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Abstract
Virtual assembly technology is of great significance to training of mechanical engineers. However, existing force rendering
models for virtual assembly are not accurate enough with less consideration of geometrical properties of the parts, which may
lead to unpractical perceptions during assembly. This paper presents a novel force rendering model for virtual assembly, which
takes into account parts’ geometrical properties according to the new generation of geometrical product specification (GPS).
More specifically, skinmodel shapes of parts for force rendering are constructed and then the contact between the mating surfaces
is analyzed. Based on which, the axial frictional and radial contact resistances are calculated and rendered. To verify the proposed
model, two comparative case studies are designed using a shaft-bushing assembly as the example. The results have shown that
with the proposed approach, the rendered assembly force is more realistic and can reflect different tolerances more precisely.
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1 Introduction

Assembly and disassembly of mechanical parts require oper-
ators to have professional assembly knowledge and rich ex-
perience; hence, training for assembly engineers is essential.
Comparing with traditional physical training methods, virtual
assembly training emerges as a more and more popular train-
ing approach due to its unique advantages. Firstly, parts only
need to be modeled in the related CAD software. This saves
the time and cost of manufacturing their physical counterparts
[1]. In addition, virtual assembly training also avoids possible
dangers to operators and equipment damage caused by mis-
operations [2]. Among different interactive modalities in vir-
tual assembly, haptics technology offers a revolutionary solu-
tion for realistic interaction in virtual environment, with which
users can feel and manipulate virtual objects by using special
input/output devices to get tactile and force feedback [3]. In
the field of virtual assembly, researchers have proved that
haptic feedback can improve the assembly efficiency and

enhance the immersion, which are of great application signif-
icance [4–6]. In actual mechanical assembly, precise force
perception affects the accuracy to position parts with each
other and eventually has impact on product quality. This is
especially crucial for mechanical assemblies defined with dif-
ferent tolerance levels. For this reason, precise haptic render-
ing is important to ensure the performance of virtual assembly.

Robotic assembly is widely used for high-efficiency and
high-quality industrial production [7]. A robotic assembly op-
eration can be designed and adjusted according to computer
simulation [8], machine vision [9], feedback force [10], and
artificial intelligence [11]. Among them, the feedback force is
the real assembly resistance sensed by sensors. However, for a
virtual assembly process, the assembly resistance needs to be
simulated and fed back to the user. Therefore, how to achieve
realistic and stable virtual assembly force rendering is key to
virtual assembly training applications [12]. Over the past de-
cades, researchers have proposed various approaches that can
be classified into two categories, i.e., constraint-based
methods and physics-based methods [13, 14]. For constraint-
based methods, Liu et al. [15] decomposed the assembly pro-
cess into two basic types of manipulations, i.e., axis-alignment
assembly and face-mating assembly. For axis-alignment as-
sembly, a constraint force and a constraint torque are set to
constrain the part to move along the axis, while for the latter,
the part to be assembled is constrained to move on the mating
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face due to the face-mating requirement. Tching et al. [16]
proposed the idea of virtual constraint guidance for insertion
tasks. To apply this guidance, mechanical constraints are set
between two parts (hinge, cylinder joint, etc.). Moreover, vir-
tual fixtures like virtual walls are modelled to limit the move-
ment of the mechanical parts.

It is known that force rendering devices require a refresh
rate of more than 1kHz to ensure the stability of force output.
However, it is hard to keep up with this frequency with the
geometrical calculations of collision detections during virtual
assembly, especially for parts with complex shapes. So,
constraint-based methods normally restrict the posture and
movement of the parts during a virtual assembly process,
which ensures stable force output by cutting down the cost
of collision detection, but the fidelity of the assembly force is
largely compromised.

As for physics-based methods, commercial physics en-
gines are integrated to simulate the parts’ physics properties,
such as accelerated velocity, friction, and driving force.
Therefore, their force rendering perceptions are more realistic.
Xia et al. [17] integrated the physics engine for collision de-
tection and parts’ penetration depth calculation. And then the
collision force is computed using the penetration depth, based
on which geometry constraints are applied. For example,
when two parts were close enough, a geometrical constraint
was captured. Then a pseudo-attractive force was generated to
guide the user to assemble the part along the correct direction
and the repulsive force could also be generated when the part
deviated from the mating axis. Jiang et al. [18] did a peg-in-
hole virtual assembly test by integrating physics engine and
force feedback. Due to complexity of the collision detection,
when inserting the cylinder into the hole virtually, the cylinder
may end up jumping out of the hole by physics engine once its
moving direction deviated from its assembling axis and pen-
etrated into the wall of the hole. To solve this problem, this
work allowed a pair of assembly parts to penetrate each other
but set constraints to guide the parts to move along the
predetermined trajectory. The experiment verified that this
method not only simplified the assembly operation and short-
en the assembly time, but also increased the visual realism.

However, studies so far have not yet considered the influ-
ence of actual geometrical deviations of the workpiece sur-
faces on the assembly force. Hence, the force rendering
models cannot provide delicate haptic perception changes
caused by the geometrical variations, which greatly reduces
the fidelity of virtual assembly training. In fact, for mechanical
assemblies, geometrical deviations are inevitably observable
on manufactured workpieces and have huge influences on the
quality and function of mechanical products [19]. Based on
different functional requirements, tolerances are designed on
the part’s surface. Such tolerances are guaranteed by different
manufacturing processes, and the resulted geometrical devia-
tions of mating surfaces certainly affect the assembly force,

which is more critical for important and precise mechanical
assemblies. However, in the fields of force rendering for vir-
tual assembly, mechanical part models used in existing studies
are either ideal solid feature models or triangular mesh
models, which cannot represent the superficial tolerance in-
formation of the parts. Furthermore, existing methods to sim-
ulate deformations and forces, such as finite element method
(FEM), require more time and calculation efforts, which can-
not meet the requirements of real-time force rendering.

In order to represent different geometrical variations, geo-
metrical product specification (GPS) standard, ISO 17450-1,
defines the skin model, a model of the physical interface of the
workpiece with its environment [20]. Since the skin model is
an infinite model, it can neither be identified nor simulated
[21]. Hence, the discrete shape approach proposed by Zhang
et al. [22, 23] paved the way for skin model representation and
simulation. Their approach can model form, orientation, and
position deviations by employing second-order shapes and
different methods to obtain randomly deviated geometry.
Anwer et al. [24] investigates the concept of skin model
shapes (SMSs), which provides a digital representation of
the skin model concept and the unified discrete geometry rep-
resentation for tolerance representation and analysis. Their
SMS was used to simulate the mobility and contact of the
mechanical parts. Based on the same concept, Schleich et al.
[25] presented a novel approach for contact and mobility sim-
ulation by addressing three issues, i.e., the geometrical model-
ing of the contact, the contact quality evaluation, and the mo-
tion analysis. Furthermore, approaches for contact simulation
[26] and assembly simulation [27] have been developed and
can be used for tolerance analysis of mechanism employing
SMS. Therefore, it is possible to employ SMS for virtual as-
sembly resistance calculation so that the contact of parts can
be analyzed more accurately.

This paper proposes a GPS-based force rendering model
for virtual assembly of mechanical parts. The rest of the paper
is organized as follows. Section 2 introduces the SMS con-
structed for mechanical parts, which consider the GPS-defined
geometrical properties such as dimension, form, and surface
characteristics. Then the force rendering model is proposed in
Section 3, while Section 4 presents the case studies to evaluate
the proposedmodel. And the last section, Section 5, concludes
the work.

2 A GPS-based skin model shapes for virtual
assembly

2.1 Classification of mating surfaces

Assembly of mechanical parts involves different types of con-
nections with/without fasteners. No matter which connection
is adopted, there will be physical contact between two mating
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surfaces; therefore, how to represent such surfaces is key to
model the assembly force.

By analyzing typical mechanical connections and consid-
ering different geometrical features of mating surfaces of the
parts, mating surfaces of general mechanical assemblies can
be divided into two categories, namely common surface mat-
ing and specific surface mating, as shown in Table 1.

Category 1: Common surface mating. Such surfaces can be
a pair of cylindrical, planar, conical, or spherical surfaces.
They share common types of GPS geometrical characteristics
such as dimensional characteristic, axis straightness, and gen-
eratrix straightness.

Category 2: Specific surface mating. In this category, the
mating surfaces are relatively complex. One typical example
is bolted assembly, and the mating surfaces are threaded with
specific shapes, whose GPS geometrical characteristic is spe-
cially designed with pitch error, tread angle error, etc.

This paper focuses on the first category of assemblies with
common mating surfaces since it covers more types of me-
chanical connections, while for the second category, similar
approach can be formulated but may need more consideration
on calculation cost.

2.2 The GPS-based skin model shapes for common
mating surfaces

SMS describes the profile variations of the parts. Hence, the
clearance or interference value of two contacting surfaces can
be calculated. In this section, a SMS constructing method
according to the GPS standard is proposed for force rendering
of virtual assembly. The corresponding flow chart is shown in
Fig. 1. More specifically, a typical cylindrical shaft-bushing
assembly is adopted here as an example to illustrate the con-
structing steps, which are explained in detail below.

Step 1: discretization of the mating surfacesWith reference to
a shaft-bushing assembly, for either the shaft or bushing, the
cylindrical mating surface of the part is discretized first to

model the geometrical deviation of skin profile. As shown in
Fig. 2, in order to reduce the calculation efforts, the cylindrical
surface is partitioned into quadrilateral meshes of equal size.
And the center of each mesh is set as the discrete point of the
SMS, and the variations in the same mesh are set to be
constant.

More specifically, on the axial direction, the surface is
equally partitioned intom sections, while along the circumfer-
ential direction, the surface is equally partitioned into n sec-
tions. The values of m and n are impacted by the area of the
part surfaces indicated by length l and diameter d. Obviously,
the bigger the l and d are, the greater the values of m and n
would be respectively. However, since the skin profile varia-
tion on each discrete point is used to calculate the assembly
resistance, and in order to meet the 1-kHz refresh frequency of
force rendering, the calculation efforts must be limited.
Therefore, the limit of m×n can be determined accordingly
by the operating power of the hardware.

Step 2: analyzing GPS-based variations of the profile for the
mating surface There are nine geometrical properties identi-
fied in the ISO GPS system, such as size, location, orientation,
form, and surface texture [28]. Among them, the properties
that affect the assembly force are mainly dimension, form, and
surface texture related. Correspondingly, in this work, the skin
profile variations of these three properties are represented as
VDimension, VForm and VSurface respectively. Since the geomet-
rical variations of the parts are mainly impacted by its machin-
ing process, machine tool precision, and other uncertain fac-
tors randomly, hence the variations caused by different char-
acteristics are modeled with the random functions.

Generation of the dimensional variations VDimension For di-
mensional variation, it is represented by the design tolerance,
which is the allowable varying range of the part’s basic di-
mension. For example, for a shaft-bushing assembly, the basic
dimension is the diameters of the shaft or the mating hole.

However, the actual variations of the dimension at different
location are random. So, assuming the upper and lower limit

Table 1 The description of assembly type

Categories The shapes of
mating surface

Typical mechanical assembly types Types of GPS geometrical characteristics that may affect
the assembly force

Common
surface
mating

Cylindrical surface Cylindrical shaft-bushing assembly, cylindrical pin
assembly, bearing assembly

Dimensional characteristic, axis straightness, generatrix
straightness, cylindricity, roundness

Planar surface Square shaft-bushing assembly, key connection
assembly, square Pin assembly

Dimensional characteristic, axis straightness, generatrix
straightness, flatness

Conical surface Tapered pin assembly Dimensional characteristic, axis straightness, generatrix
straightness, roundness

Sphere surface Knuckle bearing assembly Dimensional characteristic, roundness

Specific surface
mating

Helicoid surface Threaded assembly such as bolt or screw etc. Pitch error, thread angle error, parallelism of the nut and the
face of the connected part
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deviation are tmax and tmin, the skin profile variation caused by
the dimension characteristic can be generated as:

VDimension ¼ rand tmin; tmaxð Þ ð1Þ

The constraint relation of the surface variations is:

∀i≤m; j≤n; tmin < V Pi; j
� �

< tmax ð2Þ

where V(Pi, j) is the total variation at discrete point Pi, j.

Generation of the form variations VForm Form properties in-
clude straightness, flatness, roundness, cylindricity, line pro-
file, and surface profile. According to GPS standard, the
wavelength λform of the form variation profile is more than
10 mm. Therefore, λform is generated randomly between (10,
l) (l is the length of the part). As shown in Fig. 3, the discrete
points at each peak and trough of the wave are set as sampling
points. And each sampling point corresponds to an axial po-
sition ik. So, the variations at the sampling points are generated
according to the method described below. Finally, the varia-
tions of the discrete points between the two adjacent sampling
points are calculated by interpolation.

For a shaft-bushing assembly, the form property includes
characteristics such as axis straightness, generatrix straight-
ness, cylindricity, and roundness. Here, the axis straightness
is used as an example to illustrate how the variations are
generated.

The axis straightness is defined to describe the variations of
the actual axis relative to the ideal one. As shown in Fig. 4a,
each sampling point corresponds to a circle section, whose
position is offset with the variations of the axis, based on

which, assuming the allowable variation of the axis is ts, the
axis variation at the axial position ts can be represented by (α,
e), as shown in Fig. 4b, where α represents the direction angle
of the axis variation in the cross-section, and e represents the
magnitude of the axis variation. Similarly, the axial variation
at the axial position ik is generated randomly as:

a ikð Þ ¼ rand 0; 2πð Þ; e ikð Þ ¼ rand 0; ts=2ð Þ ð3Þ

As shown in Fig. 4c, the profile variation generated by the
axis straightness of the part at sampling point Pi, j is:

Vs Pi; j
� � ¼ e ið Þcos α−β jð Þð Þ ð4Þ

where β(j) represents the direction angle of Pi, j in cross-sec-
tion. e(i) represents the magnitude of the axis variation at point
Pi, j.

The corresponding constraint of the skin variations is:

∀i≤m; e ið Þ < ts=2 ð5Þ

After generating the variation for axis straightness, similar
analysis and calculation can be applied to other shape charac-
teristics defined.

Generation of the surface property variations VSurface The sur-
face property in the GPS standard matrix includes roughness,
waviness, and surface defects. Surface defects are affected by
respective processing technology and processing tools applied
during manufacturing. Hence, such defects randomly exist
due to processing technics and are difficult to predict, which

Fig. 1 The flow chart of the SMS constructing method

Fig. 2 The illustration of
discretization of mating surface
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are not considered here in the general SMS for assembly force
rendering. While for the others, i.e., surface waviness and
roughness, according to the GPS standard, the range of the
wavelength λwaviness of the waviness profile is 1mm <
λwaviness < 10mm and the range of the wavelength λroughness
of the roughness profile is λroughness < 1mm, which indicates
that the profile variations of the surface property are micro-
scopic, and such specific variations hardly affect the macro-
scopic assembly force. So, instead of generating the specific
variations on SMS for such surface texture variations, this
work considers the macroscopic effect of the surface varia-
tions on assembly force with different parameters. More spe-
cifically:

VSur face ¼ VWaviness þ VRoughness ð6Þ

The distribution of surface profile variation satisfies the
Gaussian distribution with a limit of (−A/2 − Rz/2, A/2 +
Rz/2) [29], where A is the maximum amplitude of waviness
and Rz is the largest depth of the roughness. Also, the contact

of two rough surfaces can be equivalent to the contact of a
rough surface and a smooth surface [30]; as shown in Fig. 5b,
the range of the rough surface profile variation is (−A − Rz, A
+ Rz). Therefore, as long as the distance of the two mating
meshes is within the range of (−A − Rz, A + Rz), its interfer-
ence would satisfy the Gaussian distribution.

Step 3: integrating variations to form the SMS As discussed
in step 2, form property includes several form charac-
teristics. Since the surface variations are supposed to
satisfy all characteristics’ tolerances, in other words,
the variations need to be within the range of the inter-
section of all characteristics’ tolerances. Therefore, the
construction of final SMS starts from integrating form
variations. The characteristics are used to generate the
profile variations and correct the generated profile vari-
ations one by one. If the profile variations exceed the
characteristic’s tolerance, the variations need to be
regenerated.

Fig. 3 The illustration of
sampling points

Fig. 4 The illustration of axis straightness. a Representation of the axis variations in longitudinal section. b Representation of axis variations in cross-
section view. c Representation of skin profile variations at Pi, j
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After integrating the form property, the total skin profile
variations of the part are integrated by the superposition of all
the three variations:

V ¼ VDimension þ VForm þ VSurface ð7Þ

And finally, the dimensional tolerance, which is the most
common variation, is applied again to satisfy the profile var-
iations, i.e., if the profile variations exceed the dimensional
tolerance threshold, they are scaled down to the range of the
dimensional tolerance.

To illustrate the generated surface profile, a display widget
is developed, as shown in Fig. 6. More specifically, the sur-
face profiles are illustrated based on three mechanical assem-
bly fit types, i.e., clearance fit, transition fit, and interference
fit. Moreover, it can be seen that for the same fit type, bigger
shape tolerances not only result in wider variation range of
surface profile variations but also cause the profile change
more drastically.

3 The GPS-based force rendering model
for virtual assembly

In general, a virtual assembly process can be divided into two
stages, i.e., positioning stage and constrained assembly stage.
In the positioning stage, the part is navigated to where its
assembly counterpart locates and then is postured [31], while

in constrained assembly stage the assembling part moves
along a certain assembly direction within a constrained geo-
metrical space. For example, for a shaft-bushing assembly, the
shaft is constrained within the hole at this stage. This paper
focuses on the method of assembly resistance rendering at
constrained assembly stage.

3.1 The formulation of the assembly space during
assembly process

When two parts are mated, due to their geometrical tolerances
of the skin profile, the clearance or interference condition
between the mating surfaces may be different at different lo-
cations. Hence, the concept of tolerance space (TS) is defined
to describe the assembly clearance or interference variations
between two mating surfaces, based on which the assembly
space (AS) is defined to describe the movable space of assem-
bling parts. For different types of fits, the distributions of TS
and AS are different, which are shown in Fig. 7 respectively.
For clearance fit, due to the clearance between the mating
surfaces, the shaft can move in AS, whose value is equal to
that of TS. However, for transition or interference fit, due to
the interference between the mating surfaces, surfaces are
pressed against each other and hence there is no space for
the shaft to move radially in the hole; accordingly, the section
of AS is a point at such situations (see the enlarged drawing in
Fig. 7b and c).

Fig. 5 The illustration of the
surface profile variations. a The
surface profile variations on a
mesh. b The equivalent contact of
two rough surfaces

Large form tolerances Large form tolerances Large form tolerances

0.05mm

0

-0.05mm

Small form tolerances Small form tolerances Small form tolerances

a. Clearance fit b. Transition fit c. Interference fit

Fig. 6 The illustration of the shaft surface profiles with different fits. a Clearance fit. b Transition fit. c Interference fit

470 Int J Adv Manuf Technol (2022) 118:465–477



The radial space of TS and AS at the point Pi, j is recorded
as ST(Pi, j) and SA(Pi, j) respectively (see the drawing in Fig.
7a). In calculation of ST(Pi, j), both the profile variations of the
shaft and bushing need to be considered. It can be calculated
as:

ST Pi; j
� � ¼ Vbushing Pi; j

� �
−V shaft Pi; j

� � ð8Þ

where Vshaft(Pi, j) and Vbushing(Pi, j) denote the skin profile
variations of the shaft and bushing at point Pi, j respectively.

For clearance fit, as shown in Fig. 8, when the shaft is
inserted by a depth of di along the axis, the AS sections are
different at different cross-sections. Considering the moving
space of the whole shaft, the AS of the whole shaft should be
the intersection of all AS sections at this insertion depth.

3.2 The assembly resistance model

Due to the contact of shaft and bushing, the assembly resis-
tance at constrained assembly stage can be divided into three
force components: the axial frictional resistance Fy and the
radial contact resistance Fx and Fz, which are shown in Fig. 9.

As discussed in Section 3.1, there may be two cases of TS
between the mating surfaces, without or with interference in
TS. For the second case, due to the interference between the
surfaces, the influence of the interference on contact stress

should also be considered. Hence, this paper proposes a novel
assembly resistance model applicable for virtual assembly in
these two cases.

3.2.1 The assembly resistance model without interference

For the first case, i.e., there is no interference in TS, as shown
in Fig. 10; assuming the angle between the radial offset of the
shaft’s axis and the x-axis is γi, Δd is the distance between the
axis of the shaft and bushing. Then the position of the shaft’s
axis may be either in or outside the area of AS.

When the position of the shaft’s axis is in the area of AS,
i.e., Δd < SA(γi), it means that the shaft and the bushing are
not in contact; hence, the user will not feel any resistance.

When the position of the shaft’s axis is outside the
area of AS, i.e., Δd > SA(γi), the user will feel both the
radial contact and axial frictional resistances. The radial
contact resistance Fx and Fz here are implemented based
on the mass-spring model [32], which is widely used to
calculate the contact force of two rigid bodies in force
rendering. And for the axial frictional resistance Fy, it is
implemented based on the Coulomb friction model due
to its small amount of calculation and its wide applica-
tion on calculating the friction in force rendering [33].
Therefore, all the three assembly resistance components
can be calculated as follows:

Fig. 7 The illustration of the TS and AS from cross-section view. a TS and AS for clearance fit. b TS and AS for transition fit. c TS and AS for
interference fit
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Fx ¼ kp SA γið Þ−Δdð Þcosγi
Fy ¼ −μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fxð Þ2 þ Fzð Þ2

q

Fx ¼ kp SA γið Þ−Δdð Þsinγi

8><
>:

ð9Þ

where kp denotes the contact stiffness of the mating
parts. γi denotes the angle between the radial offset of
the shaft’s axis and the x-axis; SA(γi) denotes the value
of the AS at angle γi at the current insertion depth; μ
denotes the coefficient of friction of the mating parts.

3.2.2 The assembly resistance model with interference

For this case, due to the interference between the two mating
surfaces, the surfaces are pressed against each other. Hence,
the shaft cannot move in the radial direction and the AS is
zero. Therefore, a radial contact resistance is applied to limit
the movement of the shaft. Such contact resistance is imple-
mented by mass-spring model.

Due to the interference between parts, there is com-
pressive stress between parts, and it has impact on the
axial frictional resistance. Assuming that the interference
depth is δ(Pi, j), which indicates the amount of interfer-
ence at Pi, j. If ST(Pi, j) > 0, δ(Pi, j) is equal to zero. If
ST(Pi, j) < 0, δ(Pi, j) is equal to −ST(Pi, j) in value.
Since the shaft and the bushing can be abstracted as
the cylinder and the thick-walled round tube respective-
ly, the compressive stress between the parts can be

analyzed according to the thick-walled cylinder theory
[34]. Then the compressive stress p(Pi, j) at Pi, j due to
the interference of the skin profile of the parts is:

p Pi; j
� � ¼ 2δ Pi; j

� �
d1

� 1

1−μ1

E1
þ d22 þ d12

E2 d22−d12
� � þ μ2

E2

ð10Þ

where d1 denotes the diameter of the shaft, and d2 de-
notes the outer diameter of the bushing. E1 and E2

denote Young’s modulus of the material for shaft and
bushing respectively, and μ1 and μ2 denote Poisson’s
ratio of the material for shaft and bushing respectively.

According to Coulomb friction model, the frictional resis-
tance caused by the interference is as follows.

Fy ¼ −μ ∑
m

i¼1
∑
n

j¼1
p Pi; j
� �

Δs ð11Þ

where Δs denotes the unit sampling area of the discretemeshes
divided in section 2, and m and n denote the mesh amounts in
axial direction and radial direction respectively.

Therefore, the algorithm for assembly resistance can be
described as follows:

Fx ¼ −kpΔdcosγi

Fy ¼ −μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fxð Þ2 þ FZð Þ2

q
−μ ∑

m

i¼1
∑
n

j¼1

2δ Pi; j
� �
d1

� 1

1−μ1

E1
þ d22 þ d12

E2 d22−d12
� � þ μ2

E2

Δs

Fz ¼ −kpΔdsinγi

8>>>>><
>>>>>:

ð12Þ

Moreover, as shown in Fig. 11a, a display widget is devel-
oped to visualize the axial resistance Fy, radial resistance Fr,
and the distribution of the compressive stress during assem-

bly, while Fr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fx

2 þ Fz
2

p
.

In the widget, the total axial and radial resistances
are illustrated with arrows, whose length changes with
the value and the directions illustrate the force direction,
while the compressive stress due to interference is
shown with a color map.

Bushing profile
Shaft profile

TS

1 2 3 m-2 m-1 m

AS at section 1

AS at section 3
AS at section 2

AS of the 
whole shaft

Insertion depth of di

Assembly direction 
of the shaft

...

AS at different sections
AS of the whole shaft

Axis of the shaft

Enlarged drawing of the 
Cross section of AS

Fig. 8 The illustration of AS of the shaft

Assembly direction 
of the shaft

x
y

z

Frictional resistence Fy

Contact force Fx , Fz

Fig. 9 The three force components of assembly resistance for shaft-
bushing assembly
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4 Case studies

To conduct the case study, a prototype system for virtual as-
sembly is developed based on Unity3D development platform
and adopts Phantom® Desktop as the force feedback device.
And the communication between the device and Unity3D is
via a dynamic link library developed. At first, the user can
specify the dimensional tolerance, shape tolerance, waviness,
roughness, and other parameters of the parts in the parameter
selection interface. And then the system will build SMS of the
parts accordingly and calculate and render the assembly resis-
tance during the course of assembly.

There are two case studies designed. Each includes an ac-
tual assembly experiment and two virtual assembly experi-
ments with force feedback. In case study 1, comparative ex-
periments are carried out to verify the proposed force render-
ing algorithm, while the second one adopts heuristic evalua-
tion method to compare the performance of force rendering
approaches.

4.1 Case study 1

Three sets of experiments are designed: real experiment (RE),
virtual experiment 1 (VE1), and virtual experiment 2 (VE2).
And to be comparative, the design parameters of the parts in
the three sets of experiments are identical. The values are
listed in Table 2. Moreover, the gravity of the shaft is 2N,

the friction coefficient is 0.15, and the assembly speed is
10mm/s.

Along the radial direction, the gravity of the shaft causes an
offset of its axis vertically downward, which introduces a
radial force upwards to balance the gravity. In the axial direc-
tion, the real-time frictional resistance is recorded for
comparison.

In RE, an assembly setup is designed to measure the actual
assembly resistance (Fig. 12a). As designed, the bushing is
fixed, and the shaft is positioned properly first and then is
inserted into the hole along the axial direction by the robot
arm at 10mm/s, while at the same time a force sensor installed
on the arm records the assembly resistance along the axial
direction. To avoid random errors, three sets of data are re-
corded, and the average is taken.

In VE1, the force rendering approach in literature [18] is
used. The constraints are set, and a physics engine is integrat-
ed as per the approach. After setting the frictional parameters,
the shaft is inserted into the bushing at the same speed.

In VE2, the force rendering approach proposed is applied.
Firstly, the SMS of the parts is established. Then, the shaft is
inserted into the bushing at the same speed of 10mm/s as that
in VE1. The virtual environment for VE1 and VE2 is shown in
Fig. 12b.

Moreover, other than the different ways of calculating as-
sembly resistance, identical software and hardware, virtual
environment, virtual parts, and collision detection algorithms
are used in the two virtual experiments, based on which the

Fig. 10 The illustration of the
radial offset during assembly. a
The position of shaft’s axis is
within AS. b The position of
shaft’s axis is out of AS

Fig. 11 The visual display of the
resistance and stress during
assembly. a The display widget. b
The illustration of redial
resistance
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axial resistance recorded in RE, VE1, and VE2 are shown in
Fig. 13. Moreover, the visual display of the resistance in VE1
and VE2 during assembly is shown in Fig. 14.

From the force data recorded in RE, it can be seen that the
assembly resistance fluctuates between 0.348N and 1.132N
due to the interference between the mating surfaces.
However, in VE1, since the approach proposed in literature
[18] does not consider the profile variations, so nomatter what
tolerance level is set, there is no interference between the shaft
and bushing, as shown in Fig. 14. Hence, both the real-time
axial resistance and its average are constant, as shown in Fig.
13. This indicates that the force rendering approach in VE1
can provide the force feedback, but no actual changes of the
force reflected. Furthermore, the average resistance in VE1 is
0.3Nwhile the counterpart in RE is 0.621N. Such difference is
too big for users to get the real perception of the assembly
resistance.

On the other hand, with the proposed approach, there is
slight interference between the shaft and bushing in VE2, as
shown in Fig. 14. Hence, the force recorded fluctuates be-
tween 0.360N and 1.074N. Also, the average resistance is
0.58N, which maintains close to that of RE. So, the user can
feel not only the actual quantity of the assembly force but also

the delicate changes of it. However, due to the randomness of
the tolerances both in generating the SMS in VE2 and in the
manufacturing processes of the part in RE, the trend of the
curves’ fluctuations in VE2 and RE are not exactly the same.
This is acceptable as the resistance during the assembly is
dynamic changing with the insertion and such difference can
hardly perceived by human beings in virtual assembly.
Furthermore, it can be improved by building the SMS of the
part with accurate surface information by measuring the part
profile specifically.

4.2 Case study 2

After the objective comparison with different approaches, 10
students who are familiar with virtual reality and CAD/CAM-
related fields were invited as the evaluators to conduct heuris-
tic evaluation on the proposed approach. Moreover, before the
experiment, all of them took virtual assembly operation train-
ing so as to get themselves familiar with the environmental
setup. Then, each of them conducts the actual assembly by
inserting the shaft into the hole, and then practice VE1 and
VE2 in person successively. While VE1 and VE2 are as same
as those in case study 1, except that the shaft is controlled by

Table 2 The parameters of the
experiments Types of Parameters Design Parameters Value

Dimension (mm) Diameter of the shaft 20

Outer diameter of the bushing 30

Inner diameter of the bushing 20

Dimensional tolerances (mm) Upper and lower deviations of shaft diameter (−0.008, 0.008)
Upper and lower deviations of hole diameter (0, 0.025)

Form tolerances (mm) Axis straightness of both shaft and hole 0.01

Roundness of both shaft and hole 0.01

Surface characteristics (μm) Waviness amplitude of the shaft and the hole 3.2

Ra of the shaft and the hole 0.4

Rz of the shaft and the hole 1.6

Material Material of both shaft and bushing C45E4 steel

Fig. 12 The assembly setups in
case study 1. a The assembly
setup for RE. b The virtual
assembly environment for VE1
and VE2
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the users with the force device, so the insertion may not be at a
constant speed. Afterwards, they are asked to evaluate the
assembly force in VE1 and VE2 in two aspects by comparing
with that in actual assembly.

The first evaluation aspect is about the reality of the assem-
bly resistance. The participants scored the assembly resistance

for its fidelity in VE1 and VE2 with a score range of 1–10 by
comparing with the haptic perception they felt in actual as-
sembly, while the higher the score indicates the more realistic
the force is. The second aspect is about sensation of the toler-
ance level. More specifically, during the assembly process, the
evaluators feel the assembly resistance when inserting the

Fig. 13 The axial assembly
resistance in different
experiments

Assembly direction

VE1

Fr =2N

Fy =0.3N

Assembly direction

0.27MPa

Fr =2N

Fy =0.8N VE2

Enlarged

Fig. 14 The visual display of the
assembly resistance and
compressive stress in VE1 and
VE2

Table 3 The feedback results of
subjective evaluation a. The results of fidelity evaluation b. The results of judging tolerance

User no. The score for the fidelity of the assembly
resistance

User no. The results of judging the fit tolerance

VE1 VE2 VE1 VE2

Right Wrong Right Wrong

1 8 9 1 ✓ ✓

2 9 9 2 ✓ ✓

3 7 8 3 ✓ ✓

4 8 8 4 ✓ ✓

5 7 8 5 ✓ ✓

6 7 7 6 ✓ ✓

7 7 8 7 ✓ ✓

8 9 9 8 ✓ ✓

9 7 8 9 ✓ ✓

10 7 8 10 ✓ ✓

Average 7.6 8.2 Accuracy rate 30% 90%
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shaft into bushing and judge which tolerance level is of the
two mating surfaces subjectively. To simplify the process,
they are given two tolerance levels to choose, one is a transi-
tion fit with a slight interference (H7js6), and the other is a
clearance fit (H7g6). The data collected are shown in Table 3
respectively.

As seen from the feedback, for the fidelity of the assembly
force, the average score of VE1 is 7.6 and 8.2 for VE2, indi-
cating that both approaches can provide relatively real feeling
of the assembly force, while the proposed approach in VE2
outweighs VE1, which provides a constant assembly force.
This is due to that the SMS proposed simulates the delicate
geometrical features of the parts’ profile, hence, at certain
location along the insertion depth, changes of the assembly
force can be rendered. While for the sense of tolerance level,
the accuracy rate of right judgment on the tolerance level is
90% in VE2. Conversely, only 30% of the participants made it
correctly in VE1. This is prominent to show that the force
rendering model proposed has provided the operators with
delicate assembly resistance changes, and hence improve the
operators’ assembly perception in determining the tolerance
level. This in turn verified that the force sensation provided is
more realistic.

5 Conclusion

This paper presents a GPS-based virtual assembly force ren-
dering approach. Firstly, SMS of the assembly workpieces is
established according to their geometrical properties designed
with GPS. And then by analyzing the tolerance space and
assembly space, the force rendering model considering both
radial contact resistance and axial frictional resistance is pro-
posed. To verify the proposed approach, two comparative
studies are designed, where the proposed approach is com-
pared with the real assembly process and another virtual force
rendering approach. The results have shown that the assembly
resistance proposed is generally similar to that with the real
assembly resistance. Moreover, it certainly outweighs the oth-
er force rendering approach in terms of the accuracy of the
force and the delicate changes of the force during assembly.
Although the proposed force model achieves better force ren-
dering, its accuracy may not be as good as that with the finite
element model. Therefore, it is important to further improve
its accuracy. And, other than the common mating surfaces
discussed in this work, specific mating surfaces such as bolt
and screw connections are also widely applied in mechanical
assemblies, and how to render their virtual assembly force is
also under further research.
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