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Abstract
In this paper, an integrated production, maintenance, and quality control strategy for a degradation production system is pre-
sented. Production system is impacted by production rates and subject to random failure as well as quality deterioration. The
production system under the forecasting problem is composed of a degrading machine producing one type of product to satisfy
the random demand with a given service level. During a finite horizon, the production variation from period to other influences
the machine degradation as well as the failure rate that consequently impacts the product quality. In order to decrease the
defective rate, increase the system availability, and satisfy the random demand under service level, a novel policy of production,
maintenance, and quality control is proposed. Face to quality deterioration, and differently to traditional sampling inspections
standards (such as ISO 2859,..) which is only based on quality requirements, this study proposes a new quality control based on
interactions with production and maintenance strategies under degradation constraint. Thus, the proposed dynamic sampling
strategy takes into account the failure rate impacted by the variation of production rate. In order to minimize the total cost and
satisfy the random demand under service level and quality constraints, the present study aims to establish an economical
production policy as well as a maintenance strategy and a quality control policy taking into account the influence of production
on degradation degree of machine. Given the complexity of modeling stochastic and constrained optimization problem, analyt-
ical studies as well as optimization techniques are used to facilitate resolution of the problem. It consists of transforming it from
stochastic to deterministic form and determining its economic solutions. To illustrate the proposed integrated control approach,
numerical examples and sensitivity analysis are conducted.

Keywords Production .Maintenance . Degradation . Quality . Inspection . Dynamic sampling

1 Introduction

In the modern production systems, the integration of produc-
tion, maintenance, and quality plays a critical role in the con-
trol policy and the decision-making of production systems.
The service level of customer satisfaction is based mainly on
the quality constraint. Hence, the existence of different con-
tinuous improvement tools to guarantee the high quality in the
production process. However, the development of new

models allowing companies to identify a strategic target to
balance between the three key functions (production, mainte-
nance, and quality) is limited in the literature [1]. Thus, the
objective of this paper aims to develop an integrated model
which proposed a best-balanced combination of the three key
functions while increasing the overall performance of the pro-
duction system.

In the manufacturing system domain, several quality con-
trol policies are based on sampling plans. We can observe that
most of the sampling plans are static (their parameters do not
change over time). However, this type of quality control is not
always reliable since many complex manufacturing processes
(electronics, automobile, and chemical industries) are charac-
terized by a deterioration phenomenon that is dependent on
the production variation that certainly has a significant impact
on the control policy [2].

Based on these observations, more researches are neces-
sary, because the industrial sector requires advanced
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engineering scheduling methods for joint production, quality
control, and maintenance planning. In addition, one should
take into consideration the integration of the deterioration/
degradation phenomenon into the model in order to maintain
the profitability of companies [3].

The novelty of this paper, compared to literature works, is
to integrate the maintenance strategy with quality control by
considering a dynamic sampling inspection. The integrated
maintenance strategy is based on the production system deg-
radation increasing according to both time and production
variation. Since the originality of this study, firstly, is the
analytical modeling of production and maintenance policies
based on an analytical relation of the increasing failure rate
according to both machine use and time. Secondly, the ana-
lytical relationship between degradation, failure rate, and qual-
ity and the modeling of dynamic sampling policy according to
the increasing degradation. In the integrated maintenance and
quality area, this present study shows the difference to the
most of literature research works. Indeed, these works use a
constant demand rate with a maintenance strategy based on
hedging point policy without considering the production rate
variation and its influence on the deterioration of the machine
[4, 5]. Indeed, the effect of demand variability on production
control policies has been little studied in the literature [6]. The
variation in demand can be deterministic, causal, or random.
For random demand, production policies have been developed
in the literature without considering the dynamic and stochas-
tic environment of production [7]. In the case of a production
system evolving in a dynamic and stochastic environment, a
seasonal demand has been considered, giving rise to policies
of production/maintenance control [8], and of manufacture/
refurbishment [9].

To show the originality of our proposed integrated model,
it is necessary to adequately situate our work (Table 1). We
present an overview of the literature of relevant research sub-
jects that have been addressed in recent years in the field of the
production system. So, we consider the literature models that
have concentrated on (i) production and quality relationship,
(ii) quality and maintenance strategies, (iii) strategies of the
quality control integrated simultaneously with production and
maintenance policies, and (iv) deterioration and degradation
models. In the following paragraphs, we present these differ-
ent issues.

We start by presenting the main literature works that stud-
ied the relationship between quality and production. Kim and
Gershwin [10, 11] studied the intersection between the pro-
ductivity and quality by analyzing how production system
design, quality, and productivity are inter-related in some pro-
duction system. Tadj et al. [12] treated a controlling problem
of production rate for a production- inventory system with
deteriorating items by deriving the optimal control of a cost
minimization and profit maximization problems. Blumenfeld
and Owen [13] derived a representative quality and operating

speed relationship for a manufacturing system’s performance.
In same context, by using the statistical control charts,
Colledani and Tolio [14] presented an analytical model to
evaluate the performance of production system by considering
a joint quality and production logistics. They contributed a
new quality control for production system by considering
the behavior of machines, which are controlled by statistical
control charts, considering the impact of the quality control on
the logistic flow of parts. An analytical model that deals with
the interaction between quality and production for a failure-
prone manufacturing system that produces a random fraction
of defective items is presented in [15]. Nourelfath et al. [16]
presented an optimization model for a jointly production,
maintenance, and quality problem of imperfect production
system. The process is characterized by two statuses: in-
control or out of control. The machine produces non-
conforming items in out of control. The objective is to mini-
mize the total cost of production, maintenance, and quality in
order to determine a joint selection of optimal values of pro-
duction and maintenance.

As shown in the presented works, the existing of a several
research studies deals jointly with quality and production. The
study of such a relationship has imagined new directions to-
wards taking into account the maintenance strategies, since
the fundamental functions of production quality and mainte-
nance are closely linked. Unfortunately, the amount of litera-
ture in this area is limited. Hence, the present study proposes a
new and more realistic vision integrating the three functions,
since most of real production system is characterized by a
forecasting of random demand, random inventory, and service
level. Hence, the importance of this work shows a great cor-
relation between these three functions.

Concerning the integrated maintenance strategy to quality,
several research studies are dealt with the impact of the quality
information feedback on the decision-making of maintenance
strategies in order to improve the quality of production. In this
context, Njike et al. [17] proposed a new maintenance and
production control problem with an interactive feedback of
product quality. They developed an optimal control model to
minimize the expected discounted cost of maintenance, inven-
tory holding, and backlogs. Radhoui et al. [18] developed a
joint preventive maintenance strategy and quality control for a
manufacturing system producing conforming and defective
products. The decision of maintenance actions on the produc-
tion system depends to the proportion of defective units de-
tected on each lot by its comparison with a threshold value. On
another hand, the problem of the influence of an imperfect
machine, which operates on imperfect raw materials, on the
production conformity based on Markovian model is present-
ed in [19]. Biao et al. [20] proposed a joint model by integrat-
ing the quality improvement into preventive maintenance
decision-making to improve the machine reliability and prod-
uct quality. Recently, Duffua et al. [21] developed an
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integrated production, maintenance, and quality control model
to optimize simultaneously the decision of the three key func-
tions. They minimized the total cost per unit time of produc-
tion planning, inventory holding, maintenance plan, and pro-
cess control to determine the decision variables.

As indicated on the existing research studies concerning
the integrate maintenance to quality, we remark the lack of
the analytical correlation between the maintenance and quality
and the source of this non-quality to properly apply the main-
tenance strategy, since most of the literature works are based
on the inspection of quality with maintenance actions without
presenting and justifying the choice of the apply maintenance
strategy. Hence, the present study proposes a new analytical
correlation model. This proposed model shows the source of
the non-quality that is the increasing degradation of machine
impacted by the production variation and time. Subsequently,
we have proposed the best maintenance strategy that is per-
fectly preventive maintenance actions with minimal repair.
This choice is both to guarantee the continuity of machine
reliability and availability and to reduce the degradation de-
gree as well as the non-quality of items.

Despite the importance of the quality aspect in the different
works mentioned before, we notice that it is lacking with the
consideration of the techniques of the quality control inspec-
tion integrated with production and maintenance policies
(such as 100% inspection of all items, control charts, sampling
inspection…). In this context, the combination ofmaintenance
strategies and statistical process control (SPC) approaches is
presented in several literature works such as [22–25]. Indeed,
Ben-Daya and Rahim [22] proposed an integrated model of
joint optimization, maintenance, and economic design of x̄-
control chart to reduce the rate of transition to an out of control
state using the level of preventive maintenance. Yin et al. [25]
developed an integrated statistical process control and main-
tenance model in which the equipment failure and the control
chart alert generate the achievement of corrective and predic-
tive maintenance actions, respectively. Some authors have
used the technique of sampling inspection integrated to the
production and maintenance. In this context, Bouslah et al.
[26] studied the joint lot sizing and production problem for
an unreliable production system with an acceptance sampling
plan to control the quality of lots produced. They minimized
the total cost of production, transportation, inspection, rejec-
tion of defective items, replacement for returned defective
items, holding, and backlog, basing on hedging point policy.
Further research works have been developed, based on con-
tinuous sampling plans as an inspection approach, to control
the quality to improve the performance of manufacturing sys-
tem such as [1]. Continuous sampling plans which consist of
alternating 100% inspection and inspection sequences to con-
trol the outgoing quality for a manufacturing system have
been originally introduced by [27]. In practice, various indus-
trial sectors characterized by a continuous manufacturing

systems such as electronics and automobile industries
employed a continuous sampling plans to control quality
[28–30]. Other several sampling strategies were characterized
by the dynamic sampling and dependent to the factory vari-
ability such as the work presented by [31]. The authors intro-
duced a dynamic sampling strategy based on the information
obtained after the lot inspecting and the current state of pro-
duction. However, this dynamic sampling strategy has not
considered the interaction with production and maintenance.

According to the above-mentioned works, concerning the
technique of quality control integrated to production and
maintenance, we remark that most of the approaches are based
on static sampling inspection without considering the different
factors that can impact the stability of processes as well as the
quality of products. Even approaches that present a dynamic
inspection do not considered the interaction with production
and maintenance [31] or consider only the number of defects
during production without taking into account the source of
non-quality.

Hence, the present study proposes an improved quality
control approach based on dynamic sampling inspection
which depends to the degradation. This last impacted by pro-
duction and time of the machine which presents the cause of
the non-quality of products, since the average number of de-
fectives depends to the average number of failures.
Consequently, we propose the adequate maintenance strategy
to reduce the degradation, the average number of failure, and
the average quantity of defectives. This new proposed ap-
proach brings us back to discuss the work of the literature
concerning the deterioration and the degradation of
manufacturing system and its relationshipwith the production,
maintenance, and quality.

This is the subject of the following discussion where we
have presented the different literature works concerning the
integrated production, maintenance, and quality considering
the deterioration or the degradation of manufacturing system.

In the literature, several researches took into consideration
the degradation of manufacturing system on the optimal inte-
grated production, maintenance, and quality strategies.
Rivera-Gómez et al. [32] studied a joint production, quality,
and maintenance problem for an unreliable manufacturing
system under quality deterioration consideration. An optimal
threshold of production and an optimal maintenance strategy
considering the presence of defectives are determined.
Bouslah et al. [4] investigated a joint production design, pre-
ventive maintenance, and continuous sampling inspection of a
deteriorating manufacturing system. They proposed two
models of continuous sampling plan by using a mathematical
formulation strategy to highlight the interaction between pro-
duction, maintenance, reliability, and quality. Hajej et al. [33]
considered a degradation production system that produces
conforming and non-conforming items to meet a forecasting
demand. They developed a joint optimization model that
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minimizes the total cost of production, maintenance, and de-
fectives. Recently, Rivera-Gómeza et al. [5] presented an in-
tegrated production, maintenance, and quality control for a
continuous manufacturing system subject to quality deteriora-
tion. They proposed a production policy and preventive main-
tenance strategy as well as quality control policy to minimize
the total cost under a quality constraint.

In these different last presented works, the integrated strat-
egy is based on the deterioration considering only the time
without considering the variation of the production and its
impact on the degradation. Hence, the proposed study present-
ed an increasing degradation according to both machine use
and time, by developing a new analytical relation of failure
rate that impact the average number of failures as well as the
maintenance and quality strategies.

The paper is organized as follows. Section 2 presents the
assumptions and description of the production system under
study. Section 3 introduces the methodological procedures of
proposed approach. The integrated model formulation for pro-
duction, maintenance, and quality control policies under study
are presented in Section 4. Afterwards, an optimization ap-
proach used to solve the three optimization problems is de-
tailed in Section 5. Moreover, a numerical example is ana-
lyzed in Section 6 to illustrate the proposed approach.
Section 7 concludes the paper.

2 Assumptions and problem statement

2.1 Problem description

This paper deals a forecasting problem with analysis of a
single-unit manufacturing system subject to degradation
impacting by production variation. The model proposed
in this study is robust and can be applicable for all fore-
casting production environment characterized by uncer-
tainty information and for every type of discrete or con-
tinuous production system. Indeed, it is possible to con-
sider both the discrete and continuous productions by
modeling our approach with a little improvement at level
of our mathematical model and assumptions. However,
we deal in this study a forecasting problem during a finite
horizon that divided on several discrete production pe-
riods with a customer satisfaction that is made in the
end of each period. So, we can consider in each period
a continuous production. Consequently, we can obtain in
same time a discrete production (several production pe-
riods) during the finite horizon and continuous production
in each period. Our forecasting problem can study the
mass production type since the proposed production sys-
tem can product only one type of product to satisfy the
random demand. It is possible to consider the other types
such as batch, highly customized production, which

requires an improvement and specification at the level of
mathematical modeling.

The machine satisfies a random forecasting demand

characterized by an average demand bd kð Þ and standard
deviation σd(k). However, the machine of manufacturing
system produces a quantity of production for each period
(k: k:1,..,H) during a finite horizon H.Δt, to satisfy the
quantity of random demand under a given service level.
Furthermore, production system concerned is subjected to
random failures and repairs. In response to each random
failure, a minimal repair can be piloted, which returns the
machine to as-bad-as-old (ABAO) state. Also, production
equipment is subjected to a continuous increasing degra-
dation which impacted by production rate variation and
consequently leads to an increase of defective rate. In this
study, to guarantee a certain average of quality limit
AOQLmax required by the customers, we implemented a
quality dynamic sampling plan. More precisely, for each
production period k, the proposed quality control policy
involves that a sampling fraction of the produced articles
is inspected before being moved to the inventory stock.
The defective products which are identified during inspec-
tion will be rectified before transfer to the inventory
stock. The proportion of defect found in the inspection
and the average number of failure help to find the period-
ically preventive maintenance planning. The maintenance
strategy is characterized by the number N of preventive
maintenance actions interval T = δ.Δt, with N = (H.Δt)/T,
during the finite production horizon. For each preventive
maintenance action, we apply a perfect maintenance
AGAN (as-good-as-new) to mitigate the effects of ma-
chine degradation and restore its performance to a new
state. We assume that the durations of preventive mainte-
nance actions and the minimal repairs are negligible. The
goal of the model is to jointly determine the production
rate, the fraction of production inspected and the preven-
tive maintenance plan by minimizing the total cost and
satisfying the random demand under service level and
quality constraints. The total cost includes production,
inventory, inspection, rectification, defectives, corrective,
and preventive maintenance costs (Fig. 1).

Recall that the contribution originality is to study the im-
pact of the variation of the production rate from one period to
another, due to the demand forecasting, on the machine deg-
radation. Consequantly, the impact of machine degradation on
the failure rate and defective rate as well as on the mainte-
nance strategy and quality control policy.

The proposed integrated approach of the three produc-
tion, maintenance, and quality functions is characterized,
firstly, by the correlation between the production and ma-
chine degradation, and secondly, the correlation between
failures-degradation and quality-degradation. Hence, the
proposed maintenance strategy is served to determine
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the optimal number of preventive maintenance action, ap-
plied during the finite production horizon. Its objective is
to reduce the machine degradation, the average number of
failures, and the average quantity of defectives by restor-
ing the equipment into as-good-as-new state. The role of
maintenance strategy is to guaranty the continuity of the
reliability and availability of the machine to satisfy the
random demands under the given service level .
Together, it serves to guarantee the quality of product
by reducing the defective rate while minimizing the total
cost of maintenance, production, and control quality.

2.2 Assumptions

The analytical model developed in this study is based on the
different notations (Appendix: notations) and on the following
assumptions:

– The demand is random and characterized by an average
demand and standard deviation during all production
horizon.

– The production rate variation increasingly influenced the
process degradation.

– The degradation of process negatively impacts product
quality.

– At each preventive maintenance action, a perfect repair
that restores the machine to as-good-as-new (AGAN)
states.

– At each failure, a minimal repair is applied, leaving the
machine in as-bad-as-old (ABAO) states.

– The proportion of defective products detected in the in-
spection is rectified before being shipped to the principal
stock.

3 Methodological procedures of proposed
approach

The integrated maintenance, production, and quality for the
forecasting problem are based on sequential optimization ap-
proach. Firstly, we determine the economic plan of production
to satisfy the random demands during the finite horizon under
a given service level, by minimizing the total cost of produc-
tion and inventory. The optimization of production policy is
based on the transformation of the stochastic model to deter-
ministic equivalent form to facilitate the resolution of the pro-
duction problem. The obtained deterministic production prob-
lem maintains and respects the same structural properties of
the original problem as well as the decision variables. It allows
appropriate algorithms derived from deterministic mathemat-
ical programming to be used as solving procedures.

Secondly, we use the obtained economic plan of produc-
tion in the maintenance and quality policies by considering the
influence of production rate variation on the two policies and
minimizing the total cost. The objective is to obtain a balance
between the three functions. Indeed, more production can
generate a more degradation and consequently more failure
rate and more defective rate. More failure rate can generate
more preventive maintenance actions as well as more mainte-
nance cost, and in same time, more defective can generate
more inspection and rectification costs. So, to guarantee this
economic production plan satisfying the random demands and
the high quality of product, it must maintain the availability
and reliability of the production system. In this case, we pro-
pose an optimal maintenance strategy. The different relation-
ships between the three functions are presented by original
analytically equations that considered new comparison to the
literature works in this area.

The global approach is presented by the following diagram
(Fig. 2) and detailed later in the following sections.

Failure Minimal Repair

S(k)Production 
Unit

Rectification

Lot not inspected

Inspected items

Defectives ?

No

Yes

Increasing 
defectives

Increasing 
failure rate

Fig. 1 Problem description
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4 Model formulation
and production/quality/maintenance policies

The manufacturing system is unreliable. However, the mode
of machine is characterized by a stochastic process with an
operation state, down state where a minimal repair is conduct-
ed, and maintenance state where a preventive maintenance is

conducted with a perfect repair to restore to as-good-as-new
(AGAN) state.

Given that the manufacturing system is subject to degrada-
tion impacting by variable production, our model seeks to
identify the impact of production on degradation process as
well as the latter on product quality and integrate the effects of
quality-degradation in the joint control strategy [34].

Fig. 2 Global approach
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Furthermore, the use of the machine and number of failures is
commonly deployed as indicator of the level of the machine
degradation; it serves us to define a failures-degradation rela-
tionship [35]. Our formulation involves that degradation ma-
chine has a negative impact of product quality based on the
relationships between failures-degradation and degradation-
quality, leading then to define a failure-quality relationship
increases with production/time of machine at each period k
presented by the following relation:

Ck Δλk u kð Þ; tð Þð Þ ¼ Ck−1 Δtð Þ þ c1 � 1−e−λq�Δλk u kð Þ;tð Þγq
� �

ð1Þ

With Δλk u kð Þ; tð Þ ¼ u kð Þ
Umax

� λ0 tð Þ For t ∈ [0,Δt] and Ck =

0(t = 0) = c0.where C0 is the value of the rate of defective at
the initial condition (t = 0), C1 represents the upper limit for
quality deterioration, and λq and γq are given positive con-
stants. Note that when the machine works with its maximal

production rate (u kð Þ
Umax

→1 ), it deteriorates faster and produce

more defectives, and when u kð Þ
Umax

→0, the machine slows down

its deterioration rate, producing defectives at a slower rate.
These different parameters can be derived from historical pro-
duction data records using estimation techniques such as the
maximum likelihood estimation and the median-rank regres-
sion methods [36, 37]. The defective rate increases as the
production the system undergoes more failures. In addition,
defective product units that are not detected (or passed) in the
inspection will reach the final customer at a rate defined by the
average outgoing quality at each period k, AOQ(k), as follows:

AOQ kð Þ ¼ 1−α kð Þð Þ � X kð Þ ð2Þ
where AOQ(k) defines the defectives quantity detected by the
final customer andα(k) is the portion of inspected products for
each production rate u(k) at each period k. X(k) presents the
average number of defectives during each production period k
defined as follows:

X kð Þ ¼ ∫
Δt

0
Ck tð Þdt ð3Þ

Therefore, considering the quality level requirement of cus-
tomer, we must guarantee a limit of average outgoing quality
(AOQL), presented as the maximum value observed for
AOQ(.), does not exceed the limit required by customers,
AOQLmax. So, the AOQL is defined as follows:

AOQL kð Þ ¼ max
0≤X kð Þ≤1
0≤α kð Þ≤1

AOQ kð Þf g; k : 1;……;H−1 ð4Þ

The objective of this study is to determine for the economic
production plan obtained satisfying the random demand under
service level and the optimal combination of preventive

maintenance and inspection, so that the AOQL does not sur-
pass the maximum limit AOQLmax required by customers.

4.1 Quality policy

In order to control the production quality for each period,
we assume that production inspected fraction α(·) is pre-
sented by a dynamic and continuously adjusted function
depend to the degradation level of the machine. In order
to integrate the effects of the machine degradation with
continuous deterioration of product quality, the sampling
plan must be dynamic according to the average number of
failures [34, 38]. Recall that the machine degradation is
increased according to time and production rate variation
which affects the quality deterioration, and, in this case,
more defectives are produced. Furthermore, in our sam-
pling plan strategy, we note that the sampling fraction
depend to the state of degradation of the machine as the
machine wears. In this case, we consider that the sampling
fraction increases with the increasing degradation degree
of the machine as well as the increasing rate of defectives.
Hence, the fraction of inspected products for the sampling
policy is modeled by a function given by the following
equation:

α kð Þ ¼ α0 þ α1 � nk tð Þ
nkmax tð Þ
� �r

∀k ¼ 1; 2::…H−1 ð5Þ

with

nk tð Þ ¼ ∫Δt
0 λk u kð Þ; tð Þdt current number of failures at pe-

riod k
nkmax(t)maximum number of failures considered in the de-

terioration process at period k

nkmax tð Þ ¼ ∫
Δt

0
λk u kð Þ ¼ Umax; tð Þdt;

where λk(u(k), t) is the cumulative failure rate for each pro-
duction period k which depends to the previous failure rate
and the production rate at period k, α0 is inspected products
fraction at initial conditions, α1 is the maximum limit consid-
ered for the sampling fraction, and r is a positive constant.
This last equation determines the fraction of sampling inspec-
tion which depends to the average number of failures for each
period k. In this context, several works have proposed
methods of sampling plan to model progressive adjustment
according to the deterioration level of the equipment such as
[39, 40]. Figure 3 illustrate the trend of the sampling fraction
according to the degradation degree of the machine and to
different values of parameters r and α1. These parameters
increase when the machine experiences more failures and
minimal repairs.
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4.2 Production policy

We consider a forecasting optimization problem in order to
satisfy a random demand under a given service level during a
finite horizon of production. The finite horizon is portioned
equally inH production periods with aΔt length. The produc-
tion policy proposed a quadratic mathematical model for un-
reliable production system in stochastic dynamic state subject-
ed to degradation and facing defective production. Our pro-
duction control serves to propose a forecasting policy to sat-
isfy the random demand under a given service level in terms of
quantity and quality. That is why it serves to reduce the aver-
age outgoing quality of defective products and ensure quality
after inspection and rectification actions based on modeling
the inventory balance. The inventory level is given as follows:

S k þ 1ð Þ ¼ S kð Þ þ α kð Þ � u kð Þ � 1−X kð Þð Þ þ δ � α kð Þ � X kð Þ
�u kð Þ þ 1−α kð Þð Þ � u kð Þ−d kð Þ ∀k ¼ 1; 2::…H−1

ð6Þ
where

(1 −α(k)) · u(k) fraction of production
will be stored without
quality inspection action

α(k) · u(k)(1 − X(k)) fraction of production
will be stored after
quality inspection action

δ ·α(k) · X(k) · u(k) amount of defective in
the sample will be stored
after rectification

On the other hand, the satisfaction of the customer in terms
of quantity and quality is defined by different constraints. We
define the concept of service level of customer satisfaction for
each production period, denoted by θ, as the probability that
demand will not exceed the stock which given by the follow-
ing relation:

Prob S k þ 1ð Þ≥0½ �≥θ ∀k ¼ 0; 1; 2::…H−1 ð7Þ

In order to satisfy this service given level, it must respect the
constraint of production variation for each period that limited
by the maximal capacity of production for the machine:

0≤u kð Þ≤Umax ∀k ¼ 1; 2::…H−1 ð8Þ

4.3 Maintenance strategy

The proposed maintenance strategy based on the different
analytically relationships that presented above such as the in-
creasing failure-quality relationship according to production
and time. The average outgoing quality depends to the average
number of defectives. The control quality is characterized by a
dynamic sampling fraction increases with the increasing of
machine degradation.

Due to the negative impact of the machine degradation on
the product quality and the average number of failures, we
propose a newmaintenance strategy characterized by a perfect
preventive maintenance actions (AGAN) with a minimal re-
pair (ABAO) in each failure between two preventive mainte-
nance actions. The principle of this strategy is to apply peri-
odically N perfect preventive maintenance actions that restore
the state of machine to new state during the finite production
horizon H.Δt, at each interval T.Δt. At each failure between
two successive preventive actions, a minimal repair is
performed.

In this case, the increasing degradation of the machine
depends on both machine use (production rate) and time.
Every time, the more the machine degradation is faster, the
more the failure rate as well as the average number of
failures increases. Then, we use the average number of
failure for each period nk(t) that depends to failure rate as
an indicator of the level of quality deterioration of produc-
tion unit and inspected sampling size. The failure rate is
defined by a cumulative relation that depends to the previ-
ous state of the machine and its use state (production rate)
for each production period presented as follows:
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λk u kð Þ; tð Þ ¼ λk−1 Δtð Þ þ u kð Þ
Umax

� λ0 tð Þ; t∈ 0;Δt½ � ð9Þ

with λ0(t) represent the maximal failure rate according to
time when the machine works with its maximal production
rate during the finite horizon. The evolution of the failure
rate depends to different values of production rate and its
parameters of the Weibull distribution: scale parameter β
and shape parameter η characterized λ0(t).

5 Production, quality, and maintenance
optimization

5.1 Total cost formulation

The objective of our model is to find an optimal combination of
control parameters (U ∗ = {u(k), k = 1, ..,H − 1},α1,N*) that
minimizes the expected average total cost Γ(.) satisfying the ser-
vice level and the AOQL constraint. The expected average total
cost is composed of the expected average of production and
inventory costs CP, H(.), the expected average cost of quality
control CQ, H(U,α), and the maintenance cost CM, H(.).

Using a quadratic model, the expected total cost of produc-
tion and inventory during the finite horizon H.Δt is given by:

CP;H Uð Þ ¼ Cs� ∑
H

k¼1
E S kð Þ2
� �� �� �

þ Cpr � ∑
H−1

k¼1
E u kð Þ2
� �� �

ð10Þ

This quadratic model [41] takes into account the penalizing
and the backlog of the inventory.

The expected average cost of quality during the horizon
H.Δt is composed of the inspection cost, the rectification cost,
and the cost of accepting/selling defective items and given by:

ð11Þ

The total maintenance cost during the finite horizon H.Δt
is given by Eq. (12). It includes the total preventive mainte-
nance cost (N.Mp) added to the total corrective maintenance
cost for the average number of failures during [0, H.Δt]:

CM ;H U ;Nð Þ ¼ N �MpþMc� φ Nð Þ ð12Þ
with φ(N) is the average number of failures. Generally, in this

context of maintenance with minimal repair, the average num-
ber of failures during a preventive maintenance interval
[i.T,(i + 1).T] with i:1,..,N, is computed by integrating the fail-
ure rate during this interval and can be presented by as fol-
lows:

φ i:T; iþ 1ð Þ:T½ �ð Þ ¼ ∑
iþ1ð Þ:T

i:T
∫
Δt

0
λ tð Þdt ð13Þ

Therefore, the optimization problem is to solve the follow-
ing stochastic model:

ð14Þ

Subject to

AOQL kð Þ
Equations 1ð Þ− 8ð Þ dynamics of quality and inventory ; equationsð Þ
Equations 9ð Þ− 11ð Þ control policyð Þ
0≤α :ð Þ≤1
U u kð Þ; k : 1…H−1ð Þ;α0;α1;N ≥0

8>>>><>>>>:

5.2 Analytical study

The optimization approach, based on analytical study, should
resolve problem (14) by providing the optimal value of the
control parameters (U ∗ = {u(k), k = 1, ..,H − 1},α1,N*) that
minimize the total cost and satisfy the service level. It should
be mentioned first of all that the resolution for this type of
stochastic model is a difficult task due to the complex inter-
actions between production, quality, and maintenance. Due
the stochastic model of our problem, thus, alternative solution
methods are needed. In this case, we propose an approach to
replace the complex stochastic model with a deterministic
equivalent problem.

5.2.1 Production policy

The transformation approach is based on the random variation
of the demand as well as of the inventory. Since the random
demand variation is characterized by a Gaussian distribution

with mean E d kð Þð Þ ¼ bd kð Þ and standard deviation σd, we use
the compound random variable property to find the expecta-
tion and variance of the inventory level S(k):

E S kð Þð Þ ¼ bS kð Þ;E S kð Þ−bS kð Þ
� �2� �

¼ Var S kð Þð Þ:

The control variable of production rate u(k) is essentially
deterministic, so, E u kð Þð Þ ¼ bu kð Þ
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Therefore, the esperance of inventory balance (Eq. (2)) is
presented as follows:
E S k þ 1ð Þf g ¼ E S kð Þf g þ α kð Þ � u kð Þ � 1−X kð Þð Þ þ δ

� α kð Þ � X kð Þ � u kð Þ þ 1−α kð Þð Þ
� u kð Þ−E d kð Þf g

So, the average inventory level:

bS k þ 1ð Þ ¼ bS kð Þ þ α kð Þ � u kð Þ 1−X kð Þð Þ þ δ � α kð Þ � X kð Þ

� u kð Þ þ 1−α kð Þð Þ � u kð Þ−bd kð Þ

And the variance of inventory level is given by:

E S k þ 1ð Þ−bS k þ 1ð Þ
� �2� 	

¼ E S kð Þ−bS kð Þ
� �

− d kð Þ þ bd kð Þ
� �� �2� 	

¼ E S kð Þ−bS kð Þ
� �2

þ d kð Þ þ bd kð Þ
� �2

−2 � S kð Þ−bS kð Þ
� �

� d kð Þ þ bd kð Þ
� �� 	

¼ E S kð Þ−bS kð Þ
� �2� 	

þ E d kð Þ þ bd kð Þ
� �2� 	

−2 � E S kð Þ−bS kð Þ
� �

� d kð Þ þ bd kð Þ
� �n o

Since

E S kð Þ−bS kð Þ
� �

� d kð Þ þ bd kð Þ
� �n o

¼ E S kð Þ−bS kð Þ
� �n o

� E d kð Þ þ bd kð Þ
� �n o

And

E S kð Þ−bS kð Þ
� �n o

¼ E S kð Þf g−E bS kð Þ
n o

¼ 0

E d kð Þ−bd kð Þ
� �n o

¼ E d kð Þf g−E bd kð Þ
n o

¼ 0

Consequently,

E S k þ 1ð Þ−bS k þ 1ð Þ
� �2� 	

¼ E S kð Þ−bS kð Þ
� �2� 	

þ E d kð Þ þ bd kð Þ
� �2� 	

Var S k þ 1ð Þð Þ ¼ Var S kð Þð Þ þ Var d kð Þð Þ

Assuming that Var (S(k = 0)) = 0 and Var (d(k = 0)) = 0 and
σd(k) is constant and equal to σd for all k’s.

We can deduce that

Var S k þ 1ð Þð Þ ¼ k � σdð Þ2
E S kð Þ2
� �

−bS kð Þ2 ¼ k−1ð Þ � σdð Þ2

E S kð Þ2
� �

¼ k−1ð Þ � σdð Þ2 þ bS kð Þ2
ð15Þ

Substituting Eq. (15) in the total expected production and
inventory cost (Eq. (10)), we obtain the following determinis-
tic total cost:

CP;H Uð Þ ¼ bS Hð Þ2 þ ∑
H−1

k¼1
Cpr � u kð Þ2 þ Cs� bS kð Þ2

� �
þ ∑

H

k¼1
k−1ð Þ � σdð Þ2

� � ð16Þ

The service level constraint characterized by a probabilistic
constraint is converted to an equivalent deterministic

inequality. This relation offers a new constraint that presented
the safety stock for each production period to satisfy the ran-
dom demand by respecting the service level θ.

Prob S k þ 1ð Þ≥0½ �≥θ ∀k ¼ 0; 1; 2::…H−1

⇒Prob
S kð Þ þ α kð Þ � u kð Þ 1−X kð Þð Þ

þδ � α kð Þ � X kð Þ � u kð Þ
þ 1−α kð Þð Þ � u kð Þ−d kð Þ

0@ 1A≥0

24 35≥θ ∀k ¼ 1; 2::…H−1

⇒Prob
S kð Þ þ α kð Þ � u kð Þ 1−X kð Þð Þ

þδ � α kð Þ � X kð Þ � u kð Þ
þ 1−α kð Þð Þ � u kð Þ

0@ 1A≥d kð Þ
24 35≥θ ∀k ¼ 1; 2::…H−1

⇒Fd

S kð Þ þ α kð Þ � u kð Þ 1−X kð Þð Þ
þδ � α kð Þ � X kð Þ � u kð Þ
þ 1−α kð Þð Þ � u kð Þ

0@ 1A≥θ ∀k ¼ 1; 2::…H−1

where F is the cumulative probability function. So

⇒ u kð Þ � 1−α kð Þ � X kð Þ � 1−δð Þð Þð Þ≥ ffiffiffiffiffiffiffiffiffiffiffi
k þ 1

p

�σd � F−1
d θð Þ−S kð Þ þ d kð Þ ∀k ¼ 1; 2::…H−1

ð17Þ

In order to satisfy this given service level, it must determine
the minimal cumulative quantity defined by Eq. (17) taking
into account the constraint of the production variation for each
period that is limited by the maximal capacity of production
for the machine.

5.2.2 Maintenance policy

Recall that for the maintenance policy, after each replacement
or preventive maintenance action, we consider the state of the
system as new (AGAN). Aminimal reparation is performed to
system in the case of failure between replacement or preven-
tive maintenance actions. Assuming that the repair and re-
placement times are negligible, the maintenance actions are
applied at the end of intervals q (q:1,…N). The production
horizon is portioned in N intervals of maintenance with equal-
ly durations.
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Figure 4 represents the evolution of the failure rate in each
production period.

From Fig. 4, the failure rate of production system λk(t)
evolves over time and is reset to zero after each replacement

or preventive maintenance action carried out at periodic times
q × T, (q = 1,…,N).

Formally, the expression of the failure rate λk(t), which we
consider increasing, is defined by:

ð18Þ

with [.]: integer part
This failure rate function mainly consists of three essential

parts: λi − 1(Δt) which describes the failure rate for the previ-
ous period.

The term aims to re-

set the failure rate to zero after each interval q × T, (q =
1,…,N).

As for the expression u ið Þ
Umax

� λn tð Þ accumulates the failure

rate based on the production rate on the machine.
The average number of failures over the planning horizon

H.Δt is the sum of the average number of failures during
periods j = 0 to N, to which should be added the average num-
ber of failures during the last interval [N.T, H.Δt] correspond-
ing to j =N. For each maintenance interval [j.Δt, (j + 1).Δt],
the average number of failure in the case of minimal repairs is
computed by the integration of the failure rate relation during
[0,H.Δt]. So, the expression of average number of failure
during the H.Δt horizon is given as follows:

φ U ;Nð Þ ¼ ∑
N

q¼1
∑
q�T

i¼ q−1ð Þ�Tð Þþ1
∫
Δt

0
λi tð Þdt þ ∑

H

i¼ q�Tð Þþ1
∫
Δt

0
λi tð Þdt− ∑

q�T

i¼Hþ1
∫
Δt

0
λi tð Þdt

 !
ð19Þ

Looking at the remaining period [N × T,H.Δt] after the last
of preventive maintenance action is performed during the
planning horizon, one can distinguish three possible cases:

The expression ∑
i¼ q�Tð Þ

þ1H ∫Δt
0 λi tð Þdt is taken into ac-

count when q × T <H ×Δt; otherwise, it is equal to zero.

And the expression ∑
q�T

i¼Hþ1
∫Δt
0 λi tð Þdt is taken into account

when q × T >H ×Δt; otherwise, it is equal to zero.

In this periodic policy, we were able to establish an analyt-
ical model which allows to obtain the optimal number of
maintenance intervals; consequently, the optimal interval or
preventive maintenance actions must be applied to minimize
the total cost of maintenance.

For a given production plan obtained by the production
policy U = {u(1),….u(p), ..., u(H)}, the analytical expression
of the total maintenance cost is given by substituting Eq. (19)
in Eq. (12), representing as follows:

Fig. 4 Evolution of the failure
rate
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CM ;H U ;Nð Þ ¼ N �MpþMc� ∑
N

q¼1

∑
q�T

i¼ q−1ð Þ�Tð Þþ1
∫
Δt

0
λi tð Þdtþ

∑
H

i¼ q�Tð Þþ1
∫
Δt

0
λi tð Þdt− ∑

q�T

i¼Hþ1
∫
Δt

0
λi tð Þdt

0BBBB@
1CCCCA

0BBBB@
1CCCCA ð20Þ

The existence of the optimal number of preventive mainte-
nance actions N* and consequently the optimal interval of
preventive maintenance T* is proven in the literature [42].

5.3 Optimization approach

The optimization approach combines the numerical procedure
with optimization techniques to solve the forecasting produc-
tion/maintenance/quality problem that are analytically intrac-
table, such as the model (14) developed in this study. The
solution approach based on mathematical modeling with the
aim to replace the complex stochastic model with an approx-
imated deterministic model retains the same characteristics of
original problem that we can optimize, leading to the optimal
values of the control parameters (U ∗ = {u(k), k = 1, ..,H −
1},α1,N*). The resolution approach consists of the following
systematic steps:

(1) Use relation (17), we determine the minimum cumula-
tive production quantity to produce in order to satisfy the
service level constraint given by constraint (7).

(2) Vary the production rate for each period k varies between
the minimum value obtained in step 1 and the maximal
rateUmax presented by constraint (8) in order to consider
all combination of production plans.

(3) For every production plan obtained in step 2, we deter-
mine the failure rate defined by relation (18), the average
number of defectives (3), fraction of inspected products
for the sampling (5), for each period k with (k:1,…,H-1)
and calculate each time the corresponding total cost.

(4) Determine the optimal values of the decision variablesU
∗ = {u(k), k = 1, .., H − 1},α1,N*) which yielded the
minimal total cost.

In this study, to apply the adopted optimization ap-
proach in order to determine the optimal solution, we
have used MATHEMATICA software with its predefined
algorithms.

6 Numerical example

A numerical example of the proposed approach is presented in
this section in order to highlight the use of the analytical model
developed in the previous sections. In this example, we con-
sider that a finite production horizon H is equal to 24 periods
with each period length is equal to Δt = 1 month. Table 2
defines the different parameters as well as the input data used
in the numerical instance. Assuming that at initial conditions
the production system produces a negligible quantity of de-
fectives, Ck = 0(t = 0) = c0 = 0. Concerning the quality sam-
pling, the initial value of α0=0. Moreover, taking an example
for a particular production system based on historical quality
data, we assume that r = 2. The nominal failure rate of produc-
tion system is characterized by a Weibull distribution with
scale parameter β = 2 and shape parameter η = 100.

For the forecasting demand, we assume that the standard
deviation for all period is equals to

σd,k = σd = 12, and the average demands per period Δt is
given by Table 3.

The other system parameters are presented as indicated in
Table 4.

Using Mathematica software, solving the optimization
problem leads to the optimal solution characterized by the
economical production plan satisfying the forecasting demand
(Table 3) under given service level θ = 0.95. The optimal
maintenance plan characterized by N = 6 preventive mainte-
nance actions is performed during 24 production period with
an interval of maintenance T = 4.Δt.

From Table 5, the obtained optimal solut ions
(U*(u(k),k:1,…,H-1), α1*, N*) are the best parameters to con-
trol the joint production, maintenance, and quality control
with a minimum total cost Γ* = 2.05587 × 107 mu.

6.1 Influence of the AOQL constraint

We study in this section the influence of the AOQL constraint
on the optimal production/maintenance/quality control poli-
cies. From Table 6, we can obtain the optimal solution

Table 2 Cost parameters

Cost Cpr (mu/unit) Cs (mu/unit) Cins (mu/unit) Crec (mu/unit) Cdef (mu/unit) MP (mu) Mc (mu)

Value 5 2 3 4 8 100 5000
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according to the different values presenting the levels of the
AOQL constraint. We note that when the AOQLmax decreases,
the production quantities increase as well as the preventive
maintenance actions that depend to the machine degradation,
to mitigate the effects of deterioration and consequently the
total expected cost. On the other hand, the decrease of the
AOQLmax value leads to increase the severity of the optimal
sampling plan by increasing the inspected sample size. In
addition, when the expected average fraction of production
inspected α decreases, we can remark that a progressive dec-
rement of the inspection efforts leads an increase at level of
preventive maintenance actions. This is logical since it is more
economical to perform more preventive maintenance actions
to improve the process quality than to inspect more units.
Additionally, when the AOQLmax becomes more demanding
as well as the number of preventive maintenance actions is
more increasing, the quality indices improve significantly, so
the average outgoing quantity AOQ and the AOQL decrease.

6.2 Influence of the cost parameters

We present in Tables 7, 8, and 9 the influence of different
costs of preventive maintenance, corrective maintenance, de-
fective, inspection, and rectification by varying their values
above and below from a base of comparison.

6.2.1 Variation of the corrective and preventive maintenance
costs

From Table 7, at increasing the corrective maintenance cost
Mc, it is normal to reduce this activity by increasing the opti-
mal number of preventive maintenance actions N* in order to
reduce the average number of failure and guarantee the reli-
ability of the equipment. Moreover, an increasing number of
preventive maintenance actions and the severity of the sam-
pling plan decrease since more preventive maintenance ac-
tions improve the quality. Hence, the expected average

fraction of production inspected α decreases. Concerning the
preventive maintenance cost Mp, its increase has an inverse
effect than the corrective maintenance cost. By increasing the
cost of preventive maintenance, the optimal number of pre-
ventive maintenance (PM) actions is decreased and, in this
case, the expected average fraction of production inspected
increased.

6.2.2 Variation of the production and defectives cost

From Table 8, the increase of the unit production cost leads to
reduce the economical production plan that satisfy the de-
mands under a given service level. Furthermore, at increasing
Cpr, less preventive maintenance is conducted, which reduces
the optimal number of preventive maintenance actions N*,
since the key of this study is the influence of the production
rate on the machine degradation and deterioration rate. In this
case, the failure rate as well as the quality-failure rate is de-
creased depending to the less of production quantity.With less
frequent preventive maintenance, the sampling plan severity
increases; hence, the expected average fraction of production
inspected α increases. In the case when the unit production
cost Cpr decreases, we note the opposing effects. Further,
when the defective cost Cdef increases, the optimal sampling
fraction increases. The number of preventive maintenance ac-
tions increases to improve the quality of product and reduce
the defective product.

6.2.3 Variation of the inspection and rectification costs

By studying the variance values of the inspection cost, we
note that when the inspection cost Cins increases (Table 9), it

Table 3 Average demands

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

412 462 229 263 291 470 475 288 298 290 260 450

350 499 375 208 214 491 341 250 345 303 219 338

Table 4 Parameters system

Parameter r α0 Umax AOQLmax λ0 S(0) θ

Value 2 0 500 6% 0.02 200 0.95

Parameter λq λP c1
Value 0.0075 1.4 0.09

Table 5 Near-economical production/quality/maintenance plan

Near-economical production plan

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

100 352 186 235 181 500 472 378 242 272 258 446

286 500 408 235 184 398 422 210 316 338 239 334

Optimal solution Optimal Cost

α1* N* Total cost Γ*

0.6 6 2.05587 × 107 μm

Table 6 Sensitivity of the AOQL constraint

AOQLmax α1 α AOQ (%) N

8% 0.75 0.67 8.5 4

6% 0.6 0.57 7.32 6

4% 0.45 0.23 3.28 7

2% 0.25 0.18 2.06 8
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is logical that the inspection actions decrease, then the expect-
ed average fraction of production inspected α decreases.
Further, at increasing of Cins, the number of preventive main-
tenance actions N increases to improve process quality; thus,
the failure rate as well as the average number of failure de-
creases. However, with the decrease ofα, more defective ones
reach the customer, then the system capacity decreases and the
AOQ and AOQL increase. Also, a decreasing inspection cost
has the inverse effects on the number of preventive mainte-
nance actions as well as on the inspection actions. From
Table 9, we observe also that the variation of the rectification
cost Crec has similar influence than that of the inspection cost.

6.3 Influence of system parameters

6.3.1 Variation of the quality deterioration rate

From Table 10, we can observe the increase of process quality
deterioration which is impacted by the increasing of failure
rate (Fig. 6), the integrated production, maintenance, and qual-
ity react by increasing the optimal sampling fraction to im-
prove the outgoing quality. From Fig. 6, increasing the failure
rate (Fig. 5) leads the increasing of quality deterioration rate.
In addition, the optimal number of preventive maintenance

action N* increases to enhance the process quality. The oppo-
site effects are observed in the case of the decreasing quality
deterioration rate.

6.3.2 Variation of the failure rate

When the degradation of the production system reliability
increases according to the production rate and time
(Table 11), the failure rate increases as well as the average
number of failure increases, since the defective rate is impact-
ed by the production system degradation and this last is im-
pacted by both time and production. From Fig. 5, more pro-
duction leads the machine degrades faster. As a result, the
integrated model reacts by increasing the optimal number of
preventive maintenance actions N*. More frequent preventive
maintenance reduces the failure rate and improves the produc-
tion quality. In this case, the optimal sampling fraction de-
creases (Fig. 6).

6.4 Practical case study

Our proposed approach is characterized by a general and robust
mathematical model that can be applied on several real indus-
trial case. This generic model can be directly used with taking
into account the constraints of the studied manufacturing sys-
tem. To show the efficiency of the analytical study as well as
the different results of our proposed approach, we present a real
case study for a company (PRECIALP) (maike-automotive.
com) specialized in the spare part of automobile industry

Table 7 Sensitivity of corrective maintenance cost

Influence of corrective maintenance cost

Mc α1 α N

1000 0.84 0.67 2

5000 0.63 0.57 6

10,000 0.57 0.43 10

Influence of preventive maintenance cost

Mp α1 α N

100 0.63 0.57 6

1000 0.84 0.9 4

2000 0.92 0.95 2

Table 8 Sensitivity of production and defective cost

Influence of production cost

Cpr α1 α N

5 0.63 0.57 6

20 0.76 0.67 5

30 0.88 0.72 4

Influence of defective cost

Cdef α1 α N

8 0.63 0.57 6

20 0.46 0.49 8

30 0.39 0.35 8

Table 9 Sensitivity of inspection and rectification cost

Influence of installation cost

Cins α1 α N

3 0.63 0.57 6

10 0.36 0.47 7

20 0.29 0.41 9

Influence of rectification cost

Crec α1 α N

4 0.63 0.57 6

15 0.52 0.42 7

20 0.49 0.34 9

Table 10 Sensitivity of quality deterioration rate parameter λq

λq α1 α N

0.0075 0.63 0.57 6

0.0099 0.76 0.83 7

0.020 0.82 0.97 7
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(Turbo, Bearings, Stops,…..). The manufacturing system of the
company is composed of an assembly line characterized by
several functions such as production and inspection. Point of
view quality, the company try to control the quality on a
continuous basis in order to avoid the quality problem
encounter from time to time during the production process.
Generally, the quality inspection is based on the classical
tools of continuous improvement and which is still
insufficient to improve the quality of products. The principal
remark and after some study of the history of the various
assembly equipment, we have noticed that the principal cause
of poor quality came from the degradation of the equipment.
Hence, the necessity to apply an integrated strategy of
maintenance and quality like our proposed approach. So,
based on the production system information of the enterprise
found on company website, we tried to apply our approach.
From the website, the company produces a volume of
50,000,000 pieces per year in order to satisfy the random
customer demands and based on an arbitrarily maintenance
plan with a two preventive maintenance actions per year with
a repair time for a corrective maintenance actions that is equal
to 25 days per year.

Applying our approach, we start firstly by studying
the state of the production equipment. From the data-
base of the history machine failure, we have succeeded
in modeling the evolution of the nominal failure rate
that is characterized by a Weibull distribution with its
parameters (2.80), since our study offers a solution for

two economic and quality problems by proposing an
economical plan of production, an optimal sampling of
control inspection, and an optimal plan of maintenance
which reduce the average number of failures, of defec-
tives as well as the quality cost.

Using some data from this website of company, we present,
for example, the case of the production of Turbo
“Turbocharger” with unit cost of production Cpr = 0.75
€/piece, unit cost of storage Cs = 0.15 €/piece, unit cost of
inspection Cins = 0.3 €/piece, cost of defectives Cdef = 2
€/piece, and the preventive and corrective maintenance costs
are respectively MP = 500 and Mc = 3000.

The service level of customer satisfaction that is equal to
90%. The average random demands equals between 50,000
and 60,000 pieces with a variance equals 1000 for each
month.

By solving our proposed integrated production, main-
tenance, and quality problem considering the different
data presented as below, we obtained the economic plan
of production given by Table 12 to satisfy the random
demand for 1 year. According to the obtained production
plan, we obtained the optimal number of preventive
maintenance actions that is planned by the company
maintenance service that equals to two preventive main-
tenance actions (N = 2) during 1 year of production.
Concerning the quality policy, the optimal dynamic sam-
pling characterized by a maximum limit α1* = 0.8 with a
minimal total cost equals 5.293 × 1010 €.
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Fig. 5 Failure rate according to
both time and production rates

Table 11 Sensitivity of failure
rate Influence of installation cost

u(k) α1 α N

u(k) <Umax 0.63 0.57 6

u(k) =Umax 0.45 0.34 12
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7 Conclusions and perspectives

Studies in the literature show that there is a lack at level
of production, maintenance, and quality problem area, and
above all, in the limited number of studies that deal with
the simultaneous integration of the three key functions.

In this study, a new production, maintenance, and qual-
ity sampling plans take into account the influence of the
production rate on the degradation degree and quality de-
terioration of the production system and considering the
service level and the outgoing quality constraints. The
proposed control parameters for the quality sampling, fail-
ure rate, and defective rate are dynamic and not constant
as previously considered in the literature works. These
different parameters are dynamic in our model depending
to the degradation degree of the equipment which is im-
pacted by the production rate variation. An economical
production, sampling, and maintenance plans are pro-
posed in order to minimize the total cost and satisfy the
forecasting demands under a given service level and re-
specting the two products’ quantity and quality con-
straints. The highlight of the strong interaction between
the three functions of production, quality, and mainte-
nance is justified by the sensitivity analysis by studying
the effect of the different parameters of production
system.

In this study, we can mention some limitations. One of the
limitations concerning the quality policy where we have con-
sidered that only the finished products are inspected at the end

of manufacturing operations. However, the inspection of in-
termediate products could reduce the total cost of bad quality
and improve the outgoing quality. Concerning the mainte-
nance strategy, the limitation is to assume that the duration
of the preventive maintenance actions is negligible.
Nevertheless, the preventive maintenance actions can take a
non-negligible time that influence on the production and the
customer service level.

Possible extensions of this paper could be carried out to
develop a new maintenance strategy without minimal repair
by considering a non-negligible duration for each corrective
and preventive maintenance actions. Also, we can study its
impact in the production policy as well as the quality control.
Another perspective is concerning the production policy of the
proposed model by considering discrete and continuous pro-
ductions both as well as another types of production (batch,
highly customized production…) and its impact on the main-
tenance and quality strategies.

Appendix Notations

S(k) Inventory level at period k (k: 1,….H)
u(k) Production rate at period k (k: 1,…..,H-1)
d(k) Average market demand of products at period k

(k: 1,…..,H)
nk(t) Current average number of failure at period k (k:

1,…..,H-1)
nmax,k Maximun average number of failure at period k

(k: 1,…..,H-1)
λk(t) Failure rate at each production period k (k:

1,…..,H-1)
λn(t) Nominal failure rate at each production period k

(k: 1,…..,H-1)
α(k) Fraction of inspected products at period k (k:

1,…..,H-1)
Cpr Unit cost of production
Cs Unit cost of inventory holding

Table 12 Economical production plan

u(0) u(1) u(2) u(3) u(4) u(5)

58118 5414 5389 55835 55686 58854

u(6) u(7) u(8) u(9) u(10) u(11)

59511 55610 51085 52725 56372 51304
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Fig. 6 Quality deterioration rate
according to failure rate
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Cins Unit inspection cost
Crec Unit rectification cost
Mp Unit preventive maintenance cost
Mc Unit corrective maintenance cost
Cdef Unit cost of selling-accepting a defective item
AOQ(k) Average outgoing quality at period k
AOQL(k) Average outgoing quality limit at period k
AOQLmax Maximun accepted level of the Average Quality

After Control limit

Other notations will be introduced where they are needed.
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