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Abstract

As one of key enabling technologies in digital twin-based assembly precision analysis, three dimensional (3D) assembly
tolerance analysis technology has increasingly become an important means for predicting the assembly accuracy and veri-
fying the assembly quality of mechanical assemblies. However, current methods exist some deficiencies that (i) the tradi-
tional model mostly cannot cover geometric tolerances or form errors in 3D assembly tolerance analysis, and (ii) a loss of
assembly accuracy can be caused by ignoring these parallel connections in the assembly deviation propagation. To address
these issues, this study proposes a novel assembly tolerance analysis method considering form errors and partial parallel
connections with assembly accuracy and reliability guarantees in mechanical assemblies. First of all, through the integration
of the unified Jacobian-Torsor model and skin model shapes, the resulting integrated Jacobian-skin model shapes model is
presented, which contains the two advantages of easy-to-use tolerance propagation and geometric tolerance representation.
Secondly, a novel improved approach combined with progressive contact method and algebraic operation is introduced into
the assembly deviation propagation, which can realize the calculation of assembly relative positioning errors in both serial
and partial parallel connections. Meanwhile, an overall calculation scheme of the proposed method is elaborated for assem-
bly tolerance analysis with a statistical way, which is used to obtain the final deviation results of the assembly functional
requirements (AFRs). At last, a typical mechanical assembly involving three parts is used as a case study to illustrate the
effectiveness and feasibility of this solution.

Keywords Assembly tolerance analysis - Form error - Skin model shape - Jacobian-Torsor model - Partial parallel
connection - Small displacement torsors

1 Introduction

To date, product assembly technology is going through a
critical period of transition from manual and experienced
assembly to automated and intelligent assembly. Digital twin
assembly technology provides a new development idea and
manufacturing paradigm for the realization of scientific

P4 Yang Yi
yiyang @njfu.edu.cn

College of Mechanical and Electronic Engineering, Nanjing
Forestry University, Nanjing 210037, China

School of Mechanical Engineering, Southeast University,
Nanjing 211189, China

Beijing Institute of Space Long March Vehicle,
Beijing 100076, China

Beijing Spacecrafts Limited Company, Beijing 100094,
China

assembly, which is triggering a major and profound tech-
nological change in the complex product assembly indus-
try [1, 2]. As one of key enabling technologies in digital
twin-based assembly precision analysis, assembly tolerance
analysis technology is of great significance for effectively
guiding the actual assembly operation process, improving
assembly efficiency, accuracy, and quality, and improving
product assembly performance [3, 4].

With the continuous development of electromechanical
products in the direction of complexity, high precision, and
stable performance, the product AFRs are getting higher and
higher, and the assembly performance assurance is becom-
ing more and more difficult. Assembly accuracy, as one of
the most key parameters, is an important evaluation indica-
tor to measure the product assembly quality and assembly
performance, which refers to the maximum allowable error
value of the specified geometric elements in a specified
direction after assembling. The assembly tolerance analysis
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technology is mainly used to verify whether the geometric
dimensioning and tolerancing (GD&T) design scheme in
the product design stage can meet the AFRs of mechanical
assemblies, which is generally determined by part manufac-
turing error modeling, assembly deviation propagation, and
accumulation. With the continuous pursuit of higher accu-
racy for high precision mechanical assemblies, the accuracy
requirements of assembly tolerance analysis are also con-
tinuously improved. Therefore, as one of important means
to ensure product performance, assembly tolerance analysis
is an effective method of predicting the final assembly accu-
racy by using relevant technical approaches and calculation
models before implementing assembling so as to obtain
assembly accuracy in advance and provide a guidance to
optimize parameters in tolerance specification and allocation
in mechanical assemblies [5-7].

Compared with traditional one or two dimensional (1/2D)
assembly tolerance analysis methods which only consider
dimensional and positional tolerances, 3D assembly tol-
erance analysis methods are many natural advantages on
tolerance representation and tolerance propagation in 3D
Euclidean space, which can take all of tolerances (such as
dimensional tolerance, geometric tolerance, and their inter-
action) into account [8, 9]. Hence, 3D assembly tolerance
analysis methods are mainly used for assembly precision
analysis to predict the effects of parts and components devia-
tions on assembly accuracy and verify whether the specified
GD&T design scheme can satisfy the AFRs of mechanical
assemblies. However, current most of tolerance models in
3D assembly tolerance analysis methods are analyzed based
on the size, position, and orientation errors and rarely con-
sider form errors on the influence of final assembly accu-
racy. Due to the inevitability of the manufacturing errors
and measurement uncertainties for actual parts, the inevi-
table differences between the actual surfaces and the ideal
surfaces have always existed. With the continuous improve-
ment of product accuracy requirements, some simplification
operations, such as ignoring form defects and substituting
variation of the manufactured surface as translation and
rotation of the ideal surface, may obtain a less convinci-
ble assembly tolerance analysis result, which can no longer
accurately reflect the influence of actual surface features on
the assembly accuracy.

In addition to the influence of actual surface features
on the analysis results of product assembly accuracy, the
assembly connection style, such as serial and parallel con-
nections, will also affect the final assembly accuracy of
mechanical assemblies. Two reasons may account for this
problem. On one hand, due to the manufacturing errors,
the AFRs will deviate from the nominal position through
positioning and connecting between assembly features. On
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the other hand, during the assembly process, the assembly
constraint of every assembly feature pairs exists assembly
positioning priority when assembly fitting or matching in
parallel connections, which will cause different assembly
contact status based on different positioning priority in the
assembly connection topological structure. However, most
mechanical assemblies with parallel connections or partial
parallel connections are always simplified into a serial con-
nection, which will cause a greater gap of the final assembly
accuracy compared with the actual assembly. Therefore, in
order to improve the accuracy of assembly precision analy-
sis and provide more accurate guidance for product toler-
ance design, a novel solution of assembly tolerance analysis
considering form errors and partial parallel connections in
mechanical assemblies is proposed in this paper.

The remainder of this paper is structured as follows. Litera-
ture review of the related works is given in Sect. 2. Section 3
proposes an integrated Jacobian-skin model shapes model for
assembly tolerance analysis based on the two advantages of
unified Jacobian-Torsor model and skin model shapes. Sec-
tion 4 elaborates a novel solution of assembly tolerance analy-
sis with consideration of form errors and partial parallel con-
nections based on the proposed integrated model. Section 5
presents a case study to implement the proposed solution and
discusses these assembly tolerance analysis results. Conclu-
sions are drawn in Sect. 6.

2 Literature review

Driven by continuous competition to improve the assembly
accuracy and quality, tolerance representation modeling and
assembly deviation propagation and accumulation are pro-
gressively receiving tremendous attentions in the 3D assem-
bly tolerance analysis from the research academia.

To date, a large number of tolerance representation mod-
els have been presented and studied deeply over recent three
decades, mainly including offset solid model [10], matrix
model [11], vector loop [12], Jacobian matrix [13], small
displacement torsor (SDT) model [14], unified Jacobian-
Torsor model [15], GapSpace [16], tolerance map (T-Map)
model [17], polytope [18], and so on. But these above men-
tioned models cannot deal with form tolerances for geo-
metric variation modeling of part surface features. Moreo-
ver, most of them have severe assumptions on geometric
deviations and can therefore hardly handle all kinds of 3D
dimensional and geometrical tolerances [19]. To this end,
more and more studies have tried to introduce the concept of
skin model conforming to dimensional and geometric prod-
uct specification and verification (GPS) standard, and pro-
posed the skin model shape paradigm to simulate non-ideal



The International Journal of Advanced Manufacturing Technology (2024) 131:5489-5510 5491

geometry surface and reconstruct geometric variation mod-
eling for the manufactured parts [20-22]. Currently, the
geometry representation based on skin model shapes has
successfully incorporated into dimension, position, orienta-
tion, form, and profile tolerance in the published literatures.
Andrea and Wilma [23, 24] proposed a skin model represen-
tation under point cloud-based discrete geometry framework
for 2D tolerance analysis considering the manufacturing
signature in Jacobian, torsor, variational, and vector-loop
models, respectively. Furthermore, Corrado et al. [25] also
presented a variational model for 3D tolerance analysis with
manufacturing signature and assembly operating conditions
in order to predict geometric interferences of assembly and
reproduce the actual assembly process. Zhang et al. [26]
utilized Markov Chain Monte Carlo simulation technique
and statistical shape analysis method to construct the skin
model shape with random and systematic deviations for
geometric variation modeling. Schleich and Wartzack [27]
provided approaches for the generation and evaluation of
geometric variational representatives based on skin model
shapes. On this basis, a general framework and the com-
bination approaches of different registration and relative
positioning methods are presented for assembly simulation
considering geometric deviations [28]. Schleich et al. [29,
30] further studied a novel approach of assembly contact
and mobility simulation based on skin model shapes and
proposed a comprehensive reference model for the man-
agement of geometrical deviations so as to serve as digital
twin in product lifecycle management (PLM). Yi et al. [31]
introduced a generic integrated approach of assembly toler-
ance analysis based on skin model shapes and state space
model. Liu et al. [32] presented a novel assembly accuracy
analysis method based on skin model shapes by integrating
form errors and local surface deformations into tolerance
analysis. Similarly, Zhang et al. [33] further introduced a
polytope-based tolerance analysis model considering form
errors and surface deformations to obtain a more realistic
and accurate analysis result.

The above researches on the geometric variation mod-
eling based on skin model shape lay a solid foundation for
the high-fidelity accurate geometric representation of the
actual surfaces in manufactured parts. However, current
assembly tolerance analysis methods based on skin model
shapes generally provide relative positioning approach by
non-linear optimization solutions (such as iHLRF [34]
and sequential quadratic programming [35]) to determine
assembly contact status and estimate calculation results,
which have quite complicated and inefficient analysis pro-
cedures. There may exist two reasons to restrict the appli-
cation of skin model shape in assembly tolerance analysis.
On one hand, the computation of modeling skin model

shapes of all surfaces for each part is complex for mechani-
cal assembly containing a large number of parts. On the
other hand, the previous studies of skin model shape-based
assembly relative positioning calculation and deviation
propagation methods have not been sufficiently studied for
mechanical product with complex connection topological
structures containing partial parallel connections.

Meanwhile, the propagation and accumulation of assem-
bly deviations have always been one of hotspot researches
in the assembly tolerance analysis, which is crucial to
determine the cumulative variation results among two
or more assembly features during the assembly process.
A reasonable assembly deviation propagation modeling
method will benefit to calculate the cumulative variation
results and analyze the impact of part geometric deviation
on the AFRs. Zuo et al. [36] presented a modeling method
for calculating mating variation and specifying mating
coordinate with consideration of form errors to improve
the accuracy of assembly deviation propagation model. Cao
et al. [37] addressed the dynamic prediction and compensa-
tion problem of aeroplane assembly and studied the assem-
bly variation propagation based on state space model and
SDT theory. Chen et al. [38] applied the unified Jacobian-
Torsor model to solve the assembly deviation propagation
and accumulation containing partial parallel connections in
mechanical assemblies. Mao et al. [39] proposed a method
of constructing the assembly variation propagation model
based on state space model for predicting the assembly
accuracy of mechanical assembly system. Guo et al. [40]
developed the coordination dimension chain along the
assembly error propagation process to control the consist-
ency of accumulated assembly errors at different assembly
stations. Sun et al. [41] proposed an assembly deviation
estimation method considering the real mating status to
achieve assembly accuracy prediction. In the references
mentioned above, these researches on assembly deviation
propagation and accumulation have made some progress,
but did not fully considered the integration of form errors
and parallel connections caused by manufacturing defects
and assembly topological structures.

Overall, most of the existing literatures prone to separately
investigate geometric variation modeling with form errors
based on skin model shape and assembly deviation propaga-
tion/accumulation containing complex connection topologi-
cal structures (serial and parallel connections). Few stud-
ies have explored assembly tolerance analysis considering
form errors and parallel connections together, which brings
inconvenience to the solution of practical assembly problems.
Hence, a novel assembly tolerance analysis method consider-
ing form errors and partial parallel connections in mechanical
assemblies is introduced in the following. Compared with
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the conventional methods, this solution may explore a new
improved method to further enhance the efficiency and accu-
racy of assembly tolerance analysis by means of the improve-
ment of the existing models and approaches.

3 Unified Jacobian-Torsor model and skin
model shapes

3.1 Unified Jacobian-Torsor model

As one of innovative modeling methods for 3D tolerance
analysis, the unified Jacobian-Torsor model proposed by
Laperriere et al. [42] is the combination of the Jacobian
matrix and the Torsor model, which is suitable for toler-
ance propagation and tolerance representation, respec-
tively. Therefore, small displacements of geometric func-
tional element (GFE) within its tolerance zone can be
represented by the Torsor model, and through the assembly
deviation propagation and analysis by 3D dimension chain,
the Jacobian matrix can be used to obtain the mathemati-
cal relationship between AFR and GFEs, so as to calculate
variation errors of position and orientation for the AFR.
Assuming that two matrix vectors, i.e., [AFR] and
[GFE], respectively represent tolerance domain of AFR
and GFEs in mechanical assemblies, expression of which
can be used screw parameters to represent small displace-
ments of each features in tolerance zones, and the matrix
[J] represents the Jacobian matrix, the expression of the
unified Jacobian-Torsor model can be written as follows:

[AFR] = [J] - [GFE] ey

dg GFE,

[dEAFR] — []1 Jn] . )

Parr dg GFE,
where de -, and dp , -, represent translational matrix ([u v w]")
and rotational matrix ([ 8 y]”) in the global reference system
for AFR respectively, in which u, v, and w are three transla-
tional vectors and «, /3, and y are three rotational vectors around
the axes x, y, and z in the local reference system respectively;
dq rE; represents translational and rotational matrix of the i-th
GFE in the local reference system; J; represents the 6 6 Jaco-
bian matrix for the i-th assembly feature pair, with i is equal 1
to n, expression of which can be written as follows:

i) =

(Rl [Roplyss | IW!Tas + (IR Ly Ry las)
(0131 AT N

3
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where [R{ |5, represents the orientation transformation
matrix of the i-th GFE in the local reference system with
respect to the global reference system (the O-th frame),
defined in Eq. (4); [R;T]3><3 is a projection matrix, which
represents projection coefficient of three axes in the
i-th local reference system according to the variation
direction of tolerance zone; [R} |33 - [Rh,; 13,3 ensures that
the Jacobian matrix can account for the tilted reference
system of a projected tolerance zone; [W!'];,; represents
the position transformation matrix among the i-th and

n-th local reference system, which is a skew-symmetric
matrix and defined in Eq. (5). More detailed informa-

tion and discussion about these matrices can be found
in reference [43].

[Ryl3xs = [ [Ciidsxi [Coilsxr [Cailar | 4

where [C;]3y1, [Cyilzx1> and [Cs;lay respectively represent unit
direction transformation vectors around the axes x;, y;, and z; in
the local reference system with respect to the global reference
system.

0 —dz! ay!
[Wilss = dz} 0 —dx] ®)
—=dy! dx! 0

where dx! = dx, — dx;, dy! = dy, — dy;, and dz! = dz, — dz;
dx; and dx,, dy; and dy,, and dz; and dz, represent the coordi-
nate value around the axes x, y, and z in the i-th and n-th local
reference system with respect to the global reference system,
respectively.

The surface type and tolerance value of GFEs will
determine the tolerance variation domain interval and
constraint relationship between surface features. Each
screw parameters of GFE will be constrained within
the allowable limit of variation domain in the toler-
ance zone where dq;pz; must lie in. As we known, there
are only seven elementary surface types (i.e., invari-
ance classes) proven by Clément et al. [44] based on
the displacement set theory, as illustrated in Table 1.
Meanwhile, we have also listed the tolerance domain
and their corresponding variations and constraints of
the first four elementary surface features as shown in
Table 2, where T and ¢ are the position and parallelism
(or coaxiality) tolerance of the corresponding surface
features, respectively.

Therefore, on the premise of satisfying variations and
constraints of surface features in mechanical assemblies, the
typical unified Jacobian-Torsor model can be further written
as follows:
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Table 1 Seven elementary surface types and screw parameters
Type Planar Cylindrical Revolute Spherical Prismatic Helical Complex
(Ir;;;asr;:gce surface surface surface surface surface surface surface
z ¥4 z z z z
Ilustration YB . ’- . & y@ Q B - @
X X — £ X X
.
S 0 «a 00 u 0 u 0 0 a 00 u a
crew
0 0
parameters p VA v A v v v v
w 0 wy w oy w 0 w oy w oy w oy
. o - e T
(. e, ) Gy o)
(v, 7) vy, 1) Vs V)
(a, @) = [[J]GFEI [J]GFE” ] ’ (ay,a)) (a,, ) ©)
B.5) By By) (B B)
(rs7) T v T
| L Aarr | (ﬂs yl) o, | (y_n’ }/n) lere, |

Table 2 The tolerance domain and their corresponding variations and constraints of the first four elementary surface features

Surface . Torsor L ;
feature Illustration Variations Constraints
model
type
Nominal surface Variation surface o
0
Planar 0 ~T2<w<T/2
w [2swsT] —t/2<(fX +aY)<1/2
surface a ~tla<a<t/a T <(8X +af <Th
feature ,g’ —t/b<B<t/b -7/ —('B ta +W)— /
L 3y [u] “T2<u<T)2
Cylindrical £ & v /2sus<T/
surface 23 0 “T/2<v<T)2 A% zY <(1/2)
£3 a —t/2l<a<if2] (u+pZ) +(v+az) <(1/2)
feature g€ B
g8 0 —t/21< f<t/21
_ ] -T[2<u<T/2
Revolute E“‘i v ~T2<v<T)2 (Ztan0-T/2)
surface j : / ;V ~(T/2)-cot@ <w<(T/2)-cotd S\/(u-!—,BZJthanQ)z+(v+ocZ+Ztan¢9)2
feature 5 < B ~T)2l-cosO<a<T/2cos0 < (zwng+71)2)
=% L0 |orj21-cos0< p<T)21-cos0
]
Spherical v -T/2<u<T/2
surface Bv -T/2<v<T/2 T2 <\ +V +w* <T)2
feature 0 ~T/2<w<T[2
0
Variation surface Lo
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Cl(ul,vl, wl,al,ﬁl,yl) € {Constraint, }

S.t.q : (7N
Cn(un, Vs Wy @, B yn) € {Constraint, }

where u and u are the lower and upper deviation limit of the
screw parameter of AFR around the axes x, respectively;
(g, ﬁ) is the tolerance interval where u must lie in; other vec-
tors follow the same way; C;(+) need to satisfy the constraint
condition of the screw parameter of the i-th GFE.

In summary, the unified Jacobian-Torsor model is a con-
cise efficient and reliable computation method in the 3D
tolerance analysis, no matter with worst case or statistical
analysis. However, this unified model can not consider the
influence of form errors in the tolerance zone, and previous
studies about the model mostly ignored the consideration of
parallel connections in mechanical assemblies. These above
deficiencies will cause the inaccuracy of assembly precision
analysis and the inconformity with actual assembly. There-
fore, it is necessary to further improve the unified Jacobian-
Torsor model to realize a more generic solution considering
form errors and partial parallel connections in mechanical
assemblies.

3.2 Skin model shape-based non-ideal surface model

Due to manufacturing defects in the actual part, geometri-
cal errors are inevitable and the ideal surface model in the
part design phase will turn into the non-ideal surface model
through manufacturing. Thus, these geometrical errors of
surface features cannot be negligible in assembly tolerance
analysis.

According to the new-generation GPS standard, it can
be seen that skin model is used as a geometrical surface
model of the physical interface of a workpiece with its envi-
ronment, also called non-ideal surface model that meets
the design requirements of tolerance specifications. The
non-ideal surface model is a continuous surface composed
of infinite points and can be used as a bridge between the
nominal surface model and the real surface model of actual
workpiece. In order to use finite discrete points and reason-
able parameters to define the position, orientation, and form
of surface model through computer simulation, Schleich
et al. [22] have further proposed a paradigm of skin model
shapes derived by skin model, as shown in Fig. 1. The prac-
tice indicates that skin model shapes have shown a great
potential in part tolerance analysis and synthesis, assembly
deviation prediction, and accuracy analysis. Established
researches have shown that the skin model shape can real-
ize high-fidelity geometric representation of actual manu-
factured part or physical workpiece by the summation of
the position, orientation, and form errors in manufacturing
defects [31].
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Abstract
Nominal Model

Physical
Physical Workpiece

Skin Model

() From finite From physical
to infinite to abstract
- |
Representation
Specification Verification
process process

Skin Model Shapes

Fig. 1 Different representation schematic of the nominal model, skin
model, physical workpiece, and skin model shapes [22]

Figure 2 gives a cuboid part with geometric tolerance,
and the top rectangular surface is taken as the key GFE,
including tolerances of position 1, parallelism ¢, and flat-
ness . In order to explain the modeling procedure of skin
model shape-based non-ideal surface model conforms to
the tolerance specification, this section introduces a gen-
eral generation method of modeling a valid skin model
shape taking the top rectangular surface with position,
orientation, and form errors as an example.

e Representation of position and orientation errors

As shown in Fig. 2, the tolerance of position 7, and par-
allelism ¢, constrain the position and orientation of the
rectangular surface. Based on the SDT theory, the devia-
tion of the rectangular surface can be expressed by three
parameters [d, 6, 0,], where d, represents small translation
(i.e., position error) along z-axis direction; 6, and 6, rep-
resent small rotations (i.e., orientation errors) along x- and
y-axis direction, respectively. Under the restriction of the
variation and constraint of the rectangular surface tolerance
illustrated in Table 2, the position and orientation errors
of the planar surface with a specific tolerance relative to

5 [AB]
/|t |A
Iy

Fig.2 Tolerance zone of the top rectangular surface in a cuboid part
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the nominal surface can be represented by the combination
of variation parametric model and Monte Carlo sampling
method. Taking the variation of z-coordinate value as an
example, the variation parametric model of the rectangu-
lar surface can be expressed by function operator f on the
sampling points (x;, y;) as follows:

D, =f(x.) (8)

where D), represents the position and orientation errors of
sampling points (x;, y;) around z-axis direction; f indicates
the basic function restricted by the variation and constraint
of the planar surface tolerance in the variation parametric
model; i and j represent the sample point number of the
biased surface in the x- and y-axis direction, respectively,
1<i<m, 1 <j<n, and the total number of sampling points
ismxn.

e Representation of form errors

Compared with the position and orientation errors, the rep-
resentation of form errors has more high-order characteristics.
In order to obtain form errors for non-ideal surface model,
various different methods have been proposed to represent
form errors according to surface feature types and analysis
process stage. In this paper, at the specification process stage,
the modal-based method (such as trigonometric functions or
spectral method) is utilized to realize the mathematical repre-
sentation of form errors for different surface features, while at
the verification process stage, the wavelet transform analysis
method can be used to realize multi-scale filter processing
and decomposition reconstruction so as to obtain form errors

from the measured surface of physical workpiece. It should be
pointed out that these mentioned methods above are not the
only alternatives, the other feasible methods for form errors
have already categorized and compared by Yan and Ballu, and
these details can be seen in the reference [45].

Similarly, for the form tolerance zone of the rectangular
surface shown in Fig. 2, the surface with a specific form
error can be represented at the different analysis process
stage, expression of which can be written as follows:

(SP) s . ; :

D, - D" = Fy(x.y;) = ‘Z:l A8 (SP) : specification process stage

D}VE) =H, (xi,yj) (VE) : verification process stage (9)
where D, represents the form errors of sampling points (x;, y;)
at the specification or verification process stage; Fy indicates
the basic function corresponding to a set of basis shapes at
the specification process stage; g, indicates the operator of
kernel basic function; 4, represents the weight coefficient of a
specified kernel basic function, which means that the value of
A is a random number between—1 and 1 which conforms to
statistical regularity; H,indicates the extraction function corre-
sponding to frequency domain of form errors at the verification
process stage. It should be pointed out that these different basis
shapes at the specification process stage can be generated by
using different methods, as listed in Table 3. Theoretically, the
discrete cosine transform (DCT) method, the Zernike polyno-
mials method, and the Legendre-Fourier polynomials method
can be used for rectangular surfaces, circular or annular sur-
faces, and cylindrical surfaces, respectively. More detailed
computation about these above methods can be referred to
references [45—47].

Table 3 Basic function of different basis shapes for the representation of form errors [47]

Basic Rectangular surface Circular surface Cylindrical surface
function Discrete cosine transform Zernike polynomials Legendre-Fourier polynomials
2 &1(p.0) =R} (p)E" (0) .

glm,n,1v)= JM xN Cacm> 2(2.0)= Y3 [ 4,P,(2)cos(i6) + B,P,(2)sin(i6) |
FOrmula cos (2m+ur cos 2n+)yvr s e =0 =
. M w R)= 3 o e B@ =541
expression 1. LI - s!( 2 *S]![ 3 *A‘)! e
Cy=12 . € =12 N7 cosm) m 0 N D Y9 DL A CRLLE ) WD WD WY ACA L L)
1 uz0 1 v#0 ©"(0) = N7 exp(im0) = { s costml) m 20 meeven | =Sr e e iy Y S B )es (6)
—N,'sin(mé) m<0 meodd
Basis shape 1: (0, 0) Basis shape 2: (0, 1) Basis shape 3: (0, 2) 2
Basis shape 4: (1, 0) Basis shape 5: (1, 1) Basis shape 6: (1, 2) z; z,
[lustration Basis shape 7: (2,0)  Basis shape 8: (2, 1) Basis shape 9: (2, 2) z z | Z |

Basis shape 10: (3, 0)

o

Basis shape 11:(3, 1) Basis shape 12: (3,2)

7 2Bl o AN

® 60

o2
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Here, the form errors of the rectangular surface can be
modeled based on the DCT method at the specification
process stage, while based on the wavelet transform analy-
sis method at the verification process stage. In summary,
after obtaining the results (i.e., D‘,7 and Df) of the position,
orientation, and form errors of the rectangular surface,
the skin model shape for non-ideal surface model can be
generated by summing D, and Dy, which is represented as
follows:

D, + D" =f(x,y;) + Fr(xy;
D,=D,+D,={ " 0 _f< )+ Fr () (10)
D, + D™ =f(x.;) + Hy(x.;)
where D, represents the deviations of sampling points (x;, ;)
in the skin model shape.

It should be noted that D, is still constrained by the
tolerance of position, i.e., D, < 1, Nevertheless, the value
of D, calculated by Eq. (10) is not always satisfied with

the constraint of 7,. The valid skin model shape needs to
be regenerated by resampling or scaling operation [27] of
manufacturing errors so as to avoid violating the constraint
of 7,. Figure 3 shows the modeling procedure of generating
a valid skin model shape for a non-ideal surface model.

3.3 Jacobian-Torsor model and skin model shapes
integration

As mentioned above, the unified Jacobian-Torsor model is
effective in tolerance representation and propagation for
mechanical assemblies, whereas geometrical tolerances are
reduced to position and orientation deviations without con-
sideration of form errors in the Torsor model. Meanwhile,
the representation of part dimensional and geometrical toler-
ance for non-ideal surface model based on skin model shapes
have successfully been well-defined and available for toler-
ance analysis. Hence, combining with two advantages of the

Fig.3 Modeling procedure of

generating a valid skin model
shape for a non-ideal surface
model

Modal-based method
* Discrete Cosine Transform
* Zernike polynomials
* Legendre-Fourier polynomials
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Conventional unified
Jacobian-Torsor model

Integrated Jacobian-
skin model shapes model

Fig.4 Difference between the conventional unified Jacobian-Torsor
model and integrated Jacobian-skin model shapes model

Jacobian-Torsor model and skin model shapes, thus integrat-
ing skin model shapes into the Jacobian-Torsor model and
resulting an integrated Jacobian-skin model shapes model,
can properly alleviate the shortcomings of skin model
shapes, and we can directly realize the more accurate com-
putation of accumulated deviations for AFR. On one hand, it
can introduce form errors into the Jacobian-Torsor model for
further improving assembly precision analysis results; on the
other hand, it can only reconstruct these key GFEs of assem-
bly feature pairs based on skin model shapes, which will
avoid the necessity of generating every surface features of
each part in mechanical assemblies. Figure 4 illustrates the
difference between the conventional unified Jacobian-Torsor
model and integrated Jacobian-skin model shapes model.

It should be noted that the definition and classification of
assembly feature pairs between key GFEs in the integrated
Jacobian-skin model shapes model are still retained and alike

: IFEP: Int 1 Funct : .
1:1 i 1‘.2 J/ Elemenltl }e):ilf UIEHON | Tnternal functional
J— _// PIP: Planar Pair element pair
/ 1 '0 v CyP: Cylindrical Pair
’ AFR: Assembly | o
1 Functional Requirement

Fig.5 Assembly connection graph (left) and assembly feature pairs (right)

element pair

! Contact function
element pair

with the traditional unified Jacobian-Torsor model, as enu-
merated in reference [44]. For further detailed illustration
purpose, taking the assembly connection graph illustrated
in the left of Fig. 5 as an example, it includes eight internal
functional element pairs (IFEPs) and four contact functional
element pairs (CFEPs). A brief introduction to the assembly
connection graph and the relationship of relative positioning
is given in this section for the sake of completeness.

Each CFEP is consist of assembly datum feature and
assembly matched feature, where the label i.j represents
the j-th GFE of the i-th part. Surfaces 1.1 and 2.1, surfaces
1.2 and 2.2, and surfaces 2.3 and 3.2 make up planar pairs,
and the cylindrical pair is composed of two cylindrical
GFEs, i.e., surfaces 2.4 and 3.1. Meanwhile, the planar pair
between surfaces 1.1 and 2.1 is illustrated in the right of
Fig. 5. The actual surface feature of GFE1.1 and GFE2.1
in the planar pair can be represented by skin model shapes.
The SDT of CFEP (GFE1.1, GFE2.1) is determined by the
relative positioning between the actual assembly matched
feature (GFE2.1) and the actual assembly datum feature
(GFEL1.1), while the variation torsors of IFEPs, including
(GFE1.0, GFE1.1) and (GFE2.0, GFE2.1), are related to the
deviation between the actual assembly datum feature and
its nominal assembly datum feature. On this basis, a novel
assembly tolerance analysis method is proposed in the next
section where the integrated Jacobian-skin model shapes
model is used to analyze the assembly deviation results with
consideration of partial parallel connection.

4 Assembly tolerance analysis based on skin
model shapes considering partial parallel
connection

Theoretically, it is necessary to analyze the assembly devia-
tion propagation on serial and parallel connections for
mechanical assemblies due to the complicated interactions

Actual assembly
matched feature

Nominal assembly
matched feature

Actual assembly
datum feature

Nominal assembly

datum feature
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of the mixed joints among multiple assembly error transfer
routes than solely serial connections. For the sake of com-
pleteness, we first discuss a simple serial assembly for the
assembly deviation propagation based on skin model shapes.

4.1 Assembly deviation propagation in serial
assembly

Due to the consideration of skin model shapes, it is nec-
essary to study the actual assembly deviation propagation
for non-ideal surface model in serial assembly. As can be
known, product assembly process has the characteristics of
dynamic evolution and iterative updating in the assembly
deviation propagation. The assembly accumulative error can
be obtained from the low-order part to the high-order part
based on the assembly sequence, where these main assem-
bly error sources that affect the accumulative error of AFR
include position, orientation, and form errors of part sur-
face and relative positioning errors of assembly feature pairs,
as shown in Fig. 6. Therefore, after generating skin model
shape-based non-ideal surface model, how to calculate the
relative positioning errors for serial assembly is a critical
issue in order to realize the assembly deviation propagation.

Here, a simple example of two cuboid parts for serial
assembly is used to provide such an explanation of the rela-
tive positioning error calculation with consideration of skin
model shape-based non-ideal surface model, as shown in
Fig. 7. As for two cuboid parts with the defined tolerances,
these valid skin model shapes (i.e., S, and S,) of the top sur-
face (S2) in part A and the bottom surface (Sg) in part B can
be obtained through using the method of subsection 3.2. To

Fig. 6 Illustration of assembly
deviation propagation

Position and
orientation error

® Formerror

A Relative positioning error
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— Assembly deviation

|
|
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further obtain the assembly contact status of relative posi-
tioning between S, and S,,, it is necessary to determine the
three non-collinear contact points and calculate the position
and orientation deviations of the skin model shape-based
non-ideal planar pair by using the difference surface method
and progressive contact method [48, 49].

As shown in Fig. 8, the procedure of calculating the rela-
tive positioning error of a planar pair for serial assembly can
be summarized as follows:

Step 1: The assembly mating problem between the actual
top surface of part A and the actual bottom of part B,
denoted as S, and S, respectively, will be converted into
the assembly mating problem between the nominal sur-
face of bottom surface and the difference surface of top
surface, denoted as Sg and Szf respectively, through the
difference surface method.

Step 2: The first contact point (p¢!) can be obtained
between 52 and Szf through moving the nominal surface
(52) along the Z; -axis direction of local coordinate system
by the minimum translational distance, denoted as d;"i”,
expression of which can be written as follows:

min __ : (S}ff) (SS)
" = arg min <pZ -p, (11)
1<i<m,1<j<n
D) (s . . .
where p,“ and p," " are the z-axis coordinate value in

the nominal surface (Sg) and the difference surface (SZf ),
respectively.

Step 3: Finding and calculating the minimum rotational
angle (qo'l"i") around the first contact point (p!) for the

nominal surface (Sg) can be implemented, and the second

Base part

Part 1
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contact point (p¢?) can be acquired between Sg and SZf .
It should be pointed out that although the position vari-
ation of the first contact point will be happened caused
by rotating of the nominal surface, it is not considered in
this paper due to a very small displacement of the posture

(b)

adjustment relative to the geometrical dimension of mat-
ing surface. Therefore, by building two direction vectors
. &) s . .
(i.e., v, and v, ) to obtain the corresponding vector
sets, the minimum rotational angle (¢{"") can be com-

puted as follows:
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Fig. 8 Illustration and proce- Actual surface (S))

dure for relative positioning of

a non-ideal planar pair for serial Actual surface (S a)

assembly [31]

Nominal surface
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)
$
)

Q

c2
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G
;" 0 °
2
y
Step 4 Step 3
Plane Plane Difference g first point in second point third point in
surface a surface b surface contact (p<1) in contact (p<2) contact (p©3)
. ) (s (Sg) and the difference surface (Szf ). In order to obtain
. &P v,y .
@' = argmin |arccos l—lsdf (12) the minimum rotational angle (¢7"") and find the third
Lsism,1<j<n | (182) X V(l ») contact point p<3, two normal vectors of nominal surface

(%) (%) ) ) 1
Vi _<px —Px Pyt —PysP;t TP

V(Szf) = < (Sif) _ el (S:f) cl (SZf) _pc1> (13)

1 X Py Py —Py-Pgz Z

where p¢!, pg,l, p? are the x-, y-, and z-axis coordinate

X
. 1 . RO B O IO
Vahfle off pomft pe, respectively; p,“,p,“,p,” and
©h s s . .
v Py D, are the x-, y-, and z-axis coordinate value
of the corresponding point p? in the nominal surface (Sg)

and the difference surface (Szf ), respectively.

Step 4: On the basis of step 3, rotating the nominal sur-
i 12 ; 1 2

face (Sg) around line pclp? of points p°" and p** can find

different contact points between the nominal surface

@ Springer

before and after rotating need to be constructed, denoted

(8% &) . . )
as vy and vy, expression of which can be written as

follows:

) S
VN = Vl X V2

H s s (14)
VN = Vl X V2

59 2 Y

(a c2
x ~Px:Py —Py:P; —Pz

S (D .

v, = < ¢
7 s 7 7 (15)
yor’ = <P b _P§(27P b _p;Z,pr _pCZ

2 X Y z

r

8 s o .
where v(2 @ and v(2 ») represent direction vectors with rel-
evant to point p°? and other points on the difference sur-

face (Szf ).
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.. . 9
Through obtaining the corresponding vector sets of v,

s .. . ; .
and vjvb ), the minimum rotational angle (¢3*") of finding the
third contact point p<> can be computed as follows:

s sy

(i ep & vaa) . V;/b)

argmin  f arccos | ——————-— (16)

1<i<m,1<j<n (89) &)
vl X vy

min

Py =

According to the analysis and calculation of above steps,
the assembly variation error between part A and part B for
serial assembly can be obtained, expression of which can be
achieved by the SDT parameter [d, 0, 6,] of relative posi-
tioning error in the non-ideal planar pair. As the position
and orientation offsets of relative positioning satisfies the
differential assumption, the SDT parameter [d, 6, 8,] can be

77Xy
computed as follows:
d, = —d;m“
0, =sin (—op™) 17)
6, = sin (—(pg‘m)

Therefore, by searching for the deterministic contact
points and obtaining the relative positioning error between
two skin model shape-based non-ideal surfaces, the assem-
bly deviation error for serial assembly can be calculated
by tolerance propagation. However, once existing parallel
assembly or partial parallel connection in the assembly error
transfer route, the above method still needs to be improved
in order to implement a more generic solution of assem-
bly tolerance analysis with consideration of partial parallel
connection.

4.2 A novel assembly tolerance analysis method
considering partial parallel connection

As we know, the assembly accumulative error of all potential
joint surfaces which form a serial and/or parallel CFEP will
ultimately produce the final assembly error of mechanical
assemblies along the assembly process. Therefore, on the
basis of the exploration of serial assembly, it is necessary
to study partial parallel connection involving more than two
non-ideal CFEPs in order to provide a novel assembly tol-
erance analysis method based on skin model shapes with
consideration of partial parallel connection.

Taking the typical parallel joints composed of planar
surfaces and cylindrical surfaces as example, as illustrated
in Table 4, these two joints form a parallel connection and
produce an alternative error transfer route for tolerance prop-
agation, which will resulted in the ambiguity of assembly
deviation propagation at multiple deviation component direc-
tions due to different constraints. Therefore, it is necessary to

Table 4 The typical parallel joints

No. [llustration Type

1 Planar joint &

planar joint
Planar joint &

2 -
planar joint

3 Cylindrical joint &
planar joint

4 Cylindrical joint &

Cylindrical joint

consider the mutual interaction of two parallel joints in the
assembly process, especially with consideration of connec-
tion type, mating attribute, and assembly positioning priority.

In fact, the solution of parallel joints based on skin model
shapes for assembly tolerance analysis can be still used by
algebraic operations of Torsor model [38]. Compared with
the previous methods, the only difference is considering the
assembly positioning priority into the situations where par-
allel joints exist, because the assembly positioning priority
of parallel assembly will determine the relative position-
ing error in the assembly tolerance analysis. As we know,
once the free surface feature containing six degrees of free-
doms (DOFs) is specified by a tolerance, its DOFs will be
reduced and the variation of partial remaining DOFs will be
restricted by constraints. Thus, the assembly deviation prop-
agation in mechanical assemblies depends on these remain-
ing DOFs of assembly features restricted by tolerances or
constraints. Under the restriction of assembly positioning
priority of parallel joints, a parallel connection will further
reduce the number of DOFs and assembly tolerance propa-
gation should be further modified so as to be more suitable
for the situations of parallel assembly.

Taking the parallel assembly of cylindrical joint and
planar joint as example, as illustrated in the no. 3 of
Table 4, the Torsor model of planar joint and cylindri-
cal joint is T, =[u 000 g y]" and T,=[0 v w 0 8 y]7,
respectively, and we assume that the assembly positioning
priority of cylindrical joint is higher than that of planar
joint. Due to the existence of assembly positioning prior-
ity, the mating attribute of planar joint may be changed
from the original [ 0 0 0 # 7] to the actual [ 0 0 0 0
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0]7. It means that the rotational displacements (i.e.,  and
y) in planar joint around its local coordinate axis have no
effect on the assembly deviation propagation. Theoreti-
cally, based on the algebraic operations of SDT belonging
to Lie subgroup [50], an additive operation of two screw
parameters for planar joint and cylindrical joint can be
implemented, which can be expressed by a new torsor T
for tolerance propagation of the parallel joint. And then,
through combining two screw parameters, the new torsor
T can be written as follows:

T=T,UT,=[uvw0pgy] (18)

Furthermore, it should be noted that there may be inter-
ference between f, of T, and 3, of T, because of the inter-
action of 7| and T) in the x—z plane. To avoid interference
and obtain the screw parameter f§ of the new torsor T,
an intersection operation for two variations needs to be
implemented properly, which means that # in T depends
on the minimal value between f, and f3,. So does y. For the
three translational displacements of 7, there is no overlap
between u of 7| and v and w of T,, thus a composition
operation is still applicable for these translational vari-
ations. Hence, the expression of Eq. (18) can be further
rewritten by variations of T (denoted as V) as follows:

[ Vu = Vul U Vu2 |
Vv = Vvl U Vv2
V,=V, UV,
v=v[]v.= o (19)
Vy=VynVy,
[V, =VanVy |

where the symbol [] is a composition or intersection opera-
tor which depends on an overlap relationship between two
participated vectors [38].

Similarly, the analysis methods of other typical par-
allel joints listed in Table 4 can be described with the
above method. They are not further discussed here. More
specifically, it should be mentioned that the advantage
of this solution is that parallel joints can be turned into
serial joints through composition and intersection opera-
tions, which will be conveniently applied for assembly
tolerance analysis based on the integrated Jacobian-skin
model shapes model. Therefore, a novel assembly toler-
ance analysis method with consideration of partial paral-
lel connections using the integrated Jacobian-skin model
shapes model can be summarized and is shown in Fig. 9.
The detailed procedure is as follows:

e Step 1: Establish the expression of the Jacobian model

and obtain the Jacobian matrices. According to the
detailed 2D or 3D drawing of assembly, we can firstly

@ Springer

identify all GD&T, key GFEs, assembly feature pairs,
and AFR and establish assembly connection graph.
We can further set each local coordinate systems of
key GFEs in assembly feature pairs, then creating the
assembly chain based on assembly deviation propaga-
tion. On this basis, the Jacobian matrices can be com-
puted for all these assembly feature pairs by Eq. (3).

e Step 2: Generate the skin model shapes and distinguish
the type of assembly contact. Generation of skin model
shapes-based surface features of all key GFEs can be
realized according to subsection 3.2. As for the IFEP
and CFEDP, it should be pointed out that the IFEP is serial
joint, while the CFEP can be serial joint that consist of
two GFEs, i.e., serial functional element pairs (SFEP),
or parallel joint that are formed by three or more GFEs,
i.e., parallel functional element pairs (PFEP).

e Step 3: Perform the calculation of relative positioning
error and obtain small displacement torsors for the serial
and parallel joints. The calculation process of relative
positioning error is carried out by difference surface
method and progressive contact method for serial joints,
while by transformed into serial joints by algebraic oper-
ations (composition or intersection) for parallel joints, to
obtain the SDT of relative positioning error.

e Step 4: Calculate the assembly deviations and evaluate
the accuracy results of AFR. According to the integrated
Jacobian-skin model shapes model, the obtained Jaco-
bian matrices and the SDT of all key GFEs can be used to
calculate the variations of the AFR by using the statisti-
cal analysis (such as Monte Carlo simulation method).
Finally, the accuracy result analysis and evaluation of the
AFR can be implemented so as to determine whether the
AFR is satisfied for mechanical assembly.

5 Case study

This section discusses the validity and feasibility of the pro-
posed method for assembly tolerance analysis considering
form errors and partial parallel connections. Here, a 3D typi-
cal mechanical assembly involving three parts, as shown in
Fig. 10, will be used as an example to demonstrate the analy-
sis procedure and application of this solution. Figure 10 gives
the exploded diagram and each local coordinate systems
of this assembly that consists of three parts (i.e., the base,
support, and inserter) and their detailed drawing including
GD&T, respectively. The distance between left center point G
of the inserter and the upper surface of the base is recognized
as the AFR, which is the key to reflect assembly accuracy
by the fluctuation of point G in the inserter. Meanwhile, it
should be mentioned that these local coordinate systems of
each part are set at the theoretical center point of assembly
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Fig.9 Flow diagram of assembly tolerance analysis method with consideration of partial parallel connections using the integrated Jacobian-skin

model shapes model

feature, and the assembly positioning priority of assembly
feature pairs is assigned as follows: (GFE1.1, GFE2.1) is
prior to (GFE1.2, GFE2.2), and (GFE2.3, GFE3.2) is prior
to (GFE2.4, GFE3.1).

At first, based on the detailed drawing of this assem-
bly, the assembly constraint relationship and geometric
constraints of this assembly can be extracted, which can
establish an assembly connection graph in order to obtain
assembly chains based on assembly deviation propagation
around the AFR, as shown in Fig. 11. Each GFEs designated
i.j represents the j-th surface feature of the i-th part with

corresponding to the local coordinate system. The studied
assembly includes the most common CFEP (i.e., the pla-
nar pair and cylindrical pair), where (GFE1.1, GFE2.1),
(GFE1.2, GFE2.2), and (GFE2.3, GFE3.2) make up planar
pairs, (GFE2.4, GFE3.1) makes up cylindrical pair, respec-
tively; parallel joint of planar-planar connection is com-
posed of (GFE1.1, GFE2.1) and (GFE1.2, GFE2.2), and
parallel joint of cylindrical-planar connection is composed
of (GFE2.3, GFE3.2) and (GFE2.4, GFE3.1), respectively.
Therefore, the current case study can be used as a typi-
cal example to illustrate the proposed assembly tolerance
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Fig. 10 An example of

typical mechanical assembly:
a exploded diagram and local
coordinate systems and b oG
detailed drawing

Part 1
[Base]

Part 3
[Inserter]

[L0.04 \‘B\

$[00.04[B]C
H 1] 0.02 =y

0.02 |

analysis method with consideration of partial parallel con-
nections based on integrated Jacobian-skin model shapes
model.

In order to compare with the different results by using dif-
ferent methods, i.e., the conventional unified Jacobian-Torsor
model and integrated Jacobian-skin model shapes model with

S
IFEP1 | |
....................... —»
g |—* CFEP  --# [FEP —- AFR
& P Parallel
2 O e [ Pan joint

Fig. 11 Assembly connection graph of the studied assembly
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consideration of serial and parallel joints, the same studied
assembly is used in this section. For detailed comparison, the
different methods of case study are shown in Table 5.

Here, according to the specified local coordinate systems
in Fig. 10a and the topological structure of assembly con-
nection graph (see Fig. 11), we can obtain an assembly error
transfer route under the restriction of assembly positioning
priority, i.e., IFEP1-SFEP2-IFEP3-SFEP4-IFEP5-AFR,
which can determine to the construction of the Jacobian
matrices. Based on the Eq. (3), the corresponding Jacobian
matrices for each assembly feature pairs can be calculated
and the obtained results are shown in Table 6.

o Casel

The conventional unified Jacobian-Torsor model-based
assembly tolerance analysis can be conducted in this sub-
section. As we can see, the difference between method 1#
and method 2# is whether to consider parallel joints in the
studied assembly.

For method 1#, the unified Jacobian-Torsor model can
be directly implemented based on the Eq. (6), where the
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Table 5 A brief summary of different methods in case study

Type Case 1

Case 2

Method 1#

Method 2#

Method 3# Method 4#

Unified Jacobian-
Torsor model

Assembly tolerance analysis method

Unified Jacobian-Torsor
model

Integrated Jacobian-
skin model shapes

Integrated Jacobian-skin
model shapes model

model
Whether considering serial/parallel joints  Serial joints Serial and parallel joints ~ Serial joints Serial and parallel joints
or not
Whether considering form defects (skin No No Yes Yes

model shapes) or not

cylindrical joint (SFEP4) between GFE2.3 and GFE3.2 is
shaft and hole loose fit, the maximum clearance is equal to
the difference between the maximum material size of the
hole and the minimum material size of the shaft, and the
relative position of two axes between shaft and hole can
be equivalent to a position tolerance. For method 2#, there
are two partial parallel joints mixed in this serial route, i.e.,
(GFE1.1, GFE2.1) and (GFE1.2, GFE2.2), which is formed
by a planar joint (GFE1.2, GFE2.2) combined with a planar
joint (GFE1.1, GFE2.1); (GFE2.3, GFE3.2) and (GFE2.4,
GFE3.1), which is formed by a cylindrical joint (GFE2.3,
GFE3.2) combined with a planar joint (GFE2.4, GFE3.1).
There is a key step to change partial parallel joints into serial
joints in the conventional unified Jacobian-Torsor model.
Based on the Eq. (19), the variations of partial parallel joints
can be calculated by algebraic operations of screw param-
eters between two torsors of CFEPs.

More specifically, through the above analysis and the
GD&T information of each GFEs in the studied assembly,
variations and constraints of each torsors with corresponding
to assembly feature pairs can be obtained based on Table 2.
Final result of the AFR in Case 1 can be calculated by these
SDTs based on the Eq. (20).

necessary under the constraints of surface features. Assump-
tion that these variations of screw parameters conform to
normal distribution, after calculating the assembly accumu-
lated deviations of the AFR by running 2000 times simu-
lations, the variation domain and distribution of specified
screw parameters at point G can be obtained and is displayed
in Fig. 12. A more detailed comparison of assembly toler-
ance analysis results is further discussed in next subsection.

o (Case?2

The integrated Jacobian-skin model shapes model-
based assembly tolerance analysis can be conducted in this
subsection. At first, a series of skin model shapes for key
surface features of studied assembly can be generated, that
is, planar surfaces GFE1.1 and GFE2.1 of SFEP2, GFE1.2
and GFE2.2 of PFEP2, cylindrical surfaces GFE2.3 and
GFE3.2 of SFEP4, and annular surfaces GFE2.4 and
GFE3.1 of PFEP4. It should be noted that the assembly
contact area of PFEP4 is annular surface and the com-
puting area of GFE2.4 is consistent with that of GFE3.1.
Following the modeling method illustrated in Fig. 3, these
skin model shapes are generated based on the specification

T
[AFR],y = [J 1o I3y Js] : [dCI1FEP1 Aqsrepy A91rEPs A95FEPs dCI1FEP5] , (20)
[AFR]y, = [Jl Jy I3 Jy Js] : [quFEPl Aqsrepy A91rEps A95rEPY dquEPS]

On more reasonably accurate analysis purpose, a sta-
tistical analysis using Monte Carlo simulation method is

Table 6 The Jacobian matrices of the studied assembly

process method in subsection 3.2. Specifically, the number
of discrete points in the corresponding surface features

Jacobian matrix J| J, Jy Js

Corresponding  IFEP1 (GFE1.0, GFE1.1) SFEP2 (GFE1.1, GFE2.1) IFEP3 (GFE2.1, GFE2.3)  SFEP4 (GFE2.3, GFE3.2)  IFEP5 (GFE3.2, G)

assembly

feature pairs

Results 0 =50 0 0 =50 0 0 0 0 0 0 0 000
Eys| 50 0 1275 Eys | 50 0 1275 Eys | O 0 120 Eys | O 0 120 Eyz |1 000

0 -1275 0 0 -1275 0 0-120 0 0 -120 0 000

05,5 \ E3s 055 \ Esi 055 ‘ Es3ys 05,3 ‘ Ess 055 ‘ Esys
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Fig. 12 Spatial position distribution of final assembly accumulated deviation of point G: a with consideration of serial joints, b with considera-

tion of serial and parallel joints

and the generated skin model shapes is given in Table 7,
in which Dir_a and Dir_b represent the two directions of
the corresponding surface, i.e., the length and width direc-
tions for rectangular surface, the axial and circumferential
directions for cylindrical surface, and the radial (external
and internal) and circumferential directions for annular
surface.

Furthermore, according to Sect. 4, the relative positioning
error of assembly deviation propagation with consideration
of form defects can be obtained in serial and parallel assem-
bly. Based on the integrated Jacobian-skin model shapes
model, the SDTs of three IFEPs (i.e., IFEP1, IFEP3 and
IFEPS) can be obtained by calculating the relative variations
of the corresponding GFEs compared with their nominal

Table 7 Number of discrete

; Surface features  Dir_a Dir b Num=Dir_axDir_b Skin model shapes

points and the generated -
skin model shapes in the :
corresponding surface features GFE1.1 31 51 1581

GFEIL.2 51 21 1071

GFE2.3 31 60 1860

GFE2.4 41(21) 60 1260

GFE3.1 41(21) 60 1260

GFE3.2 136 60 8160
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positions, while the SDTs of four CFEPs (i.e., SFEP2,
PFEP2, SFEP4, and PFEP4) can be obtained by the appli-
cation of difference surface, progressive contact method,
and algebraic operations of screw parameters to skin model
shapes with consideration of serial and parallel joints in
subsection 4.2.

It should be mentioned that the SDTs of all assembly
feature pairs can be obtained by one time simulation for the
corresponding generated skin model shapes, as expressed
in Table 8. Final result of the AFR in Case 2 can be calcu-
lated with similar to the form of Eq. (20). Similarly, it is
worth mentioning that a Monte Carlo simulation method
in the statistical analysis can be performed in Case 2 for
accurate analysis and comparison. In the same way, 2000
runs of assembly simulations are embedded to calculate the
assembly accumulated deviations of the AFR for obtain-
ing the variation domain and distribution of specified screw
parameters at point G, as shown in Fig. 12. A more detailed
comparison of assembly tolerance analysis results is also
discussed in next subsection.

e Results and discussion

In order to quantitatively analyze the accuracy results
of assembly tolerance analysis in Case 1 and Case 2, the
spatial position distribution of the final assembly accumu-
lated deviations of point G can be obtained by Monte Carlo
simulation, as shown in Fig. 12. The difference between
Fig. 12a and b indicates that the calculation results of Case
1 and Case 2 exist an offset. Especially when considering
the non-ideal surface model and parallel joints into assem-
bly tolerance analysis, the offset at the final spatial position
distribution has a more extent effects. Additionally, it can
be found that the spatial position distribution of Fig. 12b
is sparser and more scattered than that of Fig. 12a due to
the consideration of parallel joints. Although the calcula-
tion result is relatively larger in Case 2, the assembly accu-
racy is higher, which can reflect the actual assembly more
reasonably and be more conducive to the evaluation of the
assembly feasibility.

Furthermore, it can be obtained that the z-direction
or vertical positional displacement of the AFR between
the inserter and the base is illustrated in Fig. 13 when
2000 runs of assembly simulations are carried out. As
shown in Fig. 13a, the vertical positional variation varies

Table 8 SDTs of all assembly feature pairs based on skin model shapes in Case 2

Symbol Assembly feature pairs SDT Symbol Assembly feature pairs SDT
IFEP1 (GFEL.0, GFEL.1) [ 0 1 PFEP2 (GFE1.2, GFE2.2) [ —0.001789 1
0 0
—0.004860 0
4.7106¢ — 4 0
—2.2459¢ - 5 —2.3007¢ — 4
L 0 L 3.0970e — 4 |
SFEP2 (GFEL.1, GFE2.1) [ 0 1 SFEP2’ (GFEL.1, GFE2.1) & (GFE1.2, GFE2.2) [ —0.001789 7
0 0
0.002965 0.002965
—3.005% — 6 —3.005% — 6
9.3715¢ -5 —2.3007¢ — 4
L 0 J L 3.0970e — 4 |
IFEP3 (GFE2.1, GFE2.3) [ 0 PFEP4 (GFE2.4, GFE3.1) [ —0.002653
0.008323 0
—0.02701 0
0 0
2.2134e -3 1.0605¢ — 4
| 7.2742¢ — 4 L 4.0398¢ — 4
SFEP4 (GFE2.3, GFE3.2) [ 0 1 SFEP4’ (GFE2.3, GFE3.2) & (GFE2.4, GFE3.1) I —0.002653
—0.002975 —0.002975
0.03282 0.03282
0 0
—1.5442¢ - 3 —1.5442¢ -3
L —5.8583¢ — 4 | | —5.8583¢ — 4
IFEP5 (GFE3.2, G) I 0 ]
—0.007599
—0.009348
0
—2.0889%¢ — 5
L 9.9308¢ —5 |
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The vertical positional variation of point G in the z-direction
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Fig. 13 The vertical position variation results of point G in statistical analysis: a for serial assembly in Case 1, b for serial and parallel assembly

in Case 2

from —0.1402 to+0.2003 with a mean deviation+ 3.7776e-4
in method 1#, while the vertical positional displacement
lies in an interval of [39.7311, 40.2717] with a mean value
39.9970 in method 2#. Similarly, as shown in Fig. 13b, the
vertical positional variation varies from —0.3544 to +0.2990
with a mean deviation —0.01459 in method 3#, while the ver-
tical positional displacement lies in an interval of [39.6656,
40.2959] with a mean value 39.9957 in method 4#. There-
fore, these above results are different from the ideal vertical
displacement of the AFR. Meanwhile, there also exists a
significant difference between Case 1 and Case 2.

The vertical positional variation domain obtained from
the integrated Jacobian-skin model shapes model is wider
than these domain obtained from the conventional unified
Jacobian-Torsor model. It can be seen that the probability
of variation will increase for the spatial position of point G
due to the consideration of skin model shapes, because the
deviations of surface features are ignored form defects and
simplified to translational and rotational imperfections in the
conventional unified Jacobian-Torsor model. Furthermore,
considering the parallel joints of mechanical assembly will
make the final spatial position of point G more reasonable
and accurate in the assembly deviation propagation. At last,
we choose the CPU calculation time of the two cases of
simulations to reflect the computation efficiency of these dif-
ferent methods on the author’s ordinary desktop computer.
The CPU calculation time is the total time for 2000 Monte
Carlo simulation runs, and these results of the CPU calcula-
tion time are 18.157 s in method 1# and 39.286 s in method
2# at Case 1, 25.395 s in method 3# and 51.012 s in method
44# at Case 2, respectively, which can meet the computa-
tion efficiency requirement of assembly tolerance analysis.

@ Springer

Because the average calculation time is less than 0.1 s for
one simulation; even for Case 2, in which form errors and
partial parallel connections are considered. Therefore, the
proposed novel assembly tolerance analysis method (i.e.,
method 4#) can be efficiently completed, and the proposed
integrated Jacobian-skin model shapes model can provide a
more generic solution and viable methodology in the assem-
bly tolerance analysis considering form errors and partial
parallel connections in mechanical assemblies.

6 Conclusions

The unified Jacobian-Torsor model is one typical assem-
bly tolerance analysis model, whereas it ignores the com-
bined effects of form errors and partial parallel connections
in mechanical assembly, which may cause inaccuracy and
unreliability in assembly tolerance analysis results. To
overcome these shortcomings, this paper proposes a novel
assembly tolerance analysis method considering form errors
and partial parallel connection based on the integration of
the unified Jacobian-Torsor model and skin model shapes.
The integrated Jacobian-skin model shapes model combines
the benefits of both initial models with assembly accuracy
and reliability guarantees. Specifically, form errors are
considered based on skin model shapes for parts with geo-
metrical deviations, and parallel connections in mechanical
assemblies are considered by transforming into serial con-
nections based on algebraic operations between participated
torsors in the unified Jacobian-Torsor model. On this basis,
an improved approach combined with difference surface and
progressive contact method is proposed to determine the
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actual assembly contact status and calculate assembly rela-
tive positioning errors for serial and parallel connections in
mechanical assemblies. The calculation scheme of assembly
accuracy with a statistical way is also elaborated for assem-
bly tolerance analysis based on the integrated Jacobian-skin
model shapes model. Through the comparison and analysis
with the conventional Jacobian-Torsor model and the inte-
grated Jacobian-skin model shapes model, the proposed
solution can obtain a more accurate and reliable assembly
precision analysis result when considering form errors and
partial parallel connections. However, this research still
belongs to the category of rigid body assembly, and further
research should be considered on the aspects of assembly
deformation by reasons of realistic contact force, external
load, and environment conditions to cover a wider range of
solving more complex assembly problems.
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