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Abstract
At present, it is difficult to predict the operation accuracy of machine tools in the preliminary design stage. How to quantitatively
reflect the contribution of tolerance on the position error of machine tool has a significant guidance for machine tool design stage.
Thus, this paper presents a sensitivity analysis method based on components tolerance, which can clearly give the machine tool
designer key the tolerances. Firstly, taking the translational axis as the research object, the operation accuracy model of Y-axis is
established based on the homogeneous transform matrix (HTM) and multi-body system (MBS) theory. Meanwhile, the rela-
tionship between tolerances and geometric errors has been mapped by the Fourier expansion and the model of parameters have
been identified by self-design simulation. As a basis, the tolerance sensitivity analysis (TSA) method based on the single-factor
partial derivation is constructed to acquire the key tolerance parameters. Finally, the result of the experiment shows that the
assembly tolerance of the Y-Z plane of the base, the manufacturing tolerance of the lead screw and the assembly tolerance of the
X-Y plane of the carriage contribute a great deal to the position error, which needs to be strictly controlled in the future design to
improve the accuracy of the machine tool.
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1 Introduction

Many factors affect the machining accuracy of the machine
tools, such as geometric errors, thermal errors, cutting-force
induced errors, and tool wear errors. In these errors, the geo-
metric error, which is caused by inaccuracies built-in compo-
nents and assembly errors, forms one of the biggest sources of
inaccuracy [1]. In order to improve the machining accuracy of
machine tools, the geometric errors of machine tools have
been studied deeply in the past decades. At present, there are
two main methods of position error modeling : (1)
Establishment of position error model based on multi-body
system theory (MBS) and homogeneous transformation coor-
dinate transformation (HTM) [2]. (2) The spinor method in-
troduce by the principle of robot motion [3]. In the modeling
of machine tool position error, the translational axis is

generally at the low end of the machine tool kinematic chain,
which means that the accumulation of its geometric errors has
a negative effect on the position error. Therefore, it is of great
significance to promote the machining accuracy in the whole
machine by improving the running accuracy of translational
axis. However, in the machine tool design stage, it is impos-
sible for the designer to obtain the position error of the ma-
chine tool in advance, which means that the tolerance value of
machine tool components can only be set by experience.
Obviously, it is enough to flexibly adjust the relationship be-
tween the accuracy of machine tool and other factors, such as
customer demand, cost, etc., according to the empirical design
method, which greatly limits the development of machine
tool. Thus, it is an important method to improve the machining
accuracy to establish the relationship between the assembly
and manufacturing tolerance and the position error of the
translational axis. In this paper, the translational axis is select-
ed as the research object, and the assembly error of its key
components is studied.

In addition, most of them focused on the study of guide
surface morphology error, which reveals the relationship be-
tween error source parameters and tolerance by establishing
the mathematical model of guide surface morphology. In one
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of the earliest studies, Bryan [4]. Tani et al. [5] measured the
granite surface geometric straightness errors of a coordinate
measuring machine with an air bearing slider and compared
the directly measured joint kinematic straightness with the
indirectly determined one through joint kinematic angular er-
ror integration. Hwang et al. [6] proposed a three-probe sys-
tem for measuring the parallelism and straightness of a pair of
rails for ultra-precision guideways. They performed a numer-
ical analysis of the measurement algorithm and validated it
with a pair of function defined rails. Ekinci et al. [7] carried
out an experiment in researching relationship between SaA
errors. The author firstly gave a systematic error classification
about different error definitions, and a simulation between
guideway and errors was introduced. Zha et al. [8] presented
an approach tomodel and compensate the vertical straightness
error of gantry type open hydrostatic guideways. Tang et al.
[9] introduced a systematic method to calculate the straight-
ness and angle error based on the measurement of guideway
surface and fitting curve. Through accurate measurement, he
selected more accurate trigonometric function and polynomial
fitting method to replace the traditional Fourier fitting method.
Until 2017, Fan et al. [10] introduced the concept of guide
tolerance for the first time and used truncated Fourier expan-
sion to reveal the internal relationship between the error
source parameters and guide tolerance, which means a further
step in the design of the quantitative precision of the guide
tolerance. As can be observed abovementioned researches, the
above models were insufficient to clearly reveal the mapping
rules of geometric errors and surface morphology of the
guideways to predict the geometric error of translational axis.
However, the assembly error of key components of the trans-
lational axis was not considered. It is also essential that the
error relationship in the assembly process should be paid more
attention. Besides, it is apparent that in the design stage of
machine tools, only the information of key components’ tol-
erance can be acquired in advance. The geometric errors are
unknown, since geometric error is a parameter generated after
assembly of translational axis. Thus, a new error model of
translational axis based on tolerance is urgently needed for
the identification of crucial tolerance parameters to improve
the accuracy of translational axis.

On the basis of the established error model, the sensitivity
of model parameters is usually quantified by the sensitivity
analysis (SA). the SA is more suitable for the position error,
which has componenticular error ranges and the intercoupling
and random characteristics. Fan et al. [11] performed a sensi-
tivity analysis of the 3-PRS parallel kinematic spindle plat-
form by using the componential differential method based
on the error transformation vectors and found the critical pa-
rameters to the accuracy. Pott et al. [12] analyzed the sensitiv-
ity of the kinematic sensitivity of parallel mechanism by
means of a simplified sagittal force; the correctness of the
method was verified by analyzing the 6-DOF parallel

mechanism. Cheng et al. [13] took the stochastic characteristic
of geometric errors into consideration and used the Sobol
method to identify key geometric errors of machine tool,
which is helpful to improve the machining accuracy of
multi-axis machine tool. Fan et al. [14] proposed kinematics
of a multi-body system theory (MBS) by adding movement
and positioning error terms. This approach allowed develop-
ment of a generalized kinematic model, applicable to the NC
machine tools. Through strict geometric error sensitivity anal-
ysis (SA), the most critical geometric errors can be identified
and strictly controlled, which significantly improved the ma-
chining accuracy of CNC machine tools [15]. In view of the
above, it should be noted that SA is a direct and effective
method to solve the problem of high coupling of multiple
factors, which is expressed by the contribution of a certain
factor to the total system. However, these SA methods are
aimed to find the key geometric error parameters that are sen-
sitive to position error, which is difficult to give instructional
advice at the stage of machine tool design. It is obvious that
there is lack of a complete theoretical analysis method in
quantitative analysis the tolerance and position error of trans-
lational axis at present.

To overcome the drawbacks of above problems, this paper
proposed a novel tolerance sensitivity analysis (TSA) method
combing for identify the key tolerance parameters. It means
that the position error of translational axis is firstly established
to present the mapping rules between geometric errors and
tolerance based on truncated Fourier. Then, the tolerance sen-
sitivity analysis (TSA) model of translational axis, which re-
sult possesses useful information to help machine tool de-
signers, is built to quantify tolerance sensitivity for the deter-
mination of the key tolerance and sensitive components.

The remains of the paper are organized as follow. The
position error model of the translational axis is established
by homogeneous transform matrix (HTM) and multi-body
system (MBS) theory in Section 2. In Section 3, the TSA
method of translational axis is modeled. In Section 4, the
simulation for the parameters of TSA is performed to identify
the key tolerance parameters and component. At last, the con-
clusions are drawn in Section 5.

2 Geometric errors of the translational axis

The geometric errors of the translational axis are predominant-
ly caused by the assembly deviations and manufacturing de-
fects of the motion axes. In order to study the geometric error
that influence the accuracy of the translational axis, the each
geometric error of component will be explored in the error
model. It is essential to determine the assembly relationship
of components for modeling the position error of translational
axis. On the basis, the HTM and MBS theory are used to
establish the position error model of translational axis. The
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position error represents the overall position errors of the base
relative to the carriage in a translational axis combining all the
axis kinematic errors and link geometric errors such as the
squareness errors between axes. The basic structure of the
translational axis is analyzed, and its structure diagram is
shown in Fig. 1. It is mainly composed of base, guideway,
slider, lead screw, support unit, carriage and driving compo-
nent. In the basic structure of translational axis, the guideway
is fastened on the base by bolts, which the side is pressed with
a wedge block. The sliders and the guideway are usually in
contact with the ball in the slider. The carriage is fixedly con-
nected with the four sliders on the guideway by bolts. This
paper mainly considers the geometric error of the single axis
movement, ignoring the influence of the motor drive and ser-
vo matching of the lead screw component.

2.1 Position error model of translational axis

In the analysis of the structural relationship between the com-
ponents of the single axis, the transmission process of geomet-
ric error is the transmission chain from the base to the carriage.
The assembly error of the base will cause two major square-
ness errors. Similarly, when the guideway and slide block are
installed on the base, there are also two main squareness er-
rors. However, due to the relative motion of the guideway and
the slider, there will generate five geometric errors except
positioning error caused by manufacturing errors, including
two straightness errors and three angle errors. The position
error of sliders is mainly caused by the imperfection of ball
screw pair or the servo drive of the motor. Since carriage and
the four sliders are fastened by bolts, there will occur two
squareness errors in X-Y and Y-Z plane. Thus, there are 12
geometric errors of translational axis shown in Table 1.

Taking Y-axis as an example, the structure of the axis is
divided into four components: base, guideway, slider, and car-
riage. Based on the above analysis of the errors of each compo-
nent of the translational axis, it is necessary to establish the
characteristic transfer matrix among each component.
According to the above four components of the single axis,
the base, the guideway slider and the carriage, the coordinate
system of the translational axis is established, as shown in Fig. 2.

The coordinate system 1 is established on the upper surface of
the base, whose the center point is taken as the origin of the
coordinate system. The coordinate system 2 and the coordinate
system 3 are established for the guideway and sliders respective-
ly, whose the origin of the coordinate system is at the initial
position of the upper surface of the guideway. The origin of
coordinate system 4 is the place where the center points of the
four sliders coincide with the carriage The four sliders are
marked as 1, 2, 3, and 4 respectively. The error characteristic
matrix of different components in different coordinate systems is
established respectively, and then the position error model of
single axis is established according to the transmission chain
from base to carriage.

Based on HTM, it can be used to represent the transforma-
tion matrix of the base relative to the reference coordinate
system at a small displacement. The actual transformation
matrix of one axis is regarded as consisting of four matrices:
position matrix, position error matrix, motion matrix, and mo-
tion error matrix [16, 17]. The assembly error and manufactur-
ing error of translation axis are established as position error
matrix and motion error matrix respectively. They have been
commonly used in the geometric error modeling, which is the
basis of quantitative error to calculation.

The ideal transformation matrix and the error transforma-
tion matrix are as follow respectively.

Tp
1 ¼

1 0 0 x1
0 1 0 y1
0 0 1 z1
0 0 0 1

2
664

3
775; Tpe

1 ¼
1 −ε1yz 0 0
ε1yz 1 −ε1xy 0
0 ε1xy 1 0
0 0 0 1

2
664

3
775

Ts
1 ¼ E ¼

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

��������

��������; T
se
1 ¼ E

8>>>>>>>>>><
>>>>>>>>>>:

ð1Þ

where Tjp,Tjpe Tjs,Tjserepresent the j-th body of position ma-
trix, position error matrix, motion matrix and motion error
matrix, respectively. E represents the forth order unit matrix.

Based on the coordinate transformation theory, the error
characteristic matrix of the guideway is given. On this basis,
the ideal and error transformation matrices and are given
respectively.

Tp
2 ¼

1 0 0 x2
0 1 0 y2
0 0 1 z2
0 0 0 1

2
664

3
775; Tpe

2 ¼
1 −ε2yz 0 0
ε2yz 1 −ε2xy 0
0 ε2xy 1 0
0 0 0 1

2
664

3
775

Ts
2 ¼

1 0 0 0
0 1 0 y
0 0 1 0
0 0 0 1

2
664

3
775; Tse

2 ¼
1 −ε2z yð Þ ε2y yð Þ δ2x yð Þ

ε2z yð Þ 1 −ε2x yð Þ δ2y yð Þ
−ε2y yð Þ ε2x yð Þ 1 δ2z yð Þ

0 0 0 1

2
664

3
775

8>>>>>>>>>><
>>>>>>>>>>:

ð2Þ

Carriage

Bearing 

seat

Screw

Guide

Slider

Base

Fig. 1 Structure drawing of translational axis
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To give more clarifications to Eq. (2), it is assumed that the
center of the four sliders is the bottom rotation center point of
the carriage fixed on the four sliders. Because of the need to
calculate the geometric errors of the four sliders, the error
characteristic matrix is established for the geometric errors
of the four sliders. The ideal transformation matrix and error
transformation matrix of the four sliders are as follow
respectively.

Tp
2a ¼

1 0 0 x2a
0 1 0 y2a
0 0 1 z2a
0 0 0 1

2
664

3
775Tse

2a ¼
1 −εz yð Þ εy yð Þ δx yð Þ

εz yð Þ 1 −εx yð Þ δy yð Þ
−εy yð Þ εx yð Þ 1 δz yð Þ

0 0 0 1

2
664

3
775

Tp
2b ¼

1 0 0 x2a þ Dx

0 1 0 y2a
0 0 1 z2a
0 0 0 1

2
664

3
775Tse

2b ¼
1 −εz yð Þ εy yð Þ δx yð Þ

εz yð Þ 1 −εx yð Þ δy yð Þ
−εy yð Þ εx yð Þ 1 Dx*ε2xz þ δz yð Þ

0 0 0 1

2
664

3
775

Tp
2c ¼

1 0 0 x2a
0 1 0 y2a−Dy

0 0 1 z2a
0 0 0 1

2
664

3
775Tse

2c ¼
1 −εz yð Þ εy yð Þ −Dy*ε2xy þ δx yð Þ

εz yð Þ 1 −εx yð Þ Dx*ε2yz þ δy yð Þ
−εy yð Þ εx yð Þ 1 δz yð Þ

0 0 0 1

2
664

3
775

Tp
2d ¼

1 0 0 x2a þ Dx

0 1 0 y2a−Dy

0 0 1 z2a
0 0 0 1

2
664

3
775Tse

2d ¼
1 −εz yð Þ εy yð Þ −Dy*ε2xy þ δx yð Þ

εz yð Þ 1 −εx yð Þ Dx*ε2yz þ δy yð Þ
−εy yð Þ εx yð Þ 1 Dx*ε2xz þ δz yð Þ

0 0 0 1

2
664

3
775

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð3Þ

Since the slider and carriage are fixed by bolts, the geomet-
ric errors of the four slider centers can be calculated to get the
geometric errors of the slider. The linear errors in the X, Y and
Z directions can be obtained from the average errors of the
four sliders. The angle error can be obtained by calculating the
angle error of the center line of the carriage. The yaw angle

around the Y axis and the pitch angle around the X axis can be
obtained by calculating the inclination angle of the median
line of the carriage, and the inclination angle around the Z axis
can be obtained by calculating the X, y translational vectors
and the length of the diagonal line of the carriage. According
to Eq. (3), the position vectors of the center points of the four
sliders are calculated as follows.

δ2x yð Þ ¼ δx yð Þ þ δx yð Þ−Dx*ε2xy þ δx yð Þ−Dy*ε2xy þ δx yð Þ
4

¼ δx yð Þ− Dy*ε2xy
2

δ2y yð Þ ¼ δy yð Þ þ δy yð Þ þ Dz*ε2yz þ δy yð Þ þ Dz*ε2yz þ δy yð Þ
4

¼ δy yð Þ þ Dz*ε2yz
2

δ2y yð Þ ¼ δy yð Þ þ δy yð Þ þ Dz*ε2yz þ δy yð Þ þ Dz*ε2yz þ δy yð Þ
4

¼ δy yð Þ þ Dz*ε2yz
2

ε2x yð Þ ¼
ε2ax yð Þ þ ε2cx yð Þ

2
−
ε2bx yð Þ þ ε2dx yð Þ

2
Dx

ε2y yð Þ ¼
ε2ay yð Þ þ ε2by yð Þ

2
−
ε2cy yð Þ þ ε2dy yð Þ

2
Dy

ε2z yð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δ2x yð Þ½ �2 þ δ2y yð Þ� �2q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

x þ D2
y

2

s

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð4Þ

Unfortunately, Eq. 4 is overdetermined equations which
needs to be solved by minimizing the total square deviation.
In fact, there are other factors, such as small unexpected devi-
ations caused by temperature changes and stress deformation.
Thus, the correct geometric errors will minimize the total
square deviation. It is assumed that there is always a deviation
Δ n between the actual position of the center point under the
sliding plate and the position of the point obtained according
to the transfer matrix. It is assumed that there is always a
deviation between the actual position of the center point under
the slide plate and the position of the point obtained according
to the transfer matrix.

Δn ¼ n2a3��!−n2a�!��� ���2 þ n2b3��!−n2b�!��� ���2 þ n2c3��!− n2c�!��� ���2 þ n2d3��!−n2d�!��� ���2 ð5Þ

In order to get the minimum deviation, the minimum value
is obtained by solving these equation where the total

Table 1 The geometric error of translational axis

Components Parameters Description

Base ε1xy, ε1yz Squareness error of base and Guideway in X-Y and Y-Z plane

Guideway and Sliders ε2xy, ε2yz Squareness error of guideway and sliders in X-Y and Y-Z plane

δ2ix(y),δ2iy(y),δ2iz(y) Straightness errors of the slider motions in Y-axis along the x and z directions

ε2ix(y), ε2iy(y), ε2iz(y) Angular errors of the ith slider motions in Y-axis direction around X, Y and Z directions

δ2x(y), δ2y(y), δ2z(y) Straightness errors of guideway motions in Y-axis along the x and z directions

ε2x(y), ε2y(y), ε2z(y) Angular errors of the guideway motions in Y-axis direction around X, Y and Z directions

Carriage ε3xy, ε3yz Squareness error of Sliders and carriage in X-Y and Y-Z plane

x3,y3,z3

x2,y2,z2
x4,y4,z4

x1,y1,z1

Ta1

E1

Ti1

E2

E3

Ti2

Ti3

Ta3 Ta2

Fig. 2 Schematic diagram of coordinate
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square deviation Δn has no intrinsic connection with
assembly error ɛij (i,j=x,y,z).

∂Δn
∂ε2xy

¼ 0;
∂Δn
∂ε2xz

¼ 0;
∂Δn
∂ε2yz

¼ 0 ð6Þ

In the assembly process of guideway, the error transfer
relationship model has been obtained. This method has a
deeper understanding of the error relationship between sliders
and guideway in the assembly process.

The geometric error of the carriage is mainly affected by
the assembly error between the carriage and the sliders.

Tp
3 ¼

1 0 0 x3
0 1 0 y3
0 0 1 z3
0 0 0 1

2
664

3
775; Tpe

3 ¼
1 −ε3yz 0 0
ε3yz 1 ε3xy 0
0 −ε3xy 1 0
0 0 0 1

2
664

3
775

Ts
3 ¼ E; Tse

3 ¼ E

8>>>><
>>>>:

ð7Þ

Assuming that the measured point of the carriage is
r=(0,0,d,1) in the coordinate of carriage, the position error of
Y-axis can be calculated.

ΔE
�! ¼ ΔEx;ΔEx;ΔEx; 0ð ÞT ¼ Ta

�!−T!i

¼ ∑
3

j¼1
Tp

jT
pe
j T

s
jT

se
j −T

p
jT

s
j

� �
γ! ð8Þ

By simplifying and removing the higher-order terms, the
position error of the Y-axis can be calculated

ΔEx ¼ ‐d*εy yð Þ‐ε1yz*y2‐x3 þ z3*εy yð Þ‐Y* ε1yz þ ε2yz
	 
þ δx yð Þ

ΔEy ¼ x3*εz yð Þ−y3−ε1xy*z2 þ y3−z3* ε1xy þ ε2xy þ εx yð Þ	 
þ δy yð Þ
−d* ε3xy þ ε2xy þ ε1xy þ εx yð Þ	 
þ ε1yz*x2
ΔEz ¼ ε1xy*y2−d−z3−x3*εy yð Þ þ ε3xy*d þ Y* ε1xy þ ε2xy

	 

þy3* ε1xy þ ε2xy þ εx yð Þ	 
þ z3 þ δz yð Þ

ð9Þ

3 TSA of key components of translational axis

In the stage of machine tool design, it is available for the
designer of machine tool possess the information about the
tolerance of components instead of the assembly and
manufacturing error source parameters. Therefore, it is signif-
icant to identify the key tolerance parameters for improving
the accuracy of machine tools. In this paper, the position error
of Y-axis is selected as the total system output and the toler-
ance is selected as the system input parameter which are used
to establish a single factor sensitivity analysis model. It is
more intuitive and effective to reflect the contribution of each
tolerance parameter to the position error of Y-axis. However,
there are two steps to analyze the tolerance sensitivity of Y-
axis components. Firstly, the internal relationship between the

geometric error parameters and the corresponding tolerance
parameters needs to be mapped, which is the key for tolerance
quantitative analysis. Secondly, on this basis, the tolerance
sensitivity analysis (TSA) model is derived to evaluate the
key tolerance parameters of component.

3.1 Describe the relationship between tolerance and
geometric error

In the past research, the tolerance modeling of guideway has
been deeply studied, such as trigonometric series [9], Fourier
expansion method [3], polynomial method [18], and truncated
Fourier expansion method [10], where the geometric error
parameters are fitted by the related tolerance using the func-
tion relations. The assembly and manufacturing errors of key
components of translational axis are the main cause for geo-
metric errors, which are confined within the tolerance zone.
There are several different surface error forms of Y-axis com-
ponents due to different machining processes. Since these
geometric errors of Y-axis fulfill Dirichlet boundary condi-
tions, the geometric error can be fitted by the corresponding
tolerance. Taking Y-axis as an example, the geometric error
can be deserved as

G ¼ dsinλy ð10Þ

where G represents the geometric error parameter, d repre-
sent the corresponding tolerance, and λ represents the toler-
ance model parameter.

The straightness errors and angle errors [19] of the guide-
way can be estimated by the corresponding tolerance param-
eters. As is known to us, the straightness errors and angle
errors of guideway can be described by the corresponding
tolerance parameters, respectively.

δx yð Þ ¼ dsxsinλ1y; δz yð Þ ¼ dszsinλ1y

εx yð Þ ¼ δz yð Þ
Dy

; εy yð Þ ¼ d2hxz
sinλ1y
Dx

εz yð Þ ¼ δx yð Þ
Dy

8>>>><
>>>>:

ð11Þ

Since these geometric error parameters are all caused by
manufacturing error of the guideway, the fitting parameter λ1
is the same. The positioning error of the guideway is mainly
caused by the accumulated error of the lead screw and the
tolerance of the lead screw. Its error parameters can be
expressed by a first-order linear function and a first-order
truncated Fourier. Thus, the positioning error can be expressed
as

δy yð Þ ¼ ayþ dsysinλ2y ð12Þ
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where a is the constant coefficient, and the fitting parameter
λ2 is related to the tolerance of the lead screw.

However, the squareness errors are considered as
fixed values according to Ref [10], ignoring the influ-
ence of assembly errors on the total system errors. It
will undeniably lead to an error increment of 1 in sen-
sitivity analysis, which will greatly distort the error
analysis results. In the actual assembly process, the
shape variable of the bolt connection between the two
contact surfaces caused by the different preloading force
will lead to the assembly error of each position on the
guideway is not unique [2]. Therefore, this paper takes
symmetrical slider as an example to build the relation-
ship between squareness errors and tolerance. As can be
seen from Fig. 3, the squareness error εxy of sliders in
the X-Y plane can be fitting by tolerance dhxy. Since it
is assumed that all components of the Y axis have the
same assembly mode, the fitting parameter λ3 is the
same in the assembly error.

εxy ¼ dhxy
sinλ3y
f y

εyz ¼ dhyz
sinλ3y
f y

8>><
>>: ð13Þ

where dsx, dsy, dszrepresent straightness tolerance in X, y
and Z directions respectively. dhrepresents the parallelism tol-
erance between two identical bodies, L represents the distance
between two identical bodies, and fy represents the length of
each key component of Y-axis in the Y direction. The fitting
parameter λ3 is related to the assembly tolerance of each key
component.

By substituting the tolerance and error model into the po-
sition error model of Y-axis, the position error model based on
tolerances can be obtained

ΔEx ¼ ‐d*d2hxzsin λ1yð Þ=Dy‐d1hyz*sin λ3yð Þ*y2=Dy‐x3 þ z3*d2hxzsin λ1yð Þ=Dx

‐Y* d1hyz=Lþ d2hyz=Dy

	 

*sin λ3yð Þ þ d2szsin λ1yð Þ

ΔEy ¼ x3*d2szsin λ1yð Þ=Dy−y3−d1hxy*sin λ3yð Þ*z2 þ y3−z3* d1hxy*sin λ3yð Þ þ d2hxy*sin λ3yð Þ þ εx yð Þ� �
þdnsinλ2yþ ay−d* d3hxy=Lþ d2hxy=Dy þ d1hxy=L

	 

sin λ3yð Þ þ d*d2sxsin λ1yð Þ=Dy þ d1hyz*sin λ3yð Þ*x2

ΔEz ¼ d1hxy*sin λ3yð Þ*y2=L−d−z3−x3*d2hxzsin λ1yð Þ=Dx þ d3hxy*sin λ3yð Þ*d=L
þY* d1hxy=Lþ d2hxy=Dy

	 

*sin λ3yð Þ þ y3* d1hxy=Lþ d2hxy=Dy

	 

*sin λ3yð Þ

þy3*d2szsin λ1yð Þ=Dy

�
þ z3 þ d2szsin λ1yð Þ

ð14Þ

For the convenience of expression, let λ=(λ1,λ2,λ3) repre-
sent a collection of parameters. It should be noted that

(1) Elastic deformation of components is not taken in con-
sideration, and all components are rigid bodies by
default.

(2) The processing technology of each same component is
exactly the same.

3.2 Define of TSA

In order to speed up the identification of the key tolerance
parameters, it is necessary to analyze the sensitivity of position
error. Sensitivity analysis is a method to study the quantitative
description of mathematical model. The common methods of
sensitivity calculation are direct method, first-order function
method and higher-order function method. The direct solution

Z Z

X

X
Y

Yi

Yi
d

xyε

yf

Fig. 3 Relationship diagram of
assembly error and tolerance
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method needs a lot of calculation, and the process is more
complex, and the feasibility is poor. the sensitivity func-
tion method widely spread and applied in all fields at
present, which has great advantages in the amount of
calculation and practicability. The higher-order sensitiv-
ity function method is difficult to solve and its applica-
tion scope is small. Therefore, the single-factor partial
derivative method is applied to solve the sensitivity in-
dex of each tolerance. For a system with N input pa-
rameters, the response function is F(x). Assuming that
F(x) = [x1, x2…xn]is differentiable and Xj represents
the parameter of the function, the first-order sensitivity
of the i-th input parameter to F(x) can be deserved as

S j ¼ ∂F xð Þ
∂x j

����
����; j ¼ 1; 2…n ð15Þ

In practice, each system function may contain multiple
subfunctions, and the weight of each parameter in the
subfunction may be different. It is necessary to carry
out sensitivity analysis on each subfunction, and then
calculate the weight in the whole system. If yi=[x1,x2...-
xn] is the component function of F(y)=[y1,y2...ym], the
sensitivity of the jth input parameter to the ith subsys-
tem will be obtained as

Syix j
¼ ∂yi

∂x j

����
����; i ¼ 1; 2…n; j ¼ 1; 2…m ð16Þ

In the tolerance sensitivity analysis, it should be noted that
the tolerance parameters represent the impact factor, the geo-
metric errors are regard as an intermediate system, and the
position error is the output of total system. Therefore, by cal-
culating the sensitivity coefficient of each tolerance parameter,
each sensitivity index can be acquired and the key tolerance
parameters can be identified. The sensitivity of input tolerance
parameter e in the k (k=x,y,z) direction can be expressed as

Ske ¼
Sxe
Sye
Sze

2
4

3
5 ¼ ∂ΔE

∂Te
¼ ∂ΔE

∂G
*
∂G
∂Te

ð17Þ

However, what is really meaningful in precision design is
the maximum value of each error sensitivity index in
the whole range. It reveals that only when the tolerance
range of each geometric error source is allocated ac-
cording to the maximum sensitivity, the position error
of translational axis can meet the requirements of design
index in the whole range. Thus, the maximum

Fig. 4 Geometric error parameter
detection scene

Table 2 Tolerance parameters of Y-axis

Tolerance
parameter

Name Value10-3

(mm)
Tolerance
parameter

Name Value
(mm)10-3

d1hxy Parallelism tolerance of guideway on X-Y plane 30 dn Tolerance of screw 20

d1hyz Parallelism tolerance of guideway on Y-Z plane 26 d2sz Straightness tolerance
of guideway in Z direction

40

d2hxy Parallelism tolerance of slider on X-Y plane 25 d3hxy Parallelism tolerance
of carriage in X-Y plane

65

d2hyz Parallelism tolerance of slider on Y-Z plane 32 d3hyz Parallelism tolerance
of carriage in Y-Z plane

52

d2sx Straightness tolerance of guideway in X direction 24
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sensitivity of the input parameter △E to the position
error model can be calculated from the total error model
of translational axis in Eq. (13)

ΔSe ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂ΔEx

∂G
*
∂G
∂Te

� �2

þ ∂ΔEy

∂G
*
∂G
∂Te

� �2

þ ∂ΔEz

∂G
*
∂G
∂Te

� �2
s

ð18Þ

According to the position error model of the translational
axis and the relationship between the tolerance of its compo-
nents and the parameters of the error source, the parameters
are substituted into Eq. (18), and the sensitivity coefficients of
the tolerance parameters are calculated. In order to express
more accurately and intuitively, the sensitivity index of single
tolerance parameters is normalized.

SVi ¼ ΔSij j
∑ ΔSij j ð19Þ

4 Simulation and experiment

4.1 Verification method and conditions

Five-axis gantry milling machine is selected as the experimen-
tal object as shown in Fig. 4. The characteristic of its stroke
length is more obvious to verify the tolerance model.
Dimensional parameters of the machine are shown in
Table 1. By referring to the machine tool design manual, the
key component tolerance parameters can be found in Table 2.
Since the parameters λ in the model have not been determined,
the following simulation needs to be designed.

Based on the TSAmodel given in Eq. (18), confirmation of
key tolerance of Y axis is transformed into confirmation of
model parameter λ. The geometric errors of the components of
the Y-axis assembly need to be measured to verify the correct-
ness of relationship between assembly error and the corre-
sponding parallelism tolerance. In this paper, the laser inter-
ferometer and dial indicator are selected to identify the square-
ness errors and kinematic errors of Y-axis, respectively.

The measurement of squareness error needs the coopera-
tion of high-precision ruler, L-type measuring fixture and dial
indicator. First of all, adjust the level ruler to be parallel to the
left guide rail, and place the level ruler on the bed. At the same
time, the dial indicator is adsorbed on the sliding block, whose
needle contacts with the upper surface and the side of the ruler,
respectively. The measurement form is to measure two adja-
cent and vertical planes S1 and S2 on the components, and
measure the coordinate positions of at least three points on
each plane. The straightness errors and angle errors of Y-
axis can be measured with nine-line method. Laser interfer-
ometer, as shown in Fig. 5, can measure linear positioning
error, straightness error and angle error in the process of linear
axis movement. Its essence is through the interference princi-
ple of light wave, that is, two trains of waves with the same
frequency, own to the phase difference between them. In the
process of superposition, the light intensity will redistribute.
The interferometer can measure the optical path difference of
two waves by detecting the light intensity distribution of the
sensor, and then calculate the error in the process of object
movement. By identifying the discrete point values of the

Reference 
beam Measuring 

beam

XL-80
Linear 

interferometer Linear mirrorY

Z

Fig. 5 Schematic diagram of laser
interferometer XL-80

Fig. 6 Fitting function optimization flow chart
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geometric error parameters, the MATLAB toolbox was used
to fit the curve to determine the value of parameter λ.

In the course of the experiment, the NCmachine tool needs
to be preheated in advance to reduce the interference of ther-
mal error. Meanwhile, the room temperature was kept at about
20±2 °C during the measurement. Moreover, it is of impor-
tance that the experiment was repeated five times and the
result select the average value ultimately to avoid random
errors.

4.2 Confirmation of model parameters

Although the TSA model in the previous section has been
established, it is urgent to determine the value of parameter
λ in the model. Therefore, this section will introduce a self-
developed simulation method. The confirmation of model pa-
rameters has periodic action rules between the tolerance pa-
rameters of machine tools and the movement travel of com-
ponents, while there are some uncertain factors. In order to
obtain the parameters of the model accurately, the nonlinear
regression analysis which follows the least square method is
cited and verified ultimately.

When input data points (y, z), the estimated value λΛ of
regression coefficient λ is solved, so that the residual of re-
gression model f (λ, y) satisfies the minimum value.

min zi− f λ; yið Þk k2 ð22Þ

In order to verify the accuracy of prediction model, R2

model is used to estimate the fitting effect of discrete point.

F cð Þ¼
c
min y− f λ; zið Þk k22 ð23Þ

It can be noticed that when the value of R2 gets closer to 1,
the fitting accuracy of the model is higher.

The simulation steps are implemented as follows

1. Set a parameter λ and the number of twenty measurement
points for fitting the error source.

2. A set of geometric errors G is given for simulation. The
least square method is used to fit the measured error data
identified by laser interferometer. Meanwhile the fitting
curves are taken as the initial assumed error for simulation

Table 3 Related parameters of machine tool

Parameter Name Value Parameter Name Parameter

Dx distance of the slider in the X direction 2500mm L Length of Guideway 4000mm

Dy distance of the slider in the Y direction 200mm a Constant coefficient 0.002

Fig. 7 Simulation results of manufacturing errors (εz(y))
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3. By mapping the relationship between the position error by
laser interferometer and the geometric error parameters, the
three direction error increments corresponding to each
measuring point on the measuring track are calculated,
and the position error of Y-axis vector Δ E can be obtained.

4. Other simulation factors affect the input error Δ n
5. When the tolerance parameter values are substituted into the

simulation model, R2 test was used to test the fitting effect,
whether the parameters meet the requirements or not.

6. Finally, the fitting parameters λ are estimated. Otherwise
it needs to re-enter the loop.

In this model, it is evident that the relationship between
the undetermined coefficient and the position error is non-
linear. The Gauss-Newton method can be used to calculate
the regression dilution iteratively to minimize the sum for
squares of the residual errors of the estimation points (Fig.
6). Through the above simulation process, parameters λ is
ultimately confirmed, as can be seen from Table 3. In order
to save space, three types of geometric error parameters
(kinematic error, positioning error and squareness error)
fitting graphs are selected, which represent the error fitting
of different parameter λ shown in Figs. 7, 8, and 9. The

Fig. 8 Simulation results of positioning error(δy(y))

Fig. 9 Simulation results of assembly errors (ε1xy)
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fitting values R2 of simulation result can be obtained as
0.972, 0.961 and 0.967 respectively, which results are in
coincidence with the measured result. Furthermore, the av-
erage residuals of all the fitting error parameters are con-
trolled within ±5um. In addition, the maximum residuals er-
ror of the three geometric errors are 4.4um (εz(y)), 3.7um (δy(y))
and 5.7um (ε1xy). Compared with the geometric error measure-
ment results, the residual error is quite small and can be ignored.
It indicates that the fitting curves basically meet the curves of
the actual measured points.

5 Result of TSA

Since a single tolerance may affect one or more geometric
error parameters, it is obvious that the tolerance parameter
terms are less than the geometric error parameter terms.
Therefore, the TSA method can avoid the highly nonlinear
problem of the error parameters in the position error deftly.
For the convenience of TSA, the tolerance parameters are
numbered as shown in Table 4. The TSA results show that
the contribution of each tolerance to the position error of Y-
axis. All the assembly error parameters studied have a signif-
icant impact on the position error, but they have a relatively
small impact on the position error in the Y direction, as shown
in Fig. 10. As can be seen from Fig. 10(a), it can be safely
concluded that the TSA values of d1hxy, dn, d3hxy are bigger
than others when the Y-axis move in the test stroke. The sum
TSA value of d1xyand d3xy have reached 49%, it indicates

Table 4 The results of
simulation parameters Parameter λ1 λ2 λ3

Value 4000 3000 3500

R2 value 0.972 0.961 0.967

a b

c   d
Fig. 10 aContribution of each tolerance parameter on the X-direction deviation bContribution of each tolerance parameter on the Y-direction deviation
c Contribution of each tolerance parameter in the Z-direction deviation d Contribution of each tolerance parameter on the position error
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that Assembly tolerance has a great influence on the X-
direction deviation. Therefore,d1hxy, dn, d3hxyare considered
to be prominent tolerance parameters in the X direction.
Similarly, the message conveyed in Fig. 10(b) that the TSA
values of d1hyz, d2sz, dn are largest among all tolerances. It is
obvious that tolerance parameter dn have great impact in the Y
direction, which value of TSA have achieved to 43% lonely.
Thus, these tolerance parameters are regarded as the signifi-
cant tolerances in the Y direction. According to the Fig 10(c),
there is no doubt that d1hyz, d2sx, d2sz andd3hyhave been
paid more contributions to the Z-direction deviation.
Especially, the tolerance parameter of dszhas more positive
effect in the Z direction. Simultaneously, it can be seen from
Fig. 10 (d) that the key tolerance parameters of d1hyz, d2sz-
anddn have been identified in all workspace, which TSA in-
dex reach 68% totally. To improve the accuracy of machine
tools, the three tolerance parameters need to be strictly con-
trolled as long as the cost permits. Based on the result of
tolerance sensitivity analysis above, it can be known that the
key tolerance parameters (d1hyz, dszanddn) has made the
main contribution in the position error of Y-axis. In addition,
manufacturing tolerances are more sensitive to position error
than assembly tolerances. It can be seen from Fig. 11 that the

tolerance of base is more sensitive in the X direction, which
value gets to 0.367. However, in other directions, the tolerance
of guideway is the most sensitive in position error of Y-axis.
In general, the tolerances of guideway affect the running ac-
curacy more which can be controlled in the future design.

It should be noted these points based on the TSA results.
(1) It can be found that the sensitivity of assembly tolerance is
higher than that of manufacturing tolerance. Assembly toler-
ance has a greater impact on position error, which should be
paid attention to in the future machine tool design. (2) The
assembly tolerance sensitivity of the base is relatively large,
which may be caused by the bottom of the transfer error ma-
trix. Thus, it is necessary to adjust the key tolerance items
based on TSA result to reduce systems error. (3) Although
the tolerance parameter dn plays an important role in position
error, it contributes very small in the X and Z directions
(Table 5).
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Fig. 11 aContribution of each component in the X-direction deviation bContribution of each component in the Y -direction deviation cContribution of
each component in the Z-direction deviation d Contribution of each component on the position error

Table 5 Tolerance number of Y-axis

Parameter number Tolerance parameter

1,2,3,4,5,6,7,8,9 d1hxy,d1hyz,d2hxy,d2hyz,d2sx, d2sz,dn, d3hxy, d3hyz
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6 Conclusion

In this paper, a tolerance sensitivity analysis method is pro-
posed to eliminate the contribution of tolerance parameters to
the position error. For the sake of the effective implementation
of the method, the position error of Y-axis considering assem-
bly errors and manufacturing errors is established by the as-
sembly process of various components. Then, the geometric
error parameters are fitted by first-order Fourier expansion
with the corresponding tolerance and the fitting parameters
are confirmed. Finally, the TSAmethod is deduced to identify
the key tolerance parameters, which have an important effect
on the volume. It should be noted that the position error of
machine tool is the result of highly nonlinear coupling of error
parameters, which makes error compensation difficult to
achieve the desired effect. This paper reveals the position error
of translational axis from the angle of tolerance. By
analzying the assembly process of the key components
of the translational axis, the tolerance sensitivity model
is established, and the key tolerance parameters are
identified, which provides a scientific and effective ref-
erence for the machine tool design stage.

In addition, compared with previous methods, the major
contributions of the paper are as follows

(1) Based on HTM and MBS theory, the accurate error vec-
tors caused by the assembly error and manufacturing
error of Y-axis are established, instead of treating geo-
metric errors as constant angle error or linear error. It
comprehensively analyzes the geometric error parame-
ters of the components manufacturing and assembly pro-
cess of the translational axis and gives the position error
model of the single axis ultimately.

(2) When fitting the relationship between geometric error
parameters and tolerance parameters of Y-axis, an im-
proved simulation process is proposed to determine the
fitting parameters. The quantitative relationship between
tolerance and geometric error parameters is established
ultimately.

(3) The TSA model of was established to express the contri-
butions of tolerance parameters on the position error. The
real contributions of tolerance are evaluated and the vital
tolerance parameters are realized, which can be given
directly to the machine tool designers to help them for
improving the machining accuracy of the machine tool.

In the future work, cutting force error, thermal error, servo
error, and other factors need to be taken into account.
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