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Abstract
Technological evolution has contributed to the production of increasingly efficient cutting tools, both from the point of
view of the performance of these tools and regarding the increase in their life spans. Coating research and development
has certainly played an important role in the advancement of these tools. The coatings facilitate cutting by friction through
the action of tribological mechanisms, providing less tool wear and still thermally protecting the base material of the tools,
acting as thermal insulators and increasing the tool life. However, because these coatings have a thickness on the order of
micrometers, these thermal effects are difficult to prove. The main difficulty lies in identifying the heat delivered to a tool
due to the friction at the piece-chip-tool interface. In addition, the complexity of a transient three-dimensional thermal model
is added due to the two-layer materials (base-coating) with sizes on the order of centimeters and micrometers. In this sense,
this work proposes an analytical solution to a 3D transient thermal problem that can model an orthogonal cutting process
carried out by a coated cutting tool. The temperature field is obtained by using an inverse solution technique that estimates
the heat flux delivered to the tool due to friction at the tool-piece interface. The inverse problem is solved by combining
the analytical solution of the thermal model with the application of the transfer-function-based Green’s function (TFBGF)
inverse technique.

Keywords Coated cutting tool Cutting temperature Coated tool thermal modeling Heat flux estimation
Thermal behavior of machine tools

1 Introduction

In the manufacturing process, as in several processes in
which large material deformations occur, a large amount of
heat is generated. The generation of heat due to the friction
between materials and tool contact has a strong influence
on the performance of these processes. The performance of
tools is fundamental to the success of any manufacturing
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process, both from the point of view of the quality of the
finished material and from the economic point of view in
the production chain. The temperature of a cutting tool has
a direct influence on its useful life, and better control of the
machining parameters, such as the feed and cutting speed,
yields an increase in productivity and lower production
costs.

The technological evolution of tool production has led
to the development and application of coatings on tools,
facilitating friction cutting through the performance of
tribological mechanisms. In industry, cutting tools are
almost all coated with thin layers of titanium carbide (TiC),
titanium carbonitrides (TiCN), cobalt (Co), titanium nitride
(TiN), and aluminum oxide (Al2O3), which provide less
wear, with thermal insulation characteristics [1].

According to Zhao and Liua [2], the role and influence
mechanism of coatings on the thermal shock resistance and
thermal barrier performance of cutting tools are unclear.
In this work, the effects of the Ti0.41Al0.59N coating
on the temperature distribution within the rake face area
during the cutting process are quantitatively analyzed using
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the proposed one-dimensional transient and steady-state
models. The thermophysical properties of the coating and
substrate with the temperature are considered to vary with
the tool rake face temperature.

According to Caselle and Barimani [3], more than 40%
of all cutting tools are coated in modern industry today,
and they are used to perform over 80% of all machining
tasks. According to a report on chip control [4], thermal
effects caused by coatings have an important influence on
the behavior of the tribocontact between a cutting tool and a
chip. First, the amount of thermal energy that is transferred
into the chip body depends on the thermal conductivity
of the outer limb deposited on the cutting tool insert.
Second, there is a direct correlation between the tool-chip
contact length and the properties of the cutting tool and
the performance of the cutting process. Grzesik [5] shows
the necessity to design efficient tool inserts, and the cutting
conditions require the chip-tool contact length to be known.
In addition, Grzesik [5] notes that a more comprehensive
investigation of possible relationships between the coating
system structure and the thermoelectric emfs signals must
be conducted. He shows a systematic investigation of
the influence of the coating system structure, starting
from a onefold (TiC), through a twofold (TiC/TiN), to
a threefold (TiC/Al2O3/TiN) coating, on the tool-chip
contact behavior and the average interface temperature,
which was carried out by a tool-workpiece thermocouple
method. However, it must be mentioned that the use of the
tool-workpiece thermocouple is limited to tools that can
conduct electricity. In addition, the thermocouple does not
measure the temperature at a specific point but an average
temperature at the heat-affected zone between the tool and
the workpiece. Direct measurements of the temperatures at
the tool-chip-workpiece interfaces are very difficult due to
the cutting movement and the small contact areas involved.

Behera et al. [6] present interesting work that deals
with cutting insert (uncoated and coated carbide) on cutting
force, tool-tip temperature, and chip morphology during
dry machining of Inconel 825. The performance of the
coated tool is compared to the uncoated insert. The
authors concluded that the higher tool-tip temperature of
the coated insert caused higher chip curling. The shear
band microhardness of the chip (obtained using the coated
tool) appears higher than that of the uncoated insert.
These results are also obtained by Gonzalez et al. [7].
Considering the tribological aspect, they also concluded
that machined workpieces using coated tools presented
an ultrafine-grained (UFG) layer up to twice as thick as
the machined workpieces using uncoated tools and that
dislocation density of the workpieces increased up to 50
times after machining. These two cited works deals with
experimental verification. The question is as follows: How
can the coated act as a thermal barrier if the chip-tool-piece

interface is higher? In this case, the interesting point is that
although the interface temperature is higher, the relatively
small thermal conductivity at high temperatures will provide
more effective thermal protection to the substrate, varying
the process temperature distribution (González et al [7]).
Does it mean the temperature of the substrate is lower if
compared to the uncoated tool interface? Few works in
literature deal with this issue as treated in Oliveira et al.
[8] and Rech et al. [9] . However, these works, beyond
considering the 1D model, assume the heat flux imposed on
the coated and uncoated tool be the same.

Unfortunately, in real machining processes, the heat flux
generated at the chip-tool interface is unknown and strongly
dependent on the cutting condition and on the types of
workpiece and cutting tool used. Without heat flux input
knowledge, the temperature cannot be estimated. Based on
these aspects, the use of inverse heat conduction techniques
represents a good alternative since this technique takes into
account temperatures measured from accessible positions,
e.g., away from the rake surface of the tool [2]. There are
some works in the literature that address heat flux estimation
during the cutting process [10–13].

Carvalho et al. [10] obtained the thermal model by a
numerical solution of the transient three-dimensional heat
diffusion equation that considers both the tool and the tool
holder assembly. To determine the solution equation, the
finite volume method was used. Several cutting tests using
cemented carbide tools were performed to check the model
and to verify the influence of the cutting parameters on the
temperature field.

Kryzhanivskyy et al. [11] presented a proof of the time
dependency of the heat flux that is transferred into a tool
body. An approach based on the inverse heat conduction
technique was used. A special experimental setup was
designed and manufactured to minimize the temperature
measurement inaccuracy because this approach is very
sensitive to measurement errors.

Battaglia and Batsale [12] designed a special experi-
mental setup and manufactured it to implement the inverse
method. A series of dry machining experiments were con-
ducted with high-speed steel and cemented carbide tooling.
The heat flux and the temperature at the tip of a tool used in
the turning process were estimated from temperature mea-
surements at an interior point of the tool insert. Instead of
using a classical direct model of the transient thermal behav-
ior of the tool, two models that express the heat flux and the
temperature at the tip of the insert according to the interior
temperature were identified.

Norouzifard and Hanmedi [13] studied the thermal con-
tact phenomena in the tool-chip contact area. To estimate
the heat flux, an inverse procedure was developed based on
the sequential function specification (SFS) method. Ther-
mocouples inserted into specific locations of the cutting tool
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provided the inverse solver input data during the machin-
ing tests performed on AISI 1045 and AISI 304 steels.
The temperature distribution in the tool was computed
by performing transient thermal analysis using a 3D finite
element model of the cutting tool.

All these works that address inverse heat flux estimation
during the cutting process have a common characteristic.
The thermal analysis of the cutting process is performed
with uncoated tools. One of the difficulties in the thermal
analysis of the effect of coatings is due to the large
difference in dimensions: the coating thickness varies from
1 to 20 m and the tool thickness is on the order of 3
mm [14, 15]. The numerical treatment of the very thin
coating is the major challenge in the use of numerical
methods. This problem is due to the transition necessary for
the construction of the numerical mesh. As the refining of
the mesh in the coating region should be smaller than the
layer (micrometers), an appropriate mesh results in millions
of nodes, making the numerical technique very costly. An
alternative is to use analytical solutions. The great strength
is that the solutions are valid for any domain (coating or
substrate) and can be exact or approximate.

This work tries to solve a literature gap due to these two
main difficulties: obtaining the heat flux at a piece-chip-tool
interface and the temperature field in a coated tool during
an orthogonal cutting process.

The heat flux generated in the piece-chip-tool interface
is obtained using the inverse TFBGF [16] technique. Since
the heat flux is obtained, a 3D transient analytical model
based on Green’s functions calculates the coated tool’s
temperature field after the heat flux estimation.

Four sections organize this work. Section 2 presents
the fundamentals and the formulation of the problem. It
describes the chip formation mechanism during machining
and the coated tool’s thermal modeling. In this section, the
inverse technique used to estimate the heat flux generated
at the piece-chip-tool interface is also presented. Section 3
presents and discusses the results. The temperatures at
the cutting interface and the substrate (metal base) are
compared. Section 4 presents the relevant conclusions of
this work, observing the coating thermal barrier effect.
Appendix 1 shows all the detailed equations and the solution
intrinsic computational verification.

2 Coated tool thermal modeling

2.1 Chip formationmechanisms

Studies of the mechanism of chip formation in a machining
process consider that the process occurs in different stages,
cyclically and at very high speeds and deformations. The
stages can be described by considering the movement of

the workpiece material in relation to the tool cutting edge
[17], i.e., lifting of the material, plastic deformation, and
rupture of the material. At the start of the cutting process,
the workpiece material approaches the tool and is pressed
against the cutting edge, undergoing compression at the
contact area. The continued motion of the workpiece causes
plastic deformation of the material that comes in contact
with the tool rake face. The plastic deformation increases
progressively until the formation of a stress state in the
material ahead of the cutting edge, which promotes the
initiation and propagation of a crack in the deformed
material, causing it to rupture. The region where the rupture
occurs is referred to as the primary shear zone. Figure 1
shows the location of the primary shear zone and the
projection of the shear plane.

In Fig. 1, the shear plane is perpendicular to the page and
the direction of its projection relative to the cutting direction
is given by the shear angle. According to [18], most of
the heat generated by friction between the workpiece and
tool goes to the chip. The temperatures in the interface are
extremely high, and depending on the cutting conditions,
the tool and the machined material can reach values above
700 K.

Figure 1 shows in detail the tool holder and the insert.
In this scheme, the heat generated at the interface is
represented by applied at the contact surface between
the workpiece and the insert. The tool holder and the insert
are exposed to an environment. The solution to this problem
is presented below.

2.2 3D transient two-layer thermal model

An equivalent thermal model for the description of the heat
conduction problem caused by a machining process using
a coated tool of defined geometry is depicted in Fig. 2,
where layer 1 represents the coating and layer 2 is the tool
(substrate). The cutting tool is analyzed as a body of rectangu-
lar geometry that is subjected to a superficial heat flux.

TOOL

CHIP

PIECE

Vc

Rubbing
zone Secundary

shear
zone

Primary
shear
zone

Shear
plane

Fig. 1 Chip formation during machining according to [18]
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The problem shown in Fig. 2 is a heat conduction
problem whose faces, except the region where heat flux
occurs, are subject to a convection heat exchange. In an
orthogonal cutting machining process, it is possible to
identify that the lateral and upper surfaces are, in fact,
exposed to a medium at room temperature.

The thermal problem given by Fig. 2 is described mathe-
matically by the heat diffusion equation in region 1 as:
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The integral heat solution equation for multilayers based
on Green’s fucntion can be written for each region as [19]:
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where are the eigenvalues obtained from transcendental (4):
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(4)

2.3 Heat transfer function

As mentioned before, the inverse procedure used here is
based on the transfer function based on Green’s function
(TFBGF) method [16] adapted for the two-layer domain.
This procedure is described in the following.

The methodology for identification of the analytical
impulse response is based on the theory of dynamical
systems of one input and one output.

Transfer functions are used to characterize the relation-
ship between the input and output of a dynamic system,
represented by and , respectively, in Fig. 3. There
is an equivalence between dynamic systems and problems
of heat conduction, since both are described by a set of dif-
ferential equations. Thus, the heat flux is treated as the input
of the system, and the temperature field is treated as the
response.

The analysis of dynamic systems is facilitated by the
use of the Laplace transform, because it provides the
mathematical relationship between the input and output of

3331Int J Adv Manuf Technol (2021) 112:3327–3341



x(t)
h(t)

y(t)

Fig. 3 Single input/output dynamic system

the dynamic system. It is known that for a linear dynamic
system, as in Fig. 3, the relation between the input and
output in the complex variable domain is given by the
multiplication shown in:

(5)

Applying the convolution theorem to Eq. 1, the output
of the system, , is given by the convolution between

and , represented symbolically by the operator ( ).
That is, the convolution integral provides the relationship
between the input and output in the time domain, and is
given by:
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Equation 6 can be written for regions 1 and 2 as:
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As the transfer function is independent of the input/output
pair, the Dirac Delta function, , is proposed as
the input signal (heat flux), that is:
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Since , the impulse response is obtained
without the need to evaluate the integral. In this sense, these
equations can be solved if the transfer function given by
Green’s function is known, which means that:
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Appendix 1 shows all the detailed equations and the
solution intrinsic computational verification.

2.4 Inverse problem procedure: TFBGF

For any dynamic system, see Fig. 3, the relation between the
input and output in the complex variables domain is given
by the:

1 1 1 1 (13)

and

2 2 2 2 (14)

Or, we can write (13)–(14) as:

1

1
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or
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2
2 (16)

Equations 15 and 16 in the time domain are equivalent to
the deconvolution:

1 1 1

1

1
1 (17)

and

1 1 1

1

2
2 (18)

Therefore, observing (17) and (18), an inversion occurred
between the input/output pair. That is, the solution of the
problem is the estimation of the system response, which
is the heat flux, the output of which is the experimen-
tal temperature and the transfer function can be given by
1 1 or 1 2 , as shown in Fig. 3. The position of
the experimental temperature will determine which transfer
function will be used. The heat flux is then obtained through
the analytical identification of the impulse response and
from knowledge of the temperature distribution (experi-
mental or hypothetical) by performing the computational
instructions: deconvolution (deconv) or Fourier transform
fft and inverse Fourier transform ifft, which are functions of
MATLAB and equivalent to the mathematical procedures
described by Eqs. 17 and 18. More details regarding this
technique can be found in ref [16].

The TFBGF inverse procedure algorithm can be summa-
rized as follows:

1. Obtain the Green’s function related to the direct
problem given by Eq. 21. Equation 24 defines Green’s
function for each layer.

2. Obtain the transfer functions for both layer using
Eqs. 12. Discretize and calculate 1 1 and 1 2 .
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3. Estimate the discret heat flux, . These heat flux are
obtained by performing the computational instructions:
deconvolution (deconv) or Fourier transform fft and
inverse Fourier transform ifft, which are functions
of MATLAB and equivalent to the mathematical
procedures described by Eqs. 17 and 18. 1 or

2 represent the experimental temperature (or
simulated temperature) at position of interest.

2.5 Temperature simulated data

Considering a typical known heat flux evolution, ,
that appears in the orthogonal cutting process, temperature
simulated data evolutions for the direct problem are
generated using the solutions to Eqs. 2 and 3. Random errors
are then added to these temperatures. The temperatures with
error are then used in the inverse algorithm to reconstruct
the imposed heat flux. The simulated temperatures are
calculated from the following equation:

(19)

where is a random number and the standard deviation.
assumes values of 0, and within 1 .
This synthetic temperature calculation is a procedure

that permits the analysis of the potential of a reverse
procedure to deal with temperature signals that suffer from
disturbance due to experimental errors. Usually, a small
perturbation in the experimental data can be amplified in
inverse procedures.

A composite sample of a cobalt coating with a thickness
of 4 m, carbide substrate ISO K 10 as the base material,
convection coefficients 20 W/m2 K and, length

10 2 m, 10 2 m, a contact area of 2 0.2 10 6

m2 (0.4 mm2, compatible with the geometry of a machining
tool [10], 0 298 25 C), 303 30 C); 1
and duration time 200 s was simulated (Fig. 4).

The heat flux imposed is then, assumed to be acting
in the square area bounded by 0 5 and 0

50, in . The temperatures at positions
1 5 4 50 , 2 4 5 4 50 and
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Fig. 4 33 3 13 33 problem with partial heating

3 0 2 50 are then calculated and added to
random noise according to Eq. 19.

With the synthetic temperatures (with added noise)
(Fig. 5) calculated for each position and the impulse
response of the system calculated using Eqs. 35 and 35, we
obtain estimations of the imposed heat flux using Eqs. 17
or 18. The eigenvalues , , and are obtained by
solving the transcendental equation in each direction, where
the indices 1 .. , 1 ... , and 1 .. define
the number of eigenvalues required for the convergence of
the series, given the truncation error, 10 4, desired.

3 Results and discussion

The temperature evolution at the respective positions of
interest is shown in Fig. 5. Transfer functions are calculated
at each position. These functions are shown in Fig. 6.

It is observed that for the position 3, the temperatures
are higher when compared to the other positions, this is due
to 3 being positioned at 4 m from the heat source.

It is observed that for the position 3, the temperatures
are higher than those at other positions because 3 is
positioned 4 m from the heat source.

From the pairs of the temperature and transfer function
vectors, 1 1 , 2 2 , and 3 3 , one can
estimate the heat flux using the TFBGF technique.
Figures 7, 8, and 9 show a comparison between heat
flux estimated ( 1 2 3 using the data for each position
and heat fux imposed, respectively. It can be observed
an excellent agreement between the heat flux obtaining
deviations less than 4%, 1.5%, and 1% respectively for the
positions 1, 2, and 3.

From the pairs of temperature and transfer function
vectors, i.e., 1 1 , 2 2 , and 3 3 , one
can estimate the heat flux using the TFBGF technique.
Figures 7, 8, and 9 show a comparison between heat fluxes
estimated ( 1 2 3 using the data for each position and

) C°( er ut ar ep
meT

Time (s)

Fig. 5 Sintetic temperautre evolution at 1, 2, and 3 positions
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the heat flux q imposed, respectively. Excellent agreement
can be observed between the heat flux obtaining deviations
less than 4%, 1.5%, and 1% for positions 1, 2, and

3, respectively.
Since the heat flux is estimated, the temperature field can

be obtained, solving the problem directly for any position in
the domain. Figures 10, 11, and 12 show the temperature
field on three sides, i.e., in the plane with , top view;
in the plane with 0, front view; and in the plane
with 0, side view, respectively, with a time of 60 s,
which allows a better physical understanding of the problem.

The temperature fields are generated using the estimated
heat flux 3 applied to the direct 3D double-layer problem.
This is possible due to the thermal model allowing a tem-
perature calculation for any point of interest in the domain.
For this calculus, a coating of 4 m was considered.

One of the main objectives of the machining experiment
is to estimate the temperature of the chip-tool interface,
where due to friction between the work-piece and the tool,
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it is not possible to use temperature sensors. Thus, since the
heat flux generated in this region is estimated, one obtains
the temperature of the tool-chip interface by calculating the
temperature field by the direct model, i.e., (34).

It should be mentioned that in addition to the very thin
thickness of the coating, difficulties arise due to the very
small contact area. The use of analytical solutions does not
pose any difficulty. For example, the spatial temperature
distribution in the plane that is formed by the coating
and substrate layers (Fig. 10) or in the plane, top view,
with , where the contact zone can be viewed in
detail in Fig. 11. However, the use of numerical solutions
requires an extremely refined mesh with a consequently
high computational cost and worse accuracy.

The results show the thermal barrier effect. A tempera-
ture gradient of approximately 180 K can be observed in the
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contact region. However, this gradient is drastically reduced
in thickness, with values of 30 K on the substrate region.

4 Conclusions

This work proposes the analytical solution of a 3D tran-
sient thermal problem that can model an orthogonal cutting
process carried out by a coated cutting tool. The tempera-
ture field is obtained by using an inverse solution technique
that estimates the heat flux delivered to the tool due to
friction at the tool-piece interface. The inverse problem is
solved by combining the analytical solution of the ther-
mal model with the application of the TFBGF inverse
technique.

The complexity of a transient three-dimensional thermal
model with two layers with sizes on the order of centimeters
and micrometers was addressed.

The heat flux was obtained by applying the TFBGF
method to the substrate material. Once the heat flux was
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Fig. 11 Temperature field in plane with 0, frontal view
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)
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Fig. 12 Temperature field in plane with 0, lateral view

obtained, the direct problem could then be solved. This
work shows the temperature field calculated in the region,
including the contact zone in a cutting simulation.

The results demonstrate the thermal barrier effect
produced by a 4 m of thickness of cobalt coating on
an ISO K 10 carbide substrate. A temperature gradient of
approximately 180 K can be observed in the contact region.
However, this gradient is drastically reduced in thickness,
with values of 30 K on the substrate.

This technique is an excellent mathematical tool for
further investigation of the behavior of physical processes
during a real cutting run. It can be used, for example, to
estimate the influence of the thickness or thermal properties
of different tool coatings. It can also be applied in the
investigation of the heat flux delivered to the coated tool in
a real cutting process with a coated tool. These works are in
progress.
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Appendix 1

A.1 3D transient two-layer thermal model

The integral heat solution equation for multilayers given by
Fig. 2 based on Green’s fucntion can be written for each
region as [19]:

1 0

1

0
0

0

0

2

1

2

1

(20)

where the first term refers to the intial temperature
0 and the second refers to the heat flux

imposing on region where the first term refers to the initial
temperature 0 and the second refers to the heat
flux imposed on region:

0 1 2 and 0 1 2 .

1
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2

1 0
11 0

1 0

1

1 0
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1 0
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1 0
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0
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2 0
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Acoording to [20], in Eq. 21b, is given by

33 2 13 33 and

33
2

1

2 2

1

1

2 2
1 1 2

2 2
2

1

(22)

where tan 1 2
2

1 2
, 1

1
1

e 2
2
1

and

33
2

1

2 2

5

5

2 2
5 1 6

2 2
6

5

(23)

where tan 5 6
2

5 6
, 5

5
1

e 6
6
1
.

In direction Green’s fucntion can be given by [20]:

1

2 1
(24)

where and are the eigenfucntion, , e the
eigenvalues, and the index 1 , 1
e 1 defines the eigenvalue numbers. is
defined by:

1

1 2 (25)

where 1 and 2 are the eigenfucntion given
by:

1
3

1
(26)

2 (27)

and the constant and are given by [21]:

(28)

(29)
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Therefore:
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where are the eigenvalues obtained from transcendental
(32):

4
2
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1

3
1

(32)

A.2 Heat transfer function

As mentioned before, Since , the impulse
response is obtained without the need to evaluate the

integral. In this sense, these equations can be solved if the
transfer function given by Green’s function is known, which
means that:
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and
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A.3 Intrinsic verification of the 3D two-layer
transient thermal model

Since the analytical expression must be implemented
numerically, its verification is necessary to guarantee the
consistency of the solutions.

Intrinsic verification can be conceptualized as the process
of comparing two exact solutions obtained by different
methods or from different problems but that have the same
numerical result. For example, a heat plate with a large
thickness heated on the surface and isolated at the
opposite surface will have the same response temperature
during a certain time and in a certain position if compared
with a semi-infinite plate heated at . Of course, if
both surfaces are heated by the same heat flux, these two
problems can be verified intrinsically, with the size of the

22 problem plate being large enough so that it can be
considered of infinite length [14].

In this sense, the computational solution for Eqs. 17 and
18 can be verified by comparing with the solutions of two
different problems: a 1D two-layer problem and a 3D single-
layer problem. In the first case, the 3D partial heating is
activated on the whole surface. Second, the single-layer
problem can be obtained from two layers by considering
perfect thermal contact, and identical thermal properties for
solids 1 and 2, where hi, is made small enough such that the
other areas can undergo thermal insulation.

The scheme of special thermal problems is shown in
Fig. 13.

Test 1. Comparison between a two-layer 3D and a two-
layer 1D problem

The comparison between 3D two-layer problem
33 2 13 33 at positions , , and 0 and the

1D two-layer problem 2 12 at positions 0, ,
and is carried out. This comparison is done by making
the and dimensions of the 3 two-layer problem
approach infinity, and considering the whole surface, it
is reduced to a 1 problem. Parameters of test 1 are

1 237 W/m2K, 2 401 W/m2 , 1 97 10 6 2 ,

2 117 10 7 2 , , 0.0001 2 ,

0 300 and 273 (Tables 1, 2, and 3).
It can be observed that the solutions are accurate up to

two digits. This is because for 0.001 2 , the
eigenvalue calculated for both problems is the same to the
4th significant digit [15].

Test 2. Comparison between a two-layer 3D and a single-
layer 3D problem

The 3D two-layer problem can be reduced to a single-
layer 3D problem by considering 1 2 and 1 2.
Table 4 presents this comparison. The thermal properties
for test 2 are as follows: 1 2 24 , 1

2 7.0868 6 2 , 0 25 , 30 ,
0.01 2 , 1 10 2 , 1 10 2 ,
10 10 2 and 2.
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Fig. 13 33 3 13 33
problem with partial heating

Table 1 Temperature difference between the solutions at point y = 0

Time (s) Temperatures ( C) Differences

33 2 13 33 2 12

0 0.00000 0.00000 0.00000

40 36.72813 36.72781 0.00032

60 120.00981 120.00760 0.00221

80 123.92874 123.92639 0.00235

140 123.92879 123.92640 0.00239

200 123.92892 123.92641 0.00238

Table 2 Temperature difference between the solutions at point y = b

Time (s) Temperatures ( C) Differences

33 2 13 33 2 12

0 0.00000 0.00000 0.00000

40 18.89234 18.89193 0.00041

60 99.21476 99.21283 0.00193

80 121.03681 121.03434 0.00247

140 121.03792 121.03544 0.00248

200 121.03791 121.03542 0.00249

Table 3 Temperature difference between the solutions at point y = L

Time (s) Temperatures ( C) Differences

33 2 13 33 2 12

0 0.00000 0.00000 0.00000

40 9.01987 9.01960 0.00027

60 72.86143 72.85845 0.00298

80 119.98974 119.98492 0.00482

140 120.00984 120.00501 0.00483

200 120.00753 120.00272 0.00481

Table 4 Temperature difference between the solutions at point y =W

Time (s) Temperatures ( C) Differences

33 2 13 33 33 33 33

0 25.00000 25.00000 0.00000

60 33.51879 33.51845 0.00034

80 30.18921 30.18900 0.00021

140 28.00017 28.00005 0.00012

200 27.21190 27.21181 0.00009

Table 5 Temperature difference between the solutions at point y = b

Time (s) Temperatures ( C) Differences

33 2 13 33 33 33 33

0 25.00000 25.00000 0.00000

60 31.39871 31.39833 0.00038

80 30.29864 30.29831 0.00033

140 28.00019 28.00001 0.00018

200 27.28792 27.28778 0.00014

Table 6 Temperature difference between the solutions at point y = 0

Time (s) Temperatures ( C) Differences

33 2 13 33 33 33 33

0 25.00000 25.00000 0.00000

60 30.83792 30.83750 0.00042

80 30.28603 30.28564 0.00039

140 28.00032 28.00010 0.00022

200 27.91348 27.91332 0.00016
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Tables 4, 5, and 6 show a dimensionless comparison
between both solutions for position , , and

. It can be observed that the results fit about three
accurate digits of any position. As longer the experiment
better the agreement.
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