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Abstract

Subsurface damage (SSD) generated in rotary ultrasonic machining (RUM) process significantly deteriorates the technological
and structural performance of the optical components. However, the invisibility of subsurface cracks underneath the machined
surface makes it difficult to accurately and online evaluate the SSD depth. In the present research, incorporated with the
probability statistics of the abrasive heights and the indentation fracture mechanics of the brittle material, a theoretical prediction
model was established by investigating the inherent correlation between the measured cutting force of the diamond tool and the
maximum depth of the subsurface cracks. Utilizing this predictive method, the SSD depth could be rapidly and precisely
calculated through the mechanical properties of the material, the cutting force of the diamond tool, and the geometrical charac-
teristics of the abrasives. To validate the feasibility of prediction technique, the experimental measurements of the maximum SSD
depths were compared with the predicted results, revealing the acceptable consistency in their values.

Keywords Rotary ultrasonic machining - Cutting force - Subsurface damage - Theoretical prediction model - Glass BK7

1 Introduction

Abrasive machining techniques for initial shaping and figur-
ing of the optical elements generally introduce the subsurface
damage (SSD) concentrated on the final surface which refers
to the elastic/plastic deformation and the residual subsurface
cracks [1]. The presentation of subsurface cracks significantly
affects the technological applications of the optical compo-
nents, such as secular stability, operational durability, and
laser-induced damage threshold [2]. Therefore, these residual
cracks should be gradually diminished or even eliminated in
the subsequent machining processes by optimizing the pro-
cessing parameters [3]. The necessary prerequisite for the pa-
rameter optimization is the precise detection or prediction of
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the SSD depth to improve the subsurface quality and the pro-
cessing efficiency.

Up to the present, massive destructive and nondestructive
techniques have been proposed to examine the SSD depth of
the machined components, which considerably benefit the op-
tical fabrication. Typical nondestructive techniques including
ultrasonic scanning microscopy, total internal reflection mi-
croscopy, X-ray diffraction method, and the improved white
light interferometer [4, 5] were developed to quantitatively
measure the subsurface crack depths rapidly without
destroying the machined surfaces. While, these evaluation
methods could only provide the qualitative measurements
rather than the quantitative results of the SSD depth [6]. In
this context, the low detection accuracy of the nondestructive
means made it time-consuming to sufficient removal of the
subsurface cracks in the subsequent procedures, thus signifi-
cantly reducing the processing efficiency. Conversely, the de-
structive techniques, such as magnetorheological finishing
(MRF) wedge, taper polishing, and chemical etching method,
could precisely provide the fundamental information of the
SSD topography and distribution by exposing the subsurface
crack structures below the machined surface [3]. While, these
physical modifications of the optical components would inev-
itably influence the final application of the finished surfaces,
which were obviously unacceptable for the expensive optical
elements. Furthermore, the measurements of the subsurface
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crack depth at the selected machining conditions could not
entirely characterize the SSD depths of all the optical compo-
nents, hereby distinctly reducing the measuring efficiency of
the destructive methods.

Due to the disadvantages of the nondestructive and destruc-
tive estimation techniques, various non-linear/linear relation-
ships between the surface roughness (SR) and subsurface crack
depth were also developed based on the sufficient comprehen-
sion of the formation mechanisms of the lateral/median cracks.
Thus, the SSD depth could be rapidly and indirectly estimated
by measuring the SR of the machined surface, which signifi-
cantly facilitates the manufacture of the optical components [7].
However, these evaluation methods exhibited some localiza-
tions for the in situ monitoring of subsurface quality.
Therefore, Wang et al. proposed a non-linear theoretical corre-
lation between the cutting force of the diamond tool and the
SSD depth of the machined surface, realizing the online predic-
tion of the subsurface crack depth [8]. This mechanistic predic-
tion technique was grounded on the hypothesis that the abra-
sives situated on the tool end-face were all involved in the
actual machining process. However, Hou and Komanduri men-
tioned that only 3.8% of the abrasives participated into the
actual material removal process rather than all the abrasives
[9]. Moreover, the stochastic distribution characteristics of the
abrasives brought about the evident differences in their extru-
sion loads [9], which served to significantly affect the propaga-
tion depths of the induced cracks, while the stochastic proper-
ties of the abrasive sizes were discounted in the prediction
method of Wang et al. [8].

In the present research, considering the indentation frac-
ture mechanics of the brittle material, a theoretical predic-
tion method for the SSD depth produced in rotary ultrason-
ic machining (RUM) process was proposed based on the
probability statistics of the active machining abrasives. The
prediction method intrinsically correlated the measured
cutting force of the diamond tool with the maximum sub-
surface crack depth of the machined surface. Utilizing the
mechanistic prediction, the SSD depth of the RUM surface
could be precisely predicted or even in situ monitored. The
nondestructive evaluation technique would benefit the im-
provement of the processing efficiency and the reduction
of the processing costs.

2 Formation mechanisms of subsurface
damage and determination of abrasive
number

2.1 Formation mechanisms of subsurface cracks
Schematic illustration of the RUM process is presented in

Fig. 1. A rotary core tool impregnated with the metal-
bonded diamond abrasives was ultrasonically vibrated in the
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axial direction, meanwhile fed along the specimen surface at a
constant speed. The internal coolant jetted through the central
hole of the diamond tool, washing away the machining debris
and cooling the diamond tool simultaneously. For each indi-
vidual abrasive located on the boundary of the tool end-face,
its primary movements could be decomposed into high-speed
rotation, feeding motion, and ultrasonic vibration. Thus, the
theoretical trajectory of the abrasive at the end-face border
could be expressed as:

Sy = Fourer€0S(wt) + vyt
Sy = FourerSin(wt) (1)
S, = Acos(2mft)

where w=7n/30 is the rotational velocity, n is the rotation
speed, vy is the feeding speed, 7oyr i outer semidiameter of
the diamond tool, # is the processing time, and f'and A are the
frequency and amplitude of the ultrasonic vibration, respec-
tively. According to Eq. 1, the abrasive trajectory in the cir-
cumferential direction of the diamond tool is presented in
Fig. 2. Evidently, the superimposition of an ultrasonic vibra-
tion fundamentally altered the processing kinematics, leading
to the abrasive traveled along the sinusoidal trajectory.
Obviously, the periodic fluctuations in the specific trajectory
brought about the intermittent interaction between the abra-
sive and the material. The contact interruption significantly
shrunk the effective cutting time A7* of the abrasive:

At = % [garcsin(l(fnTa")] (2)

where d7 . is the maximum cutting depth of the abrasive at the
bottom of the track.

In the abrasive machining process, the mutual interactions
between the abrasives and the material were generally likened
to the small-scale indentation events with the numerous sharp
indenters [10]. Thus, the indentation fracture mechanics of the
brittle material could be employed to explore the formation
mechanisms of subsurface cracks in formal RUM process. In
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Fig. 1 Illustration of the rotary ultrasonic machining process
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Fig. 2 Intermittence contact between the abrasive and the specimen
surface

addition, numerous investigations on the morphological ob-
servations and dimension detections represented that the abra-
sives exhibited the irregular distribution features in the geom-
etries and the grain sizes [11]. Hence, the present investigation
simplified the abrasives on the tool end-face as the sharp pyr-
amid indenters with the same geometry but different dimen-
sions. For any abrasive, the length D" of the pyramid edge was
equivalent to its grain size, and the semi-angle between two
opposite edges was =45°, as illustrated in Fig. 2. Thus, the
abrasive height & could be deduced as:

2DF
d* va

- 2tan3 (3)

As depicted in Fig. 2, the periodic fluctuations in the sinu-
soidal trajectory of the abrasive caused its instantaneous cut-
ting depth approached the maximum 47, at the bottom of the
trajectory. Presumably, the transient cutting force of the abra-

sive also reached the maximum F=.__,. which could be calcu-

single
lated by the following equation [12]:
X X 2
Flipge = 2Hvtanfy/tan’ 8 + 2(6y,,,) (4)

where Hy is the Vickers hardness of the material. Therefore,
under the extrusion of F'§, ., the complex elastic/plastic de-
formations would emerge in the interior material underneath
the contact site [13], as presented in Fig. 3. The median crack
initially nucleated nearby the bottom of the plastic deforma-
tion boundary and propagated downwards in the form of full
circle or truncated circular segment [14]. The final propaga-
tion length L ... of median crack could be considered as the
subsurface damage (SSD) depth. Based on indentation frac-

ture mechanics, Lambropoulos et al. developed the calculation

formula of L} ... [15]:
£\ m02/3 Fro\2P
[ 2/3 ¢ 4/9 single 5
‘median Qe (HV> (CO B) KIC ( )

where ¢ =0.5 is a dimensionless coefficient of correction,
a;=0.0274+0.090 x (¢ — 1/3), E and K;¢ are the elastic
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Fig. 3 Cracking systems evoked by the abrasive indentation

modulus and fracture toughness of the material, respectively.
Considering Egs. 4 and 5, it was obvious that L7 ;. - induced
by a single abrasive was primarily determined by its ¢, .

In this research, the median crack depth/SSD depth L,

‘median
induced by the abrasive with ¢}, was denoted as SSD* (viz.,
L3 cdian = SSD* ). Additionally, the visible differences in the

abrasive heights served to distinctly affect their respective
Omax and £, [16] and substantially influence the propaga-
tion depths of the median cracks. Consequently, under the
combination effects of the abrasives with various heights,
the subsurface cracks of the final surface exhibited the disor-

derly distribution characteristics, as detailed in Section 4.2.

2.2 Determination of abrasive number on end-face
boundary

Extensive investigations on the modeling techniques of the
SSD depth were grounded on the speculative hypothesis that
the abrasives on the tool end-face all participated in the forma-
tions of the subsurface cracks [9]. However, the topographic
observations of diamond tool after the formal RUM experi-
ments indicated that only the abrasives at the end-face corner
contributed to the actual material removal rather than all the
abrasives on the end-face [17]. Moreover, Lv et al. demonstrat-
ed that the abrasive had the opportunity to make contribution to
the material removal, only when its distance from the border
was less than the average distance b between two neighboring
abrasives [16], as presented in Fig. 4. Therefore, the total abra-
sives distributed at this specific region could be approximately
regarded as the effective abrasive number N, [16]:

1/3
0.88 x 107°C,

100 x (V2/(6tanf3)) x p x D

(6)

Niotal = T outer

where C, = 100 is the abrasive concentration, p=3.52 x 10 g/
mm’ is the diamond density, D = (Dpax + Dimin) /2 is the av-
erage dimension of the abrasives, and D, and D,,;, are the
dimensions of the maximum and minimum abrasives which
could be obtained by referring to the related manuals [18].
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Fig. 4 Distribution characteristics of the abrasives situated on the tool
end-face

3 Mechanistic prediction for subsurface
damage depth

3.1 Intrinsic association between measured cutting
force and maximum cutting depth of abrasives

The macroscopic cutting force of the diamond tool measured
in formal RUM process could be generally considered as the
aggregate effects of the extrusion loading induced by each
active abrasive in microscopic perspective which essentially
depended on the abrasive heights [9, 19]. Additionally, Hou
and Komanduri mentioned that the abrasive heights d* re-
vealed the extremely irregular characteristics, and ¢ followed
the normal/Gaussian distribution [9]. Therefore, the probabi-
listic statistical methods could be adopted to calculate the total
number of the abrasives at a specific height.

Probability distribution features of the abrasive heights are
presented in Fig. 5. It was clearly seen that whether one abra-
sive could participate in the actual material removal depended
not only on its height & (& € [dmin, @max]> AN dipin/dinax 18 the
height of the minimum/maximum abrasive) but also on the
equivalent indentation depth diy of the diamond tool. To
facilitate differentiation, the height of the active machining
abrasive was denoted as ", and its maximum cutting depth

mach?
was referred as dy,,,. Apparently, the height of the minimum

active abrasive d™", could be given by:

dmin

mach —

. )

Taking Eq. 7 and Fig. 5 into account, it could be deduced

equ

that the larger &, ; served to magnify the cutting depth of each
active abrasive and also enlarge the relevant probability of the
active abrasives (area of green region in Fig. 5). For any abra-

sive with the height d

X its 0 was ranged from 0 to ™"

mach

(viz., &% €[0,dmin. 1), and &), could be expressed as:

&Inax = mach_ngéh' (8)

@ Springer

The statistical analysis on the abrasive dimensions con-
ducted by Hou and Komanduri suggested that the abrasive
heights followed the normal/Gaussian distribution [9], and
distribution density could be calculated as:

_ b ep
y= N e 9)
where y is the variation of the frequency with respect to the
independent variable x. When x € [p, +0] (see Fig. 5), the
probability function P(p) corresponding to the green region
under the distribution curve could be achieved by integrating
from p to +oo:

P(p) = #L‘f“’eﬂ* 2. (10)

The probability distribution of the active abrasives with the

height 7, is depicted in Fig. 6. Evidently, the total number
N7 .en Of these abrasives could be expressed as:

X 1 —x?/2
N* o = Niotal X N 2 dx. (11)

In addition, for the active abrasive with the minimum

height 4™ | the corresponding value x™, could be obtained
as:

; A
i, = S (12)

where A is the difference between dp,,x and d;, (namely,
A = dinax = dmin)-

As mentioned in Section 2.1, for one abrasive with dfnach,
the periodic variation in its instantaneous cutting depth result-
ed in the abrasive-material extrusion load approached the

maximum F?. = at the bottom of the abrasive trajectory.

single
Thus, the total loading F% ,,, evoked by the extrusions of all
these abrasives could be deduced as:

X Nx

total — £V mac

L X F (13)

single*
Obviously, the summation of Fi
sives with various heights was unequalized to the experimen-
tal measurement /' which characterized the average cutting
force of the diamond tool. Whereas, the impulse summation
Impulse,; of the total active abrasives was directly equiva-
lent to that provoked by F during each ultrasonic cycle [20].
This conclusion provided a possibility to qualitatively associ-
ate Fy, with F.

The total impulse Impulsej,,; induced by all the abrasives
with the height d}, , could be written as:

mac

for all the active abra-

Impulse)tcotal =F fotalAtx' (14)
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Fig. 5 Probability distribution of Maximum Minimum active Minimum
the abrasive heights and the active abrasive machining abrasive abrasive
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dmin
N
N
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X
> Probability of active
Specimen surface Prnax [+ abrasives P(p)
Therefore, substituting of Egs. 11 and 13 into Eq. 14, the |
impulse Impulse,,,; of the diamond tool could be achieved by Impulse,,, = — F (17)

integrating Eq. 14 from p™i", to +oo, thus:

mach

—+-00 ,x2 2
Impulsey, = IP?&?A AN otal e 2dx

(15)

1
single \/2_7T
where p™Min s the equivalent argument of P(p) at x™i, which
corresponded to the active abrasive with the minimum height
d™n [16]. Additionally, since P(p) converged rapidly ap-
proaching zero whenx >3, a finite number 3 at point p.x
(ViZ., Pmax = 3) could be considered as the upper limit +oo of
P(p) for the minimal error (about 0.13%) [9]. In this context,
plhin could be expressed by the following equation (see

Fig. 6):

min __ A_ equ 3
Pmach = (2 dind> X A/z

In addition, Impulse, of the diamond tool could also be
described in terms of F as:

(16)

‘Y

1 2
-x7/2
y=——e
N2
p:,]::c‘h or x,l:,l:;h Probability of dimension
\ corresponding to d"mh
P N
mach macl/ /// X
/ d
X
x =
mach p max 3
A/z _ d _ dmm A/2
max mach
min OF  Maximum cutting
O~
— N = depth of abrasive x

v

Fig. 6 Probability of abrasives corresponding to dy,, at [dmach, inax |
[16]

f

By equating Egs. 15 and 17, the quantitative relation be-
tween F and F7. . could be obtained as:

single

e 2y

3
F :f X Niotal X IP.'S;"ch (18)

single \/_71‘

Evidently, the above intrinsic association incorporated the
random distribution characteristics of the active abrasives on
the end-face border of the diamond tool. To reduce the calcu-
lation complication of the intrinsic relationship, Eq. 2 could be
simplified as [21]:

5max
Art= s (19)

Thus, substituting Eq. 19 into Eq. 18, the inherent correla-
tion between F and d7,, was developed as:

HvtanﬂNtotal V tan 6 +2
F= 3
A / Prac

i ((5’I;ax) e ax (20)

Analogous to the achievement of p™ _ substituting Eqs. 7,

mach?

8, and 12 into Eq. 16, the equivalent variable p’- ; of P(p) for

the active abrasives with d; . (height 47, ) could be written
as:

X A 1n 3
pmach 5 2 _( _dxach):| A/Z (21)

Substituting Eq. 21 into Eq. 20, F could be deduced as:

ot A A )’
F= A:/_IH vtan3+/tan?3 + 2 ,[ (x— > + (dmax dmach)> e 2y
(22)

where pin, = (4
the measured cutting force F into a function of the equivalent
equ

indentation depth d; of the diamond tool.

—dl) % Ai/z- Obviously, Eq. 22 translated

@ Springer
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Table 1 Specifications of the diamond tool [8]

Outer semidiameter 7y, (Mmm) Wall thickness (mm)

Average grain size D (um) Diamond concentration C,,

5 1
Vibration amplitude A (um) Vibration frequency f'(kHz)
15 17

91 100
Maximum grain size D,y (Lm) Minimum grain size D, (m)
106 75

3.2 Development of prediction model for SSD depth

As mentioned in Section 2.1, the active abrasives with their
height 4} ., penetrated the specimen surface with the maxi-
mum cutting depth §7,, which determined the propagation
depth L _4i Of the median cracks [22]. Based on this intrinsic
correlation, it could be speculated that the evident difference
in the active abrasive heights would bring about the forma-
tions of the median cracks with various depths, which was
responsible for the stochastic distribution attributes of the sub-
surface cracks, as detailed in Section 4.2. Furthermore, the
inherent correspondence between d ., and L7 ... also indi-
cated that the subsurface crack with the maximum depth

eian Was presumably provoked by the abrasive with the
maximum height dp,... In this case, the maximum cutting
depth o) of this specific abrasive was identical with the

equ

equivalent indentation depth d;  of the diamond tool at the

L . max __ jequ
selected machining parameters (Viz., 6 = dpg )-

Therefore, to establish the quantitative relationship be-
tween the measured cutting force F of the diamond tool and
the theoretical maximum SSD depth SSD%* of the machined

theo
surface, it was essential to firstly explore the intrinsic associ-

ation between d and L3 Combining Eq. 4 and Eq. 3,

'median*
SSDgx /LEx. . could be described by the following equation:

theo
Hy Kic

) 2/3
E O\ (923 2H ut: tan? 2
SSDMax — ak2/3< ) (COtﬂ)4/9 M (52:(()4/3

(23)

where dpeX = @) In addition, the present investigation pre-

sumed that the actual maximum SSD depth SSDJ™ of the

machined surface was proportional to its theoretical value

SSDjas with a proportionality parameter K and a constant /,

namely SSDI* = K x SSDj%* + /. Noting that K and / con-

actu theo

sidered the influence of the mutual overlapping of the abrasive
tracks and the feeding motion of the diamond tool on d;\,
which could be achieved by fitting a series of experimental
data.

Table 2 Manufacturing parameters of the verification experiments [8§]

In conclusion, under the achievements of K and / values,
d; 1 and SSDI™ were two unknown terms. Additionally, with
the measurement F of the diamond tool, dj,j could be
achieved with Eq. 22. Since SSDii: = K x SSDgpix + 1/,
SSD& could be predicted by solving Eqs. 22 and 23 simul-
taneously. Apparently, the established prediction method for
the SSD depth characterized the maximum subsurface crack

depth of the RUM surface.

4 Experimental verifications
4.1 Experimental apparatus and procedure

In this section, the experimental results from the literature [8]
were considered to validate the developed predictive model
for the SSD depth. The formal RUM experiments were per-
formed on glass BK7 with a Sauer Ultrasonic 50 (DMG,
Germany). The mechanical properties of glass BK7 at ambient
temperature are the following: density p = 2.52 g/em’, Vickers
hardness Hy = 7.2 GPa, Young’s modulus £ = 85.9 GPa,
Poisson’s ratio v = 0.28, and fracture toughness K;- =
0.8 MPam'? [8]. A core nickel-bonded tool with the diameter
of 10 mm was selected for the verification experiments. The
detailed specifications of the diamond tool and the processing
parameters are tabulated in Tables 1 and 2, respectively.

4.2 Morphology observations of subsurface cracks

The typical SSD topographies produced in formal RUM pro-
cess were arrayed with respect to the depth from the original
machined surface, as illustrated in Fig. 7. It was evident that
the crater-like defects and the subsurface cracks were both
observed which were respectively induced by propagations
of the lateral cracks and median cracks [7]. Crater-like topog-
raphies were just concentrated at the vicinity of the top surface
(Fig. 7a), and their distribution density rapidly reduced with
the depth increasing, leaving subsurface cracks dominated the

Experiment Rotation speed 7 (rpm) Feed speed v, (mm/min) Cutting depth a,, (um)
Ist group 1000, 2000, 3000, 4000, 5000, 6000, 8000 6 60
2nd group 3000 2,6,8, 12,16, 24 60

@ Springer
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Fig. 7 Typical SSD micrographs
of the machined surface at
different depths [8]. a 1.8 um. b
32 um. ¢ 6.9 um. d 11.7 um

SSD appearance. Furthermore, the disorderly subsurface
cracks initially interconnected with each other and gradually
became isolated with the increase of the depth (see Fig. 7b, ¢).
This phenomenon might be interpreted in terms of the normal
distribution characteristics of the active machining abrasives
coupled with the inherent correspondence between the abra-
sive height d} ., and the median crack depth L7 ;... As de-
scribed in Fig. 6 and Eq. 11, the total number N}, of the
active abrasives with any selected height &}, presented a
decreasing tendency with the abrasive height increasing. By
this token, the active abrasives with the height about ™", had
the largest number, thus leading to the formation of numerous
median cracks with small depths. Therefore, the subsurface
cracks adjacent to the top RUM surface exhibited the inter-
connected and disorder distribution characteristics (see
Fig. 7a, b). With the increment of 7}, ,,, N7},,., Was distinctly

mach?

26

24

bl SSDmm=03653xS5DR -9.727

© data
fitted curve

Measured SSD depth SSD™* (um)

50 55 60 65 70 75 80 8 90 95
Theoretical SSD depth SSDj (m)
Fig. 8 Variation of the measured SSD depth SSDj with the

corresponding theoretical value SSDF%%

The last crack

100 pm

decreased. In this case, the propagation depths of the induced
median cracks were visibly increased, while the crack density
was correspondingly reduced, hereby causing the intercon-
nected subsurface cracks generally isolated from each other,
as exhibited in Fig. 7c. Finally, the isolated crack completely
vanished after exceeding the depth of 11.7 um which was
regarded as the maximum SSD depth SSD™* (Fig. 7d).

actu

4.3 Verification of predictive SSD model

The theoretical prediction model of the SSD depth developed
in Section 3 presupposed the parameters K and / independent
of the processing parameters. To verify this hypothesis, with
the tool specifications listed in Table 1 and the measured cut-
ting force F, the equivalent indentation depth diy was
achieved with Eq. 22 for each experiment tabulated in
Table 2. Hence, the theoretical predictions SSDies of the max-
imum SSD depths could be calculated with Eq. 23.

Additionally, with the corresponding measurements SSDy:
of the RUM surfaces generated under various processing pa-
rameters, the relationship between SSDi% and SSD was
established (Fig. 8), revealing that SSD_>* was monotone in-
creased with SSD32%. Also, the values of K and / could be

theo*
obtained through fitting the experimental data as:

SSD™ — (.3653 x SSDI¥-9.727 (24)

Evidently, the fitting line was fairly close to the measured
values of SSD2%, which validated the correctness of the pro-
posed predictive model. Obviously, with the prediction meth-

od mentioned above, the maximum SSD depth of the RUM
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surface could be indirectly evaluated by measuring the cutting
force of the diamond tool, which convenience the nondestruc-
tive detection or even in situ monitoring of subsurface crack
depth. Moreover, the theoretical prediction model developed
in this investigation would benefit the improvement of the
processing efficiency and the reduction of the processing
costs.

5 Conclusions

By incorporating the probability statistics of the active ma-
chining abrasives, a theoretical predictive model for the SSD
depth of the RUM surface was established with the indenta-
tion fracture mechanics of the brittle material. The prediction
technique attempted to directly relate the cutting force of the
diamond tool to the maximum depth of the subsurface cracks.
The correctness of the proposed method was verified by the
experimental measurements of Wang et al. [8]. Utilizing this
prediction technique, the SSD depth of the machined surface
could be precisely predicted or even online monitored through
the key parameters including cutting force of the diamond
tool, mechanical properties of the material, and geometrical
characteristics of the abrasives. This investigation provided
some potential benefits for the reduction of the processing
costs and the increments of the processing efficiency.
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