse planes are presented as shown in Fig. 6. Bound-
ary points are first detected among the point cloud. Subse-
quently, the normal deviation d between the boundary points 
and the corresponding skived gear profile is calculated by 
the following equation:

(14)

{
zw = lz

Cz = Cz,min + j
Cz,max−Cz,min

Nz

, j = 0 ∼ Nz

(15)
d = (��i

w
− �

�s
w
) ⋅ �w = (xi

w
− xs

w
)nwx + (yi

w
− ys

w
)nwy + (zi

w
− ys

w
)nwz

(a) (b)

Fig. 5  Gear tooth generation principle; a cutting process, and b skived gear in transverse plane
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where the superscript i denotes the boundary points of the 
cutting point cloud; the superscript s denotes the skived gear 
tooth profile; �w =

[
nwx, nwy, nwz

]
 is the unit normal vector 

of the skived gear tooth profile. If the normal deviations at 
all the boundary points are positive, no overcutting exists 
during the skiving process.

4  A novel approach to correct the tooth 
flank of the skived gear

In gearing production, to enhance design flexibility and 
save manufacturing costs in gear skiving on a specific CNC 
machine, the cutter should be used to generate the topology 
modification of gear surfaces in complex geometrical forms, 
and especially reused when changing the geometrical param-
eters of the skived gear, such as the pressure angle or the 
helix angle. The topology modification of gear surfaces can 
be achieved by two methods, i.e., geometrical modification 
of the cutter or kinematic relationship modification of the 
cutter and the work gear. For the first method, the geometric 
structure of the cutter is corrected by modifying the primeval 
rack on the profile direction or the longitudinal direction, 
or both. Accordingly, the target surface of the work gear is 
fully generated by applying the original matching relation-
ship between the cutter and the work gear. However, the 
cutter needs to be re-designed when the work gear’s pressure 
angle or helix angle is changed.

For the second method, the topology modification of 
gear surfaces can be obtained by adding the motions in the 

form of polynomials for each machining axis of the CNC 
machine. However, when the target surfaces are in complex 
geometrical forms, such as double-crowning surfaces or 
even grinding stock on tooth flanks, the additional motions 
could be beyond the kinematic control range of a specific 
CNC machine. Consequently, applying the separate methods 
is ineffective in completely solving the problem. Therefore, 
this section presents a novel approach to correct the tooth 
flank of the skived gear on a specific CNC machine by com-
bining the above methods in dual closed loops, in which 
the motion limit of the electronic gearbox is also consid-
ered. Additionally, this novel method uses the same cutter 
to generate the skived gears with different pressure and helix 
angles. After several closed-loop iterations, the skived gear 
tooth flank can be fitted to the target tooth surface. Further-
more, the changing range of pressure angle or helix angle 
can also be wholly determined to assure the pre-defined 
conditions of normal deviation on the skived gear surface.

The algorithm of the proposed method is shown in Fig. 7, 
and comprises the following steps:

 1. Input the initial geometric parameters of the skived 
gear and the cutter.

 2. The target surface of the skived gear with the initial 
geometric parameters is firstly determined from one of 
three cases, as shown in Fig. 8. Case 1 is an even grind-
ing stock surface to which the finishing process will 
be applied. In contrast, cases 2 and 3 are non-grinding 
stock surface and double-crowning surface, respec-
tively, and are available for working without applying 

Fig. 6  Point cloud of cutting 
trajectories in one of transverse 
planes
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the finishing process. The grinding stock (sw) and the 
double-crowning amounts of work gear for case 1 and 
case 3, respectively, are pre-defined.

 3. Define the shape of the normal rack based on three 
modification cases of the skived gear surface pre-
sented in Fig. 8, including the linear correction normal 
rack for case 1, the standard rack for case 2, and the 
quadratic correction normal rack for case 3. Accord-
ingly, three skiving cutter modifications are generated, 
including the linear correction cutter, the standard cut-
ter, and the quadratic correction cutter.

 4. Define the required condition for the inner closed loop 
(R1) and the required condition R2 for the gear tooth 
flank.

 5. Modify the machining axis movements of a specific 
CNC machine by adding the additional motions in the 
form of polynomials.

 6. Calculate the coefficients of polynomials using the 
Levenberg–Marquardt (LM) algorithm.

 7. Perform the multi-axis CNC cutting simulation with 
the axis movements in step 5 to generate the current 
skived gear surface.

 8. Calculate the normal deviations on the modification 
region between the current skived gear surface and the 
target surface.

 9. Check the required condition R1. If the condition is not 
met, the axis movement of the CNC machine continues 
to be adjusted, and the algorithm returns to step 6 for 
the next inner iteration. If the condition is met, the 
algorithm proceeds to the next step.

 10. Calculate the normal deviation on the entire skived 
gear tooth surface.

 11. Perform overcutting checking for the skived gear pro-
file. If no overcutting is detected, proceed to the next 
step; otherwise, return to step 5 and restart the inner 
closed loop.

 12. Check the required condition R2. If the condition is 
not met, the coefficients of polynomials are stored, and 

Fig. 7  Flowchart for expanding the capability of tooth flank correction on the skived gear

Fig. 8  Three modification cases of the skived gear tooth surface, the normal rack, and the skiving cutter with the initial geometric parameters
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the algorithm goes to the next step. If the condition is 
met, the algorithm goes to the end, and the changing 
ranges of the geometric parameters of the skived gear, 
including pressure angle and helix angle, are com-
pletely defined.

 13. Modify either the pressure angle or the helix angle of 
the skived gear from initial parameters, as shown in 
Fig. 9. Accordingly, the new datum and target surfaces 
are defined, in which the target surface corresponds to 
the given case in step 2. Then, the algorithm returns to 
step 5 and then restarts the inner closed loop.

Among these steps, steps 3 and 6 need to be presented 
in more detail. Therefore, Sect. 4.1 presents the corrected 
method for the normal rack mentioned in step 3. Section 4.2 
presents the Levenberg Marquardt (LM) method for detect-
ing the coefficients of polynomials mentioned in step 6.

4.1  A correction method for the normal rack 
of the skiving cutter with the pre‑defined 
topology modification of skived gear surfaces

As shown in Fig. 8, the modification zone on the work 
gear tooth flank with the initial geometric parameters is 
divided into five points A, B, …, E and nine points 1, 2, …, 

9 according to profile direction and longitudinal direction, 
respectively. The normal deviations between the target and 
datum tooth surfaces are either constant, as in case 1 and 
case 2, or variable, as in case 3, in both profile and longitu-
dinal directions. Therefore, the target tooth surface in case 3 
is chosen as the general case. Then, the normal rack can be 
corrected to generate a skiving cutter that fully conjugates 
with one section of the target tooth surface in the profile 
direction.

In a previous study, Luu and Wu [15] developed a conical 
skiving cutter from a corrected normal rack to obtain an even 
grinding stock on the tooth flank of the skived gear. This 
method was based on the relationship between the grinding 
stock of the skived gear profile and the adjusting amount 
of the imaginary helical gear profile on the normal plane, 
in which the grinding stock distribution of the skived gear 
profile on the normal plane is uniform. Furthermore, the 
relationship transformations from the rake plane to the nor-
mal plane for points on the cutting edge increase the num-
ber of equations to solve. Therefore, this section presents a 
more general approach for a non-linear adjusting amount 
distribution of skived gear profile and considers the adjust-
ing amount of the imaginary helical gear profile on the rake 
plane to reduce the number of equations to solve.

As shown in Fig. 10, the fifth section of the target tooth 
surface in the profile direction is chosen to define the normal 
profile of imaginary helical gear Σ:

Fig. 9  Two modification cases of the skived gear geometric parameters
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where sri is the normal deviation in the fifth transverse sec-
tion between the target and datum tooth surfaces from A to E.

The normal deviations of imaginary helical gear Σ on the 
rake plane are calculated as follows:

As shown in Fig. 11, if the cutting edge of the skiving cut-
ter coincides with intersection curve  I1 between rake plane 

(16)

sni =
sri cos �w cos �n

cos �
, � = tan−1

(
tan �n

cos �w

)
, i = 1 ∼ 5

(17)spi = sni cos �p, �p = tan−1(cos � tan �n), i = 1 ∼ 5

πr and imaginary helical gear 
∑

 , the work gear profile will 
approach the target profile in the smallest error. In practice for 
manufacturing a conical skiving cutter, however, this condi-
tion is impossible to satisfy. To reduce the profile error of the 
skived gear, (q + 1) points Tj in the cutting edge are designed in 
a coincident position with (q + 1) points Rj in  I1, wherein (q + 1) 
points Rj are (q + 1) symmetric points pre-defined by Eq. (17), 
and q is the degree order of polynomial that is defined in step 2.

According to Sect. 2, the position vector of points Tj on 
the cutting edge �(j)

T
 could be calculated by replacing the posi-

tion vector of points Qj on corrected rack Rm1 into Eq. (3) as 
follows:

(18)�
(j)

T

(
uj, vj,�j

)
=
[
x
(j)

T
, y

(j)

T
, z

(j)

T
, 1
]T

= �cr

(
�j

)[
x
(j)

Q
(uj), y

(j)

Q
(uj) + vj tan �, vj − x

(j)

Q
(uj) tan �c, 1

]T

Fig. 10  The meshing condition of the work gear and the imaginary helical gear
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in which the position vector of the point Qj , �
(j)

Q
 is expressed 

as:

in which hj = hq +
(hq−h0)j

q+1
 , j = 0 ∼ q.

In addition, points Tj satisfy the meshing condition 
Eq. (5) and the rake plane equation Eq. (6) as:

(19)

⎧⎪⎨⎪⎩

x
(j)

Q
= (−1)duj

y
(j)
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q∑
i=0

aiu
i
j

, j = 0 ∼ q

(20)f
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⋅

��
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(
uj, vj,�j

)
��

= 0

where ��(j)
T

 is a vector of the first three elements of �(j)
T

.
As shown in Fig. 11, the points Rj are generated by 

adjusting points  Sj on  I2 along the normal direction with 
the distances spj , wherein  I2 is the intersection curve 
between rake plane πr and imaginary helical gear 

∑
s . Due 

to that the points Sj are generated by points Pj on the stand-
ard rack, the position vector �(j)

S
 and unit normal vector �(j)

S
 

of points Sj can be calculated as follows:
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Fig. 11  Schematics of designing the skiving cutter for generating the work gear with a pre-defined cross-section profile
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where:

wherein the matrixes �(s)
cr

 and �(s)
cr

 are constructed by sub-
stituting � and � by �(s) and 0 into the matrixes �cr and �cr , 
respectively.

The meshing condition f (j)
3

 of points  Sj can be attained as:

In addition, points Sj satisfy the rake plane equation Eq. (6) 
as follows:

Because the points Tj coincide with the points Rj , the dis-
tance SjTj matches the distance SjRj:

In which the tangent vector of  I1 at point  Sj, �
(j)

S
 can be cal-

culated as:

Finally, Eqs. (19), (20), (21) and (24)–(26) are available 
for solving the coefficients, aq , q = 1 ∼ 2 of the polynomial 
function that presents the position vector at segment e–f of the 
corrected rack, as shown in Fig. 28 in the “Appendix.” Based 
on this, the whole segments of the corrected rack are defined.

4.2  Solving the machine‑axis setting by applying 
the Levenberg–Marquardt method

According to Sub-sect. 4.1, the skiving cutter is corrected to 
generate the gear tooth surface, whose cross-sections are the 
same as one section of the original target tooth surface in step 
2. To achieve the entire target tooth surfaces using this cor-
rected skiving cutter, this sub-section presents a method that 
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modifies the axis movement of the CNC machine by adding 
the motions in the form of polynomials. The polynomial coef-
ficients can be attained after several closed-loop iterations.

The normal deviation at each grid point on the current 
gear tooth surface in comparison with the new datum sur-
face �� is given as:

where �d and �d are the position and unit normal vectors of 
the point on the datum gear tooth surface, respectively; �w 
is the position vector of the point on the current gear tooth 
surface; and �′

w
 and �′

d
 are vectors of the first three elements 

of �d and �w , respectively.
The Levenberg–Marquardt (LM) method [30, 31] is 

used to determine the polynomial coefficients a0 ∼ a2 , b0 , 
c0 ∼ c2 , and d0 ∼ d2 . Based on this method, a sensitivity 
matrix �s is first identified from the influence of a small 
change in terms of each polynomial coefficient on the nor-
mal deviation of work gear profile ��i

/
�vj . Accordingly, the 

relationship between the variations of normal deviation and 
polynomial coefficients can be presented in matrix form as:

in which 
{
�vj

}
 represents the modifications to the polyno-

mial coefficients, and 
{
vj
}
 indicates the polynomial coef-

ficients in the jth iteration.
Based on the given normal deviation between the tar-

get surface and the current surface, the modifications to the 
polynomial coefficients can be determined as:

(27)
�� = (��

w
− �

�
d
) ⋅ �d = (xw − xd)ndx + (yw − yd)ndy + (zw − zd)ndz

(28)
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��i
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��i

�vj

]{
�vj

}
= �s

{
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}

(29)
{
�vj
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= (�T

s
�s + ��)−1�T

s
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}

Table 1  Parameters of gear skiving and skiving tool

Parameters (symbols) Units Value

Work gear Skiving tool

Normal module ( mn) mm 3.0
Reference pressure angle ( �) ° 20.0
Helix angle ( �) ° 20.0 15.0
Teeth number ( Z) 53 25
Face width ( b) mm 20.0 15.0
Profile shifted coefficient ( �) 0 0.14
Rake angle ( �) ° – 5.0
Relief angle ( �) ° – 6.0
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in which � is the damping parameter; and � is the identity 
matrix.

To proceed the next iteration of the inner closed loop, 
the updated polynomial coefficients 

{
�vj

}
 are obtained by 

adding the values calculated from Eq. (29) to the values in 
the previous loop. After several iterations, the final polyno-
mial coefficients are determined when the following required 
condition (R1 in Fig. 7) [31] is satisfied:

or:

where �1 and �2 are threshold values of convergence  (10−4 is 
given in this study).

5  Numerical example

5.1  Generation of even grinding stock on skived 
gears with different pressure and helix angles 
by the same linear correction skiving cutter

In practical applications, a skived gear with precision grind-
ing stock enhances tool life, work gear profile accuracy, and 
reduces finishing cost. The linear corrected cutter has been 

(30)R1∶max
|||�

T
s

{
𝛿𝜀i

}||| < 𝜍1

(31)R1∶max
|||||
𝛿vj

vj

|||||
< 𝜍2

verified by Luu and Wu [15] to generate an even grinding 
stock on the skived gear. However, this method is only used 
for generating a skived gear with a specific value of pressure 
angle and helix angle. Therefore, this section presents an 
application of the novel approach to expand the machining 
range of the linear correction skiving cutter for gear tooth 
flank modification, as in case 1 described in Sect. 4.

The geometric parameters of the cutter and the skived 
gear used for this instance are shown in Table 1. The initial 
values of pressure angle � and helix angle � of the skived 
gear are set by 20°. Based on these parameters, a linear cor-
rection cutter is firstly generated by applying the methodol-
ogy presented in Sect. 4.1 with the grinding stock sr of the 
skived gear of 100 µm. The segments on both sides of the 
normal rack generated involute parts of the skived gear are 
presented in the form of linear functions, as illustrated in 
Table 2. In addition, Fig. 12 presents the complete form of 
the correction rack and linear correction skiving cutter along 
with its cutting edge.

The datum surface of the skived gear is reconstructed by 
adjusting the pressure or helix angles from the initial val-
ues for both internal and external skived gears. The target 
surface is then obtained by adding more material for the 
datum surface in the normal direction, equalling the grinding 
stock sr . The meshing relationships between the cutter and 
the skived gear are set as in Sect. 3 on the multi-axis CNC 
machine to simulate the cutting process. The coefficients 
of the adding functions are updated in each inner closed-
loop iteration (as presented in Sect. 4.2) until the required 

Table 2  Equations of segment 
e–f on the corrected rack (unit: 
mm)

Type Left part Right part

Equations Range Equations Range

Linear
{

x = −u

y = 6.144 − 2.701u  

1.497 ≤ u ≤ 3.385
{

x = u

y = 6.141 − 2.750u  

1.470 ≤ u ≤ 3.324

Fig. 12  Linear corrected rack 
and linear corrected skiving 
cutter

Linear correction skiving cutter

-4 -2 2 4

-4
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0
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4

yn (mm)

xn (mm)

174.73°177.73°
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condition R1 is met. Moreover, the required conditions R2 
for the outer closed loop in this instance are set by ±5 µm 
for normal deviation of grinding stock on the left and the 
right involute region, respectively, and ±50 µm for normal 
deviation of grinding stock on the addendum diameter. The 
step size of pressure/helix angle on the outer closed loop is 
set as 0.1°.

In the first outer closed loop, an external gear with a pres-
sure angle of 20.1° is manufactured by modifying the axis 
movements of the CNC machine with a linear-corrected 
skiving cutter. The additional motion functions of machin-
ing axes in Eq. (10) are chosen. After 384 iterations of the 
inner closed loop, the required condition R1 is met, and then 
the polynomial coefficients (a0, a1, a2, b0, c0, c1, c2, d0, d1, d2) 
are obtained, as shown in Table 3. In addition, the point 
cloud of cutting trajectory on the transverse section zw = 0 , 
the boundary points (blue curve), and the skived gear profile 
(red curve) are generated and presented in Fig. 13. The nor-
mal deviations of the boundary points for the left and right 
tooth flanks are also analyzed. Overcutting (negative normal 
deviation) is detected on both tooth flanks. It is caused due to 
the additional motion term with the coefficient c1. Therefore, 
as mentioned in Sect. 4, step 5 in the algorithm is consid-
ered, the machining axis movements shall be modified by 
setting the coefficient c1 as zero.

As shown in Figs. 14a and 15a, the required condition 
R1 is satisfied after 416 iterations for the external gear 
with a 22° pressure angle (case 1), and after 31 iterations 

for the internal gear with a 21.1° helix angle (case 2). The 
skived tooth topology for case 1 is presented in Fig. 14b, 
the normal deviation is evenly distributed on both tooth 
flanks and approaches to the desired grinding stock (100 
µm). A similar result for case 2 can be seen in Fig. 15b. 
To ensure no overcutting in the skiving process, normal 
deviation between the boundary points (Pb) and the skived 
gear profile is also analyzed to assure positive values over 
the full tooth profile, including the left flank, root, and 
right flank (Figs. 14c and 15c). The cutting trajectory 
of the cutter rake profile at every instant of time is fully 
wrapped within the skived gear profile for both case 1 and 
case 2. In addition, the virtual cutting simulations using 
VERICUT software are performed as shown in Figs. 16 
and 17 to mutually verify the established machining model 
and the numerical results.

The variations of external and internal skived gear tooth 
surface with changing pressure angles are shown in Figs. 18 
and 19, respectively. The polynomial coefficients of addi-
tional motions for machining-axis movements are indicated 
in the upper half of Table 4. The left side of Figs. 18 and 
19 illustrate the tooth surface topography of the external 
and the internal skived gear, respectively, in nine sections 
by calculating the normal deviation in comparison between 
the actual surface (A) and the datum surface (D). The tooth 
gear profile in Sect. 1 is then demonstrated on the right side 
of Figs. 18 and 19 for the external and the internal skived 
gear, respectively, to show the variation of normal deviation 

Table 3  Polynomial coefficients of additional motions for manufacturing external gear with pressure angle 20.1°

a0 (×  10−3) a1 (×  10−4) a2(×  10−6) b0 (×  10−3) c0 (×  10−2) c1 (×  10−3) c2 (×  10−4) d0 d1 (×  10−2) d2(×  10−6)

−1.7 −1.3 9.4 −9.1 1.2 −7.4 1.9 −1.1 1.6 −1.1

Fig. 13  Skived gear profile with overcutting
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in the profile direction. In these figures, the notation Max 
(Min). D indicates the maximum (minimum) normal devia-
tion of addendum diameter, the notation Max (Min). L(R) 
presents the maximum (minimum) normal deviation on the 
left involute region (Li) or right involute region (Ri), and the 
notation Tr indicates the top region.

In the case of external gear skiving, the iteration number 
in the inner close-loop is 32 for the pressure angle of 18.5° 
and 416 for the pressure angle of 22°. The involute regions 

satisfy the required conditions R2 and no overcutting is 
found, as shown in Fig. 18. For the internal gear skiving, the 
iteration number in the inner close-loop is 83 for the pressure 
angle of 19.0° and 368 for the pressure angle of 20.9°. Also, 
the required condition R2 for the involute regions is satisfied 
without overcutting, as shown in Fig. 19. As a result, the 
same linear-corrected cutter is practicable for manufactur-
ing external or internal gears with a range of varied pressure 
angles with satisfying the required conditions.

(a)

(c)

(b)

Fig. 14  Skived external gear with a pressure angle of 22° (case 1); a R1 with respect to the number of iterations, b tooth topology after inner 
closed-loop calculation, and c overcutting evaluation
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Figures 20 and 21 show the variation of external and 
internal skived gear tooth surface when changing helix 
angle, respectively. The polynomial coefficients of addi-
tional motions for machining-axis movements are indi-
cated in the lower half of Table 4. The tooth surface topog-
raphy is presented on the left side of Figs. 20 and 21 for 
the external and the internal skived gear, respectively. In 
the case of external gear skiving, the iteration number in 

the inner close-loop is 12 and 16 for the helix angle of 
18.8° and 22.6°, respectively. The involute regions satisfy 
the required conditions R2 and no overcutting is found, 
as shown in Fig. 20. For the internal gear skiving, the 
iteration number in the inner close-loop is 33 and 31 for 
the helix angle of 19.0° and 21.1°, respectively. Also, the 
required condition R2 for the involute regions is satisfied 
without overcutting, as shown in Fig. 21. As a result, the 

(a) (b)

(c)

Fig. 15  Skived internal-gear with a helix angle of 21.1° (case 2); a R1 with respect to the number of iterations, b tooth topology after the inner 
closed-loop calculation, and c overcutting evaluation
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same linear-corrected cutter is practicable for manufactur-
ing external or internal gears with a range of varied helix 
angles with satisfying the required conditions.

This example verified that the linear correction skiving 
cutter could be used for generating precision grinding stock 
on tooth flanks of the skived gear, and reused when changing 
the normal pressure angle or helix angle of the skived gear. 
Therefore, the economic efficiency and flexibility of the gear 
skiving process could be significantly improved by applying 
the proposed method.

5.2  Generation of tooth flanks of skived gears 
archived accuracy grade DIN6 with different 
pressure angles and helix angles by the same 
standard skiving cutter

In some cases of gear production, the work gear surface does 
not require a finishing process if the gear quality can achieve 
an accuracy grade of five or six. Additionally, the manu-
facturer wishes to manufacture the gear tooth profile with 
different helix and pressure angles by one cutter. This skiv-
ing cutter is also generated from the standard rack in order 
to save manufacturing costs. However, the solution to this 
issue is absent in previous literature. Therefore, this section 
presents an application of the novel approach to expand the 
machining range of the standard skiving cutter for gear tooth 
flank modification, as in case 2 presented in Sect. 4.

The essential geometric parameters of the cutter and the 
skived gear are similar to those in Sect. 5.1. A standard skiv-
ing cutter and its cutting edge are firstly generated by the 
standard normal rack, in which it is easier to manufacture 
the cutter. Then, changing the pressure angle or helix angle 
from the initial value generates a new datum surface of the 
skived gear, and the new target surface is set coincidentally 
with the new datum surface. The machining process on the 
multi-axis CNC machine presented in Sect. 3 for both inter-
nal and external skived gears is applied to obtain the actual 
surface after each inner closed-loop iteration. The required 
conditions R1 for the inner closed loop are the same as those 
in the case presented in Sect. 5.1. The profile of the skived 
gear at each section will be inspected on profile evalua-
tion range L� , which is set from profile control diameter 
dcf  to tip form diameter dfa . The normal deviation between 
the actual profile and the datum profile needs to be smaller 
than the total profile deviation Ff  , taken from the standard 
table according to accuracy grade and essential geometric 
parameter of gear [32]. For this example, based on the gear 
module of 3 mm, and the chosen gear accuracy grade of six, 
the total profile deviation Ff  is 10 µm according to the DIN 
standard. In addition, the normal deviation of the skived gear 
profile will be set by a positive value on the profile evalua-
tion range L� . Therefore, one of the required conditions R2 
for normal deviation on the profile evaluation range is in the 
range from 0 to 10 µm. Furthermore, another of the required 
conditions R2 for normal deviation of addendum diameter is 
set in the range from − 50 to 100 µm. After several iterations 
of the outer closed loop, the required conditions R2 are met, 
a set of coefficients for the adding functions are stored, and 
a changing limit range of pressure or helix angle is obtained.

Figures 22 and 23 show the variation of the external and 
internal skived gear tooth surface when changing pressure 
angle, respectively. The polynomial coefficients of additional 

Cut Stock

Standard tooth profile

Fig. 16  Virtual cutting experiment in VERICUT software for the case 
of external gear with pressure angle of 22°

Cut Stock

Standard tooth profile

Fig. 17  Virtual cutting experiment in VERICUT software for the case 
of internal gear with a helix angle of 21.1°
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motions for machining-axis movements are indicated in 
the upper half of Table 5. For the external skived gear, the 
required condition R1 is satisfied after 11 and 12 iterations 
of the inner closed loop with pressure angles of 18.9° and 
22.2°, respectively. In addition, the required conditions 
R2 for the involute regions are met, as shown in Fig. 22, 
and overcutting is not found. For the internal skived gear, 
the inner closed loop reaches the convergence criteria R1 
after 22 and 408 iterations for pressure angles of 19.4° and 
21.2°, respectively. The required condition R2 on the invo-
lute regions is satisfied without overcutting, as shown in 
Fig. 23. As a result, the gear accuracy of DIN6 is achievable 
in manufacturing external or internal gears with a range of 
varied pressure angles using the same standard cutter.

Figures 24 and 25 show the external and the internal 
skived gear tooth surface variation when changing helix 
angle, respectively. The polynomial coefficients of addi-
tional motions for machining-axis movements are indi-
cated in the lower half of Table 5. For the external gear 
skiving, the iteration number in the inner close-loop is 
11 for both the helix angle of 18.8° and 21.8°. The invo-
lute regions satisfy the required conditions R2, as shown 
in Fig. 24, and no overcutting is found. For the internal 

gear skiving, the iteration number in the inner close-loop 
is 24 for the helix angle of 19.4° and 361 for the pres-
sure angle of 21.5°. Also, the required condition R2 for 
the involute regions is satisfied without overcutting, as 
shown in Fig. 25. As a result, the gear accuracy of DIN6 
is achievable in manufacturing external or internal gears 
with a range of varied helix angles using the same standard 
cutter.

This example verified that the proposed method is suit-
able for generating non-finishing tooth flanks of the skived 
gear in grade DIN6 with different normal pressure or helix 
angles by the same standard cutter.

5.3  Generation of double‑crowning surface 
on skived gears with different pressure 
and helix angles by the same quadratic 
correction skiving cutter

Double-crowning surfaces can be produced to improve 
tooth contact efficiency for non-applied finishing cases of 
the skived gear. However, no previous literature presented 
double-crowning gear surfaces produced by the skiving cut-
ter, especially using the same cutter for different pressure 

Fig. 18  External gears with different pressure angles skived using the same linear-corrected cutter
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Fig. 19  Internal gears with different pressure angles skived using the same linear-corrected cutter

Table 4  Polynomial coefficients of additional motions for machining axes

External gear

� a0 (×  10−3) a1 (×  10−5) a2 b0 (×  10−3) c0 (×  10−3) c1 c2 (×  10−5) d0 d1 (×  10−3) d2
18.5 o −44.7 −3.1 0.0 −37.8 27.2 0.0 3.1 2.2 2.5 0.0
22.0 o 37.8 −17.9 0.0 50.2 −33.8 0.0 13.6 −2.8 11.4 0.0
� a0 (×  10−3) a1 (×  10−5) a2 b0 (×  10−3) c0 (×  10−3) c1 c2 (×  10−6) d0 d1 (×  10−4) d2
18.8 o −55.7 4.1 0.0 −26.7 19.8 0.0 −51.0 1.6 −41.9 0.0
22.6 o 55.8 −1.3 0.0 62.4 −36.6 0.0 −9.3 −3.0 −7.0 0.0

Internal gear

� a0 (×  10−3) a1 (×  10−5) a2 b0 (×  10−3) c0 (×  10−3) c1 c2 (×  10−5) d0 d1 (×  10−3) d2
19.0 o −74.3 −11.9 0.0 25.8 29.1 0.0 2.8 2.3 2.2 0.0
20.9 o −175.7 −283.7 0.0 −21.9  − 47.3 0.0 −33.6 −3.9 −27.6 0.0
� a0 (×  10−3) a1 (×  10−5) a2 b0 (×  10−3) c0 (×  10−3) c1 c2 (×  10−6) d0 d1 (×  10−4) d2
19.0 o −43.4 2.1 0.0 23.2 29.9 0.0 −4.5 2.4 −3.7 0.0
21.1 o −317.7 −3.9 0.0 −25.2 −59.9 0.0 −4.5 −4.9 −3.6 0.0
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Fig. 20  External gears with different helix angles skived using the same linear-corrected cutter

Fig. 21  Internal gears with different helix angles skived using the same linear-corrected cutter
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Fig. 22  External gears with different pressure angles skived using the same standard cutter

Fig. 23  Internal gears with different pressure angles skived using the same standard cutter
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and helix angles of the skived gear. Therefore, the proposed 
method is used to design the skiving cutter and modify the 
motion of the CNC machine axis in order to solve this issue.

In this instance, the target surface of the skived gear is 
set by the pre-defined double-crowning surface, as shown 
in Fig. 26, with the essential geometric parameters of the 
cutter and the skived gear the same as those presented in 

Sect. 5.1. The initial values of pressure angle � and helix 
angle � of the skived gear are set by 20°, respectively. 
The target profile shown on the right side of Fig. 26 is 
chosen to generate the quadratic correction skiving cut-
ter. According to Sect. 4.1, the equation of segment e–f is 
successfully defined, as shown in Table 6. Consequently, 
the quadratic correction skiving cutter is completely 

Table 5  Polynomial coefficients 
of additional motions for 
machining axes

External gear

� a0 (×  10−2) a1 (×  10−4) a2 b0 (×  10−3) c0 (×  10−4) c1 c2 (×  10−4) d0 d1 (×  10−3) d2
18.9 o −3.4 3.5 0.0 −27.2 265.3 0.0 −3.4 2.2 −27.9 0.0
22.2 o 7.6 4.6 0.0 55.1 −364.8 0.0 3.3  − 3.1 27.6 0.0
� a0 (×  10−2) a1 (×  10−4) a2 b0 (×  10−3) c0 (×  10−4) c1 c2 (×  10−4) d0 d1 (×  10−3) d2
18.8 o −4.7 4.4 0.0 −27.7 282.9 0.0 −4.0 2.3 −32.9 0.0
21.8 o 5.8 1.4 0.0 42.6 −303.2 0.0 1.2  − 2.5 10.2 0.0
Internal gear
� a0 (×  10−2) a1 (×  10−4) a2 b0 (×  10−3) c0 (×  10−4) c1 c2 (×  10−5) d0 d1 (×  10−3) d2
19.4 o −4.1 1.2 0.0 15.4 228.5 0.0 −3.2 1.8 −2.7 0.0
21.2o −30.5 −119.8 0.0 −29.8 −571.1 0.0 −114.1  − 4.8 −94.3 0.0
� a0 (×  10−2) a1 (×  10−4) a2 b0 (×  10−3) c0 (×  10−4) c1 c2 (×  10−5) d0 d1 (×  10−0−3) d2
19.4 o −3.4 1.7 0.0 14.0 230.6 0.0 −4.99 1.9 −4.1 0.0
21.5 o −33.2 −66.9 0.0 −33.6 −597.2 0.0 68.2 −4.9 −55.6 0.0

Fig. 24  External gears with different helix angles skived using the same standard cutter
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generated. By changing the pressure angle or helix angle 
from the initial value, the new datum and target surfaces of 
the skived gear are identified. The skiving process is per-
formed on the multi-axis CNC machine shown in Sect. 3 

for both the internal and the external skived gear to attain 
the actual surface after each closed-loop iteration. The 
required condition (R1) for normal deviation on the modi-
fication region is similar to that in Sect. 5.1. In addition, 
the required conditions (R2) for normal deviation on the 
entire tooth surface are from 0 to 2 µm for double-crown-
ing regions, from 0 to 10 µm for involute regions, and 
from − 50 to 100 µm for addendum diameter, respectively.

Figures 27 and 28 show the variation of the external 
skived gear tooth surface when changing pressure angle 
and helix angle, respectively. In these figures, the nota-
tion  Dc indicates the double-crowning region, and the 
remaining notations have the same meaning as in the fig-
ures in Sect. 5.1. The polynomial coefficients of additional 
motions for machining-axis movements are indicated in 
Table 7. For the case of changing pressure angles, the 
inner closed loop reaches the convergence criteria R1 
after 17 and 15 iterations for pressure angles of 19.7° and 
20.4°, respectively; and no overcutting is found. As the 
topography of tooth flanks in Fig. 27, the required condi-
tion R2 of the double-crowning regions is satisfied. For 
the case of changing helix angles, the iteration number 
in the inner close-loop is 17 and 16 for the helix angle of 
19.5° and 20.4°, respectively. The required condition R2 

Fig. 25  Internal gears with different helix angles skived using the same standard cutter

Fig. 26  Pre-defined double-crowning target surface
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of the double-crowning regions is met as the topography 
of tooth flanks in Fig. 28. In addition, no overcutting is 
found. This example verified that the proposed method is 

suitable for generating double-crowning surfaces of skived 
gear with different normal pressure or helix angles by the 
same quadratic correction cutter.

Table 6  Equations of segment e–f on the corrected rack (unit: mm)

Type Left part Right part

Equations Range Equations Range

Quadratic
{

x = −u

y = 6.429 − 2.712u + 0.0047u2  

1.434 ≤ u ≤ 3.274
{

x = u

y = 6.624 − 2.923u + 0.0357u2  

1.418 ≤ u ≤ 3.213

Fig. 27  External gears with different pressure angles skived using the same quadratic-corrected cutter
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6  Conclusion

This study proposes a novel approach with a dual closed loop 
for correcting skived gears with different normal pressure angles  
and helix angles based on cutter modification and motion modifi-
cation of the CNC machine. The corrected rack is firstly defined  
from the target tooth surface, including the even grinding stock 
surface, non-grinding stock surface, and double-crowning sur-
face. The additional motions considering the motion limits of an  
electronic gearbox for the machining axis are added in the form  

of polynomials. The inner closed loop based on the Levenberg– 
Marquardt (LM) algorithm is developed to attain the coefficients 
of polynomials for additional motions in fitting the skived gear 
tooth flanks to the target tooth surface. After completing a cycle 
of the inner closed loop, the skived gear’s pressure angle or helix 
angle is changed in the outer closed loop to renew the target 
tooth surface, and then a new cycle of the inner closed loop is 
restarted. The suitable range of the skived gear’s pressure or 
helix angles is satisfied when the dual closed loops are fully 
ended.

Fig. 28  External gears with different helix angles skived using the same quadratic-corrected cutter

Table 7  Polynomial coefficients of additional motions for machining axes

� a0 (×  10−2) a1 (×  10−3) a2 (×  10−4) b0 (×  10−3) c0 (×  10−2) c1 c2 (×  10−3) d0 d1 (×  10−1) d2 (×  10−5)

19.7 o −9.2 19.1 −10.5 −7.9 4.7 0.0 −4.8 3.9 −4.0 −11.5
20.4 o 4.3 12.3 −8.3 9.1 2.6 0.0 −3.7 2.1 −3.3 −5.7
� a0 (×  10−2) a1 (×  10−3) a2(×  10−4) b0 (×  10−0−0−3) c0 (×  10−2) c1 c2 (×  10−3) d0 d1 (×  10−1) d2(×  10−6)
19.5 o −23.8 20.9 −10.9 −12.1 5.3 0.0 −5.1 4.4 −4.2 −13.4
20.4 o 6.0 12.7 −8.6 8.6 2.7 0.0 −3.8 2.2 −3.3 −5.9
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Appendix

In this paper, the corrected normal rack consists of seven 
segments, as shown in Fig. 29, proposed by Luu and Wu 
[15]. Each segment is presented in explicit equations in 
Table 8.
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Fig. 29  Definition of corrected rack (Rm1) [15]

Table 8  Explicit equations of segments of the corrected normal rack [15]

Section Type Explicit equations Ranges

a-b Straight line
�1 =

{
x1 = (−1)du

y2 = ht   

0 ≤ u ≤ ub

b-c Circular arc
�2 =

{
x2 = (−1)d

{
t

2
−
[
ht − �

(d)

f
(1 − sin �(d))

]
tan �(d) − �

(d)

f
cos �(d) + �

(d)

f
cos u

}

y2 = ht − �
(d)

f
+ �

(d)

f
sin u   

0 ≤ u ≤
�

2

c-d Straight line

�3 =

⎧⎪⎨⎪⎩

x3 = (−1)d
�

t

2
−
�
ht − �

(d)

f
(1 − sin �(d))

�
tan �(d) + hcd tan �

(d) − u sin �(d)
�

y3 = ht −
�
hcd + �

(d)

f
(1 − sin �(d))

�
+ u cos �(d)

  

0 ≤ u ≤
hcd

cos �(d)

d-e Straight line

�4 =

⎧⎪⎨⎪⎩

x4 = (−1)due + (−1)du
�

t

2
−
�
ht − hcd − �

(d)

f
(1 − sin �(d))

�
tan �(d) − ue

�

y4 = he + u
�
ht − hcd − he − �

(d)

f
(1 − sin �(d))

�
  

0 ≤ u ≤ 1

e–f Polynomial curve

�5 =

⎧⎪⎨⎪⎩

x5 = (−1)du

y5 =

q�
i=0

aiu
i

ue ≤ u ≤ uf

f-g Straight line

�6 =

⎧⎪⎨⎪⎩

x6 = (−1)d
�
unn + ht − mn − hfg(1 − cos

�

4
) + u

�
hfg(1 − cos

�

4
) − ht + mn

��

y6 = −mn −
�
ht − mn − hfg(1 − cos

�

4
)
�
+ u

�
ht − mn − hfg(1 − cos

�

4
)
�

  

0 ≤ u ≤ 1

g-h Circular arc
�7 =

{
x7 = (−1)d

[
uf + ht − mn − hfg(1 − 2 cos

�

4
) + hfg cos u

]

y7 = hfg − ht + hfg sin u   

5�

4
≤ u ≤

3�

2
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