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Abstract
The development of the machining technology is restricted by the problems of serious vibration and low system stability. The 
variable pitch cutter has certain vibration reduction property due to the unequal pitch angles. In this work, firstly, according to 
the features of the structure of the variable pitch end mill, the cutting mechanism is analyzed, and a theoretical model of the 
dynamic cutting force is developed. Secondly, the cutting force coefficients of the model are determined based on the test of 
hardened steel for verifying the significance of the theoretical model. Then, the time–frequency characteristics and vibration 
reduction mechanism of variable pitch end mills are analyzed. The frequency characteristics of different types of pitch angle 
end mills are also explored by the spectrum analysis. Finally, based on the energy and variance methods of the amplitude, 
the single-objective optimization of the pitch angle is carried out, where the spectrum lines are found evenly distributed, 
and the optimal result is 80°-97°-100°-83°. For satisfying the machining requirements, the pitch angle of the variable pitch 
end mill is reasonably selected to reduce the amplitude of the forced vibration, which can play an important role in reducing 
the vibration of the tool and improving its cutting stability. The superior vibration reduction tool is of great significance for 
improving the processing technology and accelerating the development of the manufacturing industry.

Keywords  Variable pitch end mill · Dynamic cutting force · Hardened steel · Spectrum analysis · Single-objective 
optimization

1  Introduction

With the increasingly complex structures of products, the 
requirements of machining accuracy and quality consistency 
are also being increased continuously, leading to increasing 
difficulties in machining materials which urgently require 
high-performance tools. It is difficult to improve the surface 
quality of a workpiece due to serious vibration. In order to 

reduce the cutting vibration from the point of tool design, 
Slavicek [1] first proposed the design of the variable pitch 
cutter for vibration suppression. Altintas et al. [2] and Sims 
et al. [3] proposed a model for variable pitch cutting pre-
dicting stability in the frequency domain. Budak [4, 5] and 
Turner et al. [6] studied the time-domain stability of the 
variable pitch mill and developed a dynamic model for alu-
minum alloy. Olgac and Sipahi [7] explained the phenom-
enon that the variable pitch mill can restrain cutting chatter 
from physical and mathematical perspectives. At the same 
time, the research on vibration problems in the machining 
process is conducted in more depth. Zhou et al. [8] pre-
sented an approach for systematic singularity analysis of 
cutting force and vibration in feature extraction. Li et al. [9] 
developed a chatter model of single-degree of freedom by 
taking nonlinear hysteretic and exciting force into account. 
Freyer et al. [10] combined with piezoelectric transducers 
to actively detect tools and control vibration. Suyama and 
Diniz [11] analyzed the effect of tool vibration on insert 
wear during the turning of hardened steel. Lawrance et al. 
[12] investigated the relationship between tool vibration 
and material variation of hardened steel during the drilling 
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process and determined its effect on cutting performance. 
Based on the closed-loop frequency response and dynamics 
model, Wu J et al. [13, 14] studied the vibration problem 
of the motion command, and planned the critical angle and 
position compensation. Yu et al. [15] studied the influence 
of the cutting force coefficient on the spindle speed and axial 
cutting depth, and optimized the stability lobe diagram of 
different cutting parameters. Shirase et al. [16] observed that 
the variable pitch cutter has a better vibration damping per-
formance in comparison with the cutting performance of an 
ordinary cutter. Tang [17] established the eccentricity equa-
tion of unequal tooth cutter is based on the dynamic balance 
theory and expounded the balance problem of asymmetric 
structure cutter. Sellmeier et al. [18] presented a model of 
the cutting force and surface machining error of the variable 
pitch end mill. Yusoff and Sims [19] and Otto et al. [20] 
explored the stability of variable pitch cutting and optimized 
the cutter parameters. Huang [21] and Jin [22] developed 
another dynamic model of the variable pitch mill by analyz-
ing the cutting stability for titanium alloy. Alex and Zoltan 
[23] studied the vibration reduction mechanism of unequal 
tooth cutters in face milling.

The superiority of the damping performance of vari-
able pitch end mills has been widely studied. However, 
the mechanism reducing the tool vibration still lacks cer-
tain analysis in hardened steel materials. In this paper, the 

cutting force model of the variable pitch end mill is stud-
ied by taking into account the problem of multi-time delay 
caused by the change in the pitch angle. The cutting force 
coefficients are analyzed, and the experimental and simula-
tion results are compared, and the relationship between the 
spectrum characteristics of the mill and the mechanism of 
the forced vibration reduction is established. According to 
the amplitude diagram of the cutter in the frequency domain, 
the pitch angle is optimized by taking the minimum energy 
and variance as the objective, so that the damping perfor-
mance of the mill can be continuously improved under cer-
tain conditions.

2 � Dynamic model of cutting force based 
on semi‑analytical method

As an effective strategy to suppress vibration [24], the vari-
able pitch end mill causes a difference in the cutting time 
delay due to the unequal angle distribution between teeth. It 
changes the dynamic cutting force and contact angle during 
cutting. Accordingly, different teeth bear different chip 
loads. Figure 1 displays the axial expansion diagram of the 
variable pitch end mill with the contact area diagram of the 
tool-workpiece Fig. 1a, where N (N = 4) is the number of 
teeth in the end mill, D is the diameter, β is the helix angle, 

Fig. 1   Schematic diagram of 
the variable pitch end mill 
with two degrees of freedom 
(a) contact area diagram of the 
tool-workpiece, (b) schematic 
diagram of the cutting process 
(c) force model
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and φj (j = 1, 2, 3, 4) is the pitch angles. The blue part is the 
amount of material removed, ap is the depth of milling, ae is 
the width of milling, vf is the feed of milling, n is the milling 
speed, and S is the contact length of the cutting edge, where 
S =

z

cos �
 . In the actual cutting process of the variable pitch 

end mill, the relationship of the pitch angles determines the 
specific situation of multi-tooth involved in the cutting. 
When ae > R(1 − cos𝜑) , the helical edge of end mill engages 
multiple teeth in the cutting. Figure 1b shows the schematic 
diagram of the cutting process, where the blue solid line 
represents the processing area of the workpiece, and the 
black thick solid line represents the cutting edge with �st as 
the cut-in angle and �ex as the cut-out angle. As show the 
figure, the cutter teeth in the multi-tooth cutting are divided 
into two categories: complete cutting teeth and partial cut-
ting teeth, which mainly depend on the axial cutting depth 
ap, helix angle β, radius r, cut-in angle �st and cut-out angle 
�ex . When ap >

(
𝜙ex − 𝜙st

)
R arctan 𝛽 in Fig. 1b, the situa-

tion marked by ABCD occurs, otherwise that marked by 
AʹBʹCʹDʹ occurs. There are three different situations in the 
cutting process: partial cutting-in, complete cutting-in and 
partial cutting-out.

According to the force model of the variable pitch end 
mill (as shown in Fig. 1c), �j is the contact angle of tooth j. 
The micro-element force acting on cutter tooth j is expressed 
as follows:

where Ktc, Krc and Kac are, respectively, the tangential, radial 
and axial coefficients of the cutting force. Kte, Kre and Kae 
are, respectively, the tangential, radial and axial coefficients 
of the edge force. dFtj, dFrj and dFaj are, respectively, the 
tangential, radial and axial cutting forces of the micro- 
element cutting edge of cutter tooth j. �j(z) is the contact 
angle of cutter tooth j at the axial cutting depth z, and 
h
(
�j(z)

)
 is the dynamic cutting thickness.

The lag angle of cutter tooth j, relative to the tip of 
the cutter at the cutting depth z, can be expressed as 
� =

2z tan �

D
= k�Z.

(1)
dFtj = Ktch

(
�j(z)

)
dz + Kteds

dFrj = Krch
(
�j(z)

)
dz + Kreds

dFaj = Kach
(
�j(z)

)
dz + Kaeds

(2)�j(z) =

⎧⎪⎨⎪⎩

wt − k�Z =
n�t

30
− k�Z j = 1

wt −
N∑
j=2

�j − k�Z j = 2,……N

(3)h
(
�j(z)

)
= fzj sin

(
�j(z)

)
+ Δxj sin�j(t) + Δyj cos�j(t)

where fzj = fr
�j

2�
 is the feed per tooth of end mill tooth j with 

fr as the feed per revolution of end mill. Δxj and Δyj are, 
respectively, the displacement of the current cutter tooth due 

to the vibration, 
{

Δxj(t)

Δyj(t)

}
=

{
x(t) − x

(
t − �j

)
y(t) − y

(
t − �j

)
}

 , �j =
30�j

�n
 

is the time delay of the current cutter tooth j.
According to the single-tooth cutting force model, the 

instantaneous cutting force model of the variable pitch end 
mill with multiple teeth participating in the cutting process 
is obtained as follows:

where g
(
�j(z)

)
 is the step response function, which indicates 

whether the cutter teeth participate in the cutting.

When the contact angle of the cutter tooth lies between 
the cut-in angle and cut-out angle, the cutting edge takes part 
in the cutting. The cut-in angle and cut-out angle during the 
down milling can be expressed as follows:

In the actual processing situation, the cutting force of 
the end mill is monitored by a dynamometer, which mainly 
measures the forces in the x, y and z directions of the 
machine tool. Through coordinate transformation, the cut-
ting forces of the variable pitch end mill in feed, normal and 
axial direction are transformed into the x–y–z coordinate 
system as follows:

The radial and axial cutting forces of single tooth can be 
expressed as:

where Kr and Ka are, respectively, the proportional coeffi-
cients of the radial and axial cutting forces for different 
materials, which can be expressed as Kr =

Krc

Ktc

 and Ka =
Kac

Ktc

.

(4)
[
Ft Fr Fa

]T
= g(�)

[
N∑
j=1

Ftj

N∑
j=1

Frj

N∑
j=1

Faj

]T

(5)g
(
�j(z)

)
=

{
1 �st ≤ � ≤ �ex

0 else

(6)
�st = � − cos−1

(
1 −

ae

R

)

�st = �

(7)F =

⎧⎪⎨⎪⎩

Fx

Fy

Fz

⎫⎪⎬⎪⎭
= g(�)

⎡
⎢⎢⎣

−cos� −sin� 0

sin� −cos� 0

0 0 1

⎤
⎥⎥⎦

⎧⎪⎨⎪⎩

Ft

Fr

Fa

⎫⎪⎬⎪⎭

(8)
Frj = KrFtj

Faj = KaFtj
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The dynamic cutting force is developed due to the 
dynamic cutting thickness. Accordingly, the tangential cut-
ting force of a single tooth of the variable pitch end mill can 
be expressed as:

Based on the analysis of the cutter tooth time delay and 
force in the machining process of the milling cutter, the 
instantaneous cutting force model of the variable pitch end 
mill is developed, the cutting mechanism of the mill is deter-
mined, and the relationship between the pitch angle and cut-
ting force is established.

3 � Testing of CrMoV hardened steel

The instantaneous cutting force is determined by applying 
an analytical method to a discrete model of the cutting tool. 
The accuracy of the predicted cutting force depends largely 
on its coefficients. A hardened steel has the characteristics 
of high strength, high hardness, and so on. It is a typically 
difficult material for machining, and vibration is prominent 
in its milling process. In order to verify the reliability and 
improve the theoretical accuracy of the model, the coeffi-
cients of cutting force are estimated by using the measured 
cutting force.

The testing site diagram is shown in Fig. 2, the test tool 
is carbide, and its geometry is listed in Table1. The compo-
sition and properties of the material are listed in Tables 2 
and 3, respectively. The equipment includes VDL-1000E 
CNC machining center, Kistler rotary dynamometer, charge 

(9)
Ftj = ∫

z2

z1

(
Ktc

(
fr

�j

2�
sin�j(z) + Δxj sin�j(z) + Δyj cos�j(z)

)
+

Kte

cos �

)
dz

= −
D

2 tan � ∫
�j(z2)

�j(z1)

(
Ktc

(
fr

�j

2�
sin�j(z) + Δxj sin�j(z) + Δyj cos�j(z)

)
+

Kte

cos �

)
d�j

amplifier, data acquisition system, acceleration sensor and 
data processing software.

In this paper, ten groups of single factor tests were carried 
out for minimizing the influence of controllable factors on 

the results of the test. The testing plan is shown in Table 4. 
Since the material properties of the workpiece are not uni-
form, the measurement of the cutting force is repeated for 
10 times for each group of cutting parameters. The cutting 
forces of the third, fifth and seventh time are monitored, and 
their average is taken as the final cutting force of the group 
parameter.

Based on the theoretical model of the cutting force of 
the variable pitch end mill, the cutting force coefficients 
of the model are first measured by a rapid calibration 
method, then those are related to many factors such as cut-
ting parameters, tool-workpiece material matching, tool 
geometry and machining system, and the influence of every 
factor is complex. In 1–5 groups and 6–10 groups of the 
testing plane, the other three cutting parameters are kept 
fixed, the feed rate and the cutting depth are increased lin-
early, respectively. The instantaneous cutting forces Fx, Fy 
and Fz are measured by the dynamometer. Due to the high 
axial stiffness of the system, the cutting forces in the x and 
y directions are discussed, and the regression analysis is 
conducted (as shown in Fig. 3), where the fitting degrees 
of the test data are found to be 98.6%, 98.6%, 98.7% and 
99.7%, respectively. The cutting force coefficients are time-
varying, the fitting results are averaged. Finally, the cutting 
force coefficients Ktc = 7360 N/mm2 and Krc = 3110 N/mm2, 

Fig. 2   Testing site diagram (a) 
end section of the variable pitch 
end mill (b) hardened steel 
material (c) equipment (d) test-
ing system
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Table 1   Carbide end mill geometry

Diameter (mm) Number of flutes Edge length
(mm)

Total length (mm) Rake angle
(°)

Pitch angle
(°)

Helix angle
(°)

Nose radius
(mm)

20 4 38 104 15 85–95-85–95 40 0.8

Table 2   Chemical composition 
of hardened steel (CrMoV)

Component C Si Mn P S Cr V Mo Ni Cu

Content
(%)

1.55  < 0.40  < 0.40  < 0.03  < 0.03 10.50 0.25 0.40  < 0.25  < 0.30

Table 3   Physical properties of 
hardened steel (CrMoV)

Hardness
(HRC)

Elastic modulus
E (GPa)

Density
ρ (g/cm3)

Specific heat 
capacity
C (J/Kg.K)

Conductivity
k (W/m.K)

Poisson's 
ratio
u

60 223 7.70 0.46 20 0.27

Table 4   Testing plan and results

Group number Rotating speed
n (r/min)

Cutting depth
ap (mm)

Cutting width
ae (mm)

Feed rate
fr (mm/r)

Cutting force
-Fx (N)

Cutting force
-Fy (N)

1 2000 1 0.5 0.12 165.3 426.0
2 0.16 178.5 445.6
3 0.20 203.6 460.1
4 0.24 225.8 470.5
5 0.28 240.0 490.0
6 2500 0.6 1 0.20 101.5 316.1
7 0.8 140.4 425.5
8 1.0 169.2 526.8
9 1.2 210.0 627.2
10 1.4 230.9 740.6

0.12 0.16 0.20 0.24 0.28
160

180

200

220

240

260

(a)

fr (mm/r)

-Fx
 -Fy

fr (mm/r)

-F
x (

N
)

Equation y = a + b*x

Weight No Weighting

Residual Sum of 

Squares
39.256

Pearson's r 0.99495

Adj. R-Square 0.98657

Value Standard Error

Fx Intercept 104.06 5.94394

Fx Slope 491 28.59779

400

420

440

460

480

500

-F
y (

N
)

Equation y = a + b*x

Weight No Weighting

Residual Sum of 

Squares
23.9

Pearson's r 0.99493

Adj. R-Square 0.98652

Value Standard Error

Fy Intercept 381.7 4.63789

Fy Slope 382.5 22.31405

0.6 0.8 1.0 1.2 1.4
90

120

150

180

210

240

270

(b)  -Fx
 -Fy

ap (mm)

-F
x (

N
)

Equation y = a + b*x

Weight No Weighting

Residual Sum of 

Squares
99.892

Pearson's r 0.99536

Adj. R-Square 0.98766

Value Standard Error

Fx Intercept 6.64 9.48171

Fx Slope 163.5 9.12378

200

300

400

500

600

700

800

-F
y (

N
)

Equation y = a + b*x

Weight No Weighting

Residual Sum of 

Squares
173.844

Pearson's r 0.9992

Adj. R-Square 0.99786

Value Standard Error

Fy Intercept 9.08 12.50838

Fy Slope 519.9 12.0362

Fig. 3   Relationship between cutting force and cutting parameters (a) feed rate in the x and y direction and (b) cutting depth in the x and y direc-
tion
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and the cutting edge force coefficients Kte = 170 N/mm2, 
and Kre = 254 N/mm2 are obtained.

Figure 4 shows the vibration acceleration diagrams of 
the fifth and tenth groups in the milling test. It can be seen 
from the figure that the milling process of hardened steel is 
still relatively stable under the condition of the maximum 
cutting parameters, which meets the basic conditions for the 
theoretical model of the milling force. The obtained cutting 
force coefficients of the hardened steel (CrMoV) are used 
in the theoretical model of the cutting force of the variable 
pitch end mill, and the significance of the model is verified.  
Figure 5 shows the testing result diagram. Due to the une-
qual pitch angles, there is a difference between the peak val-
ues of the dynamic cutting force at two adjacent teeth. It can 
be seen that the dynamic trend of the cutting force is in good 
agreement in the figure. The experimental average results are 
Fx = –203.6 N and Fy = –460.1 N, and the simulation values 
are Fx = –186.7 N and Fy = –443.5 N, having differences of 
8.3% and 3.6%, respectively. It indirectly indicates that the 
theoretical model of the cutting force of the variable pitch 
end mill has certain prediction accuracy. From the FFT dia-
gram, it can be seen that the fundamental frequency for the 
frequency domain amplitude distribution is the same in the 
x and y directions under the forced vibration controlled by 
the milling force.

4 � Simulation results and discussion

The cutting force model of the variable pitch end mill is 
formed with the pitch angles, cutting force coefficients for 
materials and cutting parameters. Based on the above testing 
conditions, the influence of different types of changes in the 
pitch angle on the time-domain characteristics of the cut-
ting force and the corresponding spectrum are analyzed. The 
amplitude spectrum describes the outline and shape of the 
exciting force signal, and the phase spectrum describes the 

position of the signal. The harmonic component of ampli-
tude spectrum determines the degree of vibration, which 
indirectly reveals the relationship between the pitch angle of 
the end mill and cutting vibration, and provides the theoreti-
cal basis for the damping of the cutter.

According to the cutting mechanism of the variable pitch 
end mill, the feed rate of each tooth is different at different 
distributions of the pitch angle. The cutting force of each 
tooth is different, which constantly changes the peak of 
the force. According to Eq. (10), there is a linear positive 
correlation between the cutting force and the pitch angle, 
leading to different loads on cutting edges and premature 
wear failure on the cutting edge with larger pitch angle. 
Therefore, the influence of the difference in the pitch angle 
on the machining performance of the cutter teeth should 
be considered in the analysis of the pitch angle. When the 
difference angle between teeth j + 1 and j is Δ� , the relation-
ship between the static load difference of the two teeth is 
expressed as follows:

Based on the basic theory of Fourier series genera-
tion, the cutting force model is analyzed in the frequency 
domain, and the machining condition is determined as 
down-milling. The cutting parameters are D = 20 mm, 
n = 2000r/min, fr = 0.12 mm/r, ap = 1 mm, ae = 10 mm, 
and the material cutting force coefficients are the same 
as above. There are four different types of parameters for 
pitch angle distribution in the variable pitch end mill, 
which are equal pitch angle 90°-90°-90°-90°, symmetri-
cal pitch angle 85°-95°-85°-95° and linear pitch angle 
75°-85°-95°-105°. The influence of the pitch angle of the 
milling cutter on the corresponding spectrum is confirmed. 
It is shown in Fig. 6 by comparing the characteristics of 
three different types of inter-tooth angles in the frequency 
domain of the cutting force.

(10)ΔF = Kcap
Δ�

2�
fr sin�

Fig. 4   Acceleration diagram of the milling vibration (a) and (c) show the five group in the x and y direction, (b) and (d) show the ten group in 
the x and y direction
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Figure 6 shows that the characteristics of end mills are 
different for different inter-tooth angles of the cutting force 
in the frequency domain. Due to different trends of the 
pitch angle and different cutting parameters of each tooth, 
the extreme cutting force and the time delay interval are 
different. At the same time, when the period of the milling 
cutter changes from low to high, the amplitude spectrum is 
distributed in a wider range of frequencies, and the harmonic 
component is reduced. For example, the extreme values of 
the cutting force spectrum of the end mills with different 
tooth angles are reduced compared to those with equal-tooth 
end mills, respectively, by 2.1%, 26.2% and 2.6%, 5.6% in 
the x and y direction. Therefore, when the pitch angle of the 
variable pitch end mill tends to be asymmetrical, the cutting 
force spectrum of the milling cutter becomes more dispersed 
and uniform, resulting in smaller tool forced vibration and 
higher cutting stability under the same cutting conditions.

5 � Optimization of end mills

Moreover, the structural rigidity of thin-walled parts is 
weak, which is easy to be affected by vibration. Therefore, 
the pitch angle of the variable pitch end mill is optimized 
by taking the milling vibration as the index for evaluating 

the tool and the vibration minimization of the process sys-
tem as the objective function. When the frequency response 
function SS(f ) and exciting force Ae(f ) of the machine tool-
workpiece system are known, the relative vibration ampli-
tude spectrum SR(f ) between the tool and the workpiece can 
be expressed as follows:

In the actual milling process, when the cutting tool is 
suitable for different processing conditions, the response 
function of the system frequency under different conditions 
cannot be obtained in real time. In order to make the cut-
ting tool meet all the processing conditions, the response 
function of the system frequency becomes a horizontal line 
(default) based on the statistical angle SS(f ) = const . The 
cutting force spectrum of the variable pitch end mill needs 
flatness to minimize its vibration.

The pitch angle of the end mill is taken as the design vari-
able, and the sum of the harmonic energy (energy method 
Eq. 12) and the square of the amplitude deviation (variance 
method Eq. 13) of the cutting force are taken as the objective 
function. The energy method shows the sum of the vibra-
tion amplitudes, and the variance method shows the flatness 
of the vibration amplitude. The optimal distribution of the 
angle between the teeth is carried out, so that the amplitude 

(11)SR(f ) = Ae(f ) × SS(f )

Fig. 5   Testing result diagram, 
comparison diagram of milling 
force test and model simulation 
(a) shown in the x direction, (b) 
shown in the y direction, and 
FFT diagram of cutting forces 
(c) in the x and y direction

7793The International Journal of Advanced Manufacturing Technology (2022) 119:7787–7797



1 3

of the forced vibration is reduced and made flat. Let the 
vibration reduction performance of the variable pitch end 
mill reaches the theoretical best state. The objective function 
is obtained from the energy method and the variance method 
as follows [25]:

where f is the cutting frequency of the cutter teeth, Ae(f) 
is the vibration amplitude. a1 and a2 

(
a1 + a2 = 1

)
 are 

(12)E(f ) =

n∑
f=1

Ae(f )

2

=

(
a1

n∑
f=1

Fx(f )

2

+ a2

n∑
f=1

Fy(f )

2
)

(13)S2(f ) =

⎛
⎜⎜⎜⎜⎜⎝

n�
f=1

⎛⎜⎜⎜⎜⎝
Ae(f ) −

n∑
f=1

Ae(f )

n

⎞⎟⎟⎟⎟⎠

2⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

a1

n�
f=1

⎛⎜⎜⎜⎜⎝
Fx(f ) −

n∑
f=1

Fx(f )

n

⎞⎟⎟⎟⎟⎠

2

+ a2

n�
f=1

⎛⎜⎜⎜⎜⎝
Fy(f ) −

n∑
f=1

Fy(f )

n

⎞⎟⎟⎟⎟⎠

2⎞⎟⎟⎟⎟⎟⎠

determined by the dynamic stiffness of the machine tool as 
the weighting coefficients in the x and y directions, respec-
tively. Fx(f ) and Fy(f ) are the amplitude components of the 
milling force spectrum in the x and y directions, respectively. 
n is the harmonic order.

The optimization of the pitch angle is a multi-variable 
and multi-constrained parameter optimization problem. In 
order to ensure the convergence of the optimum results, a 
global search algorithm is adopted to analyze the problem 

comprehensively, by combining with multiple sets of initial 
variable values and constraints (Eq. 14).

Fig. 6   Spectrum of end mills with different pitch angle for the cutting force simulation (a) equal (90°-90°-90°-90°) (b) alternating (85°-95°-85°-
95°) (c) linear (75°-85°-95°-105°)
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where �i is the pitch angle of the i-th cutting edge, �min and 
�max are the upper and lower bounds of the inter-teeth angle, 
respectively.

The global search method depicts that the optimum result 
has nothing to do with the initial value. The pitch angle of 
the tool in the cutting force test is taken as the initial value in 
the optimization process. Different groups of constraints are 
set. The optimization results are shown in Table 5, where it 
can be seen that the objective value decreases with increas-
ing pitch difference angle (as shown in Fig. 7). The opti-
mization results are mostly consistent for different objec-
tives. It indicates that the determination of the pitch angle 
becomes two single-objective optimization problem, which 
has the characteristics of minimum spectrum energy and 
flat amplitude. According to Eq. (10), when the difference 
angle between the teeth falls in a certain range, the load 
difference of the cutting edge becomes larger. The uneven 
force on each tooth of the cutter is serious, which may lead 
to premature failure and deformation of the cutter. Consid-
ering the strength requirements of the cutter teeth and the 
balance of the milling cutter structure, the optimum values 
under the constraint of 20° pitch angle difference are found 
as 80°-97°-100°-83°. Figure 8 shows the stability lobe and 

(14)

4∑
i=1

�i = 2�

�min ≤ �i ≤ �max

the frequency spectrum of the corresponding cutting force, 
in which limit cutting depth is increased and the amplitude 
is greatly reduced and the change trend is relatively gentle. 
The extreme values of Fx and Fy amplitude diagrams are 
reduced by 30.4% and 8.9%, respectively, compared with 
equal pitch cutter. Therefore, it can be concluded that the 
optimum pitch angle can reduce the vibration of the milling 
cutter and effectively improve the cutting stability.

Table 5   Optimization results of pitch angles

Initial value
φ0 (°)

Upper and lower 
bounds / Pitch 
angle difference 
(°)

Energy method Variance method

φmin φmax △φ Optimize the pitch angle (°) Objective function value Optimize the pitch angle (°) Objective function value

85-
95-
85-
95

60 120 60 60–118–120–62 2.2359e + 05 60–118–120–62 1.4300e + 05
60 110 50 60–109–110–81 3.0601e + 05 60–109–110–81 2.0108e + 05
70 120 50 70–99–120–71 3.4187e + 05 70–96–120–74 2.5670e + 05
70 110 40 70–109–110–71 3.4389e + 05 70–109–110–71 2.4553e + 05
60 100 40 62–98–100–100 4.1645e + 05 62–98–100–100 3.0869e + 05
70 100 30 70–97–100–93 4.6477e + 05 70–97–100–93 3.5551e + 05
80 110 30 80–90–110–80 4.9936e + 05 80–87–110–83 3.9609e + 05
80 100 20 80–97–100–83 5.1541e + 05 80–97–100–83 4.1542e + 05
85 95 10 85–91–95–89 5.9223e + 05 85–91–95–89 5.1335e + 05

Fig. 7   Relationship between pitch angle difference and objective 
function value
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6 � Conclusions

In this paper, the variable pitch end mill is investigated. The 
time delay characteristics and cutting mechanism of the end 
mill are analyzed, and a cutting force model of the variable 
pitch end mill is developed. Based on the test with milling 
hardened steel (CrMoV), the cutting force coefficients are 
calculated by using the instantaneous cutting force calibra-
tion method, and the significance of the cutting force model 
is verified. This paper studies the time–frequency charac-
teristics of the cutting force of the end mill, and discusses 
the frequency spectrum of the cutting force under different 
types of pitch angles. It is found that the pitch angle is the 
key factor, which leads to the change of the frequency spec-
trum characteristics of the milling force. The results show 
that the end mill with asymmetric structure can reduce the 
maximum amplitude by more than 20% compared with 
that with a symmetric structure, which has the function of 

dispersing harmonic components, indicating that it has better 
damping performance. At the same time, the pitch angle of 
the variable pitch end mill is optimized for different objec-
tive functions, and the relationship between the optimal 
distribution of the pitch angle and the objective function is 
comprehensively analyzed under different constraints. It is 
found that increasing pitch difference angle leads to the con-
tinuous decrease in the objective function. When the pitch 
difference angle is 20°, the optimization result of the pitch 
angle is 80°-97°-100°-83°. The extreme values of Fx and 
Fy spectrum amplitudes are reduced by about 30.4% and 
8.9% compared with equal pitch cutter, respectively, which 
shows that the milling cutter structure has better damping 
performance. In actual machining, the pitch difference angle 
should be combined with the cutter design criteria, so as to 
make the cutter meet certain strength requirements. To sum 
up, there is a direct relationship between the tooth angle of 
the variable pitch end mill and the vibration characteristics 

Fig. 8   Stability picture of end 
mill with optimal pitch angle 
(80°-97°-100°-83°) (a) lobe 
diagram (b) frequency spectrum
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of the tool. The optimal structure of the tooth angle of the 
variable pitch end mill has better cutting stability, which is 
of great significance to prolong the tool life and improve the 
machining efficiency. It continuously improves the manufac-
turing process of key parts and accelerates the flourishing 
development of key industries.
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