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Abstract
The abrasive belt grinding process is a highly nonlinear dynamic change process. The coupling action mechanism between
mechanical field and thermal field during grinding is complex and variable. In this paper, firstly, the abrasive belt grinding
experiment of titanium alloy was carried out to measure the change of temperature and force during the grinding process, and the
Savitzky-Golay filter analysis was carried out on force signal. Secondly, the generation of grinding heat and force was described
in detail, the equilibrium process of thermal-mechanical coupling was analyzed, and the finite element equation of thermal-
mechanical coupling was deduced for abrasive belt grinding. Thirdly, the finite element simulation model of abrasive belt
grinding is established to comprehensively analyze the change rule of thermal-mechanical coupling in the grinding process.
Finally, the experimental results and simulation results of belt grinding are discussed and analyzed. The experimental results
found that the grinding force changes are divided into three different stages, and the maximum surface temperature decreases to a
certain extent with the grinding process. The simulation results show that the plastic deformation zone and “dead metal zone” are
consistent with the theory in the grinding process. This study can provide a reference for relevant machining and further improve
the grinding workpiece’s surface quality through thermal-mechanical optimization.
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Finite element simulation

Nomenclature
EQ Total heat generated by grinding
Qp Heat generated by the plastic deformation of the

processed material
Qf Heat generated by the mutual squeeze friction

between the wear debris and the rake face of the
abrasive belt grain, and the grinding surface and
the top of the abrasive belt grain

Qd Heat taken away by the wear debris
Qa Heat taken away by the abrasive belt grains
Qw Heat transferred by the processed material
Qm Heat taken away by the surrounding medium

α Ratio of frictional heat to thermal energy
conversion

R1 Ratio of thermal energy transfer to the abrasive
belt grain-wear debris surface

R2 Ratio of thermal energy transfer to the abrasive
belt grain-workpiece surface

Pfr Power of grinding heat generated by friction
τ Shear stress generated by friction
γ̇ Relative slip rate of the contact surface
Δs Slip distance
Δt Slip time
QA Heat transferred by friction in A direction
QB Heat transferred by friction in B direction
Q1 Transferred to the interior on the A surface
Q2 Transferred to the interior on the B surface
Qk Energy lost due to the heat conduction
q! Heat flow vector
J
!

Entropy flux vector
dε Total incremental strain
ρ h� Time change rate of specific enthalpy per unit

volume
[De] Stress-strain matrix of the elastic deformation
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σ Effective stress
ε� Effective strain rate
R Contact wheel radius
hs Height of the abrasive belt grain
D Distance between the abrasive belt grains
φ Angular displacement of the abrasive belt grain
Qr Energy lost due to the heat radiation
k h; p; θ
� �

Heat conductivity coefficient during the grinding
process

h Contact interference
p Contact pressure
θ Average temperature
εT Strain caused by thermal extension
C Measure the contact surface radiation
q Mises or Hill equivalent stress
θ1 Temperature of contact surface A
θ2 Temperature of contact surface B
D(θ) Material parameter related to temperature
θz Absolute zero value corresponding to the

temperature unit used
rp Heat generated by the plastic strain per unit

volume
η Plastic heat generation rate
σ Plastic stress
ε̇p Plastic strain rate
Δt Time interval of each incremental step
Δεp Plastic strain increment
n! Heat flow direction matrix
W Strain energy density
ε Total strain
εe Elastic strain
εp Plastic strain
dεe Elastic strain differential
dεp Plastic strain differential
dεT Thermal extension strain differential
ρ s� Time change rate of specific entropy per unit

volume
Rs Radius of the cutting circle
ε Effective strain
T Temperature
db Thickness of the belt base
vs Abrasive belt linear speed
vw Abrasive belt linear speed
± Up grinding and down grinding

1 Introduction

Titanium alloy as the key constituent material of aircraft en-
gine core parts has the typical characteristics of difficult pro-
cessing and the traditional machining methods are difficult to
meet due to the requirements of its high surface integrity

[1–3]. Abrasive belt grinding is a kind of both material remov-
al and the flexibility of polishing grinding, which is more
efficient than the traditional grinding wheel, and a cold effect
concurrently is one method commonly used in precision and
ultra-precision machining titanium alloy [4–6]. In the process
of abrasive belt grinding, there is a variety of physical field
coupling phenomenon, of which the thermal field and me-
chanical field coupling are essential for the study of the mech-
anism and application of abrasive belt grinding[7, 8].
However, there are few reports on the thermal-mechanical
coupling study of abrasive belt grinding. In the traditional
machining process, the mechanical field and thermal field
affect surface quality and part deformation is also applicable
to grinding process [9–12]. The related knowledge helps study
and understand the thermal-mechanical coupling process of
grinding, but it is not the same. In the past, there have been
many reports on thermal-mechanical coupling.

The thermal-mechanical coupling theory is the basis for the
research of machining processes, and it is also the key to
solving many engineering problems. Aiming at the effect of
the combined effects of heat and force on the feed mechanism
of CNC machine tools, Liu et al. [13] proposed a thermal-
mechanical coupling dynamic analysis method combining
multi-step finite element (FE) simulation and temperature
field, which the verified correctness of the proposed method.
Aiming at the characteristics of the complex load and multiple
heat sources of the dual-drive feed system, Huang et al. [14]
analyzed the effect of thermal-mechanical coupling on the
dynamic performance and structural deformation of the feed
system through experiments. They proved the rationality and
feasibility of the thermal-mechanical coupling dynamic simu-
lation analysis method. Aiming at the metal flow behav-
ior of the cast slab at high temperature, Wu et al. [15]
established a three-dimensional thermal-mechanical cou-
pling model of two pairs of rolls based on the consti-
tutive equation derived from the stress-strain curve at
different temperatures and strain rates and verified its
accuracy through experiments. Aiming at the problems
of heat transfer and mechanical deformation in the in-
dustrial continuous casting billet mold, Chakraborty
et al. [16] analyzed the temperature field and stress field
in the mold and the resulting deformation and deter-
mined the optimal taper of the mold according to the
deformation curve of the mold and the heat shrinkage
rate of the billet. Aiming at the thermal-mechanical sim-
ulation problem of friction stir welding, Soundararajan
et al. [17] established a FE thermal-mechanical model
of the tool load with force considering the uniform val-
ue of contact conductance. They predicted the stress at
the interface between the workpiece and the backplate
and the thermal history of the workpiece.

In recent years, many scholars have researched the related
prediction of thermal-mechanical coupling. In order to
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accurately predict the impact of the local friction process,
Wang et al. [18] proposed a thermal-mechanical coupling
simulation method based on geometric compression tools,
which proved the effectiveness of the method from theoretical
and experimental comparisons. Aiming at the thermal-
mechanical coupling problem in the micro-milling process,
Lu et al. [19] proposed a micro-milling model considering
the temperature and force, predicted the micro-milling force
and temperature, and verified the accuracy of the proposed
method. In order to study the thermal stress distribution of
disk cutters, Zhang et al. [20] conducted dynamic simulation
and mechanical analysis on the rock breaking process of disk
cutters, and the simulation results reflected the distribution of
thermal stress. In order to realize the overall manufacture of
TC4 large titanium alloy parts, Jiang et al. [21] used thermal-
electric coupling and thermal-mechanical coupling methods
to predict temperature changes and sheet deformation behav-
ior. They proved that this method could calculate the power-
assisted incremental process. In order to study the influence of
bearing structure on the thermodynamic behavior of high-
speed spindles, Li et al. [22] established a comprehensive
dynamic thermodynamicmodel and coupled the thermal mod-
el with the dynamic spindle model. They explained the effects
of different bearing structures on the thermal and dynamic
characteristics of the spindle.

The thermal-mechanical coupling caused by different pro-
cessing methods has always been the concern of many
scholars. Aiming at the thermal-mechanical coupling problem
in the steel plate welding process, Farias et al. [23] used
ANSYS software to conduct mechanical and thermal simula-
tions on the material properties of Gaussian distribution, and
the results were in agreement with the experimental results.
Aiming at the high strength-to-weight ratio of heat-resistant
high-entropy alloys, Zhang et al. [24] used the finite difference
(FD) method and FE method to couple the temperature and
thermal stress distribution of continuous selective laser melt-
ing (SLM) process. It was proved that the thermal model and
the mechanical model combined with the FD-FE method can
simulate and improve the entire SLM process. In order to
realize the thermal-micro-mechanical simulation of the metal
forming process, Motaman et al. [25] added a microstructure
solver to the built-in thermal and force solver of the standard
FE package and realized the thermal-micro-mechanical cou-
pling simulation of the cold and hot metal forming process.
Aiming at the thermal-mechanical coupling problem of the
titanium alloy forming process, Ji et al. [26] used Deform-
3D to analyze the metal flow, temperature, stress, and strain
distribution during the forming process and verified the Ti-
6Al-4V blade on the H500 CWR rolling mill. In order to study
the thermodynamic properties of the plasma sprayed NiCrBSi
coating, Liu et al. [27] used the transient temperature of each
node as the thermal load and calculated the deformation and
stress state of the specimen. The results showed that the

quenching stress dominates the final residual stress in the
coating.

Unlike traditional thermal-mechanical couplings such as
cutting, welding, and metal thermoforming, abrasive belt
grinding is a highly nonlinear process because of its flexible
machining and small machining allowance. Simultaneously,
the coupling mechanism between the mechanical field and
thermal field is complex and changeable during processing.
So far, the research on thermal-mechanical coupling of abra-
sive belt grinding has been relatively macro, and the research
of thermal-mechanical coupling in the grinding process on
surface integrity is still in the initial exploration stage [28].
Therefore, the titanium alloy abrasive belt grinding experi-
ment is carried out, and the change of temperature and force
is measured during the grinding process in Section 2. In
Section 3, the generation of grinding heat and force was ex-
plained, the equilibrium process of thermal-mechanical cou-
pling is analyzed, and the grinding thermal-mechanical cou-
pling FE equation is deduced; A FE simulation model is
established for abrasive belt grinding, and the change law of
thermal-mechanical coupling is analyzed during the grinding
process in Section 4. Experiments and simulations of abrasive
belt grinding are discussed in Section 5. Finally, the conclu-
sion of this study is given.

2 Thermal-mechanical experiment of abrasive
belt grinding

2.1 Experimental principle and method

Grinding temperature is the focus of thermal-mechanical
coupling research. Its accurate measurement plays an im-
portant role in judging the correctness of the coupling
model. During the grinding process, a handheld infrared
thermal imager is used to detect the surface temperature
of the workpiece, which can realize the automatic align-
ment of visible light image and infrared light image and
then accurately record the surface temperature of the
grinding. The measurement of the grinding force adopts
the resistance strain measurement method. The dyna-
mometer is fixed on the worktable. The two ends of
the fixture are connected with the dynamometer and the
workpiece. The workpiece to be grinding is fixed on the
fixture. When grinding, under the grinding force’s action,
the deformation structure of the measuring platform in
the three directions of XYZ deforms accordingly. The
three sets of resistance strain gauges fixed on the defor-
mation structure convert the deformation in each direc-
tion into corresponding voltage changes and the param-
eters corresponding to the output grinding force. The
principle is shown in Fig. 1.
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The test adopts the method of surface grinding. The
titanium alloy TC4 is used as the test material. The chemical
composition and mechanical properties at room temperature
(25 °C) are shown in Table 1 and Table 2, respectively. The
240# pyramid alumina abrasive belt is used as a grinding tool.
The abrasive belt grinding speed is 10 m/s, the feed speed is
60 mm/min, and the grinding depth is 30 μm. The dynamom-
eter model is FC3D80, and the thermal imager model is Fluke
TiR32. The technical parameters of the dynamometer are
shown in Table 3. During the test, the grinding force and the
surface temperature of the workpiece are measured simulta-
neously, as shown in Fig. 2.

2.2 Experimental analysis of abrasive belt grinding

2.2.1 Experimental analysis of grinding force

Grinding force is a constantly changing physical quantity in the
grinding process. As a continuous signal, some high-frequency
noise will appear due to the jitter of the abrasive belt and signal
interference during measurement. Currently, it is necessary to
select the corresponding low-pass filter to process the grinding
force signal to obtain smoother data, which is convenient for

subsequent regular observation and value reading and records
the value of the grinding force in the x and y directions during
the grinding process. The data acquisition board obtains the
grinding force’s change from elasticity to plasticity by reading
the continuous grinding force signal from the resistance strain
dynamometer. The original signal is processed twice by
MATLAB. The Savitzky-Golay filter can better retain the details
and characteristics of the original signal. Therefore, the Savitzky-
Golay filter method is used to filter the grinding force original
signal. In the MATLAB algorithm, the value of framelen is
1501. The result is shown in Fig. 3.

Figure 3 (a) and (b) show the original signal data and the
Savitzky-Golay filtered signal data of the grinding force in the
x direction, respectively. It can be clearly seen from the signal
filtered by Savitzky-Golay that the zone I is in the grinding
contact stage, and the grinding force fluctuates greatly in the x
direction. Zone II is in the grinding stable stage, and the grinding
force is relatively stable in the x direction, about 6.1 N. Zone III is
in the grinding exit stage, and the grinding force fluctuates greatly
in the x direction, but it eventually tends to a smaller stable value.
Figure 3(c) and (d) show the original signal data and the
Savitzky-Golay filtered signal data of the grinding force in the
y direction, respectively. Zone I is in the grinding contact stage,

Table 1 Chemical composition
of TC4 workpiece [29] Element Al V Fe C N H O Ti

Content (wt%) 5.5 ~ 6.8 3.5 ~ 4.5 ≤ 0.3 ≤ 0.1 ≤ 0.05 ≤ 0.015 ≤ 0.2 Bal

Table 2 Mechanical properties of
TC4 workpiece [29] Category Elasticity modulus (GPa) Density

(kg/m3)
Yield strength (MPa) Tensile strength (MPa)

Parameter value 111.5 4640 1110 ≥ 895

Fig. 1. Schematic diagram of
experimental measurement
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and the grinding force fluctuates greatly in the y direction
(whether it is Fig. 3(c) or Fig. 3(d)). Zone II is in the grinding
stable stage, and the grinding force is relatively stable in the y
direction, about 2.8 N. Zone III is in the grinding exit stage, and
the grinding force fluctuates greatly in the y direction, but it
eventually tends to a smaller stable value.

In summary, due to the jitter of the abrasive belt and the
signal’s interference, the grinding force fluctuates greatly in the
grinding contact stage of zone I and the grinding exit stage of
zone III. In the grinding stable stage of zone II, the value of the
grinding force is relatively stable. This is different from the re-
search in literature [30], which divides the grinding into an idling
stage and a grinding stage and does not give a specific grinding
force.

2.2.2 Experimental analysis of grinding temperature

The surface temperature of the grinding process is recorded by
an infrared thermal imager. The surface temperatures at the
beginning of the grinding t = 5 s, the middle of the grinding t =
35 s, and the later of the grinding t = 60 s were recorded. The
whole process is shown in Fig. 4.

Figure 4(a1) is the full infrared image of the grinding at t = 5 s.
Since the grinding has just started, the bright area of the temper-
ature is small. It can be seen that the highest temperature of the
grinding surface is 52.95 °C at this time. Figure 4(a2) is the full

visible light image at this time, and it can be seen that the grind-
ing has just started. Figure 4(a3) shows the three-dimensional
distribution of the grinding temperature in the field of view at
this time. It can be seen that the peak in the middle of the tem-
perature distribution is more consistent with Fig. 4(a1). The tem-
perature around the peak temperature gradually decreases until it
drops to room temperature 33.2 °C.

Figure 4(b1) is the full infrared image of the grinding at t = 35
s. It can be seen that the highest temperature of the grinding
surface is 49.38 °C at this time, and the bright area of temperature
is larger than that of Fig. 4(a1). Figure 4(b2) is the full visible
light image at this time, and it can be seen that the grinding has
been carried out about half. Figure 4(b3) shows the three-
dimensional distribution of the grinding temperature in the field
of view at this time. It can be seen that the peak in the middle of
the temperature distribution is more consistent with Fig. 4(b1).
The temperature around the peak temperature gradually de-
creases until it drops to room temperature 33.2 °C.

Figure 4(c1) is the full infrared image of the grinding at t = 60
s, it can be seen that the highest temperature of the grinding
surface is 43.30 °C, and the bright area of the temperature is
further expanded. Figure 4(c2) is the full visible light image at
this time; it can be seen that the grinding is basically completed.
Figure 4(c3) shows the three-dimensional distribution of the
grinding temperature in the field of view at this time. It can be
seen that the peak in the middle of the temperature distribution is
more consistent with Fig. 4(c1). The temperature around the peak
temperature gradually decreases until it drops to room tempera-
ture 33.2 °C.

In summary, from Fig. 4(a1)→(b1)→(c1), the bright area
of the grinding temperature gradually increases, which indi-
cates that the heat-affected zone by the temperature increases
as the grinding progresses. This phenomenon is more consis-
tent with the law described in the literature [27]. In addition,
the temperature of the abrasive belt and the contact wheel also
increased to a certain extent. From Fig. 4(a3)→(b3)→(c3), the
bulge in the upper left corner becomes higher and higher,
which indicates that the temperature has accumulated and af-
fects the surrounding fixture temperature as the grinding pro-
gresses. There are similar conclusions in literature [31].

Table 3 Technical parameters of dynamometer

Parameter index Reference value

Range 100 N

Sensitivity (Fx/Fy/Fz) 0.5 ~ 1.5 mV/V

Nonlinear error < 0.15 %F.S.

Hysteresis error < 0.25 %F.S.

Zero temperature effect < 0.05 %F.S./10 °C

Maximum excitation voltage 15 VDC

Operating temperature range − 30 ~ + 75 °C

Elastomer material 40 CrMo alloy steel

Thermal imager

Dynamometer

Fixture

Workpiece

Abrasive belt

(a) (b)Fig. 2 (a) Overall view of the
experimental setup; (b) partially
enlarged view of the experimental
setup
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3 Thermal-mechanical coupling theory
of abrasive belt grinding

3.1 Generation of force and heat in abrasive belt
grinding

3.1.1 Generation of grinding force

During the grinding process, abrasive belt grains cut into the
workpiece, so that the grinding layer becomes wear debris and
flows out along the belt linear speed and the grinding surface
is obtained at the same time. It not only needs to overcome the

force that causes the workpiece material to produce shear de-
formation but also needs to overcome the internal frictional
resistance that occurs on the contact surface between the abra-
sive belt grains and the workpiece. Therefore, the forces are
mainly dispersed in the I, II, and III deformation zones in the
grinding process. As shown in Fig. 5, the main sources of
grinding force are as follows:

(1) Overcome the elastic pressure Fe1, Fe2 generated by the
elastic deformation of metal materials during the grind-
ing process.

Fig. 3 (a) Original signal data of grinding force in x direction; (b) Savitzky-Golay filtered signal data of grinding force in x direction; (c) original signal
data of grinding force in y direction; (d) Savitzky-Golay filtered signal data of grinding force in y direction

Int J Adv Manuf Technol (2021) 113:3241–32603246



(a1)

(b1)

(c1)

(a2)

(b2)

(c2)

(b3)

(a3) 

(c3)

Fig. 4 (a1) Full infrared image of
grinding at t = 5 s. (a2) Full visible
light image of grinding at t = 5 s.
(a3) Three-dimensional
distribution of the grinding
temperature in the field of view at
t = 5 s. (b1) Full infrared image of
the grinding at t = 35 s. (b2) Full
visible light image of grinding at t
= 35 s. (b3) Three-dimensional
distribution of grinding
temperature in the field of view at
t = 35 s. (c1) Full infrared image
of grinding at t = 60 s. (c2) Full
visible light image of grinding at t
= 60 s. (c3) Three-dimensional
distribution of the grinding
temperature in the field of view at
t = 60 s

Fig. 5 Source of grinding force
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(2) Overcome the plastic pressure Fp1, Fp2 generated by the
plastic deformation of the metal material during the
grinding process.

(3) Overcome the frictional force Ff generated between the
wear debris and the rake face of the abrasive belt grain
and the frictional force Ffa generated between the grind-
ing surface and the top of the abrasive belt grain.

In order to facilitate the study, these scattered forces are
grouped together and represented by the total grinding force
F. The study of total grinding force is very important. It can
not only be used to calculate the grinding power but also
provide important and reliable standards in the design and
selection of machine tools, fixtures, and abrasive tools.

3.1.2 Generation of grinding heat

As abrasive belt grains continuously cut into the material to be
processed, the material undergoes elastoplastic deformation
under the action of abrasive belt grains, and the energy con-
sumed in this process is basically converted into grinding heat.
In addition, the friction between the wear debris, the grinding
surface of the workpiece, and the abrasive belt grains will also
consume a part of the energy, thus generating the correspond-
ing heat. In the process of abrasive belt grinding of metal, the
energy consumed is mainly converted into grinding heat. As
shown in Fig. 6, the heating area mainly comes from the three
deformation areas of grinding. Another part of the heat comes
from the mutual squeeze friction between the wear debris and
the rake face of the abrasive belt grain and the grinding surface
and the top of the abrasive belt grain.

According to the thermodynamic equilibrium principle, the
amount of grinding heat generated and the amount of grinding
heat diffused should be consistent during the grinding process,
as expressed in Eq. (1):

EQ ¼ Qp þ Qf ¼ Qd þ Qa þ Qw þ Qm ð1Þ

where EQ is the total heat generated by grinding, Qp

is the heat generated by the plastic deformation of the
processed material, Qf is the heat generated by the mu-
tual squeeze friction between the wear debris and the
rake face of the abrasive belt grain and the grinding
surface and the top of the abrasive belt grain, Qd is
the heat taken away by the wear debris, Qa is the heat
taken away by the abrasive belt grains, Qw is the heat
transferred by the processed material, and Qm is the heat
taken away by the surrounding medium, such as air,
grinding fluid, etc.

(1) Frictional heat generating process During the grinding
process, with the continuous friction between the wear debris
and the rake face of the abrasive belt grain, and the grinding
surface and the top of the abrasive belt grain, the frictional
force continues to do work and generates frictional heat with
a certain conversion efficiency. The ratio of frictional heat to
thermal energy conversion is set to α, the ratio of thermal
energy transfer to the abrasive belt grain-wear debris surface
and the abrasive belt grain-workpiece surface respectively is
R1 and R2, and the sum of R1 and R2 is the complete thermal
efficiency. The setting of R1 and R2 is based on the contact
surface which has no heat absorption and loss, and the energy
can only be conducted through thermal conduction to abrasive
belt grains, wear debris, and workpiece, or diffused outward
through thermal radiation.

The power of grinding heat generated by friction can be
calculated by Eq. (2) [32]:

Pfr ¼ τ ⋅γ̇; γ̇ ¼ Δs
Δt

ð2Þ

where τ is the shear stress generated by friction, γ̇ is the rela-
tive slip rate of the contact surface, and Δs and Δt are the slip
distance and time in an incremental step, respectively.

According to the definition of the transfer ratio, the heat
flowing to the two contact surfaces is expressed as Eq. (3):

Fig. 6 (a) Source of grinding heat; (b) transmission of grinding heat
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QA ¼ R1 � α � Pfr

QB ¼ R2 � α � Pfr

�
ð3Þ

where QA and QB represent the heat transferred by friction in
two directions, respectively. Since the heat generated by fric-
tion will heat up to different degrees on different contact sur-
faces, heat conduction and heat radiation also exist on the
contact surfaces, and there will be a certain amount of heat
loss. Therefore, while assuming the heat transfer on the A and
B surfaces, considering the heat dissipated, the heatQ1 andQ2

finally transferred to the interior are expressed as Eq. (4):

Q1 ¼ QA−Qk−Qr
Q2 ¼ QB−Qk−Qr

�
ð4Þ

whereQk andQr are the energy lost due to the heat conduction
and heat radiation of the contact surface, which can be deter-
mined by the thermal conductivity coefficient of the contact
surface, is expressed as Eq. (5):

Qk ¼ k h; p; θ
� �

θ1−θ2ð Þ
Qr ¼ C θ1−θzð Þ4− θ2−θzð Þ4

h i
8<
: ð5Þ

where k h; p; θ
� �

is the heat conductivity coefficient during the
grinding process, which is related to the contact interference h,
contact pressure p, and average temperature θ, C is a constant
that measure the contact surface radiation, θ1 and θ2are the
temperatures of two contact surfaces, respectively, while θz

is the absolute zero value corresponding to the temperature
unit used.

(2) Plastic deformation heat generation process In the abra-
sive belt grinding process, in addition to the heat generated
between the wear debris, the workpiece, and the abrasive belt
grains, the material will also generate heat when subjected to
the grinding force and plastic deformation to form wear de-
bris. In the analysis process, the heat generated by the plastic
strain per unit volume can be set as Eq. (6) [33]:

rp ¼ ησ=ε̇p ¼ 1

2Δt
ηΔεp n!= σþ σtð Þ ð6Þ

where η is the plastic heat generation rate, σ is the stress, ε̇p is
the plastic strain rate, Δt is the time interval of each incremen-
tal step, Δεp is the plastic strain increment, and n! is the heat
flow direction matrix.

Meanwhile, it is easy to know:

σ ¼ ∂W
∂εe

ε ¼ εe þ εp þ εT

εp
:
¼ D θð Þ � q�

σ
−1

� �
8>>>><
>>>>:

ð7Þ

whereW is the strain energy density, which is related to elastic
strain and temperature, ε is the total strain, εe is the elastic
strain, εp is the plastic strain, εT is the strain caused by thermal
extension, D(θ) is the material parameter related to tempera-
ture, and q is Mises or Hill equivalent stress.

Incorporating Eq. (7) into Eq. (6), the relationship between
the heat generated by plastic strain after the incremental step is
obtained as Eq. (8):

∂σ ¼ ∂2W
∂εe∂θ

∂θþ ∂2W
∂εe∂εp

= ∂ε−
∂εT

∂θ
∂θ−∂εp

� �

∂εp ¼ ∂εp � n!þΔεp
∂ n!
∂σ

=∂σþ ∂ n!
∂εp

∂εp þ ∂ n!
∂θ

∂θ

 !
8>>><
>>>:

ð8Þ

3.2 Equilibrium process of heat transfer and thermal-
mechanical coupling

The heat generated during the grinding process is transferred
to the inside of the material in the form of heat flow, as shown
in Fig. 7. The heat flow vector q! entering the elastic medium
through the system boundary causes changes in the internal
energy and the volume expansion (increase temperature) or
volume contraction (decrease temperature) of the material.

In Eq. (9), the heat flow vector q! replaces the entropy flux

vector J
!
, ρṡ is the time change rate of specific entropy per

unit volume, and ρḣ is the time change rate of specific enthal-
py per unit volume.

∫
V
ρḣ dV ¼ ∫

S
q!� n!dS

∫
S
q!� n!dS ¼ ∫

V
∇ � q!dV

8>>><
>>>:

ð9Þ

In rigid materials, the change of internal energywith time is
used to replace the time enthalpy change, which includes the
energy consumption of promoting the volume deformation
and extrusion of the material under pressure. In order to de-
termine the influence of thermal-mechanical coupling, the en-
ergy generation rate inside the material is temporarily ignored.

Fig. 7 Volume change caused by heat flow
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Similarly, according to the divergence theorem, the surface
integral is also related to the volume integral, which can be
obtained by Eq. (9):

‐∇ � q!¼ ρḣ ð10Þ

The negative sign reflects the direction of the heat flow
vector opposite to the unit normal of the differential surface,
as shown in Fig. 7. Finally, the equilibrium equation of
thermal-mechanical coupling can be obtained through deriva-
tion (see Appendix 1 for the specific derivation process):

‐∇ � q!¼ CpṪ 1þ η
ė

KεṪ

 !
with η ¼ 3KT0K2

ε

Cp
ð11Þ

where η is the thermal-mechanical coupling coefficient, a di-
mensionless quantity, which ensures the degree and process of

thermal-mechanical coupling of the material;
˙e

KεṪ
is also di-

mensionless and is used to represent the ratio of the stain rate
to the thermal strain rate.

As a general trend, thermal-mechanical coupling becomes
more and more important in the transient process of materials,
in which the stress-strain rate plays a promoting role in the
load-time process.

3.3 Finite element equations of thermal-mechanical
coupling for abrasive belt grinding

During the abrasive belt grinding process, the workpiece is
squeezed by the abrasive belt grains to undergo elastic defor-
mation. As the grinding progresses, the stress value becomes
larger and larger. When the elastic limit of the workpiece
material is exceeded, plastic deformation occurs.
Simultaneously, as the elastoplastic deformation occurs, a
large amount of grinding heat is generated by the friction
between the wear debris-abrasive belt grain and the work-
piece, and the corresponding increase in the grinding temper-
ature causes the occurrence of thermal strain. Therefore, the
total incremental strain dε can be expressed as:

dε ¼ dεe þ dεp þ dεT ð12Þ
where dεe, dεp, and dεT represent elastic strain differential,
plastic strain differential, and thermal extension strain differ-
ential, respectively.

Therefore, the stress increment can be expressed by the
following equation:

dσ ¼ De½ � dεe−dεp−dεT� � ð13Þ

where [De] is the stress-strain matrix of the elastic deformation

body and dεp is the derivative dεp ¼ λ ∂ f
∂σ of the plastic

potential f.

In order to simulate the influence of temperature, effective
strain, and effective strain rate on the flow stress of the mate-
rial, the optimal criterion of the model is also discussed and
the flow stress equation of the material used is given in this
study.

σ ¼ f ε; ε̇; T
� �

ð14Þ

where σ is the effective stress, ε is the effective strain, ε̇ is the
effective strain rate, and T is the temperature.

Assuming that the material is hardened outward, based on
the theory of large strain-large deformation, and using the
modified Lagrangian equation and Prandtl-Reuss incremental
theory, a thermal-elastoplastic constitutive equation consider-
ing strain rate and temperature is established:

dσ ¼ Dep½ � dε−dεT� �þ
De½ � ∂ f

∂σ
∂R

∂ε̇
d ε̇þ ∂R

∂T
dT

 !

H
0 þ ∂ f

∂σ

� �T
De½ � ∂ f

∂σ

ð15Þ

Finally, the relationship between nodal displacement
and nodal force can be obtained through derivation when
the Prandtl-Reuss flow law and thermal coupling coeffi-
cient are considered (see Appendix 2 for the specific der-
ivation process):

ff g ¼ A B½ �T De½ � B½ � uf g for σ < σm

f p
n o

¼ A B½ �T Dep½ � B½ � uf gþ

∫
vol

B½ �T Dep½ �
ffiffiffi
6

p

2
dWT

for σ≥σm

8>>><
>>>:

ð16Þ

4 Thermal-mechanical coupling simulation
of abrasive belt grinding

At present, for the thermal-mechanical coupling problem, the
method of combining FE simulation and experiment is mostly
used. Wan et al. [34] used Deform-3D to establish a thermal-
mechanical coupling simulation model for zirconia grinding
and simulated the subsurface damage, workpiece stress, and
grinding temperature during the grinding process. The exper-
imental results are basically consistent with the simulation
results. Zheng et al. [35] used ANSYS to conduct a thermal-
mechanical coupling simulation analysis on micro-deformed
ball end mills, combined with theoretical calculations and
milling experiments, and conducted an in-depth study on the
thermal-mechanical coupling behavior of micro-deformed
ball end mills during the grinding process. Olaogun et al.
[36] established a thermal-mechanical coupling two-
dimensional FE model, studied the thermal effect and friction
coefficient of AA8015 aluminum alloy during industrial cold
rolling, and predicted the temperature distribution of work
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rolls. However, the abrasive belt grinding of titanium alloy is a
very complex nonlinear dynamic grinding process. There are
mutual coupling effects between multiple physical fields in
the grinding process. Therefore, a more in-depth analysis of
the coupling is conducted between the force field and the
temperature field using ABAQUS software in the grinding
process.

Abrasive belt grinding is completed by a large number of
grains cutting edges arranged vertically on the surface of the
abrasive belt. Each abrasive belt grain can be approximated as
a miniature tool. Therefore, studying the grinding process of
these single abrasive belt grains is the basis of studying the
entire belt grinding. In this study, a simplified two-
dimensional FE model of abrasive belt grain grinding is
established by calculating the size and motion trajectory of
the abrasive belt grain. Through the simulation of grinding
force, grinding temperature, and material heat generation rate,
the changing trend and law of grinding force, grinding tem-
perature, and material heat generation during grinding are ob-
tained, and the reasons for these changes are analyzed.

4.1 Abrasive belt grinding modeling and parameter
design

4.1.1 Analysis of abrasive belt surface morphology
and abrasive belt grain movement

Under normal circumstances, the grains on the abrasive belt’s
surface of the are implanted using static electricity or gravity.
It is a single-layer-coated abrasive tool that can achieve com-
pound grinding through multiple abrasive belt grains.
Figure 8(a) is the pyramid alumina abrasive belt produced
by 3M Company in the United States, and Fig. 8(b) is the

surface microtopography distribution of abrasive belt grains.
Observed from the side, it can be seen that the abrasive belt
grains are triangular. The sharp peaks of abrasive belt grains
form grinding with the workpiece. This new type of grains
makes the abrasive belt more efficient in removing material.
It can be seen from Fig. 8(c) that the three-dimensional struc-
ture of the abrasive belt grains contains multiple layers of
abrasive ore. Once the top of the pyramid is worn away, the
next layer of new and sharp ore will take its place, ensuring the
required grinding pressure.

Shown in Fig. 9 is the movement track of the grain removal
material on the abrasive belt. When the abrasive belt is grind-
ing, the abrasive belt grain is used as a fixed point on the
abrasive belt. As the abrasive belt and the contact wheel rotate,
the workpiece will perform a certain feed movement speed.
From the kinematics point of view, the relative motion be-
tween a single abrasive belt grain and the workpiece to be
ground can be transformed into an extended cycloid, and its
trajectory equation is as follows:

x ¼ Rs sinφ� vw
60vs

φ

� �
y ¼ Rs 1−cosφð Þ

8<
: ð17Þ

where Rs is the radius of the cutting circle, its value is the
distance from the tip of the abrasive belt grain to the center
of rotation, which is equal to the sum of the contact wheel
radius R, the thickness db of the belt base, and the height hs
of the abrasive belt grain; φ is the angular displacement of the
abrasive belt grain, φ≈sinφ≈ D

Rs
; D is the distance between the

abrasive belt grains; vs and vw are the abrasive belt linear speed
and the workpiece feed speed, respectively; “±” represents the
processingmethod up grinding and down grinding. This study
uses up grinding.

(a)

(c)

(b)

60μm

Fig. 8 (a) Pyramid alumina
abrasive belt; (b) surface
microtopography distribution of
abrasive belt grains; (c) wear of
abrasive belt grains
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It can be seen from Fig. 9 that the grinding trajectory of
abrasive belt grain is similar to the direct parallel sliding grind-
ing of grain, which is like removing material with a saw.
Although the abrasive belt is a multi-edge grinding process,
it is often the abrasive belt grain that first contacts the work-
piece that undertakes the most grinding tasks. This abrasive
belt grain is the first to remove the material, and the removal
and polishing of elastic recovery part are carried out by sub-
sequent grains grinding. Therefore, in order to simplify the
model and calculation, the parallel movement of a single abra-
sive belt grain is directly considered when modeling, and it is
used to grind the surface of the workpiece.

4.1.2 Modeling and analysis of single abrasive belt grain

To simulate and analyze the grinding process, firstly, it
is necessary to determine the most basic simulation mod-
el, grinding parameters, movement direction, etc. The
simulation model includes geometric model and bound-
ary load. According to the different actual machining
physical processes, a grinding simulation model under
different conditions is established. According to the ob-
servation of the morphology and distribution of grains on
the abrasive belt’s surface in the previous section, the
size and trajectory of the abrasive belt grains are deter-
mined. Through simplification, a geometric model of sin-
gle abrasive belt grain grinding is established for titani-
um alloy TC4, as shown in Fig. 10(a). The length of the
processed workpiece is L = 1.1 mm, and the height is H
= 0.4 mm. The front and back angles of the abrasive belt
grain are both 60°, the apex angle is 60°, the height of
abrasive belt grains is hs = 0.06 mm, and the abrasive
belt grain moves in parallel along the grinding path to
remove material, its speed V = vs + vw.

Metal grinding is a process of nonlinear and high strain
rate, and the wear and jitter of abrasive belt grains will have

an impact. Therefore, the following simplifications should be
made in establishing the FE model of the abrasive belt
grinding process:

(1) The casting defects are not considered, and the material
is isotropic.

(2) The jitter of abrasive belt grains and the movement per-
pendicular to the grinding plane are not considered.

(3) The change of crystal structure on the workpiece surface
is not considered due to temperature.

(4) Due to the large difference in hardness between the two,
the abrasive belt grains can be assumed to be rigid in
contact, and the influence of geometric deformation is
not considered.

Due to the grinding layer’s main deformation, the node
distance of the grinding layer is set to 0.005 mm. The two
sides of the workpiece material under the grinding layer are
offset in single-precision proportion according to the mesh
node distance from 0.005 to 0.02 mm. The distance between
the mesh nodes on the bottom edge of the workpiece is
0.02 mm. Considering the extrusion and grinding effect
between the grain rake face and the workpiece, the distance
between the abrasive rake face and the tip mesh node is set
to 0.005 mm, and the flank face and the upper part of the
grain are offset in single-precision proportion according to
the mesh node distance from 0.005 to 0.02 mm. The 4-
node plane strain nonlinear element is selected for mesh
shape, and the dynamic temperature-displacement cou-
pling (Dynamic, Temp-disp, Explicit) is selected for the
element type. Figure 10(b) shows the FE mesh model.
The total number of the workpiece mesh nodes is 11857,
the total number of the workpiece mesh units is 11703, the
total number of the grain mesh nodes is 138, and the total
number of the grain mesh units is 115.

The entire simulation process is shown in Fig. 11.

Fig. 9 Abrasive belt grain
removal material trajectory under
microscopic size
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4.2 Thermal-mechanical coupling simulation results
and analysis

According to the simplification of the physical model and the
establishment of the FE model in the previous section, the
grinding process of single abrasive belt grain is simulated.

The grinding force, grinding temperature, and the deformation
and heat generation of workpiece materials are analyzed and
explained.

4.2.1 Analysis of grinding stress field

Figure 12 is the stress distribution cloud diagram of the work-
piece during the FE simulation process at different times when
the grinding speed isV = 10m/s, and the grinding depth is ap =
30μm. It can be seen from Fig. 12 that in the grinding process,
the stress in the I deformation zone (red zone) is very large,
indicating that there is an obvious stress concentration in this
zone. This is because the material in this deformation zone is
under the continuous action of abrasive belt grains, and the
material inside has a strong shear plastic deformation. In zone
II, the equivalent stress of the material is relatively small,
indicating that with the formation of continuous wear debris,
the material in the area only undergoes corresponding transla-
tion. The wear debris is affected by the rake face of abrasive
belt grains, and the material flows along the rake face of abra-
sive belt grains. A similar explanation has appeared in the
literature [37].

As shown in Fig. 12, when the grinding process enters a
steady state, the stress value distributed in the I deformation
zone on the workpiece is the largest, and the stress value is

Build physical model

Define material properties

Assembly parts

Set interaction

Create analysis steps

Load thermal model
Solve calculation

Submit jobMeshing

Comparative experiment

Pre-processing 

Make visualization 

Simulation complete

Meet the 

requirement

Correction 

model

Post-processing

Yes

No

Fig. 11 Process of thermal-mechanical coupling simulation

Fig. 10 (a) Geometry model of single abrasive belt grain grinding process; (b) FE mesh model of single abrasive belt grain grinding
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about 1546.50 MPa. As the grinding progresses, the maxi-
mum stress decreases slightly, and this change is almost neg-
ligible. The minimum stress is about 9.91MPa, which appears
far away from the grinding point. As the grinding progresses,
the minimum stress shows an increasing trend.

Figure 12(e) shows the change of the contact stress be-
tween the midpoint of front contact of grain and the grain
vertex with time. From Fig. 12(e), it can be seen that the
contact stress occurs at the midpoint of front contact of grain
first, and then the contact stress occurs at the grain vertex,
which is more in line with reality. The contact stress at the
midpoint of the front contact of the grain and the grain vertex
shows certain fluctuations, and the trend is the same. But
overall, the average contact stress at the midpoint of front
contact of grain is greater than the average contact stress at
the grain vertex. It also leads to the generation of large plastic
strains. Figure 12(f) shows the grinding force at the reference

point of the grain. It can be known from Fig. 12(f) that during
the entire grinding process, the grinding force at the reference
point of grain is decomposed into the x and y directions, and
the grinding forces in both directions show certain fluctua-
tions, and the trends are consistent. But overall, the grinding
force in the x direction is greater than the grinding force in the
y direction (the grinding force in the x direction is about 6.3 N,
and the grinding force in the y direction is about 3.0 N). This is
because the x direction mainly performs the removal of grind-
ing materials, so the grinding force is greater, which is more in
line with reality. In the initial stage of grinding, when the
abrasive belt grain just starts to cut in, the workpiece material
begins to undergo elastoplastic deformation, and the contact
zone between the two is also increasing. The grinding force
increases rapidly from 0. As the grinding becomes stable, the
average value is stable at around 7.0 N, which is also more
consistent with the actual grinding situation.

a b

c d

e

f

Reference point

Fig. 12 Distribution of grinding
stress (a) t = 13 μs, (b) t = 26 μs,
(c) t = 39 μs, (d) t = 52 μs; (e)
change of contact stress at the
midpoint of front contact of grain
and the grain vertex with time; (f)
change of grinding force at
reference point with time
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4.2.2 Analysis of grinding strain field

Figure 13 shows the equivalent plastic strain distribution
nephogram and the maximum principal stress distribution
nephogram of the workpiece when the grinding speed is V =
10 m/s, the grinding depth is ap = 30 μm, and the grinding
time is t = 13 μs. The equivalent plastic strain is also mainly
concentrated in the I deformation zone, the machined surface,
and the abrasive belt grain-wear debris contact zone. Themax-
imum equivalent plastic strain appears in the abrasive belt
grain-wear debris contact zone, and the maximum equivalent
plastic strain value is 0.948. The reason is that the workpiece
material is sheared and fibrillated in the I deformation zone.
As the grinding progresses, this part of the metal material
enters the II deformation zone, and then it rubs against the
rake face of grain and is squeezed; the fibrosis is further deep-
ened, so the equivalent plastic strain is the largest (The red
elliptical zone as shown in Fig. 13(a)). As we can see from
Fig. 13(b), the equivalent plastic strain (Fig. 13(a)) and tem-
perature (Fig. 14(a, b, c, d, e, and f)) of the material near the
midpoint of front contact of grain are higher than other areas,
thereby forming a thermal softening zone. Near the midpoint
of front contact of grain, there is compressive stress, while the
outer surface of wear debris is tensile stress. Under the action
of this outer surface tensile stress, the concentration of plastic
slip in the main shear zone is further deepened so that flake
wear debris and granular wear debris are formed.

4.2.3 Analysis of grinding temperature field and wear debris
formation

Figure 14 shows the temperature distribution of the workpiece
and the formation of wear debris in the FE simulation process
at different times when the grinding speed is V = 10 m/s, and
the grinding depth is ap = 30 μm. It can be seen from Fig. 14
that during the formation of wear debris, the abrasive belt
grain begins to move at a specified speed. As the grinding
progresses, the ground material is separated from the work-
piece, and the workpiece material is divided into two parts
under the action of the abrasive belt grain. Partly due to the
shear slip under the action of the abrasive belt grain, along the

depth of the abrasive belt grain, the material flows out along
the rake face of the abrasive belt grain. The corresponding
flake and granular wear debris are also produced (as shown
in Fig. 14(b) and (c)); the other part remains on the machined
surface. It can be seen from Fig. 14(a, b, c, d, and e) that as the
grinding progresses, the heat-affected zone in the abrasive belt
grain continues to increase, and a similar phenomenon occurs
in literature [38, 39].

It can be seen from Fig. 14 that due to the constant friction
between the rake face of abrasive belt grain and the wear
debris, the heat generated also increases accordingly. In addi-
tion to the heat generated in the I deformation zone, the
highest grinding temperature is generated in the friction area
between the rake face and wear debris (about 500.85 °C).
Figure 14(f) shows the temperature change of contact area
with time at the midpoint of front contact of abrasive belt grain
and the grain vertex. At the beginning of the grinding process,
the temperature rises sharply because the abrasive belt grain
just contacted the workpiece. As the grinding progresses, the
upward trend is slowing down at about 6 μs and finally tends
to a stable state.

4.2.4 Coupling analysis of grinding temperature field
and force field

Figure 15 shows the relationship between the contact stress
and temperature in the grinding process with time. During the
entire grinding process, as the grinding process progresses, the
temperature tends to stabilize (the grain vertex temperature is
about 450 °C, and the midpoint temperature of front contact of
grain is about 475 °C), and the contact stress tends to a stable
floating (the grain vertex contact stress of grain is about 950
MPa, and the midpoint contact stress of front contact of grain
is about 1500 MPa). This rule is more obvious in Fig. 15(b)
than Fig. 15(a); that is, the temperature and contact stress at
the midpoint of front contact of grain are more stable.
Simultaneously, when the temperature and contact stress sta-
bilize, the equivalent maximum stress concentration area
hardly expands (Fig. 12(b, c, and d)), and it also tends to
stabilize.

ba

Fig. 13 (a) Grinding equivalent plastic strain distribution nephogram. (b) Maximum principal stress distribution nephogram
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5 Discussion

During the experimental measurement of grinding force,
when the grinding has not yet started, the data measured has
already appeared fluctuations by the dynamometer, so when
the grinding is over, it is particularly important to choose a
suitable filtering and noise reduction method. This study uses
the Savitzky-Golay algorithm to filter, which not only pre-
serves the shape and width of the original signal but also
achieves filtering and noise reduction, showing good consis-
tency, as shown in Fig. 3. In the process of measuring grinding
temperature, another special phenomenon is found. As the
grinding progresses, the maximum temperature of the ground
surface gradually decreases from Fig. 4(a1)→ (b1)→ (c1), the
corresponding temperature dropped from 52.95 to 43.30 °C.
The reason for this phenomenon has not been seen in other
reports.

During the simulation process of grinding force, the I de-
formation zone is found, and obvious stress concentration is

found in this area as shown in Fig. 12(a, b, c, and d), which is
more consistent with the previous theoretical analysis, the
deformation zone shown in Fig. 5. In the grinding process,
due to the large negative rake angle of abrasive belt grain, a
dead metal zone is formed before the rake face of the grain, as
shown in Fig. 14(b) and (d). This simulation result is consis-
tent with the result of the literature [40]. In the simulation
process of grinding temperature, as the grinding progresses,
the heat-affected zone inside the abrasive belt grain continues
to expand, and the heat-affected area of the external rake
face of abrasive belt grain tends to be stable, as shown in
Fig. 14(b, c, d, and e).

6 Conclusion

This study takes the thermal-mechanical coupling problem as
the research object in the abrasive belt grinding process and
conducts the thermal-mechanical measurement experiment in

a b

c d

e
f

Fig. 14 Grinding temperature distribution (a) t = 6 μs, (b) t = 8 μs, (c) t = 11 μs, (d) t = 15 μs, (e) t = 20 μs; (f) the temperature change of the grain vertex
and the midpoint of front contact

Int J Adv Manuf Technol (2021) 113:3241–32603256



the abrasive belt grinding process. The thermal-mechanical
coupling theory of abrasive belt grinding is discussed in detail.
The simulation analysis of single particle grinding of abrasive
belt grinding is carried out and discussed in combination with
actual problems. The main conclusions are as follows:

(1) The Savitzky-Golay filtering is performed by using
MATLAB. The results show that the entire grinding
process is divided into grinding contact stage, grinding
stable stage, and grinding exit stage. The grinding force
in the x and y directions in the grinding stable stage is
6.1 N and 2.8 N, respectively.

(2) During the monitoring of the grinding temperature, with
the progress of the grinding experiment, the surface tem-
perature of the workpiece dropped from 52.95 to 43.30
°C, showing a downward trend, which is not found in
previous studies.

(3) The plastic deformation zone appeared in the grinding
simulation process, which is more consistent with the
previous theoretical research. During the simulation,
the temperature-affected zone of the grinding tends to
be stable. In addition, with the grinding simulation prog-
ress, a dead metal zone is found before the rake face of
the abrasive belt grain.

This study analyzes the thermal-mechanical problems of
the abrasive belt grinding process from the perspectives of
experiment, theory, and simulation. The related methods can

be used in other processing, such as turning, milling, and
wheel grinding. In the future, this work can further study the
thermal-mechanical optimization and the effect of thermal-
mechanical on the surface integrity of the workpiece.
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Appendix 1. Derivation
of the thermal-mechanical coupling
equilibrium equation

In Eq. (10), for rigid materials, specific enthalpy is a function
of temperature; for deformablematerials, specific enthalpy is a
function of temperature and material volume increase, which
can be expressed mathematically as:

h≡h T ; eð Þ; with e ¼ e11 þ e22 þ e33 ð18Þ

where eij is the Cauchy strain tensor. The sum of its three
normal components is defined for the volume change of a
deformable object. Therefore, the time change rate of specific
enthalpy is:

ρḣ ¼ ρ
∂h
∂T

� �
e
Ṫ þ ρ

∂h
∂e

� �
T
ė ð19Þ

In classical thermodynamics, the first term ρ ∂h
∂T

� �
e is con-

sidered the volumetric specific heat capacity Cp under con-
stant pressure, and the second term ρ ∂h

∂e

� �
T can be defined as

another type of specific heat capacity Ck, which measures the
energy required for the isothermal volume change per unit
volume of the continuum. The volume change of the contin-
uum is caused by the strain generated by force. The specific
heat capacity Ck is the bridge between mechanical deforma-
tion and heat generation. Like the volume specific heat, the
specific heat capacity Ck is a function of temperature. Expand
the equation according to the Taylor series as follows:

ρ
∂h
∂e

� �
T
≡Ck Tð Þ≅Ck T0ð Þ þ ∂Ck

∂T

� �
T0

T−T0ð Þ þ… ð20Þ

The specific heat capacityCk is at the reference temperature
point. In order to make the coefficient of thermal expansion
used in the contact linear thermoelastic theory zero without
losing generality, and assuming that the temperature change T
− T0 is the same order of magnitude as the reference temper-
ature T0, Eq. (20) can be simplified as follows:

ρ
∂h
∂e

� �
T
≅

∂Ck

∂T

� �
T0

T0 ð21Þ

Substituting Eq. (21) into Eq. (19), the time change rate of
specific enthalpy per unit volume is as follows:

ρḣ ¼ CpṪ þ ∂Ck

∂T

� �
0

T0 ė; with
∂Ck

∂T

� �
0

≡
∂Ck

∂T

� �
T0

ð22Þ

Finally, substituting Eq. (22) into Eq. (10), we can get:

‐∇ � q!¼ CpṪ þ KσT0 ė; Kσ≡
∂Ck

∂T

� �
0

ð23Þ

Another form of simplification and deformation of Eq. (23)
can be obtained:

‐∇ � q!¼ CpṪ
1þ KσT0 ė

CpṪ

 !

¼ CpṪ 1þ 3KT0K2
ε

Cp

ė

KεṪ

 !" #
ð24Þ

Equation (24) is normalized to obtain the following results:

‐∇ � q!¼ CpṪ 1þ η
ė

KεṪ

 !
with η ¼ 3KT0K2

ε

Cp
ð25Þ

where η is the thermal-mechanical coupling coefficient, a di-
mensionless quantity, which ensures the degree and process of
thermal-mechanical coupling of the material (3K ⋅Kε =Kσ);

˙e
KεṪ

is also dimensionless and is used to represent the ratio of

the stain rate to the thermal strain rate.

Appendix 2. Derivation of the relationship
between nodal displacement and nodal force

In Eq. (15), H' is the strain hardening rate, and the expression
of elastoplastic stress-strain matrix [Dep] is as follows:

Dep½ � ¼ De½ �‐
De½ � ∂ f

∂σ
∂ f
∂σ

� �T

De½ �

H
0 þ ∂ f

∂σ

� �T
De½ � ∂ f

∂σ

ð26Þ

If the entire deformation process is elastic, then the elastic
stress-strain matrix [De] can be directly used instead of the
elastic-plastic stress-strain matrix [Dep] to solve the elastic

deformation. The stress component ∂ f
∂σ is obtained by using

the expression of plastic potential f. From the above deriva-
tion, the stress-strain relationship of plane strain deformation
can be derived as follows.

(1) Elastic stage

dσ ¼ De½ � dε‐dεT� � ð27Þ

(2) Plastic stage
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dσ ¼ Dep½ � dε−dεT� �þ 2

3

σ Sf g
S0

∂R

∂ε̇
dε̇þ ∂R

∂T
dT

 !
ð28Þ

where

Sf g ¼ De½ � σ
0

n o
ð29Þ

S0 ¼ 4

9
σ
� �2

H
0 þ σ

0
n oT

Sf g ð30Þ

where σ' is the stress deflection tensor.
The Prandtl-Reuss flow law is considered; the corresponding

strain-specific energy increment is:

dW ¼ σijdεij ¼ σmδij þ Sij
� �

dεmδij þ deij
� � ð31Þ

By expanding and simplifying the above equation, the fol-
lowing result is obtained:

dW ¼ σmdεmδijδij þ dεmSijδij þ deijσmδij þ deijSij
¼ 3σmdεm þ deijSij

ð32Þ

where 3σmdεm is the volumetric specific energy increment of
the material, deijSij is the temperature deformation specific
energy of the material, denoted as WT, and then the material
shape specific energy in the differential form can be expressed
as Eq. (33), where SijdSij = 0, Sij Sij ¼ 2

3 σ
2
i .

dWT ¼ deijSij ¼ Sij
1

2G
dSij þ Sijdλ

� �

¼ 1

2G
SijdSij þ SijSijdλ ¼ 2

3
σ2
i dλ

ð33Þ

Simultaneous Eqs. (26), (27), (28), and (33), and take its
integral form. When the Prandtl-Reuss flow law and thermal-
mechanical coupling coefficient are considered, the nodal dis-
placement and the nodal force relationship is obtained:

ff g ¼ A B½ �T De½ � B½ � uf g for σ < σm

f p
n o

¼ A B½ �T Dep½ � B½ � uf gþ

∫
vol

B½ �T Dep½ �
ffiffiffi
6

p

2
dWT

for σ≥σm

8>>><
>>>:

ð34Þ
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